In this note, I will explain Riemann sum for double integral [ [ r f(2,y)dxdy,
where R = [a, b] X [¢,d]. Now slice

a=29g<x1 < ..<xp,=0>b Ax; =mx; —1; 1

c=yo <Y1 <..<ym=d, Ay; =y; —yj—1
so that R = U; Uj [1'2'_1,1'1‘] X [yj—layj]'
Choose z} € [z;-1,%i],y} € [yj—1,y;]. Then a Riemann sum is

m

D> flagyp)AxiAy,

i=1 j=1

Theorem: [ [, f(z,y)dedy = imaq,|1ay,|—0 21 2 jey f(@F,y]) AziAy;.
The Riemann sum depends very much on the choices of (xf,y;‘) in each sub
rectangle R;j = [v;_1,%i] X [yj-1,y;]. There are special choices of (z},y;):

Case 1: left hand corner, (z},y;) = (Ti—1,Yj-1)

Case 2: right hand corner, (z},y}) = (%, y;)

Case 3: maximum point on each R;;, f(z},y;) = maxg,; f(v,y). This gives an
upper bound on Riemmann sum as well as the double integral

[ [ st adndy < 373 max (o) Ay,
i ] 2,7

Case 4: minimum point on each R; j, f(z},y;) = ming, ; f(z,y). This gives a lower
bound on Riemmann sum as well as the double integral

/ /D Fla, y)dady > 373 min £z 9)Ar A,
i o5

case 5: Average points. In each R; ; we take f(x},y5) = 3[f(zi—1,y;—1)+f (@i, yj-1)+
f(ziz1,y5) + f(zi,y;)]. This gives a good approximation.

//D fla, y)dedy ~> N i[f(xifhyjfl)"_f(xiayjfl)'i‘f(xifla i)+ (@i, yj)] Az Ay;
v g
A special case of Case 3 and Case 4 is
min f(@.9)b=)d =) < [ [ fla.)dedy < max fa.)0— )a =)

Example: Let f(x,y) = /zy and R = [0,4] x [0, 4].

(a) Without dividing into subrectangles, find an upper and lower bound for [ [, f(z,y)dzdy.
Solution: In R, 0 < f < /4 x4 =4. So ming f = 0, maxp f =4 and

OS//f(x,y)dxdy§4x|R|=4x14:64
R
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(b) Divide the rectangle into four subrectangles: 0 = xg < x1 =2 < 24,0 = yg <
1 =2<y2=4, Ri1=[0,2]x[0,2], R21 = [2,4]x[0,2], R1 2 = [0,2] X [2,4], Ro 2 =
[2,4] x [2,4]. Use the left hand corner to compute the Riemann sum
Solution: The Riemann sum using the left hand corner points is

f((), 0)|R111|+f(2, 0)|R2’1|+f(0, 2)|R172|+f(2, 2)|R212| = 0x4+0x440x44+2x4 =28
(c) Divide the rectangle into four subrectangles: 0 = zg < x1 =2 < 24,0 = yg <

y1=2<y2=4, Rl,l = [07 2} X [Oa 2]; R2,1 = [274] X [07 2},]%1,2 = [0, 2] X [274]7 R2,2 =

[2,4] x [2,4]. Use the right hand corner to compute the Riemann sum

Solution: The Riemann sum using the right hand corner points is

F(2,2)|Ry1|+£(4,2)|Ra1|+f(2,4)|Ryo|+f(4,4)|Raa| = 2x4+V8x4+V8x4+4x4 = 24+16V2

(d) Divide the rectangle into four subrectangles: 0 = 29 < 21 =2 < 24,0 = yp <
Y1 =2<ys =4, Rl,l = [O, 2] X [O, 2], R2,1 = [2,4] X [0, 2},R172 = [0, 2] X [2,4], R272 =
2,4] x [2,4]. Find an upper bound on [ [, f(z,y)dzdy.

Solution: In each subrectangle we need to find the maximum of f. The maximum
of f is attained at the right hand corner point. So the upper bound is

// e y)dady < F(2,2)|Rux |4+ (4 2)| Roa [+ £(2, 4)| Ry o|+f (4, 4)| Ro.a| = 2x4-+vRxA44v/BxA+4x4 — 24416
R

(e) Divide the rectangle into four subrectangles: 0 = zg < 1 =2 < 24,0 =y <
Y1 =2< 1y, =4, Rl,l = [0, 2} X [0, 2], R2?1 = [2,4] X [0, 2}, RLQ = [0, 2] X [2,4]7 R272 =
2,4] x [2,4]. Find a lower bound on [ [, f(z,y)dzdy.

Solution: In each subrectangle we need to find the minimum of f. The minimum
of f is attained at the left hand corner point. So the lower bound is

/ /R f(x.y)dady > [(0,0)[Ry s

+£(2,0)[R21]+f(0,2)[ R 2

+£(2,2)|Ra 2] = 0x4+0x4+0x4+2x4 = 8

(f) Divide the rectangle into four subrectangles: 0 = xg < 21 =2 < 24,0 = yo <
Yy = 2 < Yo = 4, Rl,l = [O, 2] X [07 2], R2,1 = [2,4] X [O, 2},R172 = [0, 2] X [2,4]7 R272 =
2,4] x [2,4]. Find an approximation of [ [, f(z,y)dxdy.

Solution: In each subrectnagle we need to find the average. In R; ; the average
is 20+ 04+0+2)=1. In Ry the average is [0+ 2+2v2+0] = (1 +v2). In
Ry 5 the average is (1 ++/2). In Ry the average is 1[2+2v2+4] = $[3 + V2]
Hence

// f(at,y)d:cdyw%x4+%(1+\/§)x4+%(1+\/§)x4%(3+\/§) =2(6+3V2)
R



