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Lecture 19: Heat conduction with distributed sources/sinks

(Compiled 2 November 2017)

In this lecture we consider heat conduction problems in which there is a distributed source or sink function s(z,t) that
applies throughout the domain. We first consider the case in which the source is time-independent, i.e., s(z,t) = s(z). In
this case the effect of the source can be dealt with entirely by determining an appropriate steady-state solution. Using
this particular solution, we can reduce the problem to one of the standard homogeneous boundary value problems we
encountered when we introduced separation of variables. Secondly, we consider a fully time-dependent source. In this

case we have to resort to the method of eigenfunction expansions.

Key Concepts: Distributed sources or sinks, Particular Solutions, Steady state Solutions; Separation
of variables, Eigenvalues and Eigenfunctions, Method of Eigenfunction Expansions.

19 Heat Conduction Problems with distributed sources

19.1 Heat Conduction Problems with distributed time-independent sources

Example 19.1 A bar with an external heat source s(x) = x.

U = 0Pugy + O<z<L (19.1)
BC: u(0,t) =0 w(L,t)=B (19.2)
IC: u(z,0) = g(x). (19.3)
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FIGURE 1. Bar subject to a time-independent heat source distributed along its length with inhomogeneous Dirichlet BC
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Steady state problem u; = 0:

2 3
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Therefore

U = Uy + 7 = (Us” V)t = A2 (Uoo +0)az + & = v = 0PVsy
u(0,t) = = U’ (0)+v(0,t) =0 = v(0,t)=0
u(L,t) =B = ux(L)+wv(L,t)=B = ou(L,t)=0
u(@,0) =g(x) = uoo()+v(z,0)=g(z) = v(z,0) = g(x) — tso(x)
Separation of variables yields:
v(z,t) = ane_(%) " sin (@)
n=1
where
) L
by, = I / {9(z) — uoo(x)} sin (?) dx
0
Therefore
u(r,t) =x B + L(L2 —2%) s + i bue= ()"t sin <@>
’ L 6a2 —~ " L
T T
steady transient
Note:

IlLI&u(x,t) =z {? + F;(Lz - xQ)} .
19.2 Distributed time-dependent heat sources/sinks - eigenfunction expansions
Example 19.2 A Bar with a Time-Varying External Heat Source:
up = @?ugy + e sin (2Zx> O<ax<L, t>0
BC: u(0,t) = 0;
IC: u(z,0) = x.

w(L,t)=1L

Consider the function w(z) = x which satisfies the BC as well as the homogeneous version of the PDE.
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Further Heat Conduction Problems
Now let u(z,t) = w(z) + v(z,t).

2rx

e = (3" ) = A2(W +0)ag + e " sin (L)

9 . 27z
= VU = A Vyp +€ Sl T

u(0,t) = wOHv(0,t) = 0= v(0,t) =0
u(L,t) = w@Wov(L,t) = L= v(L,t) =0
z = u(z,0) = w(x) + v(x,0) =z + v(z,0) = v(z,0) = 0.

Now assume that v(x,t) = Z O (1) sin (?)
n=1
M = diy, nwx oAt — N 2 i
-, = —(t —_— = An t | —
ot ; t()sm( L ) a2 ;” (){ (L> n( L )}
Therefore
o o—tain [ 277 i dﬁn+ 2(mr) © oty S.ﬂ(mr:c) 0
Ut — Vgx - | = 0 — | Up — n 1 — ) =
' dt L 2
n=1
Therefore
doy, nmw\2 .
T () =t
Therefore

nm 2
oo (%) 5, = - Oon + Cn ¢, arbitrary
a? (%) -
_t(s o 2
on(t) = QQM e (),
d2n,
v(@,0) = 0= 0,(0) =0 = —=5— f ¢, =
a?(F)" -
0 n#2
h =14 _ 1
(%) n=2

o ()1

w(z,t) =z +v(z,t) =2+ (W) sin <27£x) .

(19.20)
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(19.26)

(19.27)
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Example 19.3 A bar with a general external heat source s(x,t)

g = gy + s(x,t) (19.28)
BC:u(0,t) = A wu(L,t)=B (19.29)
IC: u(z,0) = f(x). (19.30)
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FIGURE 2. Bar subject to a time dependent heat source distributed along its length with inhomogeneous Dirichlet BC

We look for a particular solution: w(x,t) by expanding s(x,t) as a Sine Series. Note that the sine functions are the
eigenfunctions that correspond to the homogeneous form of the BC in (19.29). Thus if we add w(z,t) to a solution
of (19.28)-(19.29) without the source (i.e. with s(z,t) = 0) we will not affect the BC.

(1) Eigenfunction Expansion:

Let
s(@,t) =3 8u(t) sin (?) (19.31)
n=1
where
) L
. _2 . /nTT
Sn(t) = 7 /s(x,t) sin (—L ) dzx. (19.32)
0
If we assume
w(z,t) = i (t) sin (?) (19.33)
n=1
then
B =, . /nmx
wy = Z Wy, (t) sin (T) (19.34)
n=1
. /nm\2 . /nrx
Wy = — wn(f) sin (T) . (19.35)



Further Heat Conduction Problems 5

Therefore substituting these expansions into w; = a?w,, + s(z,t) we obtain:

nf:l {w; +a? (%)2 Wy — §n(t)} sin (”—zx) —0. (19.36)
Therefore
@ (t) = —a? (%)an(t) + 5 (t). (19.37)
2
This is a linear 1st order ODE with integrating factor ea2 <n%> t.
Therefore
t
wn () = /efag("T"f(t*T)gn(T) dr + cpe ()t (19.38)
0

where the ¢, are arbitrary constants. Since we are only looking for a particular solution we choose ¢,, = 0.

Therefore
- t
ni 2
wz,t) =Y /e—az(f) (=73 (r)dr | sin (%x) (19.39)
n=1 0

(2) Now that we have a particular solution we exploit the fact that the Problem (19.28)-(19.29) is linear and use

superposition. Let

u(z,t) = w(z, t) + v(z,t) (19.40)
uy = Wi +vp = & (Whe +vap) +5 (1) (19.41)
= v = Vg (19.42)

A = u(0,t) = w(0,t)+v(0,t) = wv(0,t) since w(0,t)=0

B = wu(0,t) = w(L,t)+v(L,t) = wv(L,t) since w(L,t)=0
f(z) =u(x,0) = w(z,0) +v(z,0) = v(z,0) = f(z) — w(z,0) (19.43)

thus v(z, t) satisfies:
v = @2y
BC: v(0,t)=A w(L,t)=1B (19.44)
IC:  v(z,0) = f(z) — w(z,0)

Now the boundary value problem(19.44) was solved in lecture 19 of the notes.

Therefore

o B-A > 7a2(nT7r)2t az(n%)%” . nmx
u(z,t) = ( 7 > r+ A+ g e by, + /e Sp (1) dx p sin (T) (19.45)
where

L
by = %/{f(x) —w(,0)~ [(B-4) T+ 4] bsin ("00) dr. (19.46)
0
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Example 19.4 A bar with an external heat source dependent on x and t: S(x,t) = xt

U = ozzum + xt
u(0,t) = A wu(L,t)=DB
u(z,t) = f(x)

Let q(z) = (272) 2 + A and u(z,t) = g(z) + v(z,t) then
v = aQUm + xt
v(0,t) =0 =v(L,t)
v(z,0) = f(z) — q(x).

Expanding the source S(z,t) in terms of the eigenfunctions of the problem with homogeneous boundary conditions

S(x,t) = xt = 3 S, (t) sin(A, )
S, (t) = Z/thsin (?) d
2t0 cos (27£) L\ |
_u {_x L () o) o
5= (£)) - () o

0=1v; — &PVpy — at = Z {f;n + 012)\31@71 — S'n(t)} sinz\,z?

n=1
: 2L
by + a?A20, = <> (=)t
nm

t

222t~ 2L n+1 teazAit €a2>\$"t
(e " U") “\nr (=1) a2X2 (a2X2)2 ten
2L gl e’ Mt (ed"Nt — 1)
~ \nr (=1) a?)2 ot en

. 2L n t(a2)\%) + 6_a2/\it -1 22

U (t) = (mr) (-1 [ (a2X2)2 + cpe Ant
> 2L a2 A2) — 14 et —aaze |

v(z,t) = Z { <n7r> (-1) [ (@) + cpe” Mt L sin(\,z)

n=1 n

2L

) (—=1)"0 + ¢, sin(An )

Cn = E/L [f(m) - {(B;A) x+AH sin(Apx) da
0



