LOCAL BEHAVIOR OF SOLUTIONS TO A FRACTIONAL
EQUATION WITH ISOLATED SINGULARITY AND CRITICAL
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ABSTRACT. In this paper, we study the local behavior of positive singular
solutions to the equation

(=A)u=u"2 in B;\{0}

where (—A)? is the fractional Laplacian operator, 0 < ¢ < 1 and —=

is
n—20
the critical Serrin exponent. We show that either u can be extended as a
continuous function near the origin or there exist two positive constants c;

and co such that

n—2o n

cl|x\2“7"(fln|x\)7 7o < wu(x) §CQ|x|2”7"(fln|x\)7 727 in B1\{0}.

1. INTRODUCTION
In this paper, we study the local behavior of positive solutions to the equation
(—=A)u=u"2% in B;\{0} (1.1)

where the punctured ball B;\{0} € R™ with n > 2,0 € (0,1). The fractional
Laplacian (—A)? is defined by

u(z) — u(y) . u(z) —u(y)
—A)u(z) = cmgC.V./ ————2dy = cp o lim —— "y,
(=A)7u(z) e Tz — g2 0 Jem o) 7 — g

where C.V. stands for the Cauchy principal value and
20 n
Cna’ - 2 nJF(2 +O—)
’ m2(1 - o)
ia a normalization constant. Let
|uf

L,(R") = L, (R" —
( ) {U € loc( )‘ .- 1+ |$|n+20

dx < oo}
It is well known that if u € C?(R™) N L,(R™), then the function (—A)%u is well
defined.

Before presenting our result, we first list some results concerning positive solu-
tions of the equation

(=A)°u =uP in B1\{0}. (1.2)
When o = 1, (1.2) was studied by Aviles [I,2] when p = n/(n — 2)-the critical
Serrin exponent, by Gidas and Spruck [15] for n/(n—2) <p < (n+2)/(n—2) and
by Caffarelli, Gidas and Spruck [7] in the case of p = (n + 2)/(n — 2)-the critical
Sobolev exponent. If p > (n +2)/(n — 2), then (1.2) was studied in [0].
1
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If 0 # 1, there are also a lot of results. In [12], the fractional equation
(=A)u=uP in B1\{0}, (1.3)
u = 0 in Rn\Bl '
when p > 1 and o € (0, 1) was considered. It was proved in [12] that every classical

solution of (1.3) is a very weak solution of the equation

(=A)u =uP 4+ koy in By,
w=0 in R™\ B,

for some k > 0, where Jy is the Dirac mass at the origin.

When n > 2,0 € (0,1) and p = (n + 20)/(n — 20), the local behaviors of
nonnegative solutions of (1.2) was considered in [8]. Among other things, it was
proved in [8] that if » is a nonnegative solution of (1.2), then either uw can be
extended as a continuous function near 0, or there exist two positive constants c;
and co such that

n—2c

n—20
ale]” 2 <wu(x) < colz|T 2

When o € (0,1) and n/(n —20) < p < (n+ 20)/(n — 20), (1.2) was studied
in [21] and [22]. The main results in [21] and [22] can give a precise description of
the exact behavior of the singular solutions.

Besides the classification of local behaviors of positive solutions, the existence
of singular solutions is also a very important problem. When ¢ = 1, singular
solutions to (1.2) were constructed in [1], [10], [11], [19], [L8]. Recently, the existence
of singular solutions to (1.2) with prescribed singularities was also considered for
o # 1. For some results concerning this problem, we refer to [4], [3], [13].

The main objective in this paper is to consider(1.1) when n > 2,0 € (0,1) and
p =n/(n —20). In [5], the authors point out that the positive solutions of (1.1)

should have the asymptotic form |x|2“’”(—ln|x|)*% (see Remark 1.3 in [5]).
We will show that this is true. More precisely, we have the following result.

Theorem 1.1. Letn > 2,0 € (0,1) and let u € C?(B1\{0})N L, (R™) be a positive
solution of (1.1), then either u can be extended as a continuous function near the
origin or there exist two positive constants c¢1 and co such that

_n

alz2 (= In|z)) " < u®) < colz2 (= In|z])” = in Bi\{O}.

We analyze (1.1) via the extension formulas established in [9]. Let X = (z,t)
be points in R"*!1. We denote B; as the upper half ball Bg N Ri“, where Bpr
is the ball in R™*! with radius R and its center at the origin. We also denote
9 Br = 0BLNORT™ and 0" Br = 0Br "R, For u € C?(B1\{0}) N L, (R"), we
define

Ulet) = [ Pala =y ul)dy, (1.4)
where
t20‘
Po’(-rvt) =Pno T T < nise
(o + )75
with a constant p,, , such that fRn P,(z,1)dr = 1. By the main results in [9], we

know that U(x,t) satisfies the equation

div(t'=2°VU) =0 in R™,
U(z,0) = u.
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Moreover, up to a constant, U(x,t) satisfies the Neumann boundary condition

ou -
o (,0) = (-A),
where 17
Y — 1 1-20
5 (z,0) %1_{% t 270U (z, t).
Therefore, instead of (1.1), we will study the extension problem
div(t!=29VU) =0 in B, (15)
AU (2,0) = Un=% (2,0) on &'B;\{0}. '

In terms of (1.5), we will prove Theorem 1.1 by proving the following result.

Theorem 1.2. Let n > 2,0 € (0,1) and let u be a positive solution of (1.1). If
U is the function given by (1.4), then either U can be extended as a continuous
function near the origin or there exist two positive constants ¢1 and co such that

G| X[ (= |X|) T < U(X) < e X7 (= In | X])" "% in Bi\{0}. (1.6)

This paper will be organized as follows. In section 2, we give some preliminary

results. In section3, we derive an upper bound for solutions of (1.1) near the isolated
singularity. In section 4, we give the proof of Theorem 1.1 and Theorem 1.2.

Notation. In the rest of the paper, ¢ will denote a strictly positive constant which
may vary from line to line.

2. PRELIMINARIES

In this section, we recall some results which will be used later.
Theorem 2.1 ( [I7]). Let n > 2,0 € (0,1),1 < p < (n+ 20)/(n — 20) and let
u € C?(Ba\{0}) N Ly(R™) be a positive solution of the equation
(=A)u=uP in B1\{0},
then there exists a positive constant ¢ = ¢(n,o,p) such that
u(z) < c|x|7172%1 near x = 0. (2.1)
One consequence of the blow up rate (2.1) is the following Harnack inequality,
which will be used very frequently in this rest of the paper.
Proposition 2.2. Letn > 2,0 € (0,1) and let U € C’Q(Bif'\{O}) be a nonnegative
solution of the equation
div(t!=2°VU) =0  in B,
b (2,0) = UP(2,0)  on &B1\{0},
for 1 <p < (n+20)/(n—20), then for all 0 <r < 1, we have
sup U<c¢ inf U,
Bi\BE B \B
~\By 5

where ¢ is a positive constant independent of r.
Proof. The proof is essentially the same as the proof of Lemma 3.2 in [8]. (]
As a direct application of Proposition 2.2, we can obtain the following result.

Corollary 2.3. Letn > 2,0 € (0,1) and let U € C’Q(E\{O}) be a nonnegative
solution of the equation (1.5), then either U =0 or U is strictly positive.
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3. UPPER BOUND NEAR A SINGULARITY

In this section, we first prove an upper bound for positive solutions of (1.1) with
a possible isolated singularity. The upper bound obtained in this section will also
be used in deriving the lower bound.

Lemma 3.1. Let n > 2,0 € (0,1) and let u be a positive solution of (1.1). IfU is
the function given by (1.4), then

lim | X[ 2°U(X) = 0. 3.1
Jim IX[HU(X) (3.1)

Proof. Let X = (wy1,22, - ,op,t) € R* 1 and let (r,&,0,_1, - ,02,¢) be the
corresponding spherical coordinates given by

r1 =rsin€sinf,_; ---sinfs sin ¢,
To =rsinésinf,_q ---sin s cos ¢,
T3 =rsin€sinf,_; - --cos by,

)

t =rcosé&,
where £ € [0,7),0, € [0,7) for k=2,3,---n—1 and ¢ € [0,27). We denote
0=(0n-1,,02,0), 0 =(0,0p_1,",02,0).
We also use 0; to denote cos&. Let us consider the classical change of variable
U(r,0) =r*""V(s,0), s=—Inr. (3.2)

By (1.5), Proposition 2.2 and Theorem 2.1, we know that V is a bounded solution
of the equation

OssV + (n — 20)0,V + ;7 1div(0; > Vsn V) =0 in Ry x ST,
- ehmo 0172709,V = V77 (5,0,0') on Ry x 9S%, (3-3)
1—

where
St ={XeR":r=1,6, >0}.

Multiplying the both sides of (3.3) by 95V and using integration by part, we can
get that

1d
2ds Si

1
01727 (0,V)%df — Ld 0,727 |Vsn V|2d6
2 dS Si +

(3.4)

20—n d 2n—20
=—(n—2 01=29(9,V)%d6o 77/ V(s,0,0") 72 df'.

where df’ is the volume form of 9S% = Sn~1. Let Ty, T, be two positive numbers
such that T5 > T7 > 1. Integrating the both sides of (3.4) from T3 to T we can
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get that
1

5/ 01727 (0,V)2(Ty, 0)d6 — %/ 01727 (0,V)?(Ty, 0)d6

n—20/ /91 29(9,V)%dfds

=3 0172 |Vsn V[*(T2,0)d6 — 5/ 01727 |V 5n VI*(T1,0)d6
s sz

(3.5)

20—n 2n—20 2n—20
n—20 (]t / n—20 (T} ! n.
+2n720[/857lv (T2,0,0")do’ — /asnv (T1,0,0')d¢']

The elliptic estimates in [10] imply that 0V and 0ssV are uniformly bounded.

Then
/ / 01727 (0,V)2dfds < .

Let Tb tend to 400 in (3.5), then

/ 01727 (9,V)?dfds < +oc.

T Jsn
Similar to the proof of Theorem 1.4 in [15], we can obtain that
lim 01727 (9,V)?df = 0. (3.6)

5400 [gn
¥

For any sequence {s;} such that s;; — oo as k — oo, we consider the translation of
V defined by Vi (s,0) = V(s+sk,0). Then there exist a subsequence {V}, (s,6)} and
a function Vi (s, ) such that V;, (s,0) — Vi (s,0) in C*([—1,1] x S%). By (3.6) and
the dominated convergence theorem, we know that 0,V (s,6) =0 in [-1,1] x S%.
Therefore, there exists a function ¢(f) such that Vi (s,8) = ¢(0). Moreover, ¢(6)
satisfies the equation

: 1-20 _ : n
div(0;""Vsnp) =0 in S, 57
- 611@0 017%700,¢ = 727 (0,0') on IST. :

Integrating the both sides of (3.7) over S7 and using integration by part, we get
that

¢ (0,0")d6’ =0
asn
It follows that
=0 on 6;=0. (3.8)
Multiplying the both sides of (3.7) by ¢ and integrating over S, we get that

/ 01727 |Vsnp[*d = 0. (3.9)
n

By (3.8) and (3.9), we know that ¢(#) = 0. Since {s;} can be any sequence, we get
that
lim V(s,0) =0. (3.10)

5— 00

Then (3.1) follows from (3.10) and the definition of V. O
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Proposition 3.2. Letn > 2,0 € (0,1) and let u be a positive solution of (1.1). If
U s the function given by (1.4), then there exists a positive constant ¢ such that

U(X) < e| X2 "(—=In(|X]))" "% in B;\{0}. (3.11)
Proof. We define
n—20
_ 20—n _ T
U(r,0)=r W(s,0), §=—0

then W (s, 6) satisfies the equation

0172705 W + mdivﬂ(w}*”vsi W) =0, i1
~ lim 01200, W = WitE (s,0,0). (3.12)
91—)0
Let
— 1
W(s) = 7/ 01727 W (s,0)do,
Tn Si
where
Y= [ 617%7d6. (3.13)
Sk
Then W (s) satisfies the equation
_— 1 n
OssW + ————————— Wn=2 (s5,0,0")dd" = 0. 3.14
S + ,Yn(n _ 20_)282 851 (83 ’ ) ( )
By the Harnack inequality in Proposition 2.2, we can get that
W27 (s,0,0')dd’ > c(max W (s,0))"2 . (3.15)
asn sy
Since [gn 071 727df < oo, then there exists a constant ¢ > 0 such that
+
max W (s, 0) > — [ 01727W(s,0)d0 = W (s). (3.16)

PeSy Tn Jsn

We deduce from (3.14), (3.22) and (3.16) that there exists a constant ¢ > 0 such
that

BysTW + S%W"*”% <o0. (3.17)
Since (3.1) holds, it is easy to see that
lim W(s,6) = lim W(s) = 0. (3.18)
s—0 s—0

By combining (3.17) and (3.18), we conclude that
0,W >0 in a neighborhood of 0.
Let pp be a positive constant such that

dsW >0 in (0, po).
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If p < po, then

< 9sW(p) — c/ﬂo W;;G ds (3.19)
p
< 0, W (p) — T )
P Po
By (3.19), we deduce that
OsW — ¢ 7;726 >0 in a neighborhood of 0. (3.20)
Integrating the both sides of (3.20), we can get that
W(s) <e(—In s)*% in a neighborhood of 0. (3.21)
By (3.21) and Proposition 2.2, we know that
W(s,0) <c(—In s)_% in a neighborhood of 0. (3.22)
Then (3.11) follows from the definition of W and (3.22). d

4. LOWER BOUND NEAR A SINGULARITY

In this section, we complete the proof of Theorem 1.2. Similar to [2], we will
transform (1.5) into a time dependent equation. But contrary to [2], the occurrence
of the boundary term in our situation will led to a lot of new difficulties.

Lemma 4.1. Letn > 2,0 € (0,1) and let u be a positive solution of (1.1). Suppose
U is the function given by (1.4) and V is the function given by (3.2), then there
exists a positive constant ¢ such that

02V (5,0)| + 105V (5, 6)| + [DussV (5, 0)] < 5™ 75" (4.1)
Proof. Let | Xp| be a point such that 0 < |Xg| < 1/4. We define
UMX) = A "U(AX)
with A = | Xo|/2, then U* satisfies

div(t1727VU?) = 0 in BY\B,
90U~ (2,0) = (U™ (2,0) on &'BL\0'BY.

By Proposition 2.13 in [16], Lemma 2.18 in [16] and the standard elliptic estimates
for uniformly elliptic equations, we have

X X -2
70 ~VU’\(70) < UM | oo 1 g1y < (= In(X) 77" (4.2)
2 2
It follows that
X() o—n— _ n—=20
10U (| Xol, W” < | Xo [T (= In(| X)) "= (4.3)

By the definition of V and (4.3), we can get that

2

10,V (5,0)| < es™ 5. (4.4)
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In order to estimate g5V, we consider
UNX) = (n—20)U* + X - VUMX).
It is easy to check that U* satisfies
div(t'~2°VU*) = 0 in BY\BT,
{ 902 (1,0) = - (UX)72 U>z,0) on 6385\2@/3;

n—2o

By Proposition 2.13 in [16], Lemma 2.18 in [16] and the standard elliptic estimates
for uniformly elliptic equations, we have

X —n— _n—20
0r7 U (1Xol, 732 I < el X072 (= In(|Xo) =" (4.5)
By (4.4), (4.5) and the definition of V, we can get that
1055V (5,0)| < cs™ "7 (4.6)
The term |0ss5V (s,0)| can be estimated similarly, hence (4.1) is proved. O

Lemma 4.2. Let n > 2,0 € (0,1) and let V be a solution of (3.3). Let V be the

function defined by

- 1
V(s)=— [ 61727V(s,0)d0, (4.7)
Tn Jsn

where v, is the constant given by (3.13), then there exists a constant ¢ such that

/ (V —V)2d0 < c/ 01727 |V gn V|2d0. (4.8)
asn s7 -
Proof. By Lemma 2.2 in [14], we know that there exists a constant ¢ such that
/ (V - V)20 < c/ 012 (V = V)2 + |V V[2)db. (4.9)
asn sn

On the other hand, since

/ 01727 (V = V)dh = 0,

Sy

we get from Corollary 4.15 that
0,72 (V = V)%db < Xl/ 0177 |Vsn VI[*do (4.10)

sn s

with A =n+ 1 — 20. By (4.9) and (4.10), we can get (4.8). O
Lemma 4.3. Letn > 2,0 € (0,1) and let u be a positive solution of (1.1). Suppose

U is the function given by (1.4) and V is the function defined by (4.7), then there
exist two constants ¢ and sg such that

10,V (s)| < cs7 25 in (sg, +00). (4.11)

Proof. Integrating the both sides of (3.3) over ST and using integration by part,
we can get that V satisfies the equation

D5V + (n — 20)0,V + V=% (s,0,60)df’ = 0. (4.12)
oS
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By (3.11), we know that there exist two constants ¢ and sy such that

f(s) = / V=27 (5,0,60)d0’ < cs™2  in (sg, +00). (4.13)
asm

A direct computation shows that, for some «q, 8y € R,

— 1 s
V(s) =ag + / F()dr 4 BoePr—ms
20 —n Jg,
X (4.14)
1 / (n—2o)(7’—s)f( )d
- T)dT.
20 —n Jg, ¢
Since
o, Vis:0) = lig V() =0,
then
1 oo
= dr. 4.1
do= gy | S (415)
We take (4.15) into (4.14), then V can be rewritten as
_ 1 +oo
V(s) = / F(7)dr + Byel2r s
n—20 J,
1 < (4.16)
_ (n—20)(T—s) d
20”/306 f(r)dr.
Taking the derivative with respect to s in (4.16), we can get that
— 2
95V (s) = — F(8) + (20 —n)foe7 =™
n— 20
s (4.17)
— / e(M=20)(T=5) £(1)dr.
S0
If s > 45, then the term fsso e(n=20)(7=5) f(7)dr can be estimated as follows .
/ e(n—ZU)(T—s)f(T)dT
S0
5 s
:/ e(n—20)(~r—s)f(7_)d7_ _|_/ e(n—?a)(‘r—s)f(T)dT
S0 5
(n—20)s n s
S ||f||L°°((S(),%))6_ 22 (g _SO) _i'_cs_%/s e(n—QU)(T—S)dT
5
< csT 2.
It follows easily that (4.11) holds. O

Lemma 4.4. Letn > 2,0 € (0,1) and let u be a positive solution of (1.1). Suppose
U is the function given by (1.4) and V is the function defined by (3.2), then there
exist two positive constants ¢ and Sy such that

/ 0172 Vs VIPdO < cs™ "% in (5o, 00). (4.18)
S

n
+
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Proof. Let us consider

¥ (s) :/ 0127 (v — V)2 (s, 0)d0,
ST

where V is the function defined by (4.7). By (3.3) and some computations, we

know that there exist two constants ¢ and sy such that the function Y satisfies

Y+ (n—20)Y —(n+1-20)Y > —cs™ = in (s, +00). (4.19)

The homogeneous equation associated to (4.19) admits two linearly independent
solutions

}/1(5) _ 6(2071771)57

Ya(s) = e®.
A particular solution of

n—o

Y'+(n—-20)Y —(n+1-20)Y = —cs™ =

is given by
c +OO _ _n—oa
B =y, T
+ Me(2o—1—n)s ¢ / e("+1—20)(7—s)7-_ n;adr
20—2—nJ, '

where M is a fixed constant. Similar to the arguments used in Lemma 4.3, we know
that there exist two positive constants ¢ and 5g such that

Y,(s) <es™ 5 in (30, +00).
Since lim_, Y'(s) = 0, basic comparison principles imply
Y(s) <Yy(s) <es™ 7 in (Sp, +00) (4.20)

for some constant ¢ which is sufficiently large. Multiplying the both sides of (3.3)
by V —V and using integration by part, we can get that

J

0,72 |Vsn VI[*do = / 01727055V + (n — 20)0,V](V — V)db

i st
+/ Ve (V —V)de'.
oS
Since
/ 01270, V(V = V)dd < os™ "5 Y (s)E Ses™ %,
st
0120,V (V = V)df < cs™ "3 Y (s)2 < s 3o,
sy
/ Vs (V= V)do' < cs*i(/ 0}‘2"|v5nv|2d9)%,
, +
851 S_r;

we conclude that

0172 [Ven VAo < s % +es73 (| 0172 |Var VPdO):  (4.21)

sm sy




LOCAL BEHAVIOR OF NONNEGATIVE SOLUTIONS 11

for some constant c. It follows from (4.21) that
9%72‘7|V5i VI2do < cs™ 5% in (50, +00)
St
for some constant c. ]

Remark 4.5. In the process of deriving (4.19), we have applied Corollary /.15.

Lemma 4.6. Letn > 2,0 € (0,1) and let u be a positive solution of (1.1). Suppose
U is the function given by (1.4) and V is the function defined by (4.7), then there
exist two constants ¢ and sg such that
0ssV (s) < cs™ T in (s0,+00). (4.22)
Proof. Taking the derivative with respect to s in (3.3), we can get that
{ OsssV + (n = 20)05sV + 677 div(0] "> Vg 0,V) = 0,

— lim 017%2795,0,V = —_V 7250,V (4.23)
91—)0

n—2o

Similar to the arguments used in Lemma 4.4, we can get that there exist two
constant ¢ and S such that

/ 0172 |Vsp O,V [2d0 < cs™ "% in (5o, +00). (4.24)
St
By Lemma 2.2 in [14] and Lemma 4.3, we know that there exists a constant ¢ such
that
/ (0,V)2dl’ < c/ 01727 ((9:V)? 4 |V 05V |?)db
asn sn -
<c [ 617((0V)? + Vs 0sVI?)de (4.25)
s "
2n—30
<ecs 2

In the process of obtaining (4.25), we have applied (4.24), Lemma 4.3, Corollary
4.15 and the fact that

/ 61727(9,V)%db < 2/ 01727 ((0:V)* 4 (0,V — 9,V)?)db.
S

S”L
+
Integrating the both sides of (4.23) and using integration by part, we can get that
V' satisfies the equation

n
+

n

OsssV + (n — 20)05V + Vi3 0,V (s,0,0')d0’ = 0, (4.26)

n— 20 aSi

We denote
£ = n ’!13(;0' / /
f(S) B) o V ds{/ (8, (), 0 )d‘g .

Since
/ V50,V (5,0,0))d0 < cs—l(/ (0.V)2(s,0,0')d0)}
st osy
we get from (4.25) that

~ 2n+4o

f(s) <e¢s™ 4 in a neighborhood of + co. (4.27)
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Then 4.22 can be obtained by repeating the arguments used in the last part of the
proof of Lemma 4.3. (]

Lemma 4.7. Letn > 2,0 € (0,1) and let u be a positive solution of (1.1). Suppose
the function given by (1.4) satisfies

lim inf | X|" 727 (— In | X|) "2~ U(X) < limsup |X|""27 (= In|X|) "2~ U(X), (4.28)
[X[—=0 |X1—=0
then
limsup | X|"~27 (— In |X|) "= U(X) < (M = (4.29)
|X|—0 20wp—1
where v, is given by (3.13) and w,—_1 is the volume of S"~* = dS.
Proof. Let
U(r,0) = r*~"(—Inr)~ et V(s,0), s=—Inr, (4.30)
then V satisfies the equation
{ OssV = (20 = n)(1 = £)0V = x(s)V + 677 'div(6; > Vgu V) = 0, (431)
—limg, 0 917 0391 = V” o ( 0, 9/) .

where x(s) is given by

(20 —n)?  n(n—20)

X(s) = 205 4o2g2

Multiplying the both sides of (4.31) by 9,V and integrating over S%, we can get
that

1d 1d -
- 01 20 d9 - 01—20‘ 2d9
- ei-%uz m(1— @) — 57 (s))as
s 7% 2 ds (4.32)
_ n — 20’ d 1 ~ 271:220 , 1 d 1-2¢ ~ o .
20— 20ds Josn i (5,0.00d0" + 5 2 91 Vsy VITdf
n — 20 1 ~ 2n 220 / /
M /asn 32V (5,0, 6')d0"

Let T1,T> be two positive constants such that 1 < Tl <~T2. Integ{ating the both
sides of (4.32) from T} to Ty and using the fact that V, 05V and 95,V are uniformly
bounded, we get that

/ / 20 —n) )91 29(9,V)%dfds < oc.
n U
Let T5 tend to oo, then
oo 1 -
/ / —(20 —n)(1 — —)01 27 (9, V)?dhds < cc.
T n ags
Similar to the proof of Lemma 4 in [2], we can get that

lim [ 61727(9,V)2d# = 0. (4.33)

s—00 n
S+
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For any sequence {sj} such that sy — oo as k — oo, we consider the translation

of V defined by Vi(s,0) = V(s + s, 6), then there exists a function ¢(0) such that

Vi(5,0) — ¢(0) in C?([~1,1] x S7). Moreover, $(f) satisfies the equation
{ div(6} > Vs 6) =0 inS7%,

~ lim 017279, (0,0) = 0. (4.34)
91*}0

Integrating the both sides of (4.34) over S, we can get that &(9) equals a constant.
In order to continue the proof, we define

V(s) = % / 0V (s,0)d0 (4.35)

with 7, be the constant given by (3.13), then
V(s) =57V (s),

where V is the function given by (4.7). Since

= -2 -2 - — 20 n-20
BesV = L2020 )ty 7" 5510,V + 5" 570,V
20 20
we know from Lemma 4.3 and Lemma 4.6 that
|8SS‘~/(S)\ <ecsTi o ina neighborhood of + oo. (4.36)

Integrating the both sides of (4.34) over S and using integration by part, we can
get that V(s) satisfies

= 1 ~ = 1 ~ _n
OssV — (20 = n)(1 — —)0sV — x(s)V + — V2 (5,0,0")d0" = 0. (4.37)
os TnS Josn
By (4.28) and the above analysis, we know that there exist two sequence {s,, }, {s1, }
such that

n—2o

lim V(snk) = limsup | X|""%7(—In|X|) 2= U(X)=ay
k—roo |X|—0

and _ .,
lim V(s;,) = liminf | X|"727 (= In|X]) "% U(X) = aq.
k—o00 | X|—0

By taking subsequences if necessary, we can assume that
Snp < S, < Snppy < Sl -

In view of our assumptions, it is easy to see that there exists a sequence {s, } such
that
Spr < 81 < Spjiq < Sl

and

V(spess) = max V(s), lim V(snk) = . (4.38)
SE(s1;,,81;44) k—o0
By (4.36), (4.38) and (4.37), we deduce that
]_ ~ n 2 - 2T
/ V5 (5,1, 0,0')d0 — (20 —n)* ¢
85’”

V(spey,) = ———= <0 (4.39)
for some constant ¢. Let k — oo in (4.39), we can get that

20'Spk+1

TnSpriy (spk+l)g

n—2c

20 _ )2
wn,lal (20 —n) <o.
Yn 20
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In terms of the definition of oy, we know that (4.29) holds. O

Lemma 4.8. Letn > 2,0 € (0,1) and let u be a positive solution of (1.1). If U is
the function given by (1.4), then

lim |X|"27(—In|X|) "2 U(X) exists. (4.40)
| X|—0

Proof. The equation (4.37) can be rewritten as

= 1 = (20 —n)?= el Tt
0.7 — (20 —m)(1 — D)o, 7 — BTy Wi
oS 20s Yn S 441
nn—20)= 1 S =atge (4.41)
+———V+— (Vr=2e -V )do" = 0.
4o?s? s Josn

If (4.40) does not hold, then (4.28) holds. It follows that there exist two sequences
(Sny s Ony,)s (814, 01,,) such that
n—2o

lim V(sn,,0p,) = limsup | X|[""27(—In|X|) "% U(X) = oy

k—oo |X|—0

and

n

lim V(sy,.0,,) = liminf | X|" 77 (= | X]) 2" U(X) = a.
—

k— o0 | X

By the analysis used in the proof of Lemma 4.7, we know that

lim ?(snk) =ai, lim ?(slk) = Q.
k—o0 k—o0
Without loss of generality, we can assume

Sn < S, < Snpyy < Slpyy-

Integrating the both sides of (4.41) from s, to s;,, we have

1 = 1 =
20 — 1-— 1% — (20 — 1-— V(sn
(20 = )1 = o) — (20 = )1 = )T (o)
= = 2% —n [TV
=05V (s1,) — 05V (sn,) + . / S—st
UV w1 =25 (20— n;; n(n—20) (% V (4.42)
+/ A el S VA |ds + 5 / —ds
sy 5 n 20 4o sny, S
1 [ 1,~ _n =nles
+ 7/ ' / (Vi —V")de ds = 0.
Pyn Snp, 831 §

Since (4.28) holds, we know from Lemma 4.7 that

20 —n)? w1 T
_ Qoo wnnEE (4.43)
20s YnS
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By Lemma 4.2, Lemma 4.4 and the mean value theorem, we can get that

1 ~ n Tﬁ
f/ Vit — V" )de
s Josn

[ -y
“f 7P »

<< / 0127 |V g, 7[2d0)
S Joasn

Nl

IN

_5
<cs 1.

We take (4.43) and (4.44) into (4.42), then

20 —n)(1 — Visy) — (20 —n)(1 — V(s

(20 = m)(1 = )V (sn) = 20 = m)(1 = )V (sn,)
_ _ s1, (4.45)

<0,V (si,) — 95V (sn,) + c/ —ds.

Sp,, St
By taking k — +oo in (4.45), we can get that

(20 — n)(ag —ay) <0.

Because of our assumptions, we get a contradiction. ([

Corollary 4.9. Let n > 2,0 € (0,1) and let u be a positive solution of (1.1). If
the function given by (1.4) satisfies

20

liminf | X|"~27 (= In|X|) % U(X) = 0,
| X|—0

then ,
lim | X" 29 (—1n|X|) % U(X) = 0.
péﬁﬁo' \ (=In|X][) 2 U(X)

Proposition 4.10. Let n > 2,0 € (0,1) and let U be a positive solution of (1.5)
such that

lim | X|"2°(—In |X|) "% U(X) =0, (4.46)
| X |—0

then the singularity of U at the origin is removable.

Proof. Let V (s,0) be the function defined by (4.30) and let ?(s, 0) be the function
defined by (4.34). Since (4.46) holds, then
Slgg(} V(s,0) = 31520 V(s)=0. (4.47)

By (4.47), (4.37) and Proposition 2.2, we know that there exists a positive number
s1 > 0 such that

BssV — (20 —n)(1 — é)a‘i >0 in (s1,+00), (4.48)
Let €, s5 be two positive constants such that
4 (20 —n)(1— é)e <0 in (sg,+00).
Let s3 = max{sy, s2} and let

W(s) = V(s) — Me™,
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where M is a large constant such that ?(53) < Me™¢%s. Then U(s) satisfies

05s¥ — (20 —n)(1 — L)8,¥ >0 in (s3,+00),
\I/(Sg) <0,
limg—, 00 U(s) = 0.
By the maximum principle, we can get that
U(s) <0 in (s3,+00).

Therefore,

V(s) < Me ™ in (s3,+00).
The Harnack inequality in Proposition 2.2 implies that

V(s,0) < Me™*® for some M > 0.

It follows that
U(r,0) < Mrct2°="  for some M > 0

and
Un'ss (r,0,0") = U(z,0) "t € LY(B;) for some g > 2£
o
Proposition 2.6 in [16] implies that U is Holder continuous at the origin. (I

Proof of Theorem 1.2. The proof of Theorem 1.2 is now just a combination of
Proposition 3.2, Corollary 4.9 and Proposition 4.10. [

Finally, we describe the exact local behavior of positive solutions of (1.1) with a
nonremovable singularity at the origin.

Proposition 4.11. Let n > 2,0 € (0,1) and let u be a positive solution of (1.1).
Suppose the singularity at the origin is not removable and suppose U is the function
given by (1.4), then

(20 —n)?v, n—zo

lim |[X|" 2 (—In|X|)™=U(X) =
IXlgol "7 (= In|X )27 U(X) = ( ST

(4.49)

Proof. By Lemma 4.8, we know that

lim |[X|""27(—In|X|)72 U(X) exists.
| X|—0

Since the singularity at the origin is not removable, we know from Proposition 4.10
that

lim |X|""27(—In|X|)"=2 U(X) =8> 0.
| X |—0

By integrating the both sides of (4.37) over (sg,s1), where s¢ is a fixed number
and s; is a number which is large enough, we can get that there is a constant c
independent of s; such that

2% — 2 S1 ? 1 S1 ‘N/ﬁ 0,0
(20-n) / (S)d8+ 7/ / Vi (5,000 o < o (4.50)
s Yo Jso Josn

20 s s

(20'_”)2771 n—2o
20Wn—1 ) . 0

Since s; can be arbitrary, it follows that 5 should be given by (
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APPENDIX: AN EIGENVALUE PROBLEM

Let us consider the eigenvalue problem

divgn (|61]'720Vgn®) + A61|1 7290 =0 in S™,
P c Hl(S”, |91|1—2¢7>7

where H'(S™,|01]|1729) is the completion of C°°(S™) with respect to the norm

19l &1 (sm 10,1 —20) = (/Sn 01]' 727 (|Vsn |2 + [1]%)dB) 2 .

(4.51)

From classical spectral theory, problem (4.51) admits a diverging sequence of real
eigenvalues with finite multiplicity

O=X <A <A< <A <ee
Remark 4.12. We notice that
N >0 fork=0,1,2,---. (4.52)

Indeed, multiplying the both sides of (4.51) by ® and using integration by part, we
can get that

—/ 1011127 |V gn B[2d0 + A [ 0127 ®2dB = 0.
n S‘VL

It follows that (4.52) holds.
Proposition 4.13. The eigenvalues of (4.51) are in fact
Me = k(k+n—20). (4.53)

Moreover, the multiplicity of the eigenvalue N is
- (n—1+2k)(n—2+k)!

my = F(n — 1! (4.54)
Proof. It is known from [20] that the eigenvalues of —Agn-1 are given by
e =k(k+n—2) (4.55)
with the multiplicity
iy — (n—2+2k)(n—3+k)! (4.56)

El(n —2)!

Let \Ili(al),j = 1,2--- ,my be the eigenfunctions of —Agn-1 associated to the

eigenvalue uy and let
oo Mg

0) =D al (W0,

k=0 j=1

then each a},(€) satisfies the equation

6,7 1-20 .+ n—1 aai [ P ey
sin”flfﬁiﬁ(wl' sin 5876(5)) i §a{€(§) + Xaj(§) = 0. (4.57)
Let 7 = cos¢ and let ¢i(7’) = ai(f), then ¢§€(T) satisfies
20 —1

(1-72)8,7 6% —[(n+1—20) 7+ 1067+ ( _1ﬁk72) 7 =0 in(=1,1). (4.58)
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We find solutions of (4.58) with the form ¢7 (1) = (1 — 72)*FJ/(r), where

2—n (n—2)2+4p, k
=gt 4 ~ 2
or
_2-n  /(n—2)*+4uk k
H="y 4 T2
then F,g (1) satisfies
: 2 —1,, :
(1= F = [(n 1441 =20) 7+ =10, I} = (i +4p—4po =\ F. = 0. (4.59)

By the method of solution in series, we may assume, at the regular singular point
7 = 0 the solution of (4.59), the solution to be

F]‘C](T) = Z bt
=0

Substituting in (4.59), we obtain the recurrence relation between the coefficients:

(E+D(k+14+n—-20)—A
(l+2)(1+2-20)

Since we want to find solutions of (4.58) which is regular near 7 = 1, then

biyo = b;. (4.60)

(k+0)k+14n—20)—A=0 for somel

and we need to take p = 22 + 7”@_24%“ in ¢p.(7) = (1 — 72)*Fr(7).
By the above analysis, we know that the eigenvalues of (4.51) are in fact given
by (k+1)(k+1+n—-20),k=0,1,---,1=0,1,--- . Let
A= (k+D)(k+1+n—20),
where j' = k + j, then we have obtained all the eigenvalues of (4.51). It is easy to
see that the multiplicity of the eigenvalue A;/ is

j/
o (= 142k)(n—2+k)
i —kka— Kl(n—1)!

=0

Therefore, (4.53) and (4.54) hold. O

Let us define H'(S7;0;727) as the completion of C*°(S7) with respect to the
norm

9% 1
llascsg o om = (0172 (Vs ol + of2)ao)'.
+
We also denote

L?(S7:6017%7) = {¢ : ST — R measurable such that / 01 27¢%dh < oo}
Sy
Corollary 4.14. Let us consider the eigenvalue problem
{ divgr (012 Ven ®) + X0, 27® =0 in ST,

4.61
— lim91_>0 691(1) =0 on 85?& ( 0 )

n Hl(SZ}_;Q%_%), then the eigenvalues of (4.61) are given by (4.53).
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Proof. If ® satisfies (4.61), then the even extension of ® to S™ satisfies (4.51).
Therefore, if A is an eigenvalue of (4.61), then there exists some k € N such that
A = Ar. On the other hand, for each k € N, there exists an eigenfunction @i of
(4.51) which is symmetric with respect to the equator #; = 0. Therefore, i is

also an eigenvalue of (4.61). By the above analysis, we know that Corollary 4.14
holds. (]

Corollary 4.15. Let ® € H'(S%;60172%) be a function such that

/ (h)do = 0, (4.62)
n
then
0172°0%dh < X\ / 01727 |V 5 ®[2d0. (4.63)
5% 5%

Proof. For all k > 0, let &/ w(0).0 =1, 2 ,my be the eigenfunctions of (4.61)
associated to the eigenvalue Ay, where my is the multiplicity of A;. We normalize
@jl so that

/ 0172007 () D), (9)do = 1,

then {®7(6)} forms a orthogonal base of L?(S7;60}77). Let us expand ® as

oo My

SO A

k=0 j=1
where

- / B(0)®1 (6)do.

Since (4.62) holds, then ¢¢ = 0. Therefore,

0o Mk

/ 01| Ven®?d0 = > > (41) / X ARl
S

k=1j=1

co Mk

DR,

k=1 j=1

co Mk

SH WA

k=1 j=1
:Xl/ 0127 ®2dp.

Hence (4.63) holds. O
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