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ABSTRACT. A classical problem in fluid dynamics concerns the interaction of multiple vortex rings
sharing a common axis of symmetry in an incompressible, inviscid 3-dimensional fluid. Helmholtz (1858)
observed that a pair of similar thin, coaxial vortex rings may pass through each other repeatedly due to
the induced flow of the rings acting on each other. This celebrated configuration, known as leapfrogging,
has not yet been rigorously established. We provide a mathematical justification for this phenomenon
by constructing a smooth solution of the 3d Euler equations exhibiting this motion pattern.

1. INTRODUCTION

We consider the 3-dimensional Euler equation for an ideal incompressible fluid given by

{ u; + (u-V)u=-Vp,

1.1)[euler0]
divu=0, zeR? t>0. (1.1) eutero]

For a solution u(zx,t) of (1.1), its vorticity is defined as & = curlu. Then & solves the Euler system (1.1)
in its vorticity form,

G+ (u-V)&=(3-V)u, u=curly,

- 1 1
/ —— &y, t)dy, x€R3 t>0.
s |7 — Yl

1.2)[euler
Oz, t) = (-A) '@ = ye (1.2) [euter]

A vortex ring is an axially symmetric solution of (1.2) which does not change shape in time, whose
vorticity is mostly concentrated inside a solid torus which moves with constant speed along the symmetry
axis. The vortex lines form large circles that fill the torus, whereas fluid particles spin around the vortex
core within perpendicular cross sections characterized with a thin torus-shaped region in which the
vorticity of the fluid is concentrated. These objects were first described by Helmholtz in his celebrated
work [31, 32]. He considered with great attention the situation where the vorticity field is concentrated in
a circular vortex-filament of very small section, a thin vortex ring. Helmholtz also analyzed the interaction
between two or more similar coaxial vortex rings with thin sections and similar translation speeds. As
pointed out by Jerrard and Smets [37], his description reads:

We can now see generally how two ring-formed vortez-filaments having the same axis would mutually
affect each other, since each, in addition to its proper motion, has that of its elements of fluid as produced
by the other. If they have the same direction of rotation, they travel in the same direction; the foremost
widens and travels more slowly, the pursuer shrinks and travels faster till finally, if their velocities are
not too different, it overtakes the first and penetrates it. Then the same game goes on in the opposite
order, so that the rings pass through each other alternately.

The motion pattern described by Helmholtz is often termed leapfrogging in fluid mechanics. Leapfrog-
ging vortex rings are solutions of the Euler equations where several interacting vortex rings sharing a
common axis of symmetry move in the same direction along the symmetry axis and pass through each
other repeatedly due to the induced flow of the rings acting on each other as depicted in Figure 1.

Even though this phenomenon has been widely studied since Helmholtz, as far as we know it has
not yet been mathematically justified. In this paper we present what seems to be the first rigorous
construction of a solution to the Euler equations with a leapfrogging motion pattern.
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FIGURE 1. Leapfrogging vortex rings.

The solution we construct belongs to the axisymmetric, no-swirl class, namely with a velocity field
u(z,t) which in standard cylindrical coordinates (r, 6, z) takes the form
u(z,t) =u"(r,z,t) e, + u*(r, z,t)e., x = (rcosf,rsind,z) c R3,

where e, = (cosf,sin6,0), ey = (—sinf,cos6,0), e, =(0,0,1), and

(r,z) € X={(r,z)/r >0,z € R}. (1.3)[detSigmal
The corresponding vorticity & = curlu takes the form

G(x,t) = WO(r, 2,t) €9, where w? = d.u" — d,u”.

The divergence free condition divu = 0 becomes
Or(ru”)+ 0,(rv®) =0 inX, t>0.

This implies the existence of a scalar function ¥ (r, z,t) such that
ut = -0, wF = %&(7‘1/}9) in%, t>0.
The relation & = curlu yields
- (8§+63+18r— 12) P’ =
r r

We notice that the vector-valued function ¢ (x,t) = ¢°(r, 2, t) ey satisfies —A¢) = @. The Euler equations
(1.2) thus become

Ow? + u 0w + uFd,w? = %u’"we, —[0% + 9% + %& - T%]wa =w? (rz)ex, t>0. (1.4)[eut]
The axisymmetric Euler equation without swirl (1.4) has a formal singularity at » = 0, which sometimes
is inconvenient to work with. To remove the artificial singularity the following change of variable is

usually used
0 0
R

r

r
The functions w, 1 are respectively known as the relative vorticity and stream function. In terms of these

new variables equation (1.4) becomes
rOw+VE(r2Y) Vo =0, —Asp=w inX%, t>0, (1.5)[eu2]
where V+ = (—0.,0,) and

3
A5¢ = 67”7"1/} + ;arw + 8221/}7 T = (’I", Z)7 (16)

supplemented with the conditions

(0, 2z,t) =0, lim  ¢(r, 2,t) =0.
|(r,z)|—00
It is well-known that the initial value problem for (1.5) is globally well-posed in L!(rdrdz) N L>(X), see
[50, 43, 12]. A bounded solution w to (1.5) with sufficient space decay actually satisfies

t— rw(r, z,t) drdz = constant, t+ ||w(-,t)|| L (r2) = constant. (1.7)[time]
R2
The same is true if the integral is taken in the time section of connected components of the support of
w. We will use these facts in the formulation of a suitable first approximation for a solution exhibiting
the leapfrogging dynamics.
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A vortex ring moving with constant speed ¢ along the z-axis is a travelling wave solution of (1.5)
with the form

W(T,Z7t) :WO(T’Z_Ct)7 1/)(7"72’,7«‘) :\IJO(TVZ_Ct)a

where Wy and ¥ solve
v+ (rQ(\IIO - g)) VWy =0, —[0?+ gar + Wy =W, inX. (1.8)[ringo]
It is worth mentioning that if Uy (r, 2) satisfies a semilinear equation of the form

192 3 2 _ 2 _ ¢ :
[@—i—r@,.—&—az]\l/o—f(r (Ty 2)) in X%,

c

for an arbitrary nonlinearity f, then Wy, Wy = f (1"2(\1/0 — 5)) solves (1.8). A first example of a solution
with a compactly supported, positive vorticity was exhibited by Hill [40]. In 1970, Fraenkel [26] rigorously
found a solution supported inside a torus with a tiny section of radius € > 0 with a center located at a
fixed distance ro > 0 of the z-axis. See also [45]. To formally derive the correct propagation speed c,
let us imagine that we have a family of solutions (W, ¥,.) of (1.8) with vorticity depending on a small
concentration parameter € > 0 in the form

x — (r9,0)

1
rWa(r,z)ng( .

) (I4+0(1)), z=(rz2) (1.9)[11]
with o(1) — 0 as € — 0, for a positive, rapidly decaying radial profile U(y) with a mass that we normalize
as fw U(y)dy = 8w. To fix ideas, we consider the Kaufmann-Scully vortex

Uy) = y € R?. (1.10) [xs)

(1+ [y[)*’

Then we have r W, — 87d(,,,0) as € — 0, where 0, ) designates a Dirac mass in ¥ at the point (ro,0).
Since

3 1 — (70,0
o2+ 30 s ot~ Ly (00 s
r roe? €

we have that roW.(r, z) approaches Green’s function G(r, z) where
—[02 + %ar + 902G = 87(ry 0y  in X
It is not hard to show that near (rg,0) and up to an additive constant and lower order terms we have
G(r.2) = ~2log(fz — (r0.0)P) (1= o —70) ).
Actually, at main order we also have
rW.(r,z) = —2log(|lz — (r,0)|* +&%)(1 — Qiro(r —19)).

Replacing these approximate expressions into the equation V+ (7"2(\1/5 — %)) - VW, = 0 near (rg, 0) yields

4)loge| ¢, 3
o 5) - §4| logellez - VU =~ 0.

[27”0(

Hence, at main order the propagation speed ¢ should satisfy
2
c=—|logel(l14+0(1)) as e—0. (1.11) [massi]
To

This is indeed the speed rigorously derived by Fraenkel [26]. Vortex rings have been analyzed in larger
generality in [27, 47, 2, 21, 7]. Expression (1.11) corresponds to a special case of formal asymptotics
obtained by Da Rios in 1906 [15, 16], of thin vortex tubes around curves evolving by their binormal flow.
See [48, 35, 36]. Helicoidal travelling vortex tubes have been recently found in [19].
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Interacting vortex rings. We shall formally derive the dynamics of k£ > 2 thin, coaxial vortex rings
with comparable speeds given at main order by (1.11) in (1.5). It is convenient to introduce the new
unknown W (r, z,7) where

w(r,z,t) = W(r,z —2ry " |loge|t, |loge|t),
so that Problem (1.5) in terms of W (r,z,7), 7 = |loge|t, takes the form
|loge| 70, W + VE(r? (U —ry ' |loge])) - VW = 0, —As¥ =W. (1.12)[1eapo]

Let us assume the presence of a solution W(r,z,7) of (1.12) which, in agreement with (1.9), has the
approximate form

for small numbers €; — 0. This ansatz is consistent with the fact that f rW drdz should be preserved
in time on components of the support, see (1.7). On the other hand, the fact that the L>-norm of W
should be preserved in time on each component suggests that le (T)E? should be constant in time, say

= roe2. Thus, we choose
To
€5 = 671 s
Pj (1)

so that at main order, near (rg,0) we have

W(rz7) =3 ! U(x_Pj(T)>, z = (r,2),

7“052 €j

Jj=1

and correspondingly, up to lower order terms

k
2 1 3 )
\I’E(T7Za7—) - ;—ljjllog(kU_Pj(T)P _"_53) (1 - E(T_Pj ))a T = (’/‘,Z),

for centers P;(7) close to (rg,0) to be determined. Substituting this expression into equation (1.12) we
obtain that at main order and for each j,

dP; 1 — — P,
—r\log6|—J+VjZ4rlog . ro\log5|e2} -VU 2= B ~ 0. (1.13)[12]
dr — |z — P ro €
i#£]
It is convenient to use the ansatz
1

Pj(r) = (r0,0) + (7) = (g;(7),4;(7)).

——q;i(7), g
V/[loge]

Imposing vanishing of the left factor in (1.13) at « = P}, neglecting lower order terms in a fixed interval
T € [0,T], we arrive at the limiting system

dg; (@ —a)" 4 (0

P Dl e (1) Teo,T]. (1.14) [car]
j 0

This is a Hamiltonian system for the energy

k
1

Hy(qr, ... qx) = =2 _loglgi — ¢ — 722 lgj >
0 j=1

i#]
For instance, for k = 2 and restricting ourselves to q; = —g2 = ¢ = (¢!, ¢?) we arrive at the system
dg - 4" (0

The level curves for its Hamiltonian g — Hz(g, —q) are depicted in Figure 2. Any solution of this system
is periodic and lies on a closed level curve around the origin.
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FIGURE 2. Level curves for ¢ — Ha(gq, —q).
(fig2)

In short, the vorticity of k interacting similar thin vortex rings looks like the superposition of vorticities

of k individual rings with small cross section e, whose centers evolve in time approximately following the

reduced leapfrogging dynamics (1.14) being located at mutual distances of order L
pfrogging dy (1.14) being NI

Several authors investigated the reduced dynamics given by system (1.14), see for instance [22, 23, 14,
5, 33, 39, 40, 44, 1, 6]. Numerical simulations of the leapfrogging, such as in [49, 46, 41, 9], provided
theoretical evidence that this phenomenon should actually occur in the Euler equations. The leapfrogging
phenomenon was experimentally confirmed in 1978 by Yamada and Matsui [51]. They used vortex rings
made of air and used smoke for visualization and successfully created a leapfrogging pair of rings.

Our main result states the existence of a true smooth solution w(r, z, t) of Problem (1.5) asymptotically
obeying the dynamic law described above, for each given collisionless solution of System (1.14) on the
time interval [0, T7].

It is more convenient to express, for a small € > 0, the problem in terms of the equivalent formulation
(1.12)

ow
|10g5|r§+Vl(r2(\IJ—r0_1|log£\))~VW:0, AU =W, ze€Xx, 7>0, (1.16)[1eapo1]

0
E\IJ(Z‘,T)ZO on z€d¥, |¥(r,7)]—=0 as|z]—=o0, 7>0.

We recall that, if W (r, z, 7) solves this problem, then
w(r, z,t) = W(r,z —2ry ' |loge|t, |loge|t)

solves (1.5).

(teo) Theorem 1. Let q(1) = (q1(7),...qu(7)) be a solution of System (1.14) without collisions in [0,T)] in
the sense that inf{|q;(7) — q;(7)| /7 € [0,T], i # j} > 0. Then there exists a smooth solution W(r,z,T)
of Problem (1.16) such that for certain points P (1) with the form

Pf (1) = (r0,0) +

log(| logfl))

1
(1) +
‘/|10g5|qj( ) ( |10g€|

we have
(x - Ps (1)

€j

k
1
Welrzr) = 5= DU ). 2= () (1.17) e

Jj=1

where U(y) = W, 6? =g? P}”(JT). For some number C' > 0 we can estimate

2| log |60

k
p(r.2m)] < O3

forall zeX, T€]0,T],
o1 e+ |z = Pr(r)|

2

with
2| log g|%°

lo(r,z,7)| < C
1+ |z

if |e—P;| >0V, T€l0,T].
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Theorem 1 corresponds to a first mathematically rigorous justification of the leapfrogging motion of
vortex rings. Given a solution ¢(7) of the reduced leapfrogging dynamics (1.14) which has no collision in
the interval of time [0, 7], the function

we(r, z,t) = We(r,z —2ry  |loge|t, |loge|t),

with W, given by Theorem 1, is a global in time solution to the 3d Euler equation in the axisymmetric, no-
swirl class (1.5). This solution exhibits a leapfrogging motion with & interacting vortex rings in the interval
of time t € [0, @]7 in the sense described by (1.17). Experiments [51] suggest it is not conceivable
that the leapfrogging motion persists at all times, as the evolution of the vortices gets deteriorated along
the flow. Global-in-time dynamics for other type of vortex configurations in the 2-dimensional Euler
equations has been constructed in [52].

Even in the simplified symmetric setting when k& = 2, g1 = —¢o that we discussed before, the Hamil-
tonian system governing the reduced leapfrogging dynamics of the centres (1.15) has periodic orbits, as
depicted in Figure 2, but the existence of periodic solutions to (1.16) exhibiting a leapfrogging motion
for all times is still an open question.

Motivated by the classical question for the incompressible Euler equations, Jerrard and Smets [37, 38]
built up a solution with a vortex-ring leapfrogging pattern in a suitable sense for the Gross-Pitaevskii
equation

1
iuy = Au+ 5—2(1 — Jufu in R3

on the basis of limiting Ginzburg-Landau energy configurations. The method in [37, 38] does not seem
applicable to the Euler setting. The Kaufman-Scully vortex (1.10) is a convenient local choice for the
building blocks of the rings. The function T'g(y) = log U(y) satisfies the Liouville equation

8 o,

and fine information about the linearized equation is available. Similar statements can be drawn for
generic choices of rapidly decaying, radially decreasing positive building blocks U(]y|). Vortices (1.10)
have been used to construct solutions with concentrated vorticities in R? in [17] and helicoidal travelling
waves in [19]. Linearization-stability in 2d-Euler and with a third dimension added as a vortex filament
is a delicate matter, see for instance [4, 25, 28, 29, 30, 34].

In Theorem 1, all individual rings in the vorticity expression (9.9) have similar positive circulations,
which is what leads to the leapfrogging phenomenon. Another interesting dynamics of vortex rings is the
case of opposite sign circulations, namely dipole dynamics. This is closely related to various scenarios
for potential singularities in axi-symmetric Euler flows, see [10, 11, 13, 24, 42]. Our approach may also
be applicable to the analysis of dipole dynamics. We expect that this scheme will be a useful tool in
studying finite time singularities or the Vortex Filament Conjecture for the incompressible Euler flow.

— ATy =l =U(y) =

In the next section we explain the scheme of the proof of Theorem 1 which is carried out in the
subsequent sections.

2. SCHEME OF THE PROOF AND ORGANIZATION OF THE PAPER.

The proposed strategy for our construction falls into two steps. First we derive an approximate
solution, then we solve the full problem setting up an inner-outer gluing scheme.

The inner-outer gluing scheme has been a very powerful tool in singularity formation problems for
nonlinear elliptic and parabolic equations, see for instance [20, 8, 18]. In those applications, the use of
maximum principle is essential. In [17] we extend this scheme to the Euler flow in 2-dimensions and we
find regular solutions with highly concentrated vorticities around a given number of moving points in the
plane, the so-called desingularized vortex problem. This paper represents the first attempt to extend this
scheme to the three-dimensional Euler flow and find regular solutions with highly concentrated vorticities
around a given number of vortex rings interacting in accordance with the Leapfrogging dynamics.

We take advantage of the axi-symmetry and no-swirl assumption to recast the 3-dimensional problem
in the 2-dimensional setting (1.16), which allows us to adapt some ideas from [17]. In the construction
of solutions with vorticity highly concentrated around points for the 2-dimensional Euler flow in [17],
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each vortex is well described by a smooth radially symmetric function with fast decay at infinity, the
Kaufman-Scully vortex U. The core of each vortex is of size € and the interaction with other vortices
can be easily controlled, as the distance of the centers of two different vortices is of order O(1) as ¢ — 0.
On the contrary, in order to well approximate vortex rings radially symmetric profiles need an important
non radial correction, the reason being the anisotropy in equation (1.8). The core of each ring is still of
order € but the relative distance between the centers of two rings is of size | log5|_%7 which makes their
interaction much stronger, and hence delicate to control. These are the features that make the steps in our
argument quite involved: the construction of the approximation requires several consecutive adjustments
and the inner-outer scheme to find the remainder of the solution has to be designed to properly describe
the transition of the problem in different-scaled regions.

Construction of an approximate solution. The basic building block for the construction of the
leapfrogging is a single approximate travelling vortex ring with highly e-concentrated vorticity near a
point Py = (rg,20), 7o > 0. Here rg represents the radius of the ring, and z its vertical displacement.
This is achieved finding a constant o and a stream function W, almost solving the equations for the
travelling vortex ring

VE(r? (V. — allogel)) - VW. ~ 0, where W.= A5,
in a neighbourhood of Py, with the expectation that the vorticity
rWe — 87dp,, as € — 0.

In accordance with (1.8), (1.11) and the discussion in the introduction, the constant a is expected to

satisfy a ~ % as € — 0 and the vorticity » W, to have the form 521”) U (‘_E—PO) More precisely, we find

1
a=—+0(loge|™)
To

3e

velo) = (T2 el = (o )~ atoge) (1 5o ) +0()

€ 2rg

1 xr — P() €Y1
WE = 5 We s e = 1 =T

@)= aue (20w =0 (14 225000 ) + UwOGEn)

in the region around Py given by |z — Py| < 4, for some fixed 6 > 0, uniformly as ¢ — 0. In the

above formula U(y) and T'o(y) are defined in (1.18). The precise derivation is carried out in Section §3,

Proposition 3.1.

The approximate leapfrogging solution for (1.16) will look at main order as the sum of k approximate
vortex rings. For simplicity we rename the time-variable 7 in (1.16) to be ¢, so that t € [0,T]. Let k > 2,
and consider k£ points

Pi(t), Pa(t), ... Pu(t), Pj=(P/,P})ex
and k scaling parameters €1(t),...,ex(t). We allow these points and these parameters to evolve in time,
for ¢t € [0,T] and we assume they have the form

1
VIloge]
with ¢; satisfying the reduced leapfrogging dynamics (1.14) and

Vlloge||Pj] — 0, |a;] <& as e —0,

uniformly for ¢ € [0,T]. We refer to Subsection §4.1 for the detailed description of these points and the
scaling parameters.

¢+ Pj+a;, PHt)e2(t) =roe?

Pj:(T0’0)+ j j

To each point P;, we associate the approximate vortex ring described before, namely a pair of stream
function and vorticity (¥;, W;), that then we add up together. This gives a good description of the
approximate leapfrogging close to the points P;, but it is far from satisfying the required boundary
conditions

g\ll(x,t) =0 on 90X x|[0,7), |¥(x,t)]—0 as]|z]— 0.
r

We use a cut-off function and correct the sum of stream functions to have at the same time the boundary
conditions and the relation —AsW = W satisfied.
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For N € N, we set

nn(s)=1, for s<N, =0 for s>2N (2.1) [cutoff]
for a smooth cut-off function. Define

n(x) =m <4x_(ro’0)|> )

To

with nyas in (2.3). In Section §4, Subsection §4.2, we prove the existence of a smooth function H(z,t),
which is uniformly bounded, as e — 0, for (x,t) € ¥ x [0,T] so that the pair

k k
Uz, t) =n(x)> W+ H(x,t), and Wo(z,t)=Y W;
j=1 j=1
is defined for (z,t) € ¥ x [0,7] and satisfies

0
Eﬂ%awzo(memxmjm [UO(x,t)| =0 as|z| =00, —As¥’ =W (2,t)€ X x][0,T].
Let us define the Euler operators
S (W, ) = |loge|rW; + VE(r2(¥ — 5| loge|)) - VWV,
(W, ) = [log elr W, + V4 (r(¥ = 1 log =) e
SZ(W \I/) = A5\If + Ww.

Hence
So(WO, w0 =0, (z,t) € ¥ x [0,T).
Besides (0%, W?) is a good approximate solution to (1.16) around each point P; in the following sense.
For any j = 1,...,k, consider the small ball around P; of radius |loge|™!, B(P;,|loge|™!). Under our
assumptions on the points P; and the scaling parameters €;, one has that
B(P;,|loge|™") N B(P;, |loge|™') =0, for i+ j,

for all & small enough, at any ¢ € [0,7]. In Subsections §4.3 and §4.4 we derive

-2
0 0 B e *|loge| _
‘Sl(W,‘l')(a:,t)’—O(l+|y|4), x=(rz)
x— b ~1
where y=——" for « € B(P;,|loge|™), t € [0,T).

This estimate can be achieved thanks to the choice of the points P; at their main order, namely P; = Py+
\/%qj, and the fact that g; solve (1.14). Observe that on the boundary of the region B(P;,|loge|™!)
oge

one has |51 (W?, ¥%)| = O(¢?|loge|®), while it is of order O(s72|loge|) close to each P;.
Next we modify (W° ¥%) in order to produce a better approximate solution (W*, ¥*). For N € N,

we set

nn(s)=1, for s<N, =0 for s>2N (2.3) [cutoff]
for a smooth cut-off function.

In Section §5 and §6 we prove the existence of points 15j, j =1,...,k in the decomposition of P; =
1,4 P ) ;
(ro,0) + \/@qj + Pj + a;, and functions

’l/);? QS;’ j = 17"'7k7 /l)[}*’out7 ¢*,OUt
so that (W*,¥*) given by

k
* 15 * T —P; *,0U
W, t) = 00+ Y R (L ) 4 )
i—1 ' J J
’ (2.4) [appt]
JI—PJ‘

1) + 9" (2, 1)

k
* U
W t) = W03 507 (—
j=1 J%3 J

where
an(CL',t) =17nN (l 10g5|3 |.7J - PJ|) )
is a better approximate leapfrogging. The function 7y is defined in (2.3).
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In fact, the boundary conditions are satisfied and we get that

k o
- 1 et x — P;(t)
SOVl <0 S O = TP,
4|z — (ro,0
ISy (W, 0% (2, t)] < Cet=, (W) ’
0

for all z € ¥ and ¢ € [0,7T], and |y;| < e !|loge|~3. Here n; is given by (2.3) and o* is a fixed positive
number. The functions (W*, U*) depend on the points a; which are left as parameters to adjust later.
Notice that on the boundary of the region B(P;,|loge|~!) one has |S;(W*, ¥*)| = 0(54*%), while it is
of order O(¢'~7") close to each P;.

Proposition 5.1 contains a precise description of the error term S1(W*, ¥*) in the inner regions close
to the points P;, at distance |z — P;j| < | loge| =3, for each j = 1,...,k, as well as in the complementary
outer region. Observe that the inner regions |z — P;| < |loge|™ well separate the points P;, whose
relative distance is of order \logs|’%. The modification to the original stream function WY is given by

k
Z PJ t)-i—’(/i* out(m t)

The terms ¢} are functions of the expanded variables y = = P] and encode the local correction needed to

improve the approximation near the points P;. The cut-off functlons n;2 (as well as n;; for the vortlclty)
are designed in such a way to guarantee that U0 is still the main term in the decomposition of U* i
the region where the corresponding cut-off functions are non-zero. The function ©*°%! is a more regular
function, expressed in terms of the original variable x and it is responsible of the improvement of the
size of the error far from the points P;. Similar decomposition describes the modification of the initial
vorticity WP,

In Section §5 we describe how we find the improvement (W*, ¥*) and we describe the error of approx-
imation. We make this statement precise in Proposition 5.1. The proof of Proposition 5.1 is contained
in Section §6. The construction of the approximation requires 10 subsequent refinements in regions close
to the centers, which we call inner improvements (to get ¢ and d);), and one global adjustment in the
region far from the centers, the outer improvement (to get 1¥*°“* and ¢*°“!). At the beginning of Section
86, in Subsection §6.1, we describe the general strategy for improvement and then we proceed with the
detailed description of the 11 subsequent improvements in Subsections §6.2 to §6.12. For the sixth inner
improvement and for the outer improvement we solve two linear transport equations. We study them
respectively in Sections §7 and §8.

Solving the full problem. We look for a leapfrogging solution of equations (1.16) of the form
W=W*"+¢
U =U*+q

where ¢ and v are small corrections of the previously found approximation. It is in order to find ¢ and
1 that we set up an inner-outer gluing scheme. The solution (W, ¥) will have the form (2.5) with

(2.5) [£inaiforn)

_ 1 x— P; ou
Y= 51 - 2¢j( - ]at)+¢ t(mvt)
= e j
b 1 x— P;
V=) it (1) + " (1)
j=1 J J

where
i (@) = v ([logel’|z — Pj)),
and 7y as in (2.3).
Comparing with (2.4), you may notice that this ansatz has the same form as the one used for the
construction of the improved approximate leapfrogging of vortex rings (W*, U*). Observe though that
here we are taking cut-offs slightly shorter than the ones taken in the definition of (W*, ¥*).
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Let Sy and Sz be the Euler operators introduced in (2.2). Then the operator S; evaluated at (W, ¥)
becomes

S

Z %E] (bjawj ¢Out P] _|_Eout [¢out \I/out7¢zn wzn P]

j=1 "J
where

¢Zn(y7 t) = (¢1(y5 t)7 ERN) ¢]€(y’ t))a ¢m(y7 t) = (¢1(y, t)a R ﬂ/)k(% t))
The operators Ej, j = 1,...,k, and E°“* are defined respectively

2

n ou Ej £ e
E g, v a)(y, t) := |logele? (1 + #yl)a@j — [loge] <5jat5j(1 + ﬁyl)v¢j Y= ﬁylatpj : V¢j>

J J J

€j * ou
+V* ((1 + ﬁy1)2(‘1’j = [loge| + 45 +¢; + rju™") — & 10g€|5taj> Vo;

iyt ((1 Sy, ¢ Wlf’“t)) V(2 W)

Ty

1
4 * *
LSL(W*, %) (ejy + P = —
+E]S1( 9 )(Ejy+ ])7 |y| < 3R7 R 5|10g5‘5
with y = x;_Pj, and
Eout[(bout \I/out7¢m ,(/}in a]( ) — |10g8| T(bout
ko _
+VL ZUJZ : )+¢Out_,r0—1‘log€|))vm¢out
=1 €j
k k
out -1 — (bj
+Z r|logel Qi + Vi Z ) Pt —rg [ loge|)) Vi, 25
Jj=1 j=1 € j'i

’(/}. ouw T’(/} *
| Doy = )V (P )+ | VW

j=1 J J

Ed

k
Z VL 2oty T 4 Z DSI(W* %) =0 (z,t) € ¥ x [0,T).

With all this set up, we notice that the pair (W, ¥) is a solution to (1.16) if (¢, ", ¢°%t 1)°ut) solve
the inner-outer gluing system given by the inner problems

E;n [¢]7 ’(/}] wout7 a](ya t) = 07 (y? t) € B(07 SR) X [O? T)
3€;
Ay — : t) € B(0; T
v — v+ 0 yle ®5, (y,t) € B(0;3R) x [0,T)
for all 5 =1,...,k, coupled with the outer problem
Eout[¢out’wout7 (bin’ win’a](x7t) — 0’ (.’L’,t) cY x [O,T)
EfUt[¢out,’l/)OUt7 (bin’ @[Ji”,a](%t) — 0’ (x,t) =B % [O,T)

where

k
ou ou ou 1/1 — _ w
El t.— A 51 t+¢ t+z T]J1*77]2 7“62 +Z T‘A5’I7j2+2vm77jzvm7j‘), (ZL’,t)GZX[O,T)
j=1 7

j=1 J=3 J

coupled with the boundary and decay conditions on /°%t

%wo’”(x,t) =0, (x,t)€dTx[0,T], [ (a,t)]— 0, as x| — oo.
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The solution predicted by Theorem 1 is obtained solving the inner-outer gluing system

B (05,459, al(y,) = 0, (y,1) € B(0;3R) x [0,T)
3€;
_A R M R . B N T = 1 e
Z/'(/)J T =+ £ 8@/1% ¢j7 (y7t) € (Oa3R) X [07 )a J ) 7k
Eout [(bout7 ,(/}out’ ¢zn7 wnL’ a] (.’L’, t)
Ef“t [¢OUt7 ,(/}out’ ¢in7 ¢in7 a] (CL’, t)

%@Zzo“t(:ﬂ,t) =0, (z,t)€0Xx[0,T], | (x,t)]—0, as |z| — oo.

=0, (z,t)eXx][0,T)
=0, (z,t)eXx][0,T)
In order to obtain the desired solution (with initial conditions equal to zero in all the parameter functions)
we will formulate the system as a fixed point problem for a compact operator in a ball of a suitable Banach
space. We will find a solution by means of a degree theoretical argument. That involves establishing a
priori estimates for a homotopical deformation of the problem into a linear one. These arguments are

performed in Sections §10 and §11. The rest of this paper is devoted to carrying out in detail the steps
outlined above.

3. APPROXIMATE TRAVELLING VORTEX RING

(sect) In this section we define the basic building block for the construction of the leapfrogging. This object

is an approximate travelling vortex ring with highly e-concentrated vorticity near a point P € X. It is
achieved finding a constant « and a stream function ¥, ”almost” solving in a neighbourhood of P the
equations for the travelling vortex ring

So(Wo, W) = VEH(r2(U, — alloge])) - VW ~ 0, where W. = —As¥, (3.1) [
where Aj is the operator introduced in (1.6). We recall it here
3
A5V =0,V + -0,V 4+ 0,.V, z=(rz).
T
The point P represents the centre of a travelling ring, and we take it of the form
P:(fvz):P0+Q7 POZ(T07O)7

with 79 > 0 a fixed number, and |g| — 0 as € — 0. In accordance with the discussion in the introduction,
it is expected that the vorticity rW, satisfies

rWe(r,z) = ei?U (x ; P) (I4+0(1)), z=(rz2) (3.2)[star]

where U is the rapidly decaying function in (1.10), and that the constant « satisfies o = %(1 +0(1)),
with o(1) — 0 as ¢ — 0. The associated stream function ¥, will correspond to an e-regularization of the
following Green’s function

gG(ac;P):O, on 90X, G(x;P)—0 as |z|— oo.

—A5G(x; P) = 8wép, 5

We write the Green’s function G as

1 3 _
where H(-; P) and K(-; P) satisfy respectively
(r—7)2 9 1

H(z;P)) = —30—— " 7 jpg ~ .
4 (@ )> 307"1?|413—P|2—~_2r77 Og\a@—P|47 (33)

1
AS(I"%W

and
AsK(z; P) = 0. (3.4)

Let the e-regularization of the Green’s function G be given by
1 3 _

Inserting this approximation in the operator defined in (3.1) produces a term of size € in a neighborhood

of P, when expressed in the expanded variable y = x_ap . We reduce the size to £? slightly modifying
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the approximation in a region close to P . For this purpose, we introduce the constant A given by the

relation 5

T
/2 y1U(y) (Do + A) 37? dy =0, (3.6) [aeta]
R

where T is given in (1.18), and the function T': R? — R defined as

773 1+ 52
A direct computation gives that I" solves

ApD) + Uy T+yU(y) (To+A)=0  in R

[e’e] 2\2 n 53
r) = [ [ v mee)  Adsdn. o= (3.7) [datGamsa

and satisfies
log(1 + |y|)

F(y):()( L+ |yl

), as |y| — oo.

We make our construction precise in the next Proposition.

{f1) Proposition 3.1. Let P = (7,2) = Py + q, with Py = (r9,0), 70 > 0 and |g| — 0 as € — 0. Define
a=ale,P) as

1 A+log8—6—270.K(P;P)—4K(P;P

1 +log8 — 6 — 270, K ( ) ( )’ (3.8) [Getaipma]

F 47| log €|
where A is given by (3.6), and U [P](x) as

o=

r—7_x—P

FULIP]() = Gelas P) + T (P, (39)1
where Ge(x; P) is in (3.5) and T in (3.7). Set
We[P(x) = —As V. [P](x).
Then for any fized 6 > 0 small and any x with |x — P| < §, setling
x—P 0 0
Y= =pe, |y‘ < -,
€ €
Sa(We, W) as defined in (3.1) has the following expansion
2| log €|
48 (W, W, py=1%8el g 6.cp
€ ( ’ )(Ey+ ) 1+ |y‘4 2(P7 €y )
e3|loge|
W| log(e(1 + [y)I[E1(p, 0,¢, P) + E3(p, 0, ¢, P)] (3.10) eet]
4 1 2
co(THEL). w e
1+ [yl
Here we have written Ex(p,0,e, P) for a function of the form
Ei(p,0,¢, P) = Ey1(p, e, P) cos(k@) + Ey 2(p, €, P) sin(k0) (3.11)
where
2 .
07 Fy
Z‘(l—}—p)ﬂil,“’ +‘VPE]€’Z'§17 as ¢ — 0.
=0 op?

We next present the proof of Proposition 3.1.

Proof of Proposition 3.1. Let us fix § > 0 and consider the region of points « with |x — P| < §. We use

the expanded variable
- P
y="— P=(73)
€

which we also identify with polar coordinates y = pe'?, p = |y|.
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From the definition of W, given in (3.9) we get the following expansions, for |y| < £,

W.[P](x) = ~0°(y), where

¢°(y) = To(y) — 4loge —log8 + K (P; P) (3.12) [baxpoo]
+ S5 (= 8To(y) + Ac —4K(P,P) + T()) +20:[P)(y) + *6:[Pl(y),
and
7,2

= (\1/5[13] (z) — a 10g€|) = To(y) — (4 — aF) loge — log 8 + K (P; P)
1 ) (3.13)
+ 5= (Toly) + A+T(W)) ey + 201 [PI(y) + [ P](y).

In the above expansions, A A. are constants given by
A=A—-6, A.=4(4—ar)loge+ A+4log8 (3.14) [barA]

and I' =T'(y) is as in (3.7). Moreover 6, [P](y) and 03[ P](y) denote generic reminders with the following
form

01[P](y) = |a(P) + b1(P) cos 20 + be(P) sin 20
(3.15) [thetai]
+[log(e(1 + |y]))(a(P) + b1 (P) cos 20 + by(P) sin 260) | O(|y|*)
and
02[P](y) = a(P)O(ly|*|log(e(1 + [y])])) (3.16)[theta2n]

for a, by and by smooth functions of P, uniformly bounded as ¢ — 0. Here I'y(y) = log U(y) as in (1.18).

Formula (3.12) gives the asymptotic expansion of the stream function ¥, associated to our approximate
vortex ring. In order to describe the asymptotic expansion of the vorticity W., let us introduce

F(r2(¥ — alloge])) = 267K<P;P>a2*aff0(§(qf —q 1oge|)>, with  fo(s) = e° (3.17) [e12]
and
E[P)(x) := AsT + f(r?(¥ — a|loge|)). (3.18)[e1]

The proof of Proposition 3.1 follows from showing that o and W, are so that the following expansion for
E[¥,.], given by (3.18)-(3.17), holds true: for all |y| < g we have

2 E[V.](z) = 1+€Ty|2 a(P) + by (P) cos 20 + by (P) sin 260
+ | log(e(1 + |y|)[(a(P) + by (P) cos 20 + by (P) sin 26) (3.19)
3
+ Ol lostellyl + 1)

uniformly as € — 0. Here a, b; and by denote smooth functions of P, uniformly bounded together with
their derivative as € — 0, whose definition may change from line to line.

Assume expansion (3.19) is true. Since W[P] = —As¥.[P], we have
S (W.,U.) = V(3 (T, — alloge|)) - V(E[V.])
and expansion (3.10) readily follows from (3.13) and (3.19).
5

We also observe that, in the region |y| < 2, the vorticity of the approximate vortex ring can be
described as

W[Pl(2) = —-we[Pl()
1 g (3.20)
welPly) = Uly) (14 52 (o + A+ T) + 20 [P)(y) + *6:[P]())



LEAPFROGGING VORTEX RINGS FOR THE 3-DIMENSIONAL INCOMPRESSIBLE EULER EQUATIONS 14

where U(y) and T'g(y) are defined in (1.18), A in (3.14), §; and 65 in (3.15) and (3.16). Hence rW,(z)
approaches, locally around P, a Dirac delta, as € — 0, in accordance with the expectation (3.2). We will
make use of these estimates in the next Section.

As we explained before, we want to prove the validity of (3.19). We start with the observation that,
since the operator in (3.18) is invariant under translations in the z-direction, it is not restrictive to assume
that P = (7,0) and to work in the class of functions that are even in the variable z.

To simplify notation, we drop the dependence on P in the functions G., H and K.

Then for | — P| < § we have

z—P
€

Gelar) = (To(y) — t1oa(e) ~ log®) (1~ s-eps + H(P +ey)) + K(P+2y), =

where we mean H(P +¢ey) = H(P + ey; P), etc. Observe that 0,K(P) = 0 by symmetry. From (3.3) we
get that H(x; P) has the following expansion as x — P

T — 2
H(z) = a1(P)(r — 7)2 + az(P)22 + b(P)klgxf'W +0(|z — P]?) (3.21) [oxpi]

where a1, as, b are constants whose value depends on P. Using (3.21), we expand

oF
G.(x) =To(y) —4loge —log8 + K(P) 3 [Fo(y) —4loge —log 8 — ET&.K(P) eyr

T oF
+ 20, [P)(y) + °62[P(y)

where 01, 05 are reminders that can be described as in (3.15) and (3.16).
For Up(z) = LG (x), we get

T

2

% (q/p(a:) —a log€|> = To(y) — (4 — aF) loge — log 8 + K (P)
+ % (Fo(y) — (4 4aF) loge + 270, K (P) + 4K (P) — 1og(8)) en

and
2

Semmear 1 (Wp(r) — alloge]))

f
= %U(y) exp [% (Fo(y) — (4— 4a7) loge + 270, K (P) + AK (P) — log 8) ey (3.22)

+ 260, [P)(y) + 36, [P](y)] ,

for functions 6, 62 of the form (3.15) and (3.16).
Next we compute

As¥p = (1) +(2)

where

1) = %Ag, [(ro( — Py floge —1og8)(1 - %(r —f))}

(2) = 2Asl(To(" =

since by definition A5 K = 0. Setting again ey = x — P, we get

W= 2[(- 300 + 2Ty D) (1 ) - 20y 2~ L (T - dloge — log )|

) —4loge —log 8)H],

T e? e(F +eyr) p 7 eT p 2r7
r_ 1 3 15Th(p) 47 9
=-|"= oy - =0 (T —4loge — 1 }
F[ U + 50w — - 5.~ (To — 4loge — log8)
1 (r—r? ¢ 9 , 1
=—|-U U 30 ___ 7 2 —_]
o~V g U 0T B~ 5 8 G
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From (3.3) we get

(r—7)? 9 1 1 - P 1
2)=-30 1 —As[(T —41 —log8 —log ———~)H
(2) = =30 S + Gy o8 = + FAsl(To(— ) — dloge —log8 —log ) 1]
(r—7)? 9 1 2 |£=E )2
= -30 1 + —Ajs|log —=——
P PR 2 O pp T ol T =r =E|2 }
Combining the above expressions we conclude that
1r1 3
~As¥p = - [E—2U<y> - U+ 0]
5 P (3.23)[c2]
_ 9 2 3
= U1 Zen + 20PI) + S0lPl).
where 6; and 6 are described in (3.15) and (3.16).
Putting together (3.22) and (3.23) we find that
1
e B[Wp] = ~[eEo + O:(y)] (3.24) [exx0]
where
Eo(y) = %U( )(Fo(y) — 4(1 — o) loge + 270, K (P) + 4K (P) — log8 + 6),
and
1
O:(y) =U(y) exp {§< (4 — 4a7)loge + 270, K(P) + 4K (P) — log 8) €Y1
+5291[ 1(y) + 202 [P)(y ]
1
- Ul(y) { —( (4 — 4a7) loge + 270, K (P )+4K(P)flog8>5y1}

2
+U(y) [*0:[Pl(y )+€302[ 1))

where 67, 65 denote again generic functions of the form (3.15), (3.16). A closer look at this expression
gives that O.(y) can be described as follows

2

0.(y) = ng a(P) + by (P) cos 20 + by(P) sin 20
+ |log(e(1 + |y]))[(a(P) + b1 (P) cos 20 + ba(P) sin 29)] (3.25)
53
+0( o ) log(e(1 + [yl))a(P)

uniformly as ¢ — 0. Also here a, by, by stand for generic smooth functions of P, uniformly bounded as
e —0.
In order to reduce the size of the error term in (3.24) we solve

A+ Uy +eFo(y) =0 in RY  lim (y) = (3.26) [appro|

ly|—=o0
It is here when we introduce the function I' and we use the explicit definition of « as given in (3.8).
It is known that all bounded solutions to
Ap+U(y)y =0 in R?
are given by linear combinations of

o,
0; (v),

i=1,2, 2+VIy-y.
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This result can be found in [3]. By the standard Fredholm alternative for this problem we need the
following solvability condition satisfied

al'y
EO dy = 0.
[, B g2
Infact, the error term Ej is by definition even with respect to the variable ys. Hence the remaining
solvability conditions

or
/"%<5°<My:o, Eo(y) (2+ VLo~ y) dy = 0
R2 Y2 R2

are automatically satisfied by symmetry.

Let us then compute

2r . Eo(y )gg? (y)dy = (/}R2 U(y)yla—l(y) dy) (270, K(P) + 4K (P) —log8+4 6 — 4(1 — aF) loge)

ol
+ U Tyd
/]Rz (y)znay()oy

Then [ Eo(y) (y) = 0 is satisfied if we choose « as in (3.8). In terms of P we have
1 P A+log8 — 6 — 270, K(P; P) —4K(P; P
a=—-+ ﬁ( 2 6(P) = — + Og8 6 7"347 ( ) ( ) (3.27) defbeta
T og T

With this choice of o we can solve (3.26). Writing in polar coordinates y = pe’® we observe that Ey has
the form Ey(y) = Q(p) cos(8) with Q(p) = O(lop#) as p — 0o. A direct computation yields to

by P) = =Tlpyn (3.28) [barpsi]
Using now the whole expression of ¥, as in (3.9), we decompose
3
_ _ 3 -
EB[V.] = S2E[Up] + = [(9r + 0..)T + f/(¥p)I] + 2 20,1
T rr
+?[f(¥p +el) = f(Up) = f(¥p)eTl]

where I' = ZC1(2=L) and f is

2

fls) = Se KPP0 gy (T (s~ aflogel)).
For |y| < g,
F(Up) = gizU(y) exp % (Fo(y) — (4 —4a7) log e + 270, K (P) + 4K (P) — log 8) ey
+ 201 [PI() + 0, [PI)| x (1 + 22
=éwmﬁ+%0uw—@—&wa+mmyw+ﬁmm@+é%mwﬂ
where 61, 05 satisfy (3.15), (3.16). We have

=i ™

(Orr +0-)T 4 ()] = LA+ U(y)d]

+ U] (Toly) — (4 — 407 loge + a(P) )eys + 0 [Pl(y) + =6:[P)(y)]-

Recall now that e2E[Up] can be written as in (3.24). Since 1 solves (3.26) and has the form (3.28), we
get

SEWE] 4 (0 + 0207 + (¥R = 0.(0)

where O, can be described as in (3.25). Besides, using the form of the function I', as described in (3.9),
one sees with a direct inspection that

53%@1; +[f(Up+el) — f(¥p) — f/(¥p)el] = Oc(y),
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with ©. another function of the form (3.25). This concludes the proof of (3.19).

4. FIRST APPROXIMATE LEAPFROGGING

(sec3) The rest of the paper is devoted to find a solution to Problem (1.12) with the properties described in

Theorem 1. With a little abuse of notation, from now on we will use the variable t instead of 7. Given
ro > 0, we look for (¥, W) solving

|loge| 7 ;W + V*H(r?(¥ — 1yt |loge])) - VW =0 in ¥ x[0,7)

glll(x,t) =0 on 90X x|[0,T), [¥(z,t)—0 aslz|— oo.
,

We recall that ¥ = {x = (r,2) : r >0, z € R}, see (1.3), and

AsV = 0,V + §6,,\11 + 0., V.
r

This Section is devoted to define a first approximate solution to (4.1), given as a sum of approximate
travelling vortex rings, as built in Section 3. These travelling vortex rings are centered at different points,
at relative distance |loge|~2 one from each other, all of them collapsing to (rg,0) as € — 0. Let us be
more precise.

(subsecdl) 4 1 The parameter functions. Fix an integer k > 2 and consider points P; = P;(t), for j € {1,...,k},

which evolve in time and have the form
Py = Py(t) = (r;(t), % (1)), t€[0,T) with
4.2 int
=Pyt ay(t), Py= Pyt PO+ PAD), o= (ro,0). (4 2)fpetz]

Let us describe the different terms in the decomposition of P;. The points PJQ(t) = (r?(t)ﬂ?(t)) are
explicit and will be determined towards the end of this section, in the form

1 log |loge
PJQ = ———=q; +Qj, Qjll~or) +10:QjllL>p0.1) S | |’ (4-3) [p0]

V| loge] | log g
where ¢; are the given solutions to the leapfrogging dynamics (1.14).

The points P} (t) = (r}(t), 2 (t)) in (4.2) will also be determined in the process of the construction of

an approximate leapfrogging solution and they will satisfy
1P} || oo 0,1y + 1106 P} || oo po.1) S €277, (4.4) [b1]

for some ¢ > 0, small and independent of ¢.
The points a;(t) = (a;1(t),a;2(t)) are free parameters to adjust at the end of our proof. For the
moment, we ask they are continuous functions in [0, 7| for which d;a; exists and such that

lajllcro,m S 1. (4.5)[b11]
The following notation will be used to identify the different sets of points in the decomposition of P;
given in (4.2)

P=(P,....,P;), P"=(P},....P}), b=0,1, a=(ay...,a).
Since the relative distance between two points is of order |log 5|’% we have
{z: |z — P <|loge|™}n{z : |z — P < |loge|~ '} =0
for all € small and i # . Besides, under assumptions (4.2), (4.3), (4.4) and (4.5), we have that
P; — (ro,0), as ¢—0, Vj=1,...,k,
uniformly for ¢ € [0, 7).

Given the points P; as described in (4.2), we introduce positive functions ¢; = €;(¢) > 0 such that, for
all j=1,...,k,

t—r;(t) 5? (t) is independent of ¢,
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where r;(t) is the first component of the point P;(¢). For convenience we choose
ri(t) E?(t) =roe? for all tel0,T). (4.6)
From (4.2)—(4.5) we get that for all j =1,... k,
les — elleory + 10eslliepr Sellogel ™2, vV j=1,....k, as e—0. (4.7) [o2]
For such €;(t) and P;(t), let o; be given as in (3.8), Proposition 3.1 so that

1 B(P;(t))
o [P](t) = 75 (0) T |loge;(t)|’

where ((s) is the smooth function defined as in (3.27). Observe that

1 B(ro)
TP (H) = —
a][ 0]() T0+|10g5|
is constant in time. We also have
. _ri—ro B :
gt —oglP) = T - e (4.8) siphagaiphao]
0"y J
and |rg " — ol Lo,y = O] loge|~2) as € — 0.
(subsec42)
4.2. The function H° and definition of the very first approximation. For any j = 1,...,k, we
define
W, t) = U, ([P ()], 1), WO, t) = —Ag,, [Py (8)] (), (4.9) [aetw5]

where W, [P](z) is the approximate travelling vortex ring introduced in (3.9), Proposition 3.1. Since we
are assuming that the point P;(t) evolves with time, the functions \I/(J? and VVJO also depend on the time
variable ¢ € [0, 7], and their dependence on time is through P; (and ¢;). Writing

1 r— P;
Uiz, t) = —vj(y), y=——— (4.10)[£ee2]
j j
from (4.9) we get
1 .
Wjo(x,t) = %wjo(y)7 with — A5J’(/J? = w? (4.11)[£e2]
J
where
3¢
— 92 2 J
A57j - 8y1 + 82/2 + i+ €59 6@/1' (4'12)
Besides, for a fixed § > 0, we have that, for y = ”C;_Pj , in the region |z — Pj| < 0
€; -
w) =) (14 Z2 o+ A4 1) + 20P10) + S0lPn) (1.18) [omazt
j

where 01 and 65 are functions also described by (3.15) and (3.16) respectively. This expansion has been
obtained in Section 3, formula (3.20).

The starting point of our construction is to assume that the vorticity of a leapfrogging of vortex rings
is at main order the sum of the vorticities of vortex rings. We do the same with the stream functions,
which we then multiply by a cut off function to make it 0 at infinity.

Having introduced the points P = (Py, P, ..., Py), define

k k
OO (x,t) = n(x) Z \I/?(x,t), WO(z,t) = Z VVJQ(Jc,t)7

where 7 is the smooth cut-off function given by

n(xz) =m <4x_(ro’0)|> )

To
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with n;as in (2.3). We then immediately see that [¥°(z,t)| — 0 as |z| — oo and that 2= ¥°(z,t) =0 on
0%, for any t € [0,T]. On the other hand we no longer have that —Az¥? = W0 We shall then slightly
modify WY by a function H° to have, for any t € [0, T]

As (\ilo +H0) (z,t) + Wo(x,t) =0, ze€X.

For this purpose, consider the linear problem

Asp+h =0, inX, aa—w =0 ond%, ¢x)—0, as |z]— oo, (4.14)[exto]

T

for a smooth function A satisfying
C
|h(z)] < T et (4.15)[decayn]|

where C' > 0. Recall that A5 = GTQ +30 4 W? for x = (r,2) € X.
We have

My emma 4.1. Assume h satisfies (4.15), with v > 0. Then there exist a solution ¢ = T (h) to (4.14) and

a constant C7 > 0 such that

i
(4 DIV + 190 < Ty

Proof. Recalling that the Laplacian of a radially symmetric function in R" is

d? n—14d
Ay =—+——, Y=(1,....Y, =4/Y2+...V2
Y d82+ s dS’ (17 ’ )7 S 1+ n

we interpret the differential operator in (4.14) as the Laplacian in R® and recast Problem (4.14) in R5.

Define
U(Yy,...,Yy,2) =o(\/Y2+ ... Y2 2), r=/Y2+...Y2 Ys==2
H(Y1,...,Yy,2)=h(y/YZ2+...Y2,2), r=y/Y2+...Y} Yy = 2.

To solve Problem (4.14) we find bounded (non-singular) solutions ¥ to

Aps¥ 4+ H =0, inR® ¥(Y)-—0, as  |Y| — oo.

and

We define ¥ using the Newtonian potential in R® as

1 1
U(Y) = H(Z)dZ
¥) = 15 /R Z—Y]? (2)dz,

with ws the volume of the unit 5-ball. Moreover V¥ (Y) = —ﬁ Jrs |(ZZ ;fl)s H(Z)dZ. From (4.15) we get

that (1 + |Y]?™)|H(Y)| < 1. Estimating the above integrals splitting them in the region |Z| < D;—l and
its complement we get

1
L+ [YDIVEY) + () S
(L +YDIVEY)] + [¥( )\NHlYlmm(gw

Going back to the original variables x = (r,z) € 3 we get the required estimates. O

For any t € [0,T], we denote by H°[P] = T (As¥° + W?) the solution to

- 0H°
AsH + As9° 4+ W0 =0 inX, =0 ond% (4.16) [defHo]
T
with H°[P](z,t) — 0 as |z| — oo, for all t € [0, 7).
A direct computation gives
B k k
AsU0 + WO = (1= ()W + (Asn(x)) > WI+2) V,.n-V,. 0. (4.17)[fed]

j=1 j=1
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The function AsW¥° + WP is smooth, it is the sum of one term with compact support and size O(1), and a
term which is bounded by O(ﬁ), (z,t) € ¥ x [0,T] uniformly as € — 0. From Lemma 4.1 and (4.17)

we get that
1
1 VHO[P)| +|H[P]| £ ——
(L+ [z)IVH[P] + | []|N1+|x|27
uniformly for ¢ € [0,7T] as ¢ — 0.
For P = (P, Ps,...,, Py), we can now define the first approximate solution to (4.1) to be

k k
UO[P] = n(x) Z w0+ HO[P), WP = Z wY. (4.18)

(subsecd3) 4 3. The very first error. We recast Problem (4.1) as the problem of finding (W, ¥) with
ov
ar
Here S; and S5 are the Euler operators introduced in (2.2). The leapfrogging of vortex rings are then

solutions (W, ¥) with W and ¥ close respectively to W° and ¥°, and |¥(z,t)] — 0 as |z| — oco. By
construction what we have so far is that

So(Wo % =0 X x[0,7), %\If%nz,t)zO 0% x [0,7),

S{(W, W) = So(W,¥) =0 in X x[0,7), =0 ondx x[0,7T).

|0 (x,t)| — 0, as |z| = oo.
We shall now describe S1(W?, ¥%). We can write

k
S (WO, w0 = ZE?, where
j=1

(4.19)
E? = |loge| r@tWJQ + V2 (W0 — 75t logel)) - VWJQ.
We start with the following general remark.
{r1) Remark 4.1. For a function W (z,t) given in the form
W(x,t) = rjlsfw(x ;ij ,t),
for some function w(y,t), y = % we have
ejlloge|r ;W = e2|loge|(1 + i—jyl)ﬁtw —¢j|loge|Vw - 8; P; + Bo(w), (4.20)[Sexp]|
where )
By(¢) = —¢€;0i;(1 + %yl)véb /e %ylatpj Vo (4.21)detBo]

An equivalent expression, which will be useful in the sequel, is

ejllogelro,W = |loge|| — &;Vw - 0P + £50yw + €042 (y101w — y20ow)

(4.22)

52 53 2
— Lz 00w + Ly Oyw — L1 Vo -
t2jY102W Y1 0w tEjY1vVw - y|.
’I’j ’I"j T’j

Proof of (4.20). Forxz =c¢cjy+ P;,

Orj 2045
SAE ﬁ)e?w —¢€;0i;Vw -y —e;Vw - 0, P;

e
5§| loge|r oW = |logel(1 + T—jyl) le?wt —(
j

Tj €j

From our first assumption (4.6) on the parameters r; and €; we get

ey _ fzaﬁ, forall t (4.23) [asst]

Ty €j
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which gives (4.20).

Proof of (4.22). This expression follows from observing that

gj|loge|ro,W = |loge|| —&;Vw - 0, P; + efatw —€;0:e;Vw -y

2 3 2

&j &j &j
- ;%@Pj Vw + =y 0w — :8t5jy1vw Y
J J

Ty

and (again (4.23) for P;(t) = (r;(t),z;(t)))
2 g2
—€;0i;Vw -y — ﬁylatPj -Vw = g0 (y101w — y20w) — ﬁ@tzjylagw.
j j

Recalling (4.13) and using (4.20) and (4.11) we easily get that the first term in E? in (4.19) is given
by

€
5§| log ¢| r@thO = —¢j|loge|(1+ éyl) O Pj - Vw?
&
+ ;] loge|(1 + éyl) [£;00w) — Dye;Vw) - y] .
We now pass to the second term in E;-J given in (4.19). It is convenient to use the decomposition

r? (U0 —rgtflogel) = r? (VY — aj|loge;|)

+ 1% (aj]loge;| —rg tlogel) +r* | H° +Z\I!2
LA

r—

P - _
-, Jyl <5 '|loge| ™,

In the region {z : |z — Pj| < |loge|~'} we write, for y = =

_ E4
V200 g logel) - VWP = 7 (14 L0 - rjeglloge;) ) - Vud
J
+ V*H(@i(ejy + Pj; P) ) - Vo,
where

- - Es
@j(z; P) = @j(ejy + Py P) = rj(1 + f_yl)zx
J

_ 1 €
<Oéj|10g€j| —ry '|loge| + H°[Pl(e;y + P)) +ZE 7#?(;21/

! €e
L]

e p£)> (4.24) [rarphise)

with H? the correction introduced in (4.16). Referring to (4.19), in the region |z — P;| < |loge|™!, we
have, for y = £=21

)

.
5? E?(Pj +e59) = VIR (y,t) - Vw? + 6?\ loge|(1 + T—jyl)atwjo + |10g5|B0(wg)

e
+ 94 (0 S8 - ryalioge) ) - vl
J
where By is defined in (4.21) and

R;(y,t) = ;| loge| O: P} -y + &;(e5y + Pj; P) — 3;(Pj; P). (4.25)[errejey]
In the same region, for i # j,

5 2

4 120 4 170 - j e’|log |
A ENP +ejy) = L et BO((RL—L— =0(——=-

J ’L( J Jy) 7 (( y) ( 1 |y|

£ Ei €j E;

).
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From the result in Proposition 3.1 we recognize that

N
(1+ f_y1)2(¢? —rja4lloge;|) =To(y) — (4 — ayr;) loge; — log8 + K(Pj; Pj)
’ (4.26) [£ee22]

+ % (Fo(y) +A+ F(y)> + 220, [P} (y) + 262 [P;}] (),

where A is the constant defined in (3.14), I' = I'(y) as in (3.7), §; and 6 have the form described in
(3.15) and (3.16). Moreover

.
V(14 P = rogllogsy)) ) - Tul = 2 b, (W W (e + )
J

where the operator S, is given by (3.1). From estimates (3.10) on this term, we conclude that, for

_p, _ _
p=lyl =" <e;'|loge| ™,
k
e} S (WO WO (P +ejy) =&t > B (P +e5y)
i=1
— VR, (y,1) - V! + 2| loge|(1 + %yl)ﬁtwg + [log | Bo(w?) (4.27) [error1]
J
2| loge| 3| log g|? et|logg|?
7E ,H,t,i‘: +7E 707t75 +E 703t,6 +O T 12

as € — 0. To get this estimate we have used (3.10). The functions E;(p,0,t,¢) have the following form
Ej(p,0,t,€) = Ej1(p, e, P(t)) cos(j0) + Eja(p, e, P(t)) sin(j6)

where
2 .
OE;
) ’(1+p)ZT“’+‘vaj,451 (=12, as £—0,
, p*
1=0

uniformly for ¢ € [0,T)

(subsecdd) 4 4. Dynamics for PJQ and reduction of the very first error. We shall see that it is possible to
reduce the size of the error term (4.27) in each of the regions |z;—PJ| < sj_l| loge|™t, j =1,...,k, by
J

choosing properly the points PJO as in (4.3). Write the function ¢; in (4.24) as
Qj(z; P) = ¢j(z; P) + 829j5j (z; P)
with

r? _ 1 -
j(w P) = — <aj| loge;| —rg'|loge| + H (x: P) + ) — vf(a; P@) (4.28)

I #j
V) (z; Py) = log ;(1 — i(r —r¢) + H(z; Pg)) + K(z; Pp) + o1 (x5 Pr)
|$ — Pg|4 27‘g
- s
where &,['(z; Py) = r WF(m e> and
2ryp 1)
1 r2 ‘l‘ — Pg|4 3
e (e:P) = 5 3 1 1= B H G ).
J€i (LB ) 82 tTiTe 08 (8% + ‘I — Pg|2)2 ( 27’@ (’I“ TZ) + (:E Z))

We refer to (3.3), (3.4) and (3.9) for the definition of H, K and I'. We Taylor expand
¢i(Pj + ey P) = ;(P;i P) +€;Vap;(Pji P) -y + @5
4k 4
- €’ €’ (4.29)
2= k*J,Dﬁsﬁj(Pj; P)ly* + €}D.0;c,(Pj; Pyl + 5JD§9jsj (Pj; P)ly)> + Q(ejy, P)
k=2 "
where Q(z, () is a function smooth in its arguments that satisfies

IV.Q(z,¢)| < Celz|".
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Recalling the definition of R; in (4.25) we can write
ViR, (y,t) = —¢j|loge| 0. Pj + &;Vrp;(Pj; P) + V*;,
and we choose the points PJQ in (4.2)-(4.3) to satisfy the ODEs system
— |loge| 0, P) + Vyp;(Py+ P);Py+ P%) =0, j=1,...k (4.30) [dint
Here Py = (r0,0) and P° = (P,..., PQ). We use (4.8) to write
Vaot (P P) = 6,(P) = 00(P) + 0 (P)

where for P; = (rj, z;),

P Pg ri —7To
—42 -2 jr% |loge| ea.

P; — Py|?
| ‘
Recall now the form of the points P} from (4.3)

0 1

| log €]
Here g; are the given solutions to the leapfrogging dynamics (1.14), which gets rewritten as
1

V/|loge|

*|10g5|%3tq3'+@2(130+ q)=0 telo,T].

We choose @; to solve the initial value problem
—0:Q; +6;(t,Q) =0 t€[0,T]

1 1 1

0(t,Q) := —— |0%P, + P°) —0%P, + q eY(p, + P°
i(t:@) |log €| 5P ) 5o |log e i |loge| i (Fo )
Q;(0) =

A direct computation gives that

1 1 log |log €|

ol Py + —— o < —=——
||“Og€| i (Po |log€|fJ)HL ([0,1]) o<
The functions éj are Lipschtz continuous in @ in the set
log | log e
||Q]||L°°0T) |10g€‘ ’

and continuous in ¢, for ¢ € [0,7T]. Standard ODEs theory ensures the existence of a solution (Q1, ..., Qk)

satisfying the bounds (4.3).

This choice for P? automatically reduces from e to €? the size of the term VR ;(y, t)- Vw§ in the first
line of the error of approximation described by (4.27). Let us now analyze the terms in (4.27) given by

..
e;]loge|(1+ r—jyl) [£;00w) — Oy Vw) - y] — 3| logely10:P; - V.
j

They have the same form as the terms in the following line in (4.27), with the only difference that in
this case the functions E;(p,0,t,¢) do also depend on ;P and not only on P. This fact is consequence
of (4.22) and of our assumptions on the points P;.

We are thus in a position to conclude that if we choose the points PV of the form (4.3) to satisfy (4.30),

the error of approximation (4.27) in the region |z — P;| < |loge|™! can be described as, for y = xe,_Pj,
p=lyl
e?|loge
E?Sl(WO7 \IIO>(PJ +€Jy) = lej(y7t,P) . V’LU;) + 1|+|g|4|E2(p,9,t78)
- e (4.31) ezrortt]
M{E( 0.t,¢) + Bs( 9155)]+0<6|1()g5|)
1+|y‘3 1\p, Y, ¢, 3(P, 0,1, 1_|_|y|2
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as € — 0, where the functions E;(p,0,t,c) now depends also on 9, P, and have the form

E;[P,0.P](p,0,t,e) = Ej1(p,e, P(t), 0 P(t)) cos(j6)

+ Ej2(p,e, P(t), 0, P(t)) sin(j0), (4.32)

where
2 .
LB
Z’(l‘f’p)W‘—'_‘VPEj’e’—f"VatpEj’[‘Sl (=12, as e—0.
=0

Besides,
R;(y. t; P) = ¢;|logel0y(P; — P)): -y + @,(c;y + Pj; P) — ¢;(P;; P)
— Vaipi (P); P%) e5y.

(4.33)

where P (t) = Py + P (t).

5. IMPROVEMENT OF THE APPROXIMATION

(Bec) 11 the previous section we introduced the functions W0(x,t) and WO(z,t) defined in (4.18), where P

is a collection of k£ points of the form
P=(Pi,...,P), Pj(t)=Po+P)(t)+P}(t)+a;(t), Py=(ro,0).

So far we have defined P} explicitly with the form (4.3) to solve (4.30), while P} and a; are still parameters
that are assumed to satisfy (4.4) and (4.5) respectively.

The next step in our argument is to modify (W°, ¥°) in order to produce a better approximate solution
(W*,¥*). We do it taking (W*, ¥*) of the form

(2,1 P) = 00 + ZW L ) ot () (5.1)£110]
k
W, t; P) = WO+ 3 B e (P20 ) 4 ot (a, 1) (5.2) (220
j=1 .7 j J
where
nin(z,t) = ny (|logel* | — Py|), (5.3)[zeta

and ny is given by (2.3). Here ¢ > 1 is a positive number, independent of e. Since the relative distance
between P; and P;, j # i, is of the order |log 5|_%, we have
P; € support (1;2), support (n;2) Nsupport (n;2) =0, i # j.
It will be convenient to choose
¢=3.

This will guarantee that U° and W are the main terms in the decomposition of ¥* and W* in the region
where the corresponding cut-off functions 7;2, ;1 are non-zero.

If we insert the expressions of ¥* and W* given by (5.1) and (5.2) in the Euler operator S; (see (2.2))
we get

k
= Z%Em R e R O T e (5-4)
j=1

where

6V = (B B)). U = (0.
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The inner-operators E;-", j=1,...,k, are defined as

mn ou €j
E™ ¢, 15 v, Pl(y,t) := |logeleF (1 + ﬁy1)3t¢j + |loge|Bo(¢;)
J
..
+ Vvt ((1 + 7]_1/1)2(1#? —rja;j|loge;| + ¢ + 9% + Ry (y, t; P)) - Vo;
J

_i_vL(( 531/1)(% wout) w +Z7"J 2w
i#j

1
J

with y = = JP [0,T), and R; defined in (4.33). Moreover By is the operator defined in (4.21), which
can be equivalently written as

g2 g2
Bo(¢) = €;0:2j(y1016 — y2020) — Tfj_aﬁjyly Vo — T—J_o”!tzjylayb
J J

see (4.20) and (4.22) for the derivation of By, and its equivalent form. The outer-operator E°%! is given

by
Eoutwout’wout P, pin, Pl(z,t) = |10g5|r¢0ut (5.6) [Eout ]
k
T+ 3 LRy g oge)) - V.
= €j
k k P ¢
+) | rlloge| Qi + Vi (r Z —L) + 9% — gt loge|) Vil 527:«
= = €j Jj'a

- 2 Vi ry;
Doy = m) V(PO )+ | VW
j=1 J J
k k
(1= )V ) - VIO + (1= ) S (WO, 80 =0 (2,t) € B x [0,7).
Jj=1 j=1
If we now insert the expressions of ¥* and W* given by (5.1) and (5.2) in the Euler operator Sy (see
(2.2)) we get
SQ [\I/*, W*] — S2 [¢*,in’¢*,in’ *,out7w*,out, P]7 with

k
52 [Qz)in’win’ ¢out7,l/)outyp Z 1] AS jw] + ¢J] + Aswout + ¢OUt
=1 "7¢ (5.7)
- e v
+ Z(njl - 77j2 ket A Z A577]2 +2Vni2Vy =Ly,
=1 i
Here A5 ; is the differential operator in the eXpanded y-variable defined in (4.12), while Ay is the differ-
ential operator defined in the original x-variable as given in (1.6). We require conditions on the boundary
and at infinity on ¢*°%*: for all ¢t € [0, 7]

aw*,out
5 (r,t) =0, on 90X x[0,T], |p*°“(x,t)]—0, as |z| — oo.
We are able to prove that there exist points P},..., P} in (4.2) such that, for any choice of points
ay,...,a in (4.2) satisfying (4.5), it is possible to construct a good approximate leapfrogging of vortex

rings (W*, ¥*) with the form (5.1)-(5.2). This is the content of next Proposition.
(Approximation) proposition 5.1. There exist constants o > 0 in (4.4)-(4.5), o > 0, b > 0, points
P=(Py,....,Py), P;=Py+P)+P, Py=(ro,0)
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satisfying (4.4), and functions
OUT = (@ (Yo t), s DRy, 1) T = (W (Y ), Uiy 1)), RO, et
in (5.1), (5.2) such that, for any points a satisfying (4.5), the following facts hold. For
P=P +a,
we have
E; (65,45 v Pl(y,t) = &,V [([loge|diaj + DuVap; (P P)la]) - y] VU
+ &y vy vt al(y, t)

where @; is given in (4.28) and

5—0x 1
Eilo* * 1k, 0ut t ‘:O 87 3R.; R: = ———
‘ o5, 5 ™", al(y, t) (1+|y|3 » vl <3R;,  R; gjllogel?
forallj=1,... k, and
4=
Eout *,0ut *,0out | *,in *,0M P Bl < 87 t > 0,7].
| [(b 7¢ a¢ 71/} ) ](1’, )|N1+|z|47 ($7 )E X[7 ]

We refer to (5.5) and (5.6) for the explicit definitions of EJm and E°“t. Besides,

(L+ lyDIVe; (v, O] + [ (y,1)] < €% logel”, |yl < 3R;, t € [0,
(L+ [y (v, 1) S €2[logel’, |yl < 3Ry, t €[0,T]
(1 + 2| o™ 7 (2, 1) + (1 + [2*) ™" (2, )] S €| logel’,  (2,t) € X x [0, T].

This result is telling that the new approximate solution (W*,¥*) in (5.1)-(5.2) with the parameter
functions considered above produces total errors in (5.4) and (5.7) which can be estimated as follows

k Tx
1 - v - By()
S W* \I]* t < C 1—0. C o z— Py(t)
SOV W) <02 S O =P,
4|z — (ro,0
ISy (W™, 0% (z,t)| < 064707]1 (W) ’
0

for all z € ¥ and t € [0,T]. By construction these errors are also uniformly Lipschitz in the parameter
points a. Besides, in combination with (3.17)-(4.13) we get that, for all j =1,... k,

WartiP) = g 1 (14 22008 = g loges | +07)) (1-+0(E2).
J

TjE;

(5.8)[d]
where  f(s) = 8~ K(F5:P) 53_0‘”1 e, and ¥*(x,t;P)= @ZJ? + O(?|loge|)

uniformly in the region |z — P;| < |loge| ™3, with 2 = P; 4 £;y. The definition of 1/)? is given in (4.10),
see also (4.26). We also have

E; *
(1+ fyl)z(i/f? —rjajlloge;| +¢7) =To(y) — (4 — a;rj) loge; — log 8 + K (Py; P;)
J

(5.9) [barpoca]

+ 50 (Tol) + A+TW) +67(.0)
where
|log ] 2|07 (y, )] + (1+ [y))| Vb " (u, )] + 5" (9, 1) < C (1 + [y[?) log(2 + |y])
for y = J;_Pj , |yl < |loge|=3. Next section will be devoted to build this approximate solution and to

prove Proposition 5.1.



LEAPFROGGING VORTEX RINGS FOR THE 3-DIMENSIONAL INCOMPRESSIBLE EULER EQUATIONS 27

6. IMPROVEMENT OF THE APPROXIMATION: PROOF OF PROPOSITION 5.1
(sech)
The approximate solution (W*, U*) predicted by Proposition 5.1 is constructed improving the inner
errors 7™ defined in (5.5) ten successive times, and improving the outer error E°** defined in (5.6) once.

It is useful to have at hand a more explicit expression of the inner-operators E;* in (5.5). The key

observation is that in the region |z — P;| < 3| 10g5\—4, we have, for y = w%jﬂ’
.
(]_ + riyl)Q(lb? - TjOéj| 10g5j|) + Rj(yvt; P)
j
=To(y) — (4 — ar)loge; — log8 + K(P;; P;)
* %(Fo(y) +21+F(y)) +R}(y,t; P), where (6:1) lneut]
J

RY(y, t; P) = ;| logel0y(P; — P))" -y + £[Vap; (Pj; P) — Va; (P P)] -y
+ £3D,0;2, (Pj; P)[y) + €%|log €| Q[ P)(y) + €*| log [ > Q2 [P] (1)
with ]50 Py + P0 PO = (PP,..., PY), Q1, Qs denote functions of the form, for y = pe®?,

Q1 [P(y) =
Qa[Pol(y) = a(P)O(lyl*),

for a, by and by smooth functions of the points P, which are uniformly bounded as ¢ — 0. Also: A is the
explicit constant defined by (3.14) and I" = I'(y) is the function introduced in (3.7).

. 2
a(P) + by (P) cos 20 + by(P) sin 201 Olyl") (6.2)[ca1q]

Proof of (6.1). In order to prove (6.1), we combine an expansion of the term (1+=2y1)*(¥9—r;a;|loge;])
following the lines to get (3.13). From (4.29) and (4.33) we get

Rj(y,t; P) = ;| loge|dy(P; — PO) Y+ sj [Vaip;(Pj; P) — Vmcpj(P]Q;PO)] y

+ &3D,0;c, (P Z ’D’“ ; P)[y)*
4
+ éDfﬂjq (P;; P)[y)* + Q(ejy, P)

Under our assumptions (4.2), (4.4) and (4.5) on the form and size of the points P;, we have that
Ry, t; P) = ¢;|loge|0,(P; — P))" -y + &;[Vap;(Py; P) — Vaip; (P); PO)] -y
T =3D,05, (Py; P)ly) + €%/ log =] Qu[P)(y) + =°| log [ Qa[P(y)
where Q, Qg satisfy (6.2). This fact gives (6.1).

(6.3) [expRi]

O

(strategy) g | Strategy for the improvement. Replacing (6.1) in (5.5) and using (4.6) we re-write the inner

operator E" (see (5.5)) as
EM s, 5,0, P(y,t) == Li(¢;) + La(8;) + La(¥5) + Q(1b, &) + La(r;v°) + Qv ¢;)
+elS1 WO, 00 (ejy + Pj), (6.4)[E31]

where
Li(¢) == |loge|e (1+*y1)8t¢+|10g€\30( )

12() = v+ (1o + 2—y (ro<y> HA4TW) 4 RY6P)) T

Ly() == V(1 + 5”’1 V() + > w))
i#]

(6.5)

Qo) =+ 1+ E?yl)%p) o,

Ty
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We recall the definition of the operator By in (4.21).

The strategy to improve the inner error requires ten consecutive adjustments, which are built upon
three different types of mechanisms. The choice of the mechanism to use is dictated by the form of the
part of the error we aim at removing.

Suppose the error E(y,t), with y = pe'?, has a Fourier decomposition in the #-variable given by
2

E(y,t) = E(pe”,t) =Y Eulp,)e'™’, Eulp,t)= | E(pe™)e™ df.
neZ 0

We call E,, the n—th mode in the Fourier decomposition of E.
The elliptic improvement. If the part of the error we want to remove has no 0-th mode in its Fourier
decomposition then we will solve using the elliptic operator
L] := ViTo-Vo+ VY- VU, ¢=—As;1.

You recover L[] from Ly(¢;) + L3(1b;) in (6.5) just formally taking ¢; = 0, w) = U and w; = 0 for i # j.
In other words, L[t] selects the main terms in Ly(¢) and L3(%)). Using the fact that —AT'g = fo(T'o) = U
where fo(u) = e* and —As j1) = ¢ we see that

3¢5
L] =—V'iTy-V[A —7 J(To)ep].
W] \Y 0 V[ yw"‘ T +€jy1 ayﬂ/’"‘ fo( 0)77[}]
In polar coordinates y = pe’® in R?, we check that
4 0 3¢,
Ly = —————[A — 9 \(T .
[d)] p2—|—189[ y¢+rj+5jy1 yﬂﬁ"’fo( 0)¢]
It is enough to use the simplified version of this operator given by
4 0
Lo[y] = —m%myiﬁ + fo(Co)y], &= —As ;9. (6.6)[gaqd]

For terms in the error of Fourier mode 1 or higher, we will solve with the elliptic operator in (6.6). When
the error has mode 1, it will be possible to solve only under certain orthogonality conditions, which
requires a proper adjustment of the points le. We call this procedure the elliptic improvement. We will
discuss the solvability and a-priori bounds for problems of the form Ly(¢) = F in Lemma 6.1.

The ODEs improvement. If the part of inner error E(y,t) we want to remove has 0-th mode in its
Fourier decomposition, we will solve

|logele}dp = B, ¢(0,-) = 0.

This is the main part of Li(¢) in (6.5). We can solve the above ODEs at the expenses of losing two
power of ¢; (and gaining one power of |loge|) in the estimates for the solution. We will see that the
construction is decided by powers of ¢, in the sense that the exact number of powers of |loge| we gain
will be easily absorbed in a slightly smaller power of €. We call this procedure the ODFEs improvement.
It has the advantage of keeping track of the Fourier modes of the solutions.

The transport improvement. After the fifth inner improvement, we will need to reduce not only the
size of the error, expressed in terms of powers of €, but also its decay rate in the p = |y|-variable. In this
case we will solve the transport-type equation

Li(¢) + La2(9) = E.

We call this procedure the transport improvement. A-priori estimates for solutions of this transport-type

equation are contained in Lemma 6.2. After solving this linear equation, we will have lost control on the

Fourier modes of the solution ¢, but the structure of the problem will automatically give a new error

whose main term has no 0-th mode in its Fourier decomposition. This will be crucial for the scheme of
improvement to work.

. . . . . . o |:1:—P|

We summarize the complete process of improvement in the following diagram: for p = ?J

&% loge] ~ &%logel? ~ e*logel* ~ £3logel

=———FF 3ea=—7F«FEF = =——F = = ———Fjysinf =
“ 1+ p* 27 1+ p3 e 1+ p2  opEs 1+p3 1237 o p



LEAPFROGGING VORTEX RINGS FOR THE 3-DIMENSIONAL INCOMPRESSIBLE EULER EQUATIONS 29

4 8 5 8 3 8 3 b
e*|1 1 1 1
o5 = S ogel p ol llogelt o ellogelt
14 p2 é 1+p T 14 pb Out 14 p° s&pPt
4 b 3 b 4 b 5 b
e*|loge| e°|loge| ) e*|loge| e°|loge|
DT Tt 0 opes 0T T Y p UT T T

Here £ stands for inner elliptic improvement, E& P! stands for inner elliptic improvement with ad-
justment of the points P', T stands for inner transport improvement, ODEs stands for inner ODEs
improvement, and Out stands for outer improvement. Besides b is a positive number whose value may
change from line to line and within the same line.

Let us explain how to interpret the diagram: we start with an initial error of which we aim at
eliminating the part of size £2|loge|, decay in space # and Fourier mode 2: we write it as e; =

e?|loge|
14p%
is done, we have a new error. Of the new error we aim now at eliminating the main term, which has size

FE5. To do so, we proceed with the inner elliptic improvement: we write :5> After this correction

. . . 311 2 .
e3|logel?, decay in space ﬁ and Fourier mode 1: we write e; = %El. And so on. Notice that

the errors e4 and ejp has mode 1, but only with sin@ (mode 1, odd in ys9).

Before starting the process of improvement of the approximation, we observe that the expression for
the initial error 551 (W?, ¥°)(P; 4 €;y) in (4.31) gets a simpler form if we use (6.1). Using (6.3) and
(3.20), we write

Rj(y.t; P) = R (y, t; P) + &% log £| Q[ P)(y) + *| log | * Q2 [ P)(y)

(6.7) [Roo]

Ry, t; P) := ¢;|loge|0y(P; — P})) -y + €;[Vasp;(Pj; P) = Vaip; (P PO)] -y

+ E?Dmejﬁj (PJ;P)[:UL
and
£j -
uf = U(s) (14 ZEC + A+ 1)+ 2] log e QP + =¥ lowel E QP )
J

with Q;, 4 =1,2 as in (6.2). Under the constraints (4.2)-(4.3)-(4.4)-(4.5) on the points P;, we get
e2|loge|

R;(y.t; P) - Vw) = RY(y,t; P) - VU + T+

EQ(pa G,t,s)

et logel?
14 [yl?

3| loge|?
14 [yl?

hence 351 (W, ¥°)(P; 4 ¢;y) in (4.31) becomes

)

(E1 + E3)(p,9,t,€) + 0] (

e?|loge|
1+ [y|*

et logel?
1+ [yl )

€§51(W0? \IIO)(P] + 6jy) = VLRgo(ya ta P) VU + EQ(ﬂ) 97 ta E)

) (6.8) [errorii]
3| loge|

1+ |y|3 (El +E3)(p797t7‘€) +O (

as € — 0, where the functions F;(p,0,t,¢) now depends also on 9; P, and have the form (4.32). These
estimates are valid for |y| < 3€;1| log e| €.

We are now ready to start improving. At each step of improvement we analyze the term of the error
we want to remove, we describe the strategy to do it and we compute the new error produced by the
correction.

(prina) 6.2. First inner improvement. The first improvement of the error will remove part of the mode-2
term of size £2|loge| given by
e?|loge|

1+ |y‘4 Ez(p,ﬁ,t,E)
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in the error &35, (W, ¥%)(e;y + P;) computed in (6.8). This term can be decomposed as the sum of two
parts, one depending on 0; P and one not:

£2|loge|
1+ [yl

2 2
e*lloge e“|loge

- EL*[P,8,P).
Tr gl 2= T 2B 0r]

.. 2110 ok . j .
In fact the origin of Ell‘jflEQ [P,0,P] is €5|loge|(1 + f_—-jyl)atw?, |log | Bo(w}) and R;(y,t; P) - Vw?,

and the dependence on 0, P is linear. We check that

£2|loge| £2|loge| %] loge|
L2 E3*[P,0,P] = ——2_E*[roe; + P° + P, 8,(P° + P} + ——=_F.
Tyt 2 PO = Ty B e P Ty
with Fy satisfying (4.32). See (4.2) for the assumptions on P, P’ and P!. We will remove the part of
2
the error Elkrjf LB, given by
r o= S108El gy SIIOBE] psy ) 4 PO 4 P19, (PO 4 PY) (6.9)[e2
= — , , ) 9)[e
B Lyt 2 7 t
thus leaving out what depends on dia. We will do it solving the simplified linear elliptic operator
Lol 1= = {A W+ (To)y]
O Tz gy T 0O
introduced in (6.6). We freeze the time variable and consider the problem
4 0 8
= = [Aw + ero(y)w} +g(y)=0 in B(0,———),
14 p2 96 el logel¢
. (6.10)
=0 indB(0,——), = —Aj v,
'll) mn ( 7E|10g5‘<) ¢ 5,]1/}
for a bounded function g : B(0, ﬁ) C R? — R. A necessary condition for the solvability of (6.10) is
that
2w
) 1
/ g(pe®)dd =0 forall pe(0,8R.), R.=——. (6.11)[orto]
0 gl logel¢
As
Lo[Z) =0, Zi(y) = 9y, To(y).
we also assume the orthogonality conditions
Lo, OB 90 Zi0) g = 0, e=1.2 (6.19) oxez]
B(0,8R.

We have the validity of the following result.

(alpha) T emma 6.1. Assume that 3 <m <5 and

lgw)| < @ +[yh™™ (6.13)[decay]

There exists a constant C > 0 such that for all € > 0 sufficiently small and g € L>(B(0,8R.)) that
satisfies conditions (6.11), (6.12) and (6.13), there exists a unique solution (¢, ¢) of equation (6.10) that
satisfies
27
Y(pe®)dd =0 for all pec (0,8R.)
0

and the estimate

() + L+ [y) Vo) + L+ [y*) |o(y)|

log (12f+1) if m=
< O+ yhr <1 if 3<m<5
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Proof. Let y = pe® and decompose 1 and g in Fourier series in the §-variable
9(pe’®) = " gn(p)e™?, w(pe®) = pa(p)e'’.
nez nez

Condition (6.11) amounts to go = 0. Imposing pg = 0, equation (6.10) decouples into the infinitely many
problems.

1 n? 8p i(1+ p%)
2 n
n|Pn] ‘= n - n — 5 Pn = n s n8R =0. 6.14
For each n # 0, there exists a positive function ¢, (p) such that £,[¢,] = 0 and

Cu(p) = p" (14 0(1) asp—0

For n = £1 we explicitly have ¢, (p) = #, while for |n| > 2 we have

Galp) = P (1+0(1)) as p— +oo.
Problem (6.14) is uniquely solved by the formula

. 8R. r r
po) = £'lon) = 1260 [ s [ 0 ()G sas

Let us consider the case |n| > 2. We have

8R.

pa(p)l < L1+ )] < en(14+ )" / (1 4 r)-Inl+3-ag,

so that

Pa(p)l < en(1+p)*"
since m 4 |n| > 4. Let us denote P(p) = L5 [(1 4 p)*] we claim that for some v > 0 and all |n| > 2 we
have the validity of the estimate

pu(o)l < 5P(p).

That follows from the fact that the right hand side defines a positive supersolution for the real and
imaginary parts of (6.14). Indeed, if v is taken sufficiently large we get
14 p? 4 —n?
<
1l < 10,2

Fourier modes £1 need to be separately treated because (1(p) decays at infinity. At this point we observe
that

(1+p)*+e

L, [%P(p)] +

Z1(y) = Gi(p)cos,  Zz(y) = Ci(p)sinf
and that the orthogonality conditions (6.12) assumed are equivalent to

8Re
/0 (1+ %) g+1(p)C1(p) pdp = 0.

Therefore we can write
i 8R. dr 8R. )
p+1(p) ¥4C1(p)/p TCl(T)Z/r (14 5%)g+1(s)¢i(s) sds

and we obtain, if we now assume 3 < m < 5,

(1+p) tloglele ifm=>5

p+1
pr1(p)] S (L +p)t ™ if3<m<5
(1+ p)log 0f if m = 3.

The desired result then follows from addition of the above estimates since
W)l < > Ipallyl)l-
nez
Finally, since v satisfies the equation
1

A+ ey ==

0
(1 +p2)/ g(p,0)d, in B(0,8R.), ¢ =0 ondB(0,8R.),
0
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the bounds for ¢ and V4 follow from standard elliptic estimates.
O

We extend the function e; in (6.9) to be equal to 0 outside B(0,3R;). Under the assumptions (4.2)
on P, P and P!, we have that

(1 [y (Jea ()] + Nog 2| e (9, 6)]) < 2] Toge].
Moreover the function e; satisfies authomatically the orthogonality conditions (6.11) and (6.12). Let
Yi = Pi(y,t) and ¢;(y,t) = —As jib; be the solution to (6.10) when g = ey, as predicted by Lemma 6.1.
We have
[; ()] + (L4 Jy]) [V (y,1)] S €*logel,  in B(0,3R;) x [0, 7).
and
L+ 1Y) [Vyo5 (. O + (1 +[y*) |6 (y, )| S €?[loge|  in B(0,3R;) x [0,T7.

Having left out what depends on d;a in the part of the error e; we are considering (see (6.9)), we can
harmlessly differentiate in time equations (6.10), to also get

(1+[y*) 10:6} (. 1) S €% loge|?  in B(0,3R;) x [0,T].

Besides, a consequence of the proof of Lemma 6.1 is that the Fourier decomposition of 1/);- only contains
mode-2 terms. Hence the Fourier decomposition of the function d); (y,t) has a mode-2 term of size
e3|logel, mode-1 and mode-3 terms of size £3|loge| or smaller.

Using these properties of the functions 1/}}, }7 and the notations introduced in (6.5) we get

L €lloge|? £%|logel2
Li(¢;) = 5 E» 1
L+ [y L+ 1yl

3| logel

e}l logel
L+ |y

3¢,
ip, . vyl——7 L _
V-Ty V]| ay1¢]] e

Ei+ E3) +
i+ €541 ( ! 3)

(Eo + E2),

and

e3|loge|? e4loge|?
Lo[j] + Ls[v;] — L[]+ Q( },¢}):W W

In the above expression E; denotes the j-th mode in the Fourier decomposition of E(y,t), in accordance

with the notation introduced in (3.11). Inserting this information in (6.4) we get the description of the
new error, in the region |z — P;| < 3|loge|~¢, for y = I;—_PJ,
J

(E1+ E5) + i>0-

inf 1 1 11500 E?HOgEF
Ej [¢j7 j,O,P](y,t) =V Rj (y7t7P)vU+W(E1+E3)
e4|loge|? 3] loge|?
22 (Bog+E))+ 2" FE. ,
T

as € — 0, where the functions E;(p, 0,t, <) have the form described in (4.32). For our next improvement
it is convenient to write the error as a term of size 5;3| log £|?-size in Fourier mode 1 or higher, with spacial

decay bounded by le‘g, and that does depend on P, 9;P°, but not on 9; P! + 0;a. We use the fact that
the error depends in a linear way on 0; P and assumptions (4.4)-(4.5) to conclude that

et logel?

e3|loge|?

inf 1 1 . vLlp00 .
Ej [ R j,O,P](y,t) =V Rj (y,t,P)'VU'f' 1_|_|y|3

6.3. Second inner improvement. Our next step is to eliminate the terms in the error (6.15) of
size 3| loge|?. A difference with the first improvement is that this time these terms posses a mode 1.
We will solve again an elliptic problem of the form (6.10), but only at the expenses of asking that the
orthogonality conditions (6.12) for the right-hand side are satisfied. We shall see that this is possible
with an adjustment of the points P.
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In the process of the construction of the approximation (U*, W*), we will need to correct these points
several times. All these corrections are encoded in the point we called P! in (4.2)-(4.4). The final
definition of P! is given by

P'(t)=>_ P"(t). (6.16)
=1

where P correspond to successive explicit adjustments of P'. Take ¢ = 1, for the first adjustment, and
for

P'=(Pl,...,P}), ]5],1 = (ro,0) +PJO +Pju7
we take
1+ [yf?

We directly check that f027r ea(pe’®,t)dh = 0, and ey satisfies the decay (6.13) with m = 3. In fact, under
the assumptions (4.2) on P, we have

62(y?t) = lego(y7t7P1) - VU + (El + E3)[Plaatpo](p797ta€)'

1
(L4 [yP)(lea(y, t)| + | log el |Drea(y, 1)) < €*[logel®,  |y| < 3R;.

The orthogonality conditions
/ (1 +lyP)e2(y,y) Ze(y) dy =0, £=1,2
Bsr,
become a system of ODEs for the point P'* = (P!, ..., P!!) that has the form

g;]loge| [atlel + APY + |10g€\_%B(P11)} =&3|logePf(P) (6.17) [reduced]
where A is the 2 x 2 matrix defined by
A= |loge| "' Dig;(P}; P%), tel0,T),
and B
B(P"™) = [loge| ™' [V (P} P') — Vo, (P); PY) — Dig; (P PO)PH.
See (4.28) for the definition of ¢;. Under our assumptions (4.3) on the points P°, we have
A=0(1), B(P")=(|loge|"?), tel0,T),

uniformly as € — 0. Besides, f(P') is a smooth function of P!, which is uniformly bounded, together
with its derivative, for ¢ € [0,T), uniformly as ¢ — 0. Standard ODEs theory gives that, for all ¢ > 0
small enough there exists a unique solution P! to (6.17) with initial condition P*!(0) = 0, which satisfy
the bounds

1P/ | Looto, 1) + 10:P; | oo o, 1) S €3] logel.

We denote by 1/)? = z/)jz(y,t) and gb?(y,t) = —A5’jw]2 the solution to (6.10), with g = ey, whose existence
and estimates are given by Lemma 6.1. We have that fo% P2 (pe'®,t)df = 0 and

W2y, )] + (1+ [y Vo3 (y,0)] S elogel® (L+yl),  in B(0,3R;) x [0, 7).
We also have

(L4 [y*) [Vy @3y, O + (14 [y]) |97 (y, )] S €’ logel*  in B(0,3R;) x [0, T).
For the same reason we did it before, we can differentiate in time the equation, to also get

(1+ ly]) [logel* [0:67(y.6)| < *[logel*  in B(0,3R;) x [0,7].

From Lemma 6.1 we also get that the Fourier decomposition of %2 only contains Fourier mode-1 and
mode-3 terms. Hence the Fourier decomposition of the function (b? (y,t) has mode-1 and mode-3 terms
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of size £3|loge|3, terms of mode-0, mode-2 or higher of size £%|loge|® or smaller. Using these properties
and the notations introduced in (6.5) we get

o &%]logel?
L1(¢j>:T|y|

3:‘5]'
T+ €Y1

Lo[¢3] + Ls[v7] — L[W3] + Q3 , ¢3) =

and

>0,

e’|logel®
Lyl =

5] loge|?
L4yl

et logel?

Vily -V
0~V 1+ ]y

By, 5] = (Eo + Ei>2) +

et loge|?

T3 2 (Eo+ Ei>2) +

Ei>o

e?|loge|*

Qo5 65) + QUG 43) = —

Define
~ 2 . - 2 .
F=3"0h 9= v
i=1 i=1
We get the new error
E[62,42,0, P)(y, t) i= [V*RL(y, t; P) — V2R (y, t; PY)] - VU
et|loge|*
HEJ|2| Ei>o[P, 0. P]. (6.18)[E33]
Using the definition of R?O in (6.7), we check that

e5|loge|*
Eo + Eiso)[P,0,P] + 12851
( 0+ 22)[ at ]+ 1+|y|
RY(y,t; P) = R} (y, t; P') = 5| logeld,(P; — P})* -y
+&;[Vap;(Pj; P) = Vg, (P P -y
+ 5?Dx9jej (Pj; Pyl — E?Dxajej (le;Pl)[y},

6.4. Third inner improvement. Our next step is the elimination of the Fourier mode-0 term of size
e*llogel* in formula (6.18). We define ¢? as follows

4 3 t
3 et |loge| / 2
S(y.t) = — . E 0 ds.
¢](y7) 1 |y‘2 0 6] (8) O(pv 7875) S

It solves

e*logel?
1+ [y[?

$3(y,0) =0,

|log e[70: 4% + Ey=0 (y,t) € B(0,3R;) x [0,7T)

it satisfies ) 5
e4|loge|
(1+ \y|)|Vy¢§?(y7t)| + |¢?‘(yat)| S W ;

and its Fourier decomposition only has mode 0. Let 1/)5’ be the solution to
—As5 05 =¢3 (y,t) € B(0,4R;) x [0,T), ¢} =0 (y,t) € 0B(0,4R;) x [0,T).
Let p(y,t), with p =0 on 0B(0,4R;) be the positive radial solution to

4 i Jog(1 + s2)

_— ds.
[+ P s

A+ —0, yeB0.4Ry), plp.t) = 4/
p

Then

3¢, 2
Ayp+ I Op+ <0,
vP T +5jy1 1P 1+ ‘y|2 -

thanks to the fact that R; = m with ¢ > 1. Take 9(y,t) = M £2|loge|® p, for some M > 0. This

is a super solution for
A5,j1p + d);) S 03
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and gives that
97 (5, )] + (L + [y)) Vi (y, )] S €7 [Logel”.
Besides the Fourier decomposition of the function ’(/J;»’ has mode-0 terms of size £2|loge|%, terms of mode-1
or higher of size 3| loge|® or smaller.
It is important to notice that By(g) only contains Fourier mode-2 or mode-1 terms if g is a Fourier
mode-0 function. We refer to (4.21) and Remark 4.1 for the definition of By and equivalent formulations.
This observation yields that

et logel* 5| loge|*
2
L+ Jy[? L+ 1yl

Ll((,zS?) — |10g5|5?5‘t¢§ = E.

If f is a Fourier mode-2 function and g is a Fourier mode-0 function, then V= f - Vg is a Fourier mode-2

function. We use this, together with the explicity expression of R? in (6.1) and the explicit form of the

operator Ly in (6.5) to get

et logel* 5| logel*
L[yl 27 141yl

e3|logel*
1+ [y[?
The key fact is that the main error of size 3| loge|* has a Fourier mode-1 term, but only containing sin 6,

not cosf: it is of the form described in (4.32) for j = 1 and E;; = 0. A similar expression is valid for
Lg(w ), with two more powers of |loge|:

LQ (¢j) = ELQ SiIl 9 —+ EiZO-

3 6 4 6 5 6
e3|loge| . e*|loge| e°|loge|
L3(4?) = ——2"~FE; 5sinf + 2 Ei>o.
! L+ [y 1+ [yf? L+lyl =
We also have
Qb g% = Sl1osel’ o
A
4 6 5 6
e*|loge e’|loge
QUL ¢2) + Q2. o)) = S8l s,y Slloeel

g L2
L Jylt L+ 1yl
With this in mind, calling

Z ¢ U= Z U]
we get the new error

in[ 13 73 R 1500 . 14500 . pl
Ej [ VR jvovp](yﬂt) T [v Rj (yvtaP)_v Rj (y,t,P )]VU

sillogel” o gy S8l [PaP]+€?|log5‘8E [P, 5, P] (6.19)
4= sinf + 24— i 4" F i ) .19)[Ej4
ER RN T ORI S Beelh o

If we compare this error E}”(?,i{??,(), P] with the error E;”[ ]1, ]1,0, P] in (6.15), we observe a crucial

3 (multiplied by powers of |loge|) and are in Fourier

difference: even though their main term have size
mode-1, in E;”[?, ~]?-’, 0, P] Fourier mode-1 enters only with a sinf. We shall proceed as in the second
improvement of the approximation, with adjusting the points P! and solving the same elliptic linear
problem, but this time the new error will not have Fourier mode-0 of size e*. This subtle fact allows us
to proceed with the construction.

3
6.5. Fourth inner improvement. Our next step is to eliminate the term % E;1sin6 in the
error (6.19). Take £ = 2 in the decomposition (6.16) of P'(t) and for P?> = (Pf,..., P}), P} = Py+ P} +

P!+ P}?, we take

14500 D2 J|10g |6
64(y,t) ::V Rj (y,t,P) VU“FTW

We have fon eq(pe’?,t)dh = 0, and ey satisfies the decay (6.13) with m = 3. In fact, under the assump-
tions (4.2) on P, we have

By 2[P?,0,(P° + P')]sin .

1
(1+ [yP)(lealy, )] + [loge[2drea(y, 1)) < €°|logel®, |yl < 3R;.
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The orthogonality conditions
[Ptz =o, =12
Bsr;

become a system of ODEs for the point P'? = (P2,..., P!?) of the same form as (6.17). Standard
ODEs theory gives that, for all ¢ > 0 small enough there exists a unique solution P2 to (6.17) with
initial condition P12(0) = 0, which satisfy the bounds

||PJ‘12||L°°[0,T) + ||atpjl2||L°°[O,T) < e|logel°.

We denote by 1/1;1 = z/;?(y,t) and qS?(y,t) = —A5’jw§: the solution to (6.10), with g = e4, whose existence
and estimates are given by Lemma 6.1. We have that fozﬁ P (pe®,t)df = 0 and

03y, O] + (L4 [y]) V5 (g, )] S e’llogel™ (L4 yl),  in B(0,3R;) x [0,T]).
We also have

(L+ [y V@5 (y, O+ L+ |y 103 (v, )] S e[logel”  in B(0,3R;) x [0,T).
We can differentiate in time the equation, to also get

(1+[y]) logel? |0p¢) (v, )] < [logel”  in B(0,3R;) x [0, 7],

From Lemma 6.1 we infer that is that the Fourier decomposition of w;l contains Fourier mode-1 terms,
but only with cosf. Hence the Fourier decomposition of the function ¢;¥(y, t) has mode-1 terms with cos 6
of size £2|loge|”, terms of mode-0, mode-2 or higher of size £%|loge|” or smaller. Using these properties
and the notations introduced in (6.5) we get

L1(¢?) = si|fg|ys|7 >0,

V4T, - V[Tj—?iiggjylaylwﬁ = W i>2 €5l|lfg|;;|7Ei20,

La[j] + La[v]] — Ly3] + Q(v5, ¢7) = aiTgyT;Eiﬁ + WEQO
and

Qe +auh - e,

Define
9 =2 %5 U= 4
i=1 i=1
We get the new error, for y € B(0,3R;),

EJ"[65,95,0,Pl(y,t) = [V R (y, t; P) = V*RY(y, t; P*)] - VU

et logel® 5] logel®
B el N 5 S e L S NN X W = 6.20) [Ej5-1
T T (62051

The 0-th Fourier mode of the new error comes with size €® (and powers of |loge|).

6.6. Fifth inner improvement. We now remove part of the Fourier mode-2 or higher terms of size
£*/1logel® in (6.20). As in the first inner improvement, we take just the parts that depend on P and on
0, P°, 9, P, but not the ones depending on d;a, and we call it e5. We extend the function es in (6.9) to
be equal to 0 outside B; = B(0,3R;). Under the assumptions (4.2) on P, P and P!, we have that

(1+ [y1*)(les (y, £)] + | loge| 2 Dres (y, 1)]) S €*|logel®.

Moreover the function es satisfies authomatically the orthogonality conditions (6.11) and (6.12). Let 1/1?
and q’)?(y,t) = —A5,jz/1§’ be the solution to (6.10) when g = es, as predicted by Lemma 6.1. We have

07y, )] + (14 Jy]) [V (y,1)] S e'llogel*(1+y[*),  in B(0,8R;) x [0,T7.
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and
1+ 1y) IVy9] (. )] + |65 (y,t)| S e*llogel*  in B(0,8R;) x [0,T].
We can differentiate in time equations (6.10), to also get
|8t¢?(y,t)| < etllogel® in B(0,8R;) x [0,T].
Define

5 5
=2 0 U=
i=1 i=1
We get the new error, for y € B(0,3R;)

| logel®

105,45, 0, P)(y, £) = VIR (3,8 P) = VIR (y, 15 %)) - VU + = — vl

Eizo.

37

(6.21)[Ej5-2]

6.7. Sixth inner improvement. Our next step is the elimination of the 5?| log e|8-term in (6.21),

e3llogel|®
1+]y] .
an ODEs, we solve the transport-type equation

Li(¢;) + La(¢5)
= |loge|3(1+ fyl)atdy + |log e[ Bo(¢;)

94 (Tot 52 (Fo) + A4 T)) + Rt P)) - V6, = Bl)
J

E;>0, to get faster decay in the y variable. To do so, rather than solving an elliptic problem or

in Bsg, x [0,T], with initial condition ¢(y,0) = 0 in B(0,3R;). We write the operator By defined in

(4.21) as follows
[loge|Bo(¢) = Bj(y,t; P) - Vo

| ogsl £

Ore ](1 + fy1)y - |10g€| ylat

0 .
B](yatap)_

We will need uniform differentiability in ¢ of the coefﬁ01ents R? and 5’?. Thus we consider the following

slightly-modified transport equation

5| loge|(1+ %yl)&@ +V, (To(y) + R;(y,t; P)) - Vyd + Bi(y, t; P) - V¢
J
— Ely,t), in B(0,3R;) x [0,T]

¢(ya 0) = 0’ in B(Oa 3RJ)

Here

Ry, t) = 257] Y1 (Fo(y) +A+ F(y)) + Ry, t; P)

where
R§(y,t; P) = Rj(y, t; P) + ¢;|loge| dra; -y

(6.22) [pico]

see (6.1). In other words, we leave out the term involving d;a. We do the same to B?: using the fact that

a
2 L, we write

8&? —TroE

2

log ele“rg Ora
w t ]1(1-1- )y—|log5|ﬁy18taj.
j

J

It is straightforward to check that, under our assumptions (4. )7 (4.3) and (4.4), for y € B(0,3R;) we

have ) ) 5 1
|R](y7t)|+|ath(yvt)| < Me |y| )

IV, Ry, t)| + 10,V RE(y,1)] < Me2|yl,
|DIRj(y,t)] < Me?,
1B (y,t)| + 0:B;(y, t)| < Me?|logelz |y,
VB (y,t)| < Me?|loge|?,

(6.23) [papa-sew
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for some positive constant M independent of €.
We consider a smooth cut-off function n4(s) as in (2.3), and take

mae(y) = ma(|loge| e[y (6.24) [stazepsiton]

We will then have a solution to (6.22) by restricting to B(0,3R;) the solution of the Cauchy problem
e
5|logel(1 + 774577]_3/1)@(%5 + Vo (To(y) + meR;i(y: :€)) - Vyd + maeB;(y,t; P) - Vyo
J

=mE(y,t), inR*x[0,7] (6.25) [picot |
¢(y,0) =0, inR?

In § 7 we prove the following result

(transport3-new) [ o;mma 6.2. Let us assume that R; and B; satisfy (6.23). Then there exist numbers C,8 > 0 such that
for all sufficiently small € and any function E(y,t) that satisfies for some C,a € R

L+ y)IDFE(y. )] + (L + |y) (VyE(y, 1) + 0,V E(y, 1)) + |E(y,t)] + [0 E(y, t)] < C(1+ [y])*,
the solution of (6.25) satisfies
L+ [yDIVyely, t) +1o(y,1)| < Ce™?[loge| 'O+ |y|)*
for all y € R?, with |y| < 4e~!|loge|=¢, t € [0,T).
We want to apply Lemma 6.2 for the right hand side
e%|logel®
L+ 1yl

where we freeze this term at P; = Py + P]Q + le. We define (/5? to be the solution to problem (6.22), with
FE as above, predicted by Lemma 6.2. It satisfies

E(yvt) = €6, €6 = EiZO(p797ta€)

e3|logel”
(1 + DIV, 6500 + 8. 0)] < =8
L+ [yl
Let w? be the solution to
—Ds 595 = % (y,t) € B(0,4R;) x [0,T), 45 =0 (y,t) € 9B(0,4R;) x [0, 7).
Let p(y,t), with p =0 on 0B(0,4R;) be the positive smooth radial solution to

Ayp+——=0, ye B(0,4R)).

1+ |yl
Then p(y) = 16(R; — |y]) —4 [}, “=G= ds, and [p(y)| < (1 + Jy]) and

3¢, 2
Ayp + L —0ip + <0.
Y Tj+6jy1 ! 1+|y|

Take (y,t) = M £3|loge|™ p, for some M > 0. It is a super solution for
As v+ d)? <0,
and gives that
L+ lyP)IDyw5 (v, )] + (L + [y Vyy§ (v, )] + [W5 (y, )] < C=logel (1 + [y)).
We use this information to compute the following terms

%l logel®
L+ |y

e3]logel®

L3(¢?) +Q( ]6‘#5?) = W

Ei>1, Q( ?#5?) + Q( ~J5‘,¢?) =

i>0
Define

6 6
0 =D 5 U= v
i=1 i=1
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We get the new error
EMS,48,0, Pl(y,t) := [V R (y,t; P) — VIRY (y,t; P?)] - VU
e3|loge|® 5| loge|®
————FEi>1 + ——F——= Ei>o. 6.26)|Ej6
A E (a0

If we compare this error with the one in (6.15), we see that both their main terms have size €3 multiplied
by a power of |log e[, and have Fourier mode-1. The difference is in their decay in the y-variable: the error
in (6.26) has a much faster decay, which will be crucial to make the final argument of our construction
work. We explain this in Section 9 where the inner-outer scheme is described in detail.

At this point of our construction we choose ¢ in (5.3). Take
¢=3.
Then

WO(z) + ”ﬂ ¢6( H1+0(1), as =0

for |z — P;| < |loge| 3.

6.8. The outer improvement. So far we have modified the approximate solution in the inner regions,
namely at a small distance from the points P;. We will now improve the outer error given by

Eo(x,t; P) = E°"[0,0, 6% ¢°, P(z,t)

k k 6
Njo ~5, T — P; _ B 0¥
Z r|loge| Oy + Vi (r2 (W0 + Z iw?(ij) — 715 | loge])) Vi, -
= = Tj Ej Ej’/’j
k G r248
+ Z 172] ’171] VL( 27 ) + —Jangj VIWO
i T T
k
+ (1= ) Si (WO, 00 (z,t) € £ x [0,T)
j=1
We also want to reduce the size of S5[¢%,4°,0,0, P]. We refer to (2.2) and also (5.7). Observe that the
function WY 4 Z =1 "T’z wﬁ( ) satisfies the conditions on the boundary and at infinity, see (4.18): for
all t € [0, 7
oy
or
To reduce the outer error, we first solve in ¢°%* the outer transport equation
|loge| 70" + VL (r2(V° — 15t loge|)) V.0 = Ey, in ¥ x[0,T)
(6.27) [ranspore-outer|
¢°"(x,0) = 0, in .

(z,t)=0, on 9%, [¢Y(z,t)|—0, as |z| — oo.

We define

~ E t 1
By(e.t) = 2D gl (e, = 19200 oo loge]) (6.28) [out]
and re-write (6.27) as
|loge| 3,6 + |loge|B - V,¢°"t = Ey, in ¥ x[0,T)
6.29)[to1
#°"(x,0) = 0, in X. (6:29) o1

From the very definition of W the following properties for B(z,t) follow: if B(x,t) = (By(x,t), Ba(z,1)),
we have

Bi(z,t) =0 in (z,t) € 90X x [0,T] (6.30) [estB]
and

B(z,t) =0(1) in (z,t) € ¥ x [0,T], as e —0. (6.31)[estB1]
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Since the function B is continuous and log-Lipschitz in z uniformly in ¢, for (z,t) € ¥ x [0,T), we can
represent the solution to (6.29) using the Duhamel’s representation formula

¢0“t(x,t):|1ogs|*1/ Eo(Z(s;x,t), 5) ds (6.32)[phi3]

where Z(s;x,t) are the characteristic curves defined as

d
d—a?(s;ac,t) = B(z(s;x,t),8) s€(0,t), Z(tx,t) ==z, (6.33)[char|
s

which exist and are unique, mainly thanks to (6.30) as we shall prove later.
The right-hand side of our equation (6.27) is supported away from the vortices P;(t) at a distance
proportional to |loge| 3. We assume that for some fixed number ¢’ we have

k
Eo, =0 in {(x,t) e x[0,T) /x| B(F(1),5 log5|_3)}. (6.34) [assE]

j=1
We have the validity of the following

(int1) Lemma 6.3. For z € S the characteristic curves (6.33) satisfy Z(s;t,z) € X for all 0 < s < t. The
solution of (6.27) given by (6.32) satisfies for any 1 < p < +o0,

p(-, )iy < [loge| ™t sup [|Eo(-,8)|| e
0<s<t

If Ey satisfies (6.34), there exists a number 6* > 0 independent of 6" and e such that the solution of (6.27)
satisfies

$=0 m{(m t) €2 % [0,T] /erB ),5*|1ogs|*3)}.

j=1
Moreover, if Eq satisfies (6.34) and

(1 + [2))|VoEo(z, )| + [Eo(, )] < for all (x,t) € X x [0, 77,

A
1+ |z*
then there exists C' > 0 such that the solution of (6.27) satisfies the estimate

A
L+ 2D Vad(, )] + [0 (x, )] + |o(x, )] < C 10g5|_1w- (6.35)[potot|

For the proof of Lemmas 6.3 see § 8.
From (4.19), we explicitly compute

(1= X5y mj0)S1 (WP, u°) a i : 0 0
J . = [loge|(1 = nj1) Z{atw 6‘ (T° — agllogel) - VIV

Jj=1 Jj=1

2

= (y¢°_ . 0
Hogd(\ll apllogel) ez VWJ].

This fact, together with (6.27) and the estimates on @5, % give that Ey(z,t) has no singularity at 7 = 0

and satisfies
k

. O(&?|logel)
EO(xat) = ;(1 - 7]]‘1) (| 10g5‘73 + ‘.%' _ Pj‘)4’
J; (6.36) [est-tilde-EO]
P B O(£2|logel)
VaEo(z,t) = Z(l - njl)(|log€\‘3 tlo—P)5
i=1 !

We define ¢! to solve (6.27). Since (6.36), from Lemma 6.3 we obtain that

e?|loge|'3

(1 LIV o, )]+ 10007 ()] + 107 ()] < € T80
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We next introduce ¢¢“ to solve
— A5 = ¢34 S5[¢°,45,0,0,P], on X x[0,T),

a¢out
or

From the estimates on ¢ and 9/® we get

=0 on 9Y x[0,T), [7“(z,t)] =0 as|z|— oco.

k
I As 8
52[¢671/}670707P] = Z(T]jl 77]2) . ;2
— j&5
J=1 J
7,6 7.6
r

k
(2 ;
+ D (“E A + 2Vanjo Ve 2) = O(e[log e )1 oge|=<fo—py [ <al loge| 2}
j=1 7

J
With the aid of Lemma 4.1, we have

e2|loge|*?

(1 L)V o )]+ 0 0] £ T (6.37) [poion]

and hence

So[@®, %, p7ut 9 P =0 (x,t) € ¥ x [0,T). (6.38) 52000
Having introduced the outer corrections $" and 19" we compute the new outer error E°% ¢4t )9ut §6 46, P]
and the new inner error E}"[ ?, ?, P9ut Pl

The new outer error is given by

k
Eout [d)cl)ut’ wi)ut7 (];6, 1;6’ P] (J? Z TIJQ 17[}6 w(lmt)) . vﬂf (1Jut
A
+ ZVL (20" Vi 2=+ > (g —my) Vi (r05") - Vo W'
j=1 it =1
k
+ (1= me) V) - VWO (2,t) € £ x [0,7)

Jj=1

We see that EUt[¢9ut %t ¢6 )6 P)(x,t) is a regular function, which is = 0 in the region

k
{(m) €T x[0,T) /e | B(F1),4| log€|_3)}

j=1
for some ¢ > 0, and satisfies the bounds
e*loge|?8

Eout out out 76 ,76 ] < .
I [¢1 ’ 7¢ ¢ ](Z‘, )‘N 1+|£L'|4

(6.39)
The new inner error is given by

inf 16 7 ou €Y1 \2 ou
B (65,47, 9", Pl(y,t) ::vl((1+7i1 2riug ) - V(w) + > wl
i#]

vt ((1 S w) V38 4 (00,0, Pl(y. ).

The biggest term in this expression comes from V*((1 + =22 )%rp0et) - V(wd + 37, w). Using (6.37)
%. Moreover, since w satisfies (4.13), its Fourier modes-0
come at order £*|log 5|26 or smaller. In combination with (6.26), we get

E165. 45,97, Pl(y, 1) := [V R (y,: P) = VAR (y,1: P?)] - VU
1+|y|5

we see that the size of this term is

et log £|?0 | log g|?°
Ei>

N -1l By R L - 1 e B 6.40)[£57
> T B T B (A0
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6.9. Seventh inner improvement. Our next step is to eliminate the terms in the error (6.40) given by

%Eizl' We proceed as in the second and fourth improvements. Take ¢ = 3 in the decomposition

(6.16) of P(t) and for P® = (P},..., P?), P;’ = Py+ P} + P/' + P/* + P}, we take

e?|loge|'
L+ y[°

We have fo% e7(pe?? t)df = 0, and ey satisfies the decay (6.13) with m = 5. In fact, under the assump-
tions (4.2) on P, we have

(1+[yl*)(ler(y, )] + [loge|2 [Drer(y, t)]) S *[logel™,  y| < 3R;.
The orthogonality conditions

[ ar etz <o, e=12
Bsr;

er(y,t) = VIR (y,t; P?) - VU + Ei>1[P?,0,(P° + P + P'?)].

become a system of ODEs for the point P'* = (P3,..., P!3) of the same form as (6.17). Standard
ODEs theory gives that, for all € > 0 small enough there exists a unique solution P? to (6.17) with
initial condition P13(0) = 0, which satisfy the bounds

1P} Nl Los o) + 10652 (| oo to,1) S €2[logel”,
for some ¢ > 0. We denote by w; = w;(y,t) and (b;-(y,t) = —A5)j’(/JJ7- the solution to (6.10), with g = ez,
whose existence and estimates are given by Lemma 6.1. We have that f02 " w;(peio, t)df =0 and
e3]loge|'®

. in B(0,3R;) x [0, 7).

W5 (v, 0) + L+ [y Vi (y, )] <

We also have
L+ 191" [Vl (v O]+ L+ [y [65(y, 1) S €’ loge*  in B(0,3R;) x [0,T].
We can differentiate in time the equation, to also get
(1+[yl*) logel® [0:0] (y. )] < £*[logel'®  in B(0,3R;) x [0, 7.
Define

7 7
G =2 65 W=D v
i=1 i=1
Arguing as in the second improvement we get

B 165,05, 07", Py, t) = [VR(y, 15 P) = VERP (y,1; P)] - VU
4 26 5 28
e*|loge| e°|loge|
CIO8El g o SO [P 8, P). 6.41)[E58
T Pt T el o) GADER
6.10. Eighth inner improvement. Our next step is the elimination of the Fourier mode-0 term of size
e*|loge|?® in formula (6.41). We proceed as in the third inner improvement and define ¢§ as follows

4 25t
qS?(y,t) = m /0 5]-_2(5)E0(p,0,5,5) ds.
It solves
e*loge|?!
1+ [y[*
¢5(y,0) =0 in B(0,3R;),

[ logele30,65 + Eo=0 (y,t) € B(0,3R;) x [0,T)

it satisfies ) .
e“lloge
(1+ DIV + 165000 S 50

and its Fourier decomposition only has mode 0. Let wf be the solution to

_AS,j/w]S = qb? (yvt) € B4Rj X [O7T)7 ’(/}38 =0 (yvt) € a-B4R]- X [07T)

)



LEAPFROGGING VORTEX RINGS FOR THE 3-DIMENSIONAL INCOMPRESSIBLE EULER EQUATIONS 43

Thanks to the space decay in gb? we get

€2 |loge|?®
5001+ 1+ ) V3.0 € L

As in the third inner improvement we get, for
=> 0% UF=> v,
i=1 i=1
B33, 08,4, Pl(y, 1) i= VAR (y, 15 P) = VAR (y, 1 P)] - VU

3 26 4 50 5 40
e%|loge| e*|loge| e°|loge|
_ —_ ———— FE;>o[P, 0, P]. 6.42)[Ej9
T T T PP OP (6
In comparison with (6.41), we loose one power of ¢ and produce a new error in mode 1, in the form of
sinf. We have already seen how to deal with such a situation in the fourth inner improvement and in
this way we proceed next.

E171 sin9—|— EQ[P, 8tP] +

6.11. Nineth inner improvement. We eliminate the terms in the error (6.42) % E; 1sin6. Take
¢ = 4 in the decomposition (6.16) of P1(t) and for P* = (P{,..., P}), 15]4 = PoJrPJQJerU+Pj12+Pj13+Pj14,
we take

e3]loge|?0

L+ |y

We have fo% eg(pe'® t)df = 0, and eg satisfies the decay (6.13) with m = 5. In fact, under the assump-
tions (4.2) on P, we have

1
(1+ [yl°) (lealy, t)| + [loge|2 e (y, 1)) < €°|logel*, |yl < 3R;.

The orthogonality conditions

[ stz =0, =12
Bsr;

eq(y,t) := Vleo(y,t; PY . VU + Elyl[P‘l, Oy (P* — P)]sin 6.

become a system of ODEs for the point P** of the same form as (6.17). Standard ODEs theory gives that,
for all € > 0 small enough there exists a unique solution P to (6.17) with initial condition P*(0) = 0,
which satisfy the bounds

1P| Lo jo,7) + 18P} || oo,y S €2 loge|
for some ¢ > 0. We denote by w? = w?(y,t) and qb?(y,t) = —A5,j¢? the solution to (6.10), with g = ey,
whose existence and estimates are given by Lemma 6.1. We have that f02 T z/;?(pew, t)df = 0 and
e3|loge|?”

W01 + (4 ) V0] £

. in B(0,3R;) x [0, 7).

We also have
(L4 Jyl") IV 95 (w1 + (14 [y°) [0 (y, )] S €®|logel*”  in B(0,3R;) x [0,T].
We can differentiate in time the equation, to also get
(1+|yf*) [log el [0 (y. t)] £ °[log "™ in B(0,3R;) x [0,7].

Arguing as in the fourth improvement we get, for

9 9
=2 ¢5 Ui=2 v
i=1 i=1
We get the new error
B[, 00. 08, Pl(y.) == [V RY (.1 P) — VERY (3,1 Y] - VU
e*[logel™ 5] log g|*?

1>2

E108E B JIP,8,P].
T 7



LEAPFROGGING VORTEX RINGS FOR THE 3-DIMENSIONAL INCOMPRESSIBLE EULER EQUATIONS 44

(ultima) et log e[
W EzZQ
and we argue exactly as in the first inner improvement, but with two more power of e. We find 31-07 ¢}0

satisfying

6.12. Tenth (and final) inner improvement. Our last step consists in removing the term

[0y, )] + (L4 [y]) [V, 1) < e'logel™®,  in B(0,8R;) x [0,T].
and
(L4 [yP) [Vy 3y, O + (L4 [y1?) [0 (y, 1) S €*[logel®  in B(0,8R;) x [0, 7],
such that, for

10 10
G0 =2 05 0= 0
i=1 i=1
we get
5| log g|*?

14 Jy[3

as € — 0, where the functions E;(p,0,t,¢) have the form described in (4.32). Here b can be taken to be
50. Using the definition of RY” in (6.7), we check that

RY(y,t; P) — RY(y,t; P*) = ;| logeldia; - y
+&;[Vap; (Pj; P) = Vg, (P PY] -y
+ D0, (Py; P)[y] — €5 Dabje, (P} PH)[y).

EJ”L[ }Oa ]I‘anzzj(futvp](yat) = [VLR?O(yat; P) - VLR(Q)O(yatvpzl)] -VU + EiZO[Pa atp]

We take
¢;< — 7;0’ w;k —_ &]1.07 ¢*,out — wi}ut’ ¢*,out _ ¢?Ut~
Recall from (6.38) that
So[¢S, 45, ¢ gt P =0 (x,t) € ¥ x [0,T).

4|z — (r0,0)|) .

Hence

To

|SQ[¢*,in’,¢)*,in’¢*,out7w*,out’P” < 05470771 (
Besides, from (6.39) we get

et loge|*?

Eout *,out *,0ut *,1M *,1M t <
| [d) 7¢ a¢ 71/’ 78](1', )| ~ 1+‘l’|4 ’

(z,t) € ¥ x [0,T].
This concludes the proof of Proposition 5.1.

7. THE INNER MODIFIED TRANSPORT EQUATION

roofTransportnner)  Thig section is devoted to discuss the result of Lemma 6.2, on the solution of the Cauchy Problem

(6.25). We write it as

Vi (Co(y) + mae Ry (y, 1)) + macB;(y, 1)
(1+ %7745191)

E(y,t
V6= ”457@’), in R? x [0, 77,

(1+ %774591)

5§| loge|0:d +
(7.1)[picol-nev]

$(y,0) =0, inR%

We refer to (6.24) for the definition of n4.. Problem (7.1) is a transport equation. It is convenient to
introduce the change of variable in time and let t = ¢(7),

T TT
- |10g€|/ 2(s)ds, T= |10g€|/ £2(s) ds.
0 0
Problem (7.1) gets transformed into a problem for ¢ = ¢(y,t(7)) = ¢(y, 7) as

v;_ (FO (y) + 77467?']' (y, t)) + 774583' (y, t) M
(1+ %7745111) 1+ %774591)

-+ - Vyo = , inR? x [0, 7],
¢ y® [0, 77] (7.2) pieez]

¢(y,0) =0, inR?
We solve (7.2) by the method of characteristics.
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The characteristic curve g(s; 7,y) is by definition the solution 7(s) of the ODE system
dy

(7.3) \ characteristicl-ne

where ~
Vi (To(y) +mecR;i(y, 1)) + naeBj(y, 1)

1+ %774511}1)
Observe that (1 + Zny.y1) =1+ O(|loge|™3), uniformly in e and that B is log-Lipschitz in y uniformly
in ¢, that is, for some L > 0,

|B(y1,t) — B(y2,t)| < Llyr — yo|(1 + [log [y1 — 2| |)

and continuous in its two variables. Hence system (7.3) has a unique solution. For a locally bounded
function E, the unique solution of (7.2) is then represented by the formula

/5 (57 y), 1(s)) ds, By, ?)

(]— + 774sy1)
Under the assumptions in Lemma 6.2, we get that
L+ DGE(y, )|+ (A+[y))Vy € (y, 1) [+ L+ [y DIV E(y, ) [ HIE(y, )| +10E (y, 1)) < C (1+]yl)®, (7.5)[cotita]

Our first result is

By, i(r)) =

(7.4)

(eransporti-new) Lemma 7.1. Let 1 < p < 400 and m € R. There exists a number C > 0 such that for any function

E(y,t) that satisfies

sup [|(1+[-)7T"E(t)|ze@e) < 400
t€[0,T)

we have that for all sufficiently small €, the solution of (7.1) satisfies

sup [[(1+[-)7"0(, )l Lr(rey < Ce™?|loge|™" sup (1 +[-[)7"E(, 1) Locze).
t€[0,T) t€[0,7)

Proof. Let

H(y7 S) FO(y) + 77467ij (Zh t(S))
We use the explicit expression for R;(y,t(s)) to get that along the characteristic curves defined in (7.3)
one has
d _ 5 = dy
25 (0(s):4(s) = Vy(Lo(g) + 11eR; (7, 8(5))) - - 2(5) + 05 (14 R (7, 1(5)))
4B (7, £(s))
)

(T+ Znacy + s (2R (7, t(5)))-

= Vy(To(@) + naR; (5, (s))) -
Observe that

d, b e;  dt

0s(a=R; (7, 1(s))) = 77%@(27?)% U1 (Fo@) +A+T(y )) + N4 R} (Y, t; P)— at

ds

d .
= e i () ogel g1 (Po(9) + A+ 1)) + a0 R3 (5.1 P)e3 oge,

as 9t = £2|loge|. This yields

H((5).1(5)) = O g <))

We integrate both sides from 7 to s and get

H(g(s), () — H(y,1(7)) = / Vo) + iRy (5(6). 1(6))) - HBIE )

L+ Znactin (©))

+logel [ e (GE0 (@) (Tolale) + A+ T(3(6) de

T Jloge] / e R((E) 1 P)2(H(€)) de.
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By assumptions (4.2) and (4.7), we have that 4(52) = O(e|loge|~%). Furthermore, s € [0,7), T €
J
[0,;%loge|~"], and using (6.23) we get

_ _1
H(y(s),t(s)) — H(y, t(7)) = [loge[ "2 g(s)
for g(s) = O(1) as s € [0,7), uniformly as € — 0, such that g(7) = 0. This relation is equivalent to

a+%§@@mwm+%%m@pnmmm+%@w¢mmn

= (14 152 y0)To(y) + mae - 1 (A+ 1)) + ma R}y, 8(7); P) + O(|loge|H).

27"4 2r;

J
A closer look at this identity gives

log(1 + [51(5)[*) = (1 + O(nuc|loge| ™)) log(1 + [y[*) + O(|log | ~2),

and hence, taking the exponential on both sides and using the fact that (g|loge|)~1"°8¢I™" = O(1) as

e — 0,

log | log ¢|
[loge|

= (1+|yl*) [2+ O(lloge|72)].

Therefore there are positive constants a, b independent of 7 € (0, 7r) and ¢ such that

(L+17(s)*) = (L + [yl [2+ O )+ O(|loge|~7)]

a(l+y(s)*) <1+ 5(s)* <0+ y(s)*) Vs € [0, 7r). (7.6) [bounds1]
We recall the representation formula (7.4)
7745E(yat)
E(y(s;, ds, = —
/ v (1 + Zmaeyn)

Using (7.6) we readily get

sup, I+ 1-D"™d( )lr@ey < Ce?|loge| ™! sup [T+ D""EC, e ®e)-
telo, te|o,

for any 1 < p < 400, as desired. O

A consequence of the bounds (7.6) on the characteristic curves is the fact if the spacial support of
the function E stays at a uniform large distance of the origin then so does the solution of (7.1). This
property that will be useful for the analysis of the outer problem.

(transport2) y emma 7.2. There exist numbers e > 0, B> 0 such that for any sufficiently small 0 < £ < o and any
locally bounded function E such that

E(y,t)=0 forall (y,t) € Be-1]iogc)-<(0) x [0,T]
we have that the solution of (7.1) satisfies

¢(y,t) =0 forall (y,t) € Bge-1105/-<(0) x [0,T].

Proof. This is an immediate consequence of estimates (7.6) for the characteristics and the representation
formula (7.4). O

We can now prove Lemma 6.2.
Proof of Lemma 6.2.

The bound on the function |¢(y,t)| follows directly from the control on the characteristic curves we
obtained in (7.6) and the representation formula (7.4).

To estimate 9y, ¢(y, 7), we formally differentiate (7.4) with respect to vy, £ = 1,2 and obtain

By by, 7) /ve (57, 9),1(5)) - e (517, 9) s, (7.7) i1
Recall that

(Haﬂ'mg(y)yl) W Vo (Co() + macRy (5, 1(5))) + maeBi(9,1),  9(r) = v,
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(see (7.3)). Under assumptions (6.23), the above system has the form
£j .\ dy _ £; . 1 _ _

(1 + 7fn4e(y)y1) 2=V (Fo(y) + ey (To(y) + A+ F(y))> +e?[loge|? me A(7,5), 5(r) =v,
j J

where A satisfies

|05 A(y, s)| + [Aly, )| < Myl, [V, Ay, )] < M (7.8) [nathal
for some constant M independent of €. Consider the point a = (a1, as), close to y = 0, such that
€j -
(v (ol 4 ey w0 (o) + A4+ 7)) + &2 1ogel e Al 5))_ =0,
i y=a

A direct inspection gives
a; = —;Tj(ﬁ—i-F(O)) +aie(s), az=ag(s), with |log8|%|88aig| +ae| S 52|10g5\%, 1=1,2.
J

Introducing the change of variable zZ = §j — a, we obtain

€ dz 1 _ _
(1 + ﬁn45(21 + a1)> £(s) = B,(2) + 52‘ logs|§ Nie A(Z +a,s), Z(1)=y—a,
j

where A stands for a function satisfying (7.8) and

B,(z) = Vi (Fo(z +a)+ ne=—"— (z1 +a1) (To(z+a) + A+T(z+ a)))

2]

=(@1@|(nﬂz+an+n%2Jul+m>wav+an+rﬂz+w»)
+77452 " (To(z+a)+ A+T(z+a))ex+e |10g5\ Nae A1(z + a, 8)
where A; also satisfies (7.8). The vector field B,(%) is smooth and the choice of a gives
B,(0) + £*|log 5|% Nae Ala,s) =0, Vs. (7.9)
Let us introduce polar coordinates around a:
Z=g—a=pe’.

Hence

We have that

. atp
Bu(2)- = P (T2t al) + e o2 (21 4 a0) (T2 + al) + T(Jz + )
|z + af 2r;
+n452—r(F0(z+a)+A+F(z+a)) sinf + 2| loge| nac A(z + a,8) - p
J
and
N
Bul2)-0 = = (Tollz 4 o+ e G+ ) (ol + o + T+ a)
J
CLJ_ )

0
(WUZ+aD+n%

e (o a0) (Tl + ) + T+ a)

2rj

+7745 L To(z+a)+ A+T(z+a)) c039+52|log5|é7}45,4(z+a, s) - 0.
Tj

Set
Bﬂw¢>:|ﬂ+a(raz+a>+n% 5 (o a0) (gl +al) + T'(z-+ o) )
+n452 (To(z+a) + A+ T(z+a)).

In the region we are con51der1ng

Ba1(0,5) = O(?] 10g5|%), |Ba1(2,8)| = O(e|logel), |0sBa1(2,8)| = |0:Ba1] €% |loge| = O(e? log5|_%).
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With the definition of B,;, we can write
B (2) - p = Bay sinf + 2| 10g5|% Nae Az +a,s) - p

5 14 ’
B,(2) - T (|2 +
O«(Z) g |Z a| ( (lZ a|)+77452 r;

+ Bay cos+ 2| loge|? i A(z + a, s) - 0.

(21 + @) (Th(Jz + al) + /(|2 + a|>>>

Inserting these computations in the ODEs system for % we get
€5 . 1 _ ~
<1 + ﬁn46(21 + a1)> ps = Bu1 sind + 2| loge|? nic A(Z +a, s) - p,
J
s (5 ) (T a) + (s al) ) (710) e
T

+ Ba1 cos@+52|log5|§ Nie A(Z+a,s) - 0.

€j — —n ﬁ /
14+ 2 )y =—— (T
( + 74j7745(2’1 +a1)> P EEwY ( (|Z+a|)+7745

Let us analyse the second equation in (7.10). Using the control on the characteristic curves we obtained

in the proof of Lemma 7.1, we have a bound like in (7.6) also for Z(s). Thanks to (7.9), we can divide

the second equation in (7.10) by p and we write it as
- 4

0, = —W (1+g:(s,p)) + Bay cosf +52|10g5|% Nae A(z + a, s) - 0,

where

(L4 |2) |Bar(z, 5)| = Ofellogel), (1 +|2]) [0sBai (2, )| = O(’| log e]).
Here |g.(s, p)| is a function such that |g.(s, p)| = O(|loge|=¢*1!), as ¢ — 0, where ¢ > 2 is the number
introduced in the definition of n4. as in (6.24). Let 6y be

_ s 4
90(5)1*/T 20 "

and let g to solve 9, (Ap(1+ g)) = (14 g<(s,p)). This is possible for

1+p

_ s 4
bog=— | ————ge(n, p)dn.
0g /T 5720 )9(77 p)dn

Let p = p(7). Following the proof of Lemma 7.1, we have that p(s)? = p?(1 + o(1)) as € — 0, we get

<1+g>90=—4§8+‘p§> (1vo(EtY),

15) 91 al COS (00)
An integration by parts gives, for z = f(s)

_ - 14+ p2
91:7/3(11 Zp coszdz

= 1+p? . Td, - 14p2
= B,1 4'0 s1n(90)—/S dS(Bal) tp 8111(90)

Let 6, solve at main order

4

o
:Ba11+p sin (90) (1+O |loge| ™= )
O(e

We write § = 0y + 01 + 05. We get 0y = O(|log5|_%) and 050, =
g As—17) |loge|~ 1))
0=—-———=~(1+0| —"=- Ba

1+ p? ( ’ ( 1+ p? P

__4(5— T) |loge|~! _ _1

Inserting this result into the first equation in (7.10), we get

2|loge|?) and we conclude that

D> ~ 1 1
P in (6o) (1 +O(] loge\_f)) + O(|loge|~2)
(7.11) o]

4(s—T
oDy (7.12) porpare]

ps) = o+ pO(epme) eos(S
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Since a = a(s), we have that
dy  dz _
—— = — = Dy, p+ pby,0
dyé dyé Py, P + PYy,Y,

and using (7.7) we write
0 0(0.7) = [ Ty ut(s)) - (pu+ p0.6) ds.

First we estimate fOT VzE(Y,t(s)) - py,pds. From (7.12) we obtain

4d(s—7)
1+ p?

s—7 . 4(s—1)
>+O(spn45)1+p2 sin 2

Py, = <1 + O(epnae) cos
Set g(gv S) = Vgg(g(5)7t(s)) : ﬁ)

/OT V&G, (3)) - py,pds = /OT g <1 + O(epac) cos 4(57)) s

2
T s—T Z11(—}9_f T) (7.13)
+/0 g O(epnye) 152 sin 157 ds = A+ B.
From (7.5) we readily get
Al S e[loge| 7M1 + |y
To estimate B, we integrate by parts, we use that f xsinx dr = —x cosx + sinz + C and obtain

_ 4T oy s 4T
<
|B| < O(epnac)) (Ig(y(T)J(T))l 7| eos o p2‘ +1gl (L +p%) |sin 7 e |)

T 4s 4s
O 21 C(1 a1 i
+0Cepmi) togel (€ 1+ ) [ seos e 1)
< O(epmue)) e ?|loge| ™" (1 + [y[*7).
These estimates allow us conclude that

/ Vo€ H(5)) - Pyepds < 2| loge| "1 (1 + [y])*.
0

Next we treat the term we estimate [ V3E(7,t(s)) - 0,0 ds. To this purpose we observe that

d

dy 2 d
- - U I 1 I .
85 Vi€ S +e“|log ¢ té’

D

Since % = p,p + pf0, letting v = - we get

_ s A d _ d
Vi€ (5 4(s)) - p0y.0 = V7€ = VV5Epsp — 7 %[ loge| —E.
We evaluate separately the following integrals
T d T T d
I:/ y—Eds, II:/ YVgEpspds, III:/ ve?|loge| —& ds.
0 ds 0 0 dt

From (7.11) it follows that

i 8(s = T)Phy, |loge| ™! 1
= 7 (] L — 1 2
Oy, 0 (1+ p2)? +0 1+ p? ( + O(|loge] ))
. 14 p2 ~ 00, D

4 ((aygBal L +Ba1p8;””

+O(|log6|’%).

=2

7" cos (o) ayzeo) (1+ 0105 H)))

~ -1
)Sin 90 + Bal

Under the assumptions on Bg1, we get

= 1+ p°
(9 B —"

- 50,5 _ _
—|—Ba1%)sm00 < gl sinfy].

Hence 9
- 1+p
(ayz Bal 4 p

N ﬁa ﬁ - _ (8 - T)ﬁﬁ
+Ba1%)5m90 = O(£p774e)(1+7ﬁz)zye'
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We also have 72

P cos éoayzéo = O(epnae)

Bal 1 + (S — T)ﬁﬁyl

P

‘We thus have

— 8(s — 7)pp loge|~1 1 _ 1
0y, 0 = (S;)Qp)f;w (1 +0 (|0g[|72)> (1 + O(]loge|™2) + O(apmg)) + O(]loge|™2).

(1+ 1+
Hence
byi= 2 = 2s = 7)Ppy (1 +0 <|10g€|1>) (1 +O(|loge| %) + 0(5;37745)) +O(|loge|~2),
o, (017 1+ 72

and __
dy _ PPy,
ds (1+7?)

Since

T d T dy
— —(~E)ds — —d
/OdSw)s /0st ‘.

T d T _ _ o
\/0 @ B)ds| < €@ 7)| —— < &2 logel ™ (1+ g™,

we easily get

ds 1+p
and .
/ e gs <e ?|loge|™t (1 + |yt

0 dS
as expected. We now treat integral I := fOT yVzEpspds. From the first equation in (7.10) and (7.11),
we get

H—/TB Vol ) 5y 2B i 2821 (4 o)y ds + 0 (€2 1og el /T (Vo€ - )
= ), Ba (Vo€ P)ppu=7 s 152 8 , JEerel )

To estimate the first integral in the above formula we proceed as in the estimate of the term B in formula
(7.13). The second integral can be bounded as follows

| logel} / (V€ - §)
0

We thus get

,se?uoge\%(myw*/ (s —7)ds S e ?|loge| ™% (1 + [y L.
0

111 S e [loge| ™ (1 +[y)* "
In an analogous way we can treat the last integral I1] = fOT ve?|loge| %5 ds and we obtain
(11 S e [loge| ™ (1 + Jy)* "
Collecting all the above estimates, we arrive to the desired bound
[0y, d(y, )| S 72 |[loge| 7 (L + [y[)* .

This concludes the proof of Lemma 6.2.

8. THE OUTER MODIFIED TRANSPORT EQUATION

roofTransportQuter) Proof. Let z € . We shall prove that Z(s;t,z) € 3, for all s € (0,t). By contradiction, assume there
exists sop € (0,t) such that z(s;t,z) € X, for all s € (so,t) and Z(so;t,z) € OX. Setting Z(so;t,x) =
(7(s0;t, ), Z(s0;t, x)), it holds 7(so;t, ) = 0. Setting B(z,t) = (Bi(x,t), B2(x,t)), we get from (6.28)
that By(Z(so;t,x),s) = 0. See (6.30). Then the ODEs

d
—Z(s;x,t) - e1 = B1(Z(s;t,x),s), Z(so;x,t)-e1 =0

ds

has the trivial solution Z(s;x,t) - e = 0, which contradicts uniqueness of solutions for ODEs. Formula
(6.32) is then well-defined.
In order to get estimates on the solution, we write the solution using Duhamel’s representation formula

t
60 (3, 1) = |1og€|_1/ Fo(#(s:2,1), 5) ds
0
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where Z(s;x,t) are the characteristic curves defined as

diﬂ‘v(s;x,t) = B(Z(s;z,t),s) s€(0,t), z(tx,t)==x
s

Using the estimates on B(z,t) described in (6.30) we get
|6z, 1)] < |loge| || Bl o= (9x(0,7)) < [log el ]| Bl| Lo (mx[0,0)-
We also have that for 1 < p < 400,

/\E (s;t, ), )|pdx<C/|Emts)| dx

for some C > 0, since the differential of area for the change of variable z — Z(s;t,x) is a bounded
function. From this we readily get

loC)lro(s) < |loge|™ ¢ s1[1p]||E( $)llzes)
s€[0

With the change of variables y = %ﬂ'(w an equation of the type (7.1) is satisfied. The result then
follows from Lemma 7.2: since Ey and Ej are zero in the spacial region 25:1 B(Pj,2|loge|73) for all

t € 0,7, there exists 8 > 0 such that the solution ¢ to (6.27) is zero in 2521 B(Pj, B|loge|~3), for all
t €[0,T). An alternative way to see this is to estimate the characteristics for points z € B(P;, 6| loge|~3)
and use (6.31).

This fact allows us to say that ¢ satisfies an equation of the form
|loge|dsp + VEH -V =E(x,t) in X x [0,T],
$(z,0)=0 inYx,
where
N
H(w,t) = [loge| (1= Y mi(w,0)) B
j=1

and 7; is a smooth function with 7;(z,t) = 1 whenever |z — P;(t)| < 8|loge|™2 and = 0 if |z — P;(t)| >
283|1loge|~3. Using the explicit expression of the coefficient B given in (6.28)-(6.31), we see that

(1727% x t) (|logel), in X x [0,T],

uniformly as € — 0. Hence
|Z(s;t, )| = |z| + O(1), as e —0,
and bounds (6.35) readily follow. O

8.1. Uniform continuity. Let us consider an equation of the form
lloge|r i + V(2 (¥ — ap|loge| 4+ €)) - Vo =E(z,t) in X x [0,T],
| (8.1)
¢(x,0) =0, in X.

Consider the characteristics £ = z(s;t,z) = (7, z) for (8.1)

S

\log€|£j(s;t x) =7V H (2(s;t,2)) + 2H (2(s;t,2)) eq,
Z(t;t,x) =x
where
H(z,t) := 9z, t) — ag|loge| + e(z,t), x=(r2).

We know that the characteristics Z = Z(s; ¢, z) are well defined in 3 x [0, T if Ve, rAe € L*>®(X x [0,T)).
Besides the formula

(;S(:E,t):/o E(z(s;t,x),s)ds

gives the solution of (8.1). We have
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(model) L emma 8.1. For all o > 0 there exists a positive number

6 =0(0, IVel = mx 0,1 IrAell L sxo,m), T, )
such that for all (x1,t1), (z2,t2) € X x [0,T] we have
[t1 — to| + |x1 — 22| <& = |Z(s;t1,21) — T(s;t2, 22)| < 0.
If E(z,t) is a bounded function that satisfies

sup |E(x1,1) — E(x2,t)] < ©(n)
te[0,T], |z1—z2|<p

for a certain function © with ©(u) — 0 as p — 0, then the solution ¢(z,t) of (8.1) satisfies that for all
(1,t1), (z2,t2) € X x [0,T] we have

[t1 — tg‘ + |$1 - $2| <d = |¢(£1,t1) — ¢($2,t2)| < Q.
Proof. By definition

d
|loge] d—f(s;ti, x;) = F(s;ti,xi)VJ‘H (Z(s;ts, ) + 2H (T(s;t5,x;)) €,
s
T(tits, x) = x4
for i = 1,2. Let h(s) = Z(s;t1,21) — Z(s;t2,22). Then

\di (s)| < C Alh(s)| [log(|h(s)[)];

where A = (||[Vel|oo + |[rA¢| ). Setting B(s) := |h(s)|?

, we can assume that 0 < 8(s) < 1. Then we get

1
2 (1og ( )) <CA
‘ ( ®B(s)
Integrating, we obtain
1 1 1
—CAT CAT
e log—— <log—— <e log . 8.2
B =% ) (e 52
Observe now that
|h(t1)| = [@1 — 2| + w2 — B(t1s b2, 2)| < C A (Joy — 22| + [t — t2]) - (8.3) [cott]

Combining (8.2) and (8.3), we obtain the first statement of the Lemma.

The second statement of the Lemma is a direct consequence of the representation formula

o(z,t) /E (s;t,x),s)ds

for the solution of (8.1). O

Let us now consider
¢r + Vi (To(y) +b(y, 1)) - Vo =E(y,t) in R* x [0, 7],
8.4)[ff1
{ #(y,0) =0, in R? (8.4){zzt]

with b(y,t) = 0= E(y,t) for |y| > R and

T TT
t= |log€|/ e3(s)ds, T = |log€|/ €
0 0

This problem has the same form as the one in (7.2), and under our assumption
r ~ e ?|loge|™!, R—00 as e —0.

As in the previous problem, the modulus of continuity for the characteristics § = g(s;7,y) for (8.4)
depends only on [|A,b|| &2 x[0,17), and that of the solution only on a uniform bound for E and for its
modulus of continuity. Arguing as in the proof of Lemma 8.1, we can show that
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(modc2) Lemma 8.2. Assume that

sup |E(y1a ) (y27 )| <®( )
TG[O’TTL |y1_y2|<l"

for a certain function © with ©(p) — 0 as u — 0. Then for each o > 0 there exists a positive number
0= 5(95 ||Ab||L°°(R2><[O,TT])a ||EHO<>7 @7 T7 6)
such that the solution ¢(y,T) of (8.4) satisfies that for all (y1,m1), (y2,72) € R? x [0, 77] we have

|71 = T2l + Y1 — 32| <6 = [9(y1,71) — P(y2, 2)| < 0

These results will be useful in Section 11 for the final argument in our construction.

9. THE INNER-OUTER GLUING PROCEDURE

8 . . . . . .
(sect) In the previous sections we proved the existence of points P}, ..., P} in (4.2) such that, for any choice

of points ay, ..., a, in (4.2) satisfying (4.5), there exists a good approximate leapfrogging of vortex rings
(W*,¥*) with the form (5.1)-(5.2), as described in Proposition 5.1.

We now set up the inner-outer gluing procedure which will lead us to find an exact solution (¥, W)
to (4.1) close to the approximation (U*, W*).

The solution (¥, W) will have the form

k
* 1 x— P ou
U=, 0) + Y gty () 0 a1
— J J
o (9.1) F11]
W = W*(z,t) Zﬁ 2¢] —L 1) + ¢ (w, 1)
j=1 .7
where
_ log65:1:—P-
() = (LB =D,

Here ny is the cut-off function introduced in (2.3). This ansatz has the same form as the one used in
(5.1) and (5.2) for the construction of the improved approximate leapfrogging of vortex rings (W*, U*).
We notice though that here we are taking cut-offs slightly shorter than the ones in (5.3).

Let S; and Sz be the Euler operators introduced in (2.2). Then the operator S; evaluated at (W, ¥)

becomes
k_
Z% (bj,wj ,l/}out P] +Eout[¢out \I,out ¢zn qZ}zn P] (92)
Jj=1 ]
where

d)ln(yv t) = (Qsl(ya t)v SERE) ¢k(ya t))v wzn(y7 t) = (1/)1(7!7 t)a v 7U)k(y7 t))
In (9.2) Ej, j=1,...,k, and E°“" are defined respectively

B (85,5 4™, al(y.t) i= |logele3 (1 + ~241)010; + |log 2| Bo(@)
J
.
+v+ (s (05 = riegllogeg] +05 + by + ) + Ri(t:P)) - Vi,

ivt (( Sy, ¢ rjw“%) V(2 W)
.7
1

e S
TS T ey + B), Iyl <8R, Ri= g

(9.3)
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with y = x;P7 (4.21), and
J

EOUt[¢Out gout ¢in win a]( ) —_ |10g5|r¢out

k _
P — ou
+Va(r Z —) 9 — 5 loge|)) Vag™!
j=1 €j
k ko &,
+; 7 |loge| 91 + Vi ( Z:: - )+¢0"t—7”o_1|10g5|))vﬁlj 5377]3
a -y r24;
+ 2772]_771] VL( ( : ,(/)out)) va 2] VJCW*
= Ty Ty
k
(1- Z’i% V2o ) - VW 4 (1= 7;0)S1 (W5, %) =0 (,t) € T x [0,T)
j=1

It is straightforward to check that a pair (W, ¥) of the form (9.1) is a solution to (4.1) if (¢, 1", pout, 1hout)
solve the inner-outer gluing system given by the inner problem

EM ¢, 054" a)(y,t) =0, (y,t) € B(0;3R) x [0,T)

(9.4) [5mmer]
_A5,j1/]j = d)ja (yat) € B(Oa BR) X [OaT)
for all j =1,...,k, coupled with the outer problem
Eout out, out7 in’ in,a m,t _ O, ey x O,T
t[¢> tl/f td)‘ v (z,1) (z,t) [0,T) (95) ]
BP9 o7 ot ¢ " al (2, t) = 0, (z,t) € B x[0,T)

where

ou ou ou ¢
B = Asyp®t 1 t+zl i1 — Nj2) ;j
J

+ Z A577]2 + 2vw77j2v ’(/} )7 ($7t) eXx [OaT)
Tj

with boundary and decay conditions on )%t

%w"“t(a:,t) =0, (z,t)€dTx[0,T], [ (x,t)]— 0, as |z — oo. (9.6)[poundary]|
The rest of the paper is devoted to solve the inner-outer gluing system (9.4)-(9.5)-(9.6).

9.1. Setting the inner problems in the whole R?. The inner problems in (9.4) can be extended to
the whole space R? with the use of cut-off functions. We will use two types of cut-off functions: one
with large support much beyond the region B(0,3R), the other with support bigger that B(0,3R) but of
comparable size.

Using the notation introduce in (2.3), we define

|| ly| 1
- = LAl here R := . 9.7
x) =mo (ps ) ) = (B, where o= (9.7) et
We use x to extend the operator As ; to R2. The functions ¢; and v; are related via the operator As ;

as described in (9.4). This operator can be written as

—div <(1 + Sy,

T

POG) = 0+ 26 (o) € BO.3R) < 0.7).

j
Letting P(y1,t) be defined as

_
Plyr.t) = plyr 1), where p(yl,t>—(1+?y1x>, (9.5)[aefP

Tj
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it is clear that, if (¢;, ¢;) are such that
—div(PVy;) =P¢;,  in R*x[0,T]
then their restriction to B(0,3R) satisfy the second relation in (9.4).

Let us introduce the functions

Yo; (9, 8) = To(y) + 22 x (= 3To(y) + A —4K(P;, P)) +T(y))
W i (9.9) mm]
To;(3:t) = To(y) + 2 x (To(y) + A+ ()

J

For y € B(0,3R) (and beyond) these functions coincide with part of the expansion of w? + 13 and
(14 Zy1)* (¥ — rjoy]logej| 4 ) respectively, as given in (5.9):

YY) +1pt = 1g; — 4loge; — log 8 + K (P;; Py) + ¢ (y,t)

£ \ i 9.10) [mmt
(14 S0 — rjaloges| + ) = Tos() — (4 - agr)loge; — log8 + K(Py; ) + b5y, ) 104
J
where
1 * * *
[og 2110 (1, 0] + (1 + )| Ve .|+ 1. 0] < CE (1 -+ ) los(1 + o)
and

1 * * *
[log e|[0:; (y, )] + (1 + [yD)| Vb5 (y, )] + b (y, )] < Ce® (1 + [yl*) log(1 + |y])
for y = z;—?, ly| < |loge|~3. Besides, from (5.8) we get that

et = 1 (14 S = ryalloge] + ) ) (HOE) ~ fo (Tos(nt) +5)  with fols) ="
J

Let
€ e
Bo(¢) =B} - Vo, B :=—¢c;0e;(1+ rfj_yl)y - rj_ylatpj
J J

€j * * $ok
(1+ éylx)z(zb? —rjaj|loge;| + 7)) + |loge| nae BY + nac R;(y, t; P) = Loj + mae bl + nach™, (9.11) &)

ou &j n ou
bj(y",a) = (1+ ﬁylx)Q e (5 + 197"
j

e W* = fo (Toj +05) +U*, fo(s) = ¢’

We explicitly find
bi* = —(4— a;r;)loge; —log8 + K (P;; P;) + |loge| B} + R;(y,t; P)
and, setting b; = bi* + (4 — a;rj)loge; +log8 — K(Pj; Pj),
[og e110:; (y, )] + (1 + [y by (4, D) + b (5, )] < Ce® [loge| 2 [y,
The inner problem (9.3)-(9.4) are the restriction to B(0,3R) of the following equations
ou €j .
Ejlo;, ;97" al(y, t) := |loge| &7 (1 + ~y1X) 0:9; (9.12)[Ejn]
J
+ V* (Coj + macbl + nachl™ + b (1, a)) - Vb,
E‘ * *
+VH((1+ ﬁle)Ql/’j) -V (fo (Toj +b5) +naU¥)
j
&4 * *
+ Vvt (7745(1 + #X)%ﬂﬁout) V (fo (Toj +b}) +nseU¥)
+& o5 vy v al(y,t) iR x [0,T],
—div (PVy;) =P ¢, in  R?x[0,T]

where £;[¢5, 15 ", P] is defined and estimated in Proposition 5.1.



LEAPFROGGING VORTEX RINGS FOR THE 3-DIMENSIONAL INCOMPRESSIBLE EULER EQUATIONS 56

9.2. Decomposition of ¢; and ;. For a function h : R? — R, consider the problem
—div(PVy)=h in R x[0,T]. (9.13)[am]
A necessary condition for solvability of (9.13) is that

/ h(y,t)dy =0, Vtel[0,T). (9.14)[an1]
R2

We will make use of the following lemma

(1) Lemma 9.1. Assume h : R? x [0,T] — R satisfies (9.14) and
3
(1+ly[?)*
Then there exists a unique solution v to (9.13) such that, for all t € [0,T], ¥(-,t) € C%?(R?) and

/ U= (g)h2(y, ) dy < 00, VEE[0.T], where Uly)= (9.15) [an2]
RZ

U _%h”LQ(R?)
D<=

for some o € (0,1), and
_1.1 -3
U2 "5 VY[l Loy S U2 L2 2

for any p > 2. If ||U%_1h||Lq(]R2) < oo for some q > 2, then

Uéilh q(R2
[y, D]+ (1 + DIV, O + (1 + ) o [Vele < ”1+|||y|()

)

where we denote
Vol ) = sup VP = Vo)

y1,92€B1(y) |y1 - y2|"

and o € (0,1).
Proof. Tt is convenient to pull equation (9.13) into the sphere S? by means of the stereographic projection

7 8% —{(0,0,1)} :— R?
m(e) = (== 1), 2 €57 —{(0.0, )}, (9.16) [stereo]
— <3 — <3

whose inverse is given by 7=! : R? — $2 — {(0,0,1)}
251 2y |yl - 1)

—1
v = 5 )
W =Ty TT R 1+ P

For a function h(y) : R? — R we denote by h(z) the function h(7(z)) defined on S2. Then the differential

of volume is given by dn(z) = W dy = U(zy) dy, where the function U is the one in (1.18). Thus we

get

y € R2.

o

Vreh(y) =

(Vorh)(),  Awh(y) = 5 (Ash)(z), y=n(2)

S

and

h(y)dy = 2 | h(2)U ' (2)dr(2).
R2 g2

For a vector-valued function F(y) : R? — R? we have
divg2 F(z) = V2U ' divg: (U2 F)(y).
Let us denote w.)
- 2h(y,t
h(y,t) =
0= "0y
Then Equation (9.13) gets transformed into

—divg:(PVs2tp) = h in S (9.17) [poissoni]




LEAPFROGGING VORTEX RINGS FOR THE 3-DIMENSIONAL INCOMPRESSIBLE EULER EQUATIONS 57

From (9.8) we get that P(y1,t) = 1+ O(eR), for all t € [0,T], y1 € R. Assumptions (9.14) and (9.15)
become

/52 R (z)dn(z) = 2/]1@ R (y)U (y) "' dy < oo, /S h(z)dr(z) = 0.

The latter condition in the above formula implies the existence of a unique solution of (9.17) with mean
value zero. This solution is in H?(S?), hence it is Holder continuous of any order. After adding a proper
constant, we choose the solution which vanishes at the sounth pole S = (0,0,1). Pulling back this
function to a ¥ (y) defined in R? we see that it satisfies equation (9.13) and it is the only solution that
vanishes as |y| — oo. This and the Holder condition yields that ¢ satisfies

c _1
Wl < gopmes b0 | p2 ey (9.18)[cotatpsi]

for an arbitrarily small o > 0. Moreover, for all p > 2 we have an LP(52)-gradient estimate for ¢(z) of
the form

IVs2¥llLnszy < Cllollre(s2)
which yields for ¢ in (9.13)
141 _1
U345V ey < CIAU2 122 (9.19) [gradp|
If in addition we have that h € L9(S?) for some ¢ > 2, then a solution of (9.17) satisfies
IVs2tllgow(szy < CllhllLacs?)-
for some 0 < o < 1. This estimate translates for 1 into

C 1_
W) + A+ y) Vo) + 1+ )7 [VYla(y) < WIIUQ "Bl Lo 2y

The proof is completed. O

We shall make a decomposition of the functions ¢;, ¥, introduced in (9.1).
Let
Zo0(y) =To(y),  Z23(y) = 2Lo(y) + VyTo(y) - v,
where T'g is given in (1.18). We write ¢;(y,t) in the form
Poi(y.t) = Poi(y.t) + > Bu(t)PZu(y,t), where
. =03 (9.20)
Zu = -7 div(PVZy), ¢=0,3,

for some smooth parameter functions 8, that we will determine later on. A direct inspection gives

3e;
Zio=Uly)— ———L "0, Z ,
10 (v) (7 + ;510 (X + y1x") Oy, Z20(y)
3¢€;
Z13=2U(y) + V,U(y) -y — ————— (x + 11X") Oy, Z23(y),

(rj +e591x)

where  is defined in (9.8). On qﬁj we impose the following orthogonality conditions

/ Po;iZedy =0, £=0,1,2,3 forall tel0,T], (9.21) [ortod]
]R2
with
Zo(y) =1, p°Zs(y.t) =G (To;) + bs(y,t)
- £j (9.22) [bernieb]
Z2(00) =97 (1 + 5207) Lan0)e 2 Za(0n0) = (-4 20102) 12 )
J

where p(y1,t) is defined in (9.8), 1p,,(y) = 1 for y € B(0,8R), = 0 otherwise. The function I'y; is given
n (9.9) and G is such that
1—JyP

G(To(y)) = VT -y +2 = _
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Since G'(To(y)) ~ |y|~2 as |y| — oo, one has
G(To;) = G(To)(1 + O(eR)).

Besides, the function bs(y,t) will be explicitly defined in (10.21); for the moment we think at it as
by = O(g?), as ¢ — 0. We also observe that V(p?Z;) = p1p,,(y)e1.

For ¢; as in (9.20), we write

¢ = (le,"'aﬁgk) s B=B1--,Bk), Bi = (Bjo,Bj3)- (9.23) [notai]
We assume that
/ U™ (y)(Pd;)*(y.t)dy < oo, ¥Vt e [0,T]. (9.24) [inte]
R?
Let ﬁj(y, t) be the solution of
— div(PVi;) = Pd;, in  R?, (9.25) 7psitn?

predicted by Lemma 9.1, and define

by, t) = by, )+ > Biu(t) Zuly (9.26) [descoz]

1=0,3

Then v, satisfies the second condition in (9.4), namely

AE\ ﬂ/h d)j (yv t) € B(Ov SR) X [07 T)

Recall from (9.3) that
1

" llogel

(9.27) [aet)

The decomposition for ¢, in (9.20) is motivated by the validity of a key estimate for a quadratic form.

(passl) Lemma 9.2. There exists a number v > 0 such that for any sufficiently small € and all ¢ satisfying
conditions (9.21)-(9.24), the following holds: let g be given by

9= (f5(Toy) ™" (P~ PfiToy) P ¥),
where ¥ solves — div(PVy) = P¢p. Then we have

v 2r7—1
Pog > P$)*U 9.28
[ Poo= e [ oyu, (9.25) s
where R is given by (9.27). We recall the definition of P(y1,t) and p(y1,t) in (9.8), and that fo(s) = €°.

Proof. The proof is divided into two steps: we first prove (9.28) with the test function g replaced by go,
with

9o =U""(Pp —Up).
where U is defined in (1.10). Then we prove (9.28).

Let (b = 2U'P¢. Using the stereographic projection 7 introduced in (9.16), we get

[pom=2 [ popv = [ pov= [ - [ .

Consider the orthonormal basis in L2(S?) of spherical harmonics (eg)s, where —Agze; = Agey. Here
Ao = 0 and eq is constant, while \; = Ao = A3 = 2, with ey(2) = 2z, for £ = 1,2,3. We decompose ¢ as
3

NZZ&EGZ Z 2)+ o, g = /fi’eedﬁ z).
=0

=0
Since [, P = [go ¢ =0, we get ¢o = 0. For £ > 1, let 1y be defined by
—divsz (PV52¢5) = €y.

From Lemma 9.1 we get that ¢, € H?(S?) and |[1)¢|| g2(s2) < C for some C' > 0. Since —divg2(PVg20)) =
®, we have that ¢ = POy bethe. The equation satisfied by 1, becomes — divgz (PVe),) = Ue, in R2.
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It is convenient to write 1y = (—Ag2) " tey + 1y = )%65 + ¢p. Then

) _ Vg2 PV g2 1-P
dives (Vaed) = by, hy = U8 PSW+( 7D)ee.

A direct computation gives | g2 he = 0. Besides,

VP 1-P .
[ 1T+ [ G5 < cliogel ™ (Juulfagse) +1)
S2 S2 S2

)
for some ¢ > 0. We argue as in Lemma 9.1 to get ¢y € H?*(S?) and [[¢{o¢|| y2(s2) = O(eR) as € — 0. Thus

A
> Cl||¢~>L||%2(sz) + O(ER)H(;S”QLQ(S%

for some uniform ¢; > 0. We also have, for j = 1,2

0= / POZ; = c2bj + O(HQELHL%S?)) |log R|?
B(0,5R)

oo 9 ~ ~
[ Pow=3(1-2) &+ 0CRNdls s (9.29) [bornie
=4

for some uniform co > 0, as € — 0. On the other hand, we have
0= - P¢Z3 = (];3 + O(ER)||QZ~5||L2(32)

From the above relations we get that for some ¢ > 0 independent of &,

3
1172052y = N1Ql 72052y — D 166l
=1
> (1= O(eR)) 19l 72(52) — cllog R [|6™ |72 (s2)-

From here we get ~ ~
(1 +cllog R|) ¢~ [[22(s2) = (1= 0(1)) |9l Z2(s2)
with o(1) — 0 as € — 0, which combines with (9.29) to get

Y 72
Pogy > —/
/Rz 0902 Tiog R J2 ©

We next estimate fRz Pg in terms of fRZ Pgo. To this purpose, we write

9= g0+ ((f5(To)) ™" = U™Y) (Pé— Up) + (f§(To5) ™" (U = Pfj(Toy)p?)
Recalling the definition of T'y; in (9.9), we get
foToj) = U(y) (1 +O(|loge[?)) ;

for some uniform v > 0.

hence we get
[P (o)™ —0) Po-Uw) = 0ll1og=l ) [ Pogo.
R2 R2
Besides

[ Po o) (U= PLiTo) o] < 1oxel* [ 1Pov] S o el 2106l

Thus we get

[ Pog=a+ooge ) [ Pog-0llogel ) [ Uior = o [ Uier
R2 R2 R2 | log R| R2
for some new 4 which is uniformly positive as € — 0. This concludes the proof. O

We will make use of this result to establish a-priori bounds for solutions to a projected version of the
inner problem (9.4). In Section 10 we will first establish a-priori bounds in weighted L2-spaces, which
will be used to establish the weighted L°° a-priori bounds. Before entering Section 10, we give a sketch
of the proof to solve in (¢, ", ¢4 1)°%!) the whole inner-outer gluing system (9.4)-(9.5)-(9.6).
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9.3. Strategy for the rest of the proof. Let

b;(B;, 47" a) = (1 + —ylx) me (5 + Y Bju(t) Zu + ™)
1=0,3
where 74, is defined in (9.7) and introduce the following operators, depending on a homotopy parameter
A€ [0,1]
Ejald;, 8507 al(y, 1) := [loge| €] (1 + fylx) 0,95 (9.30) [E31a)
+ V* (To; + )\n4€b’f + Mpacbl + Abj(ﬁj, Yo a)) - Vo,
+ V(1 + le) ¥j) -V (fo (To + AbY) +maU”)

+ vt |:€j <| logel0ia; + D, Vap;(P;; P)la] + Anac(1+ ]yl) wout> y} vU

+ A8y, a) + \log€|€ (1+ —ylx Z 0¢(BjeZ10) in R? x [0, 7]
=03

)

where fo(s) =e*

&; = loge|Bo( Y BjuZ1e) + V* (Toj + macby + machy™ +b;) - V(D BjeZue)
¢=0,3 ¢=0,3

#9 (4 Z P ) Tinet)

1
+ V(g5 log e|dsa; + £;Vapi(Pj; P) — Vaup;(P;P) — D, V,op;(Pj; P)a)]) - y] VU
+ &5, ) o Al (y,t)

where £;[¢5, 17 ", P] is defined and estimated in Proposition 5.1.

If A = 1 and we restrict the problem to B(0,3R), we get the operator E!" defined in (9.3), or
equivalently (9.12).

Recalling the notation introduced in (9.23), we define

EPS (0™, 07,6, 8,a) = |loge|r 0,0

Eo_
) _p,
+ V(0 =15 logel + A Y Ry () o) - v
j=1 J J
+EM (D, By a) (2,t) € X x [0,T)
where
out((b 6 77Z}out ) =
k ko _p, "
Z 7 |loge| 9,1 + Vi ( Z Iy ot — g loge|)) Vi 62;'
j=1 j=1 & J'a
¢ o w
+ 7__7_VJ_ 24_"_ out ij_ VzW*
D =) VG2 07+ i -
k
+ (1 _ ZﬁQj)vJ_(TQwout) . VW*
j=1
k

+ (1= ) (W ¥) =0 (2,t) €S x[0,7),

Jj=1
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‘We also define

k
B (4o, 67, $, B,a) = A5¢"“t+>\¢""t+AZ(ﬁj1—ﬁjz)%

j=1 €5

+ AZ Asnﬂ + 2V, 772V di), (z,t) €2 x [0,7)

Tj
The key observation is that for ¢;, 1; given by (9.20)-(9.26) we have the identities, when A =1
Ej,l(é7/8a¢out7woutaa) :E;n((ijwjvwmn;ﬁ7a) in B(OagR) X [OvT]v
Efut((ﬁout’ wout, Qg, 5’ a) _ ‘Eout(qsout7 wout’ QSin, win; Bv a) in E % [O, T)7
Efﬁt (wOUt7 d)out’ QZ), ﬁ, a) = EfUt (¢out7 wln7 ¢OUt; ﬁ’ a) in E >< [07 T),

with boundary and decay conditions
0]
aw"“t(:c,t) =0, (z,t)€0Xx[0,T], [ (x,t)]—0, as x| — oo.

Here E", E°*' and E{"' are defined respectively in (9.3), (9.4) and (9.5). In other words, solving the
inner-outer gluing system (9.4)-(9.5) coupled with the boundary and decay conditions (9.6) amounts to
make the three quantities above equal to zero (keeping the boundary and decay conditions). We will do
this by a continuation argument that involves finding uniform a priori estimates for the corresponding
equations along the deformation parameter A imposing in addition initial condition 0 for all the parameter
functions.

We use the following strategy. We consider the functions f;,1°"* a as given and require that ng
satisfies an initial value problem of the form

3
El,)\ é‘aﬂ'v(ﬁomﬂ/ﬂmaa = Cl'tZzy insz O,T’
(5.8, )= a0l 0.7] R

¢j(y,0) =0 in R?
where
z10(y) = Uo(y), 211(y) = 0y, Uo(v),

z12(y) = 0y, Uo(y), 213(y) = 2Uo(y) + V,Uo(y) - y

for some explicit functions ¢;;(t). We prove that ¢;;(¢) are linearly dependent on dgj and can be computed
after integrating the equation against Z, in space variable. See (9.22) for the definition of Z,.

; (9.33) [defsmaliz]

Solving Ey ; = 0 is equivalent to solving the initial value problems

Clj[dgjvﬂjad)ouaﬂ}ouaaa AKt) =0 forall te [OaT]a €:0a15273
(9.34) [equc]
a;(0) =6;(0)=0

forall j =1,...,k. We require
Egut((bout’wout,éﬁﬂj’a) =0 in Y x [077“’]7

9.35 -equoutl
¢out(.’0) =0 inY ( )
and R
EYS (9, 6% 65, 85,a) =0 in ¥ x [0,T],

(9.36) [oquoutz]

0
Ewom =0 ond¥ x[0,T], [ (x,t)|— 0, as |x| = oo.
We recall the form of ¢; and 15, as in (9.20)-(9‘26)

$i(y,t) =iy, )+ Y Bu(t) Zuly,t

1=0,3

by, t) =iy t) + Y Biu(t) Zuly

1=0,3
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We can write the system of equations (9.32), (9.34), (9.35), (9.36) in the form of a fixed point problem
for the variable

7= (6.5, 4", a).
The fix point problem has the form

p=F@A), peO. (9.37) [eaup]
Here O designates a bounded open set in an appropriate Banach space with = 0 € @ and F () isa

homotopy of nonlinear compact operators on O with F(-,0) linear.

We shall prove that a suitable choice of a small O yields that for all A € [0,1] no solution of (9.37)
with p € 90 exists. Existence of a solution of (9.37) for A = 1 thus follows from standard degree theory.
But this precisely corresponds to a solution of the original problem. The definition of the norm and the
set O will yield the desired properties of the solution of Euler equation thus obtained.

In order to find the desired a priori estimates we need several preliminary considerations which we
make in the next section.

10. SOME A-PRIORI ESTIMATES

(529 I et us consider functions d(y,t), y € R, t € [0,T] that satisfy

1 ..
IPOU™ 2| 2re) < 00, where Plyr,t) =p*(y1,t), plyr,t) = (1+ 73_91X)-
J

We recall that the function U is defined in (1.10), P, p were introduced in (9.8) and x is in (9.7). We
also assume the orthogonality conditions on P¢

Po(y. t)Ze(y)dy = 0, £=0,1,2,3, Vte[0,T] (10.1) [ortodo]
R2

where the function Z, , £ = 0, 1,2, 3 are defined in (9.22). Let ¥(y, t) be the solution, predicted by Lemma
9.1 of
—div(PVy) =Pp, in R2 (10.2)

We let fo(v) = e¥. This section is devoted to establish a series of a-priori estimates for solutions to a
linear transport equation of the form

|logs|s§pat<;s+vyL (Toj + av +a) - Vy (¢ — fo(Doj + ax) p°¢) + E(y,t) = 0 inR* x (0,7),

10.3) [innerL]

(b(-’()) 0 mR? ( ) inner

These estimates will be used to treat (9.32).
On the functions a.(y,t), and a(y,t) that appear in (10.3) we assume

a.(y,t), a(y,t) =0 for [y >8R, A,(a+a.) € L¥[R? x (0,T)) (10.4) [nu0]

and for some numbers C' > 0, v > 0,
|log ]2 |Dran (y, )] + (1 + [y])] Vyau (y, )] + las(y, )] < C* (14 y[*) log(1 + [y))
V,a(y.t)] < 2+, (10.5) s

These assumptions are consistent with the description of Problem (9.32), in the version contained in
(9.30): we will take

ay = A b, a =\ (mb* + b)), (10.6) [aastar]

where b7, b7* and b; are defined as in (9.11).



LEAPFROGGING VORTEX RINGS FOR THE 3-DIMENSIONAL INCOMPRESSIBLE EULER EQUATIONS 63

10.1. An L?-weighted a priori estimate. Our first result is an L2-weighted a-priori estimate on a
solution to (10.3). We have the following

{1in) Lemma 10.1. There ezists a constant C > 0 such that for any a, a, satisfying (10.4)-(10.5), R given
by (9.27), all sufficiently small € and any solution ¢ of (10.3)-(10.1) with

sup U2 Po(-, )| page) < +00 (10.7) [2aa)
t€[0,T]
we have
s[up] ||U7% Po(,t)|r2mey < Ce? |10gz—:|7% s[up] |E(-t) U*1/2||L2(R2). (10.8)[pass1]
te[0,T te[o,T

Proof. Let us assume that

sup || E(-t) U3 22y < +o0
t€[0,T]

and define the functions

.
Uy = fi(Coj +ax), Uigr = ¢ — fi(To; +ax)(1+ ﬁylx)zlb,
J

where fo(s) = e*. We multiply equation (10.3) against g; and integrate in R?. One term is
€; €;
/ (1+ “Ly1x) drp g1 dy = / (1+ *jle)atqsi dy — / 0 Pipdy
R2 Tj R2 Tj U1 R2
Lo [ asSyourtetay— L [ o (a4 SEyout) ¢?
=350 YU ¢t dy — 5 | (A Syx)Ur ) 6
R2 J R2 J
- [ opoyvay+ [ oapudy
R2 R2
3
We recall that the weight P(y1,t) = (1 + %ylx> as in (9.8). Since — div(PVy) = P,
~ [ ouPoyvay = [ o(@iv(PYu))wdy = [ div@Pvu)vdy+ | div(PYo) vy
R2 R2 R2 R2
On the other hand, using the symmetry of the form fw div(PVi)1 )hady we have that
o, / div(PVY)y dy = / div(9,PV) dy + / div(PV ) dy + / div(PV) 9,4 dy
R2 R2 R2 R2
= / div(0;PVY)y dy + 2/ div(PVoup)y dy
R2 R2
from which we get that
1 1
—/ Oy (Po) vdy = 5815/ div(PVY)y dy + 5/ div(0: PV )y dy.
R2 R2 R2
Thus we conclude that
€5 1 Ej 1 Ej 1 2
I+ Zyx)ddgrdy =50 | (14 Zyx)dgidy — o | 0| 1+ Zyx)Ur - | ¢
R2 T 2 R2 Tj 2 R2 Tj

1 .
+ /R G Pudy + 5 /R div(@PV)y dy.

Moreover
1 1wl U129%
/szy (Loj + ax +a) - Vy(Urg1)g1 = /R2 Up Vi (Loj +ax +a) - Vy( ) dy

2
VU, Ui g}
U, 2

U2 2
:—/ V~(Uf1V;‘(Foj+a*+a))1Tgldy:/ V;‘(Foj+a*+a) dy,
R2 R2
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and we conclude that

|log ele? €; |log |e? e B
5 ! 3t/ (14 =Ly1x)pg1 dy — 71/ o ((1 + Ly )U; 1) @
2 Tj 2 R2 T
2 |logele] :
+ |logele; / ¢ 0y Pydy + T/ div(0yPV Y)W dy (10.9) [ae]
R2
VUl U1g1

+/ Vj(FOj‘f‘a*“‘a) dy +/ Eg, dy = 0.
Rz

Next, we estimate the last four terms in the above expression. Using estimates on U;, the bounds on
as in Lemma 9.1 and the explicit definition of P in (9.8), we get

S llogel % [ oPU

/¢28t(Uf1(1+iy1x))dy
R2 T’j
/wamdy‘smgd%( PUDE[ 000 < Jlogel # [ o
R2 R2 R2

/ div(@tpvw)¢dy‘§|logeg/ ¢>2U*1,
R2 R2

2
To estimate [p, V;-(I‘oj + a, + a)%% dy, we observe that

vU, U VU, Ui g3
/V (To; + ay + )Ul 191d /RQV;_Q Ull LIL g,

/ vL VUl Ulgl d < 2+l// Ulg% dy
R2 U1 2 R2 2

From (10.5) we get

Finally

_1 1
/2 Egl dy‘ < ||EU 2 HLZ(]RZ) HU2g1HL2(]R2).
R

Since P(y1,t) = 1 4+ O(eR) uniformly as ¢ — 0 for y; € R, t € [0,T], from Lemma 9.2 and (9.28) we
obtain

/ Urgi SC/ p*U ! SC\logSI/ 1+ Ly x) g dy,
R2 R?2 R2 Tj

for some C' > 0. Define

. :
f(t) = </ (1+ “2y1x)Pg dy) :
R2 7"j
We conclude that

- €j _1
Htogel| [ #0071+ 2y dy| S ltosel owl 200,

5?|1og5| / ¢w6t7?dy‘ < €2|log5||log5| A1),
RQ

E?|10g£| / div(9; PVY)y dy’ < £2|log5||log£| 2,

' / Eqy dy
Rz

Inserting these estimates in (10.9), we get

S IEU™ 2|22y £ (1)

2\10g<€|*f2( ) < 2| log el A f2(t) + C| BU 2| ey £ (1),
with A, — 0 as ¢ — 0. Then we find

df _
eilloge| (1) < &}|logelAf(t) + CIIEC, ) U2 e
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Performing the change of variable 6?‘ logs|% = %, Gronwall’s inequality yields

f(t) < Ce?|loge|™" sup ||E(-,t)U~Y?||L-.
0<t<T
This inequality and Lemma 9.2 yield (10.8). O

10.2. An L*-weighted a priori estimate. We consider now a class of functions E(y,t) such that for
a number 0 < 8 < 1 we have

1Els+s = sup |1+ |y)* P E(y, 1) < +oo. (10.10) [Enu]
(y,t)€R? x[0,T]

We observe that there exists C, > 0 such that

sup |EC,) U™ 3| remey < Cul|E|315.
t€[0,T]

Hence Lemma 10.1 is applicable.

{1in1) T emma 10.2. Under the assumptions of Lemma 10.1, there exists a small o > 0 such that, for some

0 < a<1 and all small e, we have that

[W(y, )] + (L+ [yDIVyo(y, )]+ (1 + [y)" Vo, 1)]aly)
2o (10.11) [pass2]

< —||E or all (y,t) € R? x [0,T).
< S Bllars forall () €R?x (0.7
where Y(y,t) is given by (10.2) where ¢(y,t) is a solution of (10.3)-(10.1) satisfying (10.7).

Proof. From (10.3) we get that ¢(y,t) satisfies the transport equation

E; ~ .
e logel(1+ ZLy1x)p1+Vy (Toj + ax +a) - Vyo + E(y,t) = 0 in R* x (0,7),
T 2 (10.12) [imnerLt]
6(,0) =0 mR

where

B(t) = B.0) = Vi Ty + e+ )+, (T + 001+ Znng?s ).
J

The result of Lemma 7.1 is still valid for a transport equation of the form (10.12). Let us fix a number p
with 2 < p < ﬁ Then we have that

sup [|UF1E(, Olr@2y < ClE|345-
te[0,T

Since ¢ solves equation (10.12) and Lemma 7.1 apply to yield
g -2 —177i-14
U? "¢l r@ey < Ce™[loge|  |U?» ™" E| 1r®2)-

Let us estimate this weighted L? norm for the second term in E. We have

..
Since
HU%1 |V¢|5 < CHU*%+%|V¢|‘ <C HU—%¢‘ ,
Lyl |l o (rey L7 (R?) L2(R2)
where the last inequality follows from (9.19). From (9.18) we get
HUé—1 [l CHU*%’ .
L+ [y1° || 1o ge) L2(R?)

Combining the above estimates, we conclude

sup (U B, 1) oe2) <C<IIEII3+5+ sup IIU‘5¢IIIL2<R2>>-
tel0,T) te[0,T]
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We now apply estimate (10.8) and we conclude that

1_ _ _s3
sup ] |lU# 1¢(-,t)|\Lp(Rz) < Ce? |log g| 2
0,T

sup U2 B(-, )| p2e2)-
te| 0,7

te|

Next we use an interpolation argument to control ||[U é_1qi>|| La(r2) for some g € (2,p). Write ¢ in the form

in the form
g=2(1-X)+Xp, M€ (0,1).
Using Holder’s inequality we check that

1 (1-3)
0460y = [ 00t < ([ o oran) ([ ot rier )

—1 2(1-X 1_ A
= U2 I35 107 0l e

We thus get that
1 g _9pA 13 spa
104 Bl aqze) < Ce 272 [loge| =T 8 | Bllass.
Inserting this information in the above estimate we get

i —2—0c
|Us 1¢||Lq(JR2) < Ce 7 ||E|345,

A

for some ¢ > 0. Estimate (10.11) follows from Lemma 9.1. The number o > 0 can be taken arbitrarily

small (asking A to be close to 0), in particular satisfying o < 3. The proof is concluded.
As a consequence of the above result we can also get an L*°-weighted estimate for ¢.

Corollary 10.1. Under the assumptions of Lemma 10.1, we also have the estimate
—2—0 —4—0
€ €

ol < o] + | 1B l315.
|¢(y )| = 1+|y|3+5 1+|y|7 H ||3+ﬂ

Proof. Recall that ¢(y,t) solves (10.12). From Lemma 10.2, we get

—2—0

€

1
E(y.t <c[ n } Ellsy5.
| (y )‘— 1_’_|y‘3+5 1+|y|7 || ||3+B

Estimate (10.13) then follows as a direct application of Lemma 7.1 for p = +o0.

O

(10.13)

O

We next revisit the estimates for ¢ given in Lemma (9.1) and in Lemma 10.2, in view of Corollary

10.1. This will be useful in the sequel.

Lemma 10.3. Assume the validity of the assumptions of Lemma 10.1, and let ¥ (y,t) be given by (10.2)

where ¢(y,t) is a solution of (10.3)-(10.1) satisfying (10.7). Then
Y =11 +1b2

where, fory =re?,

Y1(y,t) = A1(r,t) cos O + As(r,t)sinb,

1 1 Ri!
< b U ) e +

(L4 [yD10- A (r, t)] + |A;(r,t)

and
6727(7 5747(7

+
L4 [y[HHP 14yl

L+ DIV (y. D] + [a(w.8)] S | | 1Blls+5,

for some o > 0.

1_ .
U« @l pagzy, j=1,2

(10.14) [esiti]

(10.15)

Proof. Under the orthogonality conditions (10.1) on P¢, the result in Lemma 9.1 gives the existence and

uniqueness of a solution ¢ to (10.2) such that |¢(y,t)] — 0 as |y| — oo, for all ¢ € [0, T].

Decompose h := P¢ in Fourier series

h(’l‘79,t) =H+Hy, , H;= Z hn(r, t)ein97 Hy = Z hn(r7 t)eine,
n==+1 n#0,+1
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We let 91 to be the solution to —At = H; with decay to 0 at infinity. It has the form in (10.14). Next
we show the validity of the bounds in (10.14).
Using the orthogonality conditions (9.21) for £ =0, 1,2, we write

1/( 1 1 yz)

ot log —— —log — — =) Hy(z,t)dz

iyt =5 gIy—Z\ STl TP o)
1

Hl(z t)dz.
o /R?\B(o 5R) |Z/|

The second integral can be easily estimated

c o o
Y- 1o p-
/ U2 Hy(zt)d T O e =X
R2\B(0,5R) |Y| 1 + [yl p>5R 14 pa-1
2 C 1
< Ra"! Ua!
< Rs 5Ty ‘H 1 |l La(r2)
To estimate the first integral, we split the region of integration in |z| < 7' and its complement. For

|z| < %, we Taylor expand the quantity inside the bracket and get

1 1 y-z C 9
log —— —log — — ) Pz, t)p(z,1) dz’ﬁ 7/ |z|“¢dz
’/ < v — 2| Wl Ty T+ [y Jyje i

C L pq o
——rpd
L+ y |2|| Hlzeae </||<y' 1+p4q‘1 - p)

C g1
< TH

Ol La(r2)-

In the complementary region, we get

1 1 y- ) / ( 1 y-z)
lo log — — = | P(z,t)d(z,t) dz|< —=— ] Pz, t)p(z,t)dz
’/( rEr T e <1/, Uosmzy ~pp ) Pe0ote

10%(1 +lypllUeT 8]l Lare).-

1+ y*

Thus we conclude that
2

1 1 Ra™

D S —————UT || pare) + Ut || Lo (g,
lv1(y, 0] S T | Ol La(r2) Tl || Bl Lar2)

for any ¢’ > 0. Proceeding in a similar way, we get the estimate for Vi) and the validity of (10.14).
Consider the function
H=Hy+ (P—1)H, + VPV,
and let 15 solve — div(PVq) = H. A direct computation gives

/ (P —1)Hy + VP - Vipy|dy = —/ Hi+ | PH,— | PAy;=0.
R2 R2 R2 R2

A direct inspection gives that H has no mode 1 in its Fourier decomposition and
—2—0 —4—0

3 9
[H| S [ + } 1E]5+45-
L JyP*e 1+ ]yl ’

—2—0

Define ¢ = (—A)~! (W + 1+|y‘7) given by the Newtonnian potential in R?:

—2—0 —4—0c

- 1 1 € €
A =— [ ( : )d.
000 = 57 [ s = (P * 1)

One can show that
—2—0 €—4—U

+ 0z
|:1+|y|1+5 1+‘y|5 || ||3+5

L+ [yDIVel+ [¥] <
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Then ¢) =: M ||E||3, % satisfies
div(PVy) + H <0,
provided the constant M > 0 is taken large enough. This gives the bound (10.15) on ts. O

10.3. Estimates for a projected problem. Here we consider the “projected version” of Problem
(10.3),

3
e3llogel pdip + Vi (Toj + ax +a) - Vy (¢ — f(Toj + a)p’¥) + E(y,t) = Y _at)zuly) in R*x (0,T)
=0

#(-,0) =0 inR?
(10.16) [1nnerL2]

under the same assumptions on a and a, as in (10.3), and

[Ells+s < +oo, (10.17)[EEnu]
for some 0 < 8 < 1 (see (10.10) for the definition of this norm). We recall that
3
p(y1,t) = <1+ Ejaylx) and  P(y,t) = <1+ Eiylx> ,
j J

as defined in (9.8). Besides ¢ is given by (10.2) and ¢ satisfies the orthogonality conditions (10.1). The
functions z1¢ are given in (9.33), we recall them here

z10(y) = Uo(y), 211(y) = 0y, Uo(y), z12(y) = 0y, Uo(y), z13(y) = 2Uo(y) + V4 Uo(y) - y.

Our next goal is to get a useful expression for the functions cy(¢) in (10.16). We can get it if we use the
explicit form of I'g; + a..
In accordance with (9.10) we write

P*(¥) —rjog|loges| +F) = Toj(y) — (4 — ajr;)loge; —log 8 + K (Pj; Py) + nach;
and we also write
P*(5 —rja|loge;| +v5) = p? (Yo; + g.) -
where )y, is defined in (9.9) up to constant, and g, is
Gx = =105 10g 5| + Gux
With g..«
1
[log £|2|0:gue (y, )] + (1 + [yD| Vygus (4, )] + [gsx (5, )| < C® (1 + [y[*) log(1 + [y])-

Taking a. = b} (see (10.6) with A = 1) we get

Loj + ax — (4 — ayrj) logej — log 8 + K(Pj; Py) = p*(vo; + gs)- (10.18)
Setting again fo(s) = e®, we have

fo (Toj +ax) = f (p*(voj + g4)) == 867K(P1;Pj)s?_a"”e”z(w"ﬁg*)
Let )

B(y,t) := div (PV(¢o; + g+)) + Pf (p* (o5 + 9+))
= div (PV (¢o; + 9+)) + P fo (To; + ax), and (10.19)
L(¢) :=div (PV) + P f; (Toj + ax) p*¢.

The construction in Proposition 5.1 gives that for some v > 0, for all (y,t) € R? x [0, T]

52+U

B(y, 1) < (EEG
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We also have, after differentiating first with respect to ys, then with respect to yi,

IL(02(¢0; + g+))| = |div(PV82(o; + g+)) + Pf5(Loj + ax)p®02(vo; + g.)| < (H_ET;D)%,
As 01 (Yoj + g) + fo(Toj + ax) 1(p° (Yoj + ) — ﬁal(%j +9.) = R, with (10.20) [wuu]
o2+ !
|Ri(y, t)] < A+ e
Besides, we choose the function b3(y,t) in the definition of Zg in (9.22): we choose
bs(y,t) == G'(Toj) ax(y,1) (10.21) [defb3]

where G has been introduced in (9.22). We will also assume conditions (10.5) on a, and a.

Under these further assumptions, we prove the following

(prop71) proposition 10.1. For all sufficiently small ¢ > 0 and any functions E(y,t) and ¢(y,t) that satisfy
(10.1), (10.16) and (10.17), we have that the numbers c,(t) define linear functionals of E which satisfy
the estimate

WCg(t):/ E(,0)Zedy + o(1)|Elsss, with o(1) =0, as 0.
RQ

Besides ¢ and 1) satisfy the estimates (10.8), (10.11), (10.13).
Proof. We define
3
E(y,t) = E(y,t) — ch(t)zu(y),
1=0
so that |E|js43 < oo. Lemma 10.1 gives that

U262y S e 2| loge| "3 M,

where
3

M = ||Ells+5+ Y llcell o) -
£=0
Arguing as in the proof of Lemma 10.2 we have that for any ¢ > 0 small, we can find ¢ > 2 such that ¢
solution to (10.16) satisfies
10T $llnaee) S 277 M.
Thanks to Corollary 10.1 we also have the validity of the pointwise estimate
—2—0 —4—0
5 €

) < C .

Recalling the relations (10.1)

PopZ, =0, (=0,1,2,3,
R2

where Z; are defined in (9.22), we multiply (10.16) against p?Z, and integrate on R? to get

() = —2|loge] / 60.PZ)dy — 3 em(t) / P omZedy + / E(. 1) p*Zy dy
R2 m#Ae R2 R2

+/ Vy (Coj + as +a) - Vy (¢ — f3(Coj + a.) p* ¥) p*Ze dy.
]R2

where
= [ ey, 101,23
Rz
A direct computation gives

e =(1+ O(ER))/ 2104 dy,
RQ
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as e — 0, for all £. Besides, for m # {, [, p*z1mZ¢dy = O(cR).
Take ¢ = 3 and recall that p? Z3 = G * To;) + bs. It is straighforward to see that

e} |loge] / 00:(PZs) dy = O(®| loge| )||6(-, U ™ | 2.
R
Integrating by parts we get

L VE o +a)- ¥, (6= £i(To;+ 002 ) ()9 Zady.

= - /]R2 (¢ — f5(Toj + a.) p* ¥) Vy(p°Zs) - V (To; + ax + a).
Recalling that p? Zs = G(To;(y)) + G'(Lo;) ax(y, t), we write
P*Zs(y,t) = G(Loj + ax ) + Zs(y, 1),
and we get
Vy(p*Zs - Vi (Toj + as +a)) = VyZs - Viya+ VyZs - Vi (Toj + ay)
and, using (10.21),

[, (0= 5600, +0.)526) 9,(0°Z) - Vi (T + 0. +0) = 000U e

We conclude that
2

wea(t) = | B(,8)Zady + 060, U L) + OER) 3 lea(t)
£=0

2
= E(-,t)Z3dy + o(1)M + O(eR) Z lee(t)], o(1) — 0, as ¢ —0.
k2 =0

Take now ¢ = 0. We have

5§|1oge|/ ¢at(7>zo)dy:g§|1ogs|/ ¢ 0:(P) Zo dy = O(e*|log e|2) || ¢(-, )U ™2 || 2(m2)
]R2 R2

and
. Vy (Toj + aw +a) - Vy (¢ — f5(Toj + a.) p* v) p* Zo dy
= = [ (6= Aoy + 05 ) Vi +a+0)- V0
- —2% /]Rz (¢ — fi(Toj +ax)p* ) (1+ %yl)() (x + 11X )T + O(E)|(, U3 || 2z
as

E; 13
Vp? = 277(1 + 77] y1x) (X + y1x)er
J

j
with x given in (9.8). We recall now that

3€j

b= A+ 2%
e Y

1.

Integrating by parts we get

— [ 60+ Zyix) (x+y1x)3%To = | A@To)(1+ Lyix) (x +yix )0
R2 T R2 T
£; 3e.
+ / A ((1 + Lyix) (x + y1X')> Tt + —2 / (X + y1x") 02T 019
R2 T T; JRr2

= [ A@ro)+ 0EIo6 U e

70
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Since A(azro) + fé(ro)agro = 0, we get

/11&2 (¢ — f(To; + a.) p* ¥) (1+ %mx) (x +y1x")0:Tg = 0(5)||¢5('»t)U_% | 2 (r2)

J

and we conclude that

Yoco(t) = /W E(-,t)Zsdy + o(1)M + O(eR) Z lee(t)], o(1) =0, as ¢—0.
££0

Consider now [ = 1. Recalling that T'p; + a, = p?(tho; + gx) in (10.18) and that V (p2 Z1) =plp,, € we
get

/RQ Vy (Coj + ax +a) - Vy (¢ — fo(Toj + a.) p*¥) p* Z1 dy

== /B (¢ — fo(Toj + @) p* ¥) Vi (Toj + ax +a) - perdy

+ /SBSR (¢ — fo(Toj)t) v;_FOj v(y)p? Z1 do

= /B (¢ — f6(Toj + ax) p* ¥) PO2(To; + ax) dy + 0o (-, 1)Uz |22 (r2)-
Since f% div(PV) = ¢, we have, for an arbitrary h

- Poh = — /BSR div(PV)h = —/ %div(PVh)Pw + P(Vip - vh — pVh - v).

Bsr O0Bsr

We now take h = 95(I'o; + a,) . Using the estimates in Lemma 10.3, (10.14) and (10.15), we obtain
/ P(Vi-vh —yYVh-v) =o(1) M.

OBsr

Moreover we get
/ (¢ — f6(Toj + ax) p* ) PI2(To; + ax) dy
Bsr
—— | L@l +a.)) wdy + oM,
Bsr

where L is defined in (10.19). From (10.18) we observe that I'g; +a. and p*(1o; + g«) differ by a constant
term, so 2(Loj + a.) = 92 (p*(1o; + g+)). Hence we conclude that

/B (6= fi(Toy +a) 52 ) POs(To; + ) dy
= 0| U2 8|2 m2) + O(E)|6( U 2| 2(g2) + 0(1)M
thanks to (10.20). Besides
5l loge| / 00(PZ1) dy = O |logel )| 6( U™ |2 e),
so that

ye(t) = /R2 E(-,t)p*Z1 dy + o(1)M + O(cR) Z lee(t)], o(1) — 0, as e —0.
0£1
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The last case to consider is | = 2. Recall that p? Zs = (y2 + €y192) 154z, SO
/ Vi (Toj + ax +a) - Vy (¢ — f5(Toj + a.) p*¥) p* Zady
R2
= - / (¢ — f3(Toj + a.) p° 1) Vi (Coj + aw + a) - V(p°Zy) dy
Bsr
[ (0= BTo)) Vi v) P Rado
OBsr
= / (6 = £5(Toj + @) p*¥) - Vi (Toj + a.) - V(p*Zo) dy + O()[[¢(,)U ™2 || 222
Bsr
= / (—As3% — fo(Toj + au) p*9) Vi (Doj + ax) - V(0*Za) dy + OE)||¢(, t)U ™% || 12 (re).
Bsr
Use the fact that T’ + a, = p*(1o; + g«) in (10.18) to compute

ho ==V, (Toj + a.) - V(p*Z2) = hy + hy

hy = 01 (p*(Yo; + 9+))
ha =& (y101(P* (Vo5 + g+)) — Y202(* (oj + g+)))

Integrating by parts and using estimates (10.3), (10.14) and (10.15) we get

/B (—As ;% — f5(Toj + a.) p° o V;(Foj' +a.) - V(p*Zo) dy = /B (=As ;9 — f§(To; + as) p* ) hody

6e 3e? , 9
= —As jho + —01ho — —5ho — fo(Loj +ax)p”ho | Y dy
Bsr p h
= / (—A57jh0 + 601 ho — fé(roj + a*)p2 h()) Pdy + O(EQ)H¢<7 t)U_% ||L2(R2)~
Bsr
‘We have

(/ (=531 + 6201k — f(Toj + a.) p* ) W dy
Bsr

/B p* (=As;01 (Yo + g+) — f6(Toj + ax) 01(p*(Yoj + g+))) ¢ dy

p? (4e0F (Yoj + g+) — 2eA(o; + gx)) Y dy + 0|, U2 12 (®2)

+
S
=

P (—A5,;01 (o + g+) — f5(Toj + a.) O1(p* (Yo; + g+))) ¢ dy

I
T

8R

+/ (2607Tg — 22031 ¥ dy + 0(82)||¢(-,t)U—%||L2(R2)
B

8R

and
/B (=As,jho + 6ed1ha — fo(Loj + a.) p ha) ¢ dy
S8R
= E/B (—A1To) — U 41010 + A(y202T0) — U y205T0) v dy + O(2)[|6(-, ) U™ % || 12 (2
8R
= E/B (2027 + 202T0) ¥ dy + O(e)||¢(-, 1)U 2 || L2 (g2).-
8R

In the latter computation we use that

A(yjajl“o) + U yjajl“o =Yj (A(GJFO) + U ajro) + 28?I‘0 = 28j2-F0, j = 17 2.
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We conclude that

/B (—As 39 — f5(Toj + ax) PP Vi (Toj + ax) - V(p*Zy) dy

- /B D% (= A5 01(o; + g2) — foTos + @) D1 (P2 (boy + ))& dy

+ OE) 60, U2z,
We now use the second estimate in (10.20) to conclude that
/B (= Q5,50 = f3(Tos +a.) p*¥) Vi (Toj + a.) - V(p*Za) dy = O(*) (-, YU 2| p2s2),
and hence
/R"‘ Vy (Coj + ax +a) - Vy (¢ = fo(Toj + a.) p* ) p* Zody = 0 |p(-,t) U= | 2 (r2)-
Thus we get
Yaca(t) = /R2 E(-,t) p*Zsdy + o(1)M + O(eR) Z lee(t)], o(1) — 0, as ¢—0.

(#1

Combining the above estimates, we obtain the expected result. O

We want to apply Proposition 10.1 to obtain a priori estimates for the projected non-linear problem
(9.32). We take

e = A b5, a = X (nacbi™ +by)
in the inner operator defined in (9.30), that we write in the form
e2loge p 9y + Vi (Lo + ax + a) - Vy(¢ — f'(To + a.)p’y) + O
3

LV %ylx)%j) VU = S at)Zu(y) in R x (0,T)
J 1=0

#(-,0) = 0 in R?
where

O\ = v+ |:5j < loge|dia; + Dy Va0 (Pj; P)la) + Anae (1 + Efl)%jwout) y} vU

~ Es .
+ A& (Bj, 4" a) + |logeles (1 + ﬁyvc) > 0u(BjeZr)  inR*x[0,T]
J 0=0,3

Besides we have a priori bounds of the form

verlt) = [ ©;a(0Zedy + o105 (10.22) [roger1]
R

for some o(1) — 0 as e — 0 readily follow, of course provided that a(y,t) satisfies the required smallness
assumptions. This is guaranteed by the choice of spaces for the parameter functions §;,1°%" a. This is
what we shall specify in the next section.

11. FIXED POINT FORMULATION AND CONCLUSION OF THE PROOF

(52c10) 1) this section we set up the system (9.32), (9.34), (9.35), (9.36) as a fixed point problem in the form

(9.37) in an appropriate Banach space for the parameter functions

ﬁ: (QZ),/B, QSOUt??/}OUt?a)'
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11.1. The space for the parameter functions. We begin by defining an appropriate norm for the
functions &, (y, ¢), 67" (,1), p°!(z,t), (t) and a(t).

Let us fix a small number 0 < 8 < 1. For and arbitrary functions ¢(y,t) we define the inner norm

_1
[¢lli :== sup [lg(-, YU 2|22
t€[0,T
s [ ) min{L, T (4 ) (1) |
(y,t)ERZx[0,T
For the outer functions 1°“, ¢°“* we consider the following norms for functions ¢(z,t), 1 (z,t) defined
in 3 x [0, 7).
¢llor =11+ |2)* 6|l L= (s x10,77),
1¥lloz == [I(1 4 [2])"3[| Lo (£ x[0,77) + (1 + |5U|)1+va1/)||Loo(2x[o,T]) .

We consider the space X of all continuous functions p'= ((;3, B, ¢t h°ut ‘a) such that
R d d

\Y ), Ve(x,t), —B(t), -—-a(t

S0, V() LB, wal)

exist and are continuous and such that
k

1511 = 16 for + 187 lloz + D (19511 + 18llcr 071 + llallenory) < +oo.
j=1

We define the set O as a “deformed ball” centered at p'= 0. We fix an arbitrarily small number o > 0
and let O be the set of all functions 7 = (¢, a, &, ¢4, 9°%t) € X such that

k

DolIgslls < &7,

7j=1

k k (11.1)[oq]
S Bjllcror < €%, Y lalleipr < €7,

7j=1 j=1

H(bout”ol < 64_30, H,(/}out||02 < 54—30.

11.2. Fixed point formulation. Let us express System (9.32), (9.34), (9.35), (9.36) in the fixed point
form (9.37) for a suitable operator F(-, A), in a region of the form (11.1).

We start with (9.32). For a given function a(y, t) let us consider the transport operator
Ti(@lo] 5= lloge| 5 (1+ 2y1x) 016+ V(o +0) - V0,
and for a bounded function E(y,t) the linear equation
Ti(a)[¢p] + E=0 inR? x[0,7]
#(-,0) =0 in R%
The result of Lemma 7.1 is still valid for a transport equation of the form
|log 5|5?(1 + %yp()am + Vj(Foj +a)-Vyp+ E(y,t) =0 in R? x (0,7),
J¢(-,0) =0 inR?
Here the function x(y;) is defined in (9.7) and the function a(y,t) satisfy
a(y,t) =0 for |y| >8R, A,(a) € L=([R*x (0,T))

and for some numbers C' > 0, v > 0,

(1+ Jy)) " |loge|2 |Opaly, t)| + | Vyaly, )] < Ce*(1+ |y|) log(1+ |y]).
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We call ¢ = 7;_1(a)[E] the unique solution of this problem, through the representation formula (7.4),
which defines a linear operator of E. Let us write the operator E; » in (9.30) in the form

Eja(95: 85,97 a) = T; (Macb (@) + Apacbi™ (@) + Abj (g, 85,0, 2)) (5]
+ V@) -V (A aeU™) + O (97, 7,0 ).
and we reformulate equations (9.32) as

¢2J = ]:;\n(é.ﬁ Bj7wOUt7a)7

where
F{ (g, B 0™ a) = T, (Anach; (@) + Apucbi™(a) + Abj (5, B, v, a))o (11.2)
3
VE@* ) -V A nacU*) + 0,5 (05, 85,0 5 2) = Y cijzu
=0

We reformulate the outer equations (9.35)-(9.36) in a similar way. For a given function e(z,t) with
rAgze, Ve € L™(X x [0,T]) let us consider the transport operator

To(e)[¢] := loge|r 9y + Vi (r* (¥, — rg [ loge| +€)) - Vao,
and for a bounded function E(z,t), the linear equation
To(e)[p) + E=0 inX x[0,T]
¢(-,0) =0 in X.

We call ¢ = 7, 1(e)[E] the unique solution of this problem, through the representation formula (6.32).
We write (9.35)-(9.36) in the form

¢out — out(¢ ﬂ ’l/)OUt )

(11.3)[fixed2]
wout out(¢ B wout )

where

N - P
out(qs 5 ,(/}out = Z )+>\wout) |: out(¢ ﬁ wout )}

j=1 J

with £0% given by (9.31) and

out(¢ B wout ) =T ¢out + AZ njl - 7]]2 + AZ A577j2 + 2vx77]2v w )]

Jj=1 Ty

where ¢ = T ~'h is the unique solution of Problem (4.14)

Asp+h =0, inX, Z—qf:O on 0%, ¢(x) =0, as |z|]— oo,

for a smooth function h satisfying (4.15). Recall that As = 6r2 +3 ar + Wv for z = (r,2) € X.
Using (10.22), we write equations (9.34) c¢g; = 0 as
[loge|dra; = —D,Va0;(Pj; P)la] + Aej 'G; (¢, 8,47 ),
‘10g5|at6j :)‘Eszj(¢E7ﬁ7wout;a)7 .7 = 17"‘7k7 (114)
a(0) =0, B(0)=0,
where
Bj = (anj,as5), a; = (aj,a52), B=(Pr,...,0), a=(a,...,a)

and, for

Gj = (G15,G25), H;j = (Hoj, Hs;),
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Gej (9, 8,47 a)(t) = 7£>\/R2 [V [naep?rjp® - yIVU + E;(B;, 47", a) | Zy dy

for £ =1,2,
P (60" 2)(0) = [ [V bractPry o™ )90 + (5,07, 2) 2 dy
+’7m/ Z ﬁ]zatzlz
1=0,3
for m =0, 3.

Recall that p = 1+ £ y; x. Equations (11.4) can be written in fixed point form as
J

t
a(t) = Fix($, 8,9, a) = |loge| ! / (B(s)[a] + Ae; 'G;(6, 8,97 a)) ds
¢ (11.5)
B(0) = Fon (68,07 a) = |logel [ Ae M6, 8,07 a) ds
0

where

(B(t)[a]), =

J

System (9.32), (9.34), (9.35), (9.36) can be written as a fixed point problem (11.2)-(11.3)-(11.5), which

we write as
b =Fin(d, Bj o ), ¢t = Fout(p, B, a), ot = FSut(d, B, a)
a(t) =Fix (6, 5,07 a),  B(t) = Foa(d, 6,07, a)
where
3(0.8,0° a) = FRRUFR (0,850, ), 8,47, a)
A (6.8,9° @) = FRUFY (6, 85,07 @), B, Fi' (9, 5,07 a), a)
Fin(é, B, a) = Fia(F (¢, By, 07" a), B, FX! (¢, B, 9™, a), @)
For(. 8,97 a) = Foa(FY(&, B, 0" a), B, FX' (9, 8,4 a), a).
In a more compact form, the above system can be expressed as

= F(@), peO (11.6) [ecc]

out
out

where O is defined in (11.1) and
FA@) = (F (@), Foa (D), Fux (0, F (9), Fss' (7)),
{ 7 =(6,8,0"",07", a).
Lemma 11.1. The operator F : O x [0,1] = X given by F(-,\) = Fy in (11.7) is compact.

(11.7) [opera]

Proof. We check that each of the five operators defining F (p) is compact in O (uniformly in A). This
operator Fi"(p) is defined through g = 7}71(b) [A] which has the property in Lemma 8.2. This gives that
a uniform bound in A,b and a control of the modulus of continuity in y of h(y,t) uniformly in ¢ yields
a uniform control of the modulus of continuity of g in both variables (y,t). We see in (11.2) that for a
certain C; > 0 we have
||Ay(b;k + bj)HLOO(]R?x[O,T]) <(C. forall peO.

and it vanishes outside a compact set. Moreover, we have a uniform Holder control in space variables
on the corresponding arguments h for ' € O as it follows from the Hélder estimates for the gradients of
zﬂj and 1! inherited from the uniform bounds holding for ¢ and ¢°“ in the definition of O (see the
argument in the proof of (10.11)). Also, the numbers ¢;;(¢) have a uniform bound, thanks to (10.22).
Uniform Lipschitz bounds hold for the remaining errors, as it follows in particular from the control
of the terms involving V,¢7. Lemma 8.2 then implies that ﬁ;”(@) is a set of continuous functions
g:R? x[0,T] — RY whose restrictions to any compact set defines a uniformly bounded, equicontinuous
set. Hence, any sequence ¢, € ]:'ﬁ\”(O) has a subsequence ¢, which is uniformly convergent on each
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compact set. Finally, we observe that ||¢,||s4 < C. since the argument of the transport operator has
this property. This implies that ¢,  is actually convergent in the space of continuous functions with
finite || - [|34g-norm, since 0 < B < 1. Hence Fi*(O) is precompact in this space. The compactness
of the operator F¢it into C(Q x [0,T7]) follows directly from Arzela-Ascoli’s theorem, again from the
corresponding control for the transport equation and the uniform controls on space and time variables
valid for the operator ~{K From here the compactness for ~2°f\‘t follows in similar manner. Finally, the
compactness of the operators Fox(p), Fir(p) into C*([0,T]) follows again from the equicontinuity in ¢

inherited for the different terms involved in their definition. The proof is concluded. O

11.3. Conclusion of the proof of Theorem 1. The original problem has been so far reduced to finding
a solution of the fixed point problem (11.6) for A = 1. To do this, we will prove that for all A € [0, 1]
this equation has no solution p'€ 0O, at least whenever ¢ is chosen sufficiently small. Let us assume that
7€ O satisfies (11.6) for some A. We claim that actually 5’ € O. Examining the function ©; ) in (??) we
see that if 8 is chosen sufficiently small then

_3
||®] (57 d)out’ a) ||3+/3 < 55 2P
Corollary 10.1 and Lemma 10.1 then yield, by definition of the inner norm,
18]l < %720 <« 2%,
the latter number being that involved in the definition of O in (11.1). Let us consider the outer equations.
Examining expression (9.31) that determines the size of ¢!, we see that its magnitude does not exceed
the order O(¢*~#). Here we have used the remote size of ¢ implicit in the norm ||¢;||;. Indeed using the
size induced in v, we find that
||¢out||01 + ”wout”()2 < 5472[3 < 64736'
Finally from the size of ©; we readily see that
lallcro.m +ellBilleror < <&

As a conclusion, we get that p'€ O and the claim has been proven.

Standard degree theory applies then to yield that the degree deg(I — F(-, ), 0,0) is well-defined and

it is constant in A € [0,1]. Since F (+,0) is a linear compact operator, this constant is actually non-zero.
Existence of a solution in O for A = 1 then follows. The proof is concluded. O

4-38

Acknowledgements: J. Davila has been supported by a Royal Society Wolfson Fellowship, UK and
Fondecyt grant 1170224, Chile. M. del Pino has been supported by a Royal Society Research Profes-
sorship, UK. M. Musso has been supported by EPSRC research Grant EP/T008458/1. The research of
J. Wei is partially supported by NSERC of Canada.

REFERENCES
[aiki][1] M. Aiki, On the emistence of leapfrogging pair of circular vortez filaments. Stud. Appl. Math. 143 (2019), no. 3,
213-243.
[ambrosetti-struwe|[2] A. Ambrosetti, M. Struwe, Ezistence of steady vortez rings in an ideal fluid, Arch. Rational Mech. Anal. 108 (1989),
no. 2, 97-109.

[3] S. Baraket, F. Pacard. Construction of singular limits for a semilinear elliptic equation in dimension 2. Calculus
of Variations and PDEs, 6, 1, (1998) 1-38.
[bedrossian|[4] J. Bedrossian, M. Coti Zelati, V. Vicol, Vortez azisymmetrization, inviscid damping, and vorticity depletion in the
linearized 2D Euler equations. Ann. PDE 5 (2019), no. 1, Paper No. 4, 192 pp.
[BCM][5] D. Benedetto, E. Caglioti, C. Marchioro, On the motion of a vortex ring with a sharply concentrated vorticity,
Math. Methods Appl. Sci. 23 (2000), 147—168.
[bori][6] Borisov, A.V., Kilin, A.A. Mamaev, 1.S. The dynamics of vortexr rings: Leapfrogging, choreographies and the
stability problem. Regul. Chaot. Dyn. 18, 33—62 (2013). https://doi.org/10.1134/S1560354713010036
[7] B. Buffoni, Nested azi-symmetric vortez rings, Annales de I'Institut Henri Poincaré C, Analyse non lingaire Volume
14, Issue 6 (1997), 787-797.
[cDM2020][8] C. Cortdzar, M. del Pino, M. Musso, Green’s function and infinite-time bubbling in the critical nonlinear heat
equation. J. Eur. Math. Soc. (JEMS) 22 (2020), no. 1, 283-344.

[chen]|[9] M. Cheng, J. Lou, T.T. Lim, Leapfrogging of multiple coazial viscous vortez rings, Phys. Fluid 27 (2015), 031702.
[child2008][10] S. Childress.Growth of anti-parallel vorticity in Euler flows. Phys. D 237 (2008), no. 14-17, 1921-1925.
[child2018][11] S. Childress, A. D. Gilbert. Eroding dipoles and vorticity growth for Euler flows in R3: the hairpin geometry as a

model for finite-time blowup. Fluid Dyn. Res. 50 (2018), no. 1, 011418, 40 pp.



O
=3
o
e

(12]
choi2017][13]

[14]
darios|[15]

darios1916][16]
(17)

DDW2020] [18]
ddmw1][19]

DKW2011][20]

IIIIEIIE

[26]

[27]
[28]

s8] 29
[30]

31]
32]

[33]
34]

e
jerrard-smets|[36]
7]

352021|[38]

[39]

lamb|[40]

1]

[42]
g

e Toramege et 44
43

]

e s
ricca|[48]

iley 9]

LEAPFROGGING VORTEX RINGS FOR THE 3-DIMENSIONAL INCOMPRESSIBLE EULER EQUATIONS 78

K. Choi, I. Jeong, On vortex stretching for anti-parallel axisymmetric flows. Preprint arXiv:2110.09079.

K. Choi, T. Y. Hou, A. Kiselev, G. Luo, V. Sverak, Y. Yao, On the finite-time blowup of a one-dimensional model
for the three-dimensional axzisymmetric Euler equations, Comm. Pure Appl. Math. 70 (2017), no. 11, 2218-2243.
R. Danchin, Azisymmetric incompressible flows with bounded vorticity. Uspekhi Mat. Nauk, 62 (2007), 73-94.

L. S. Da Rios, Sul moto d’un liquido indefinito con un filetto vorticoso di forma qualunque, Rendiconti del Circolo
Matematico di Palermo (1884-1940) 22 (1906), no. 1, 117-135.

L. S. Da Rios, Vortici ad elica, Il Nuovo Cimento (1911-1923) 11 (1916), no. 1, 419-432.

J. Dévila, M. Del Pino, M. Musso, J. Wei, Gluing Methods for Vortex Dynamics in Euler Flows, Arch. Ration.
Mech. Anal. 235 (2020), no. 3, 1467-1530.

J. Dévila, M. del Pino, J. Wei, Singularity formation for the two-dimensional harmonic map flow into S2. Invent.
Math. 219 (2020), no. 2, 345-466.

J. Déavila, M. Del Pino, M. Musso, J. Wei, Travelling helices and the vortex filament conjecture in the incompressible
Euler equations. Calc. Var. 61, 119 (2022).

M. del Pino, M. Kowalczyk, J. Wei, On De Giorgi’s conjecture in dimension N > 9. Ann. of Math. (2) 174 (2011),
no. 3, 1485-1569.

S. de Valeriola, J. Van Schaftingen, Desingularization of vortex rings and shallow water vortices by a semilinear
elliptic problem, Arch. Ration. Mech. Anal. 210 (2013), no. 2, 409-450.

F. Dyson, The Potential of an Anchor Ring, Philos. Trans. Roy. Soc. London Ser. A 184 (1893), 43-95.

F. Dyson, The Potential of an Anchor Ring - Part II, Philos. Trans. Roy. Soc. London Ser. A 184 (1893), 1107-1169.
T.M. Elgindi. Finite-time singularity formation for C1'® solutions to the incompressible Euler equations on RS.
Ann. of Math. (2) 194 (2021), no. 3, 647-727.

H. Feng, V. Sverdk. On the Cauchy problem for axi-symmetric vortex rings. Arch. Ration. Mech. Anal., 215 (2015)
89-123.

L. E. Fraenkel, On steady vortex rings of small cross-section in an ideal fluid, Proceedings of the Royal Society of
London. A. Mathematical and Physical Sciences 316 (1970), no. 1524, 29-62.

L. E. Fraenkel, M. S. Berger, A global theory of steady vortex rings in an ideal fluid, Acta Math. 132 (1974), 13-51.
T. Gallay, D. Smets, On the linear stability of vortex columns in the energy space. J. Math. Fluid Mech. 21 (2019),
no. 4, Paper No. 48, 27 pp.

T. Gallay, D. Smets, Spectral stability of inviscid columnar vortices. Anal. PDE 13 (2020), no. 6, 1777-1832.

T. Gallay, V. Sverak, Arnold’s variational principle and its application to the stability of planar vortices. Preprint
arXiv:2110.13739

H. Helmholtz, Uber Integrale der hydrodynamischen Gleichungen welche den Wirbelbewegungen entsprechen, J.
Reine Angew. Math. 55 (1858), 25-55.

H. Helmholtz (translated by P. G. Tait), On the integrals of the hydrodynamical equations which express vortex-
motion, Phil. Mag. 33 (1867), 485—512.

W. M. Hicks, On the mutual threading of vortex rings, Proc. R. Soc. Long. A 102 (1922), 111-131.

A. Tonescu, H. Jia, Axi-symmetrization near point vortex solutions for the 2D FEuler equation. Comm. Pure Appl.
Math. 75 (2022), no. 4, 818-891.

R. L. Jerrard, C. Seis, On the vortez filament conjecture for Euler flows. Arch. Ration. Mech. Anal. 224 (2017),
no. 1, 135—172.

R. L. Jerrard D. Smets, On the motion of a curve by its binormal curvature, J. Eur. Math. Soc. (JEMS) 17 (2015),
no. 6, 1487-1515.

R.L. Jerrard, D. Smets, Leapfrogging Vortex Rings for the Three Dimensional Gross-Pitaevskii Fquation, Annals
of PDE volume 4, paper 4 (2018).

R.L. Jerrard, D. Smets, Dynamics of nearly parallel vortex filaments for the Gross-Pitaevskii equation. Calc. Var.
Partial Differential Equations 60 (2021), no. 4, Paper No. 127, 34 pp.

R. Klein, A.J. Majda, K. Damodaran, Simplified equations for the interaction of nearly parallel vortex filaments. J.
Fluid Mech. 288 (1995), 201--248.

H. Lamb, Hydrodynamics, 6th Edition, Cambridge University Press, 1932.

T.T. Lim, A note on the leapfrogging between two coaxial vorter rings at low Reynolds numbers, Phys. Fluid 9
(1997), 239-241.

G. Luo, T. Y. Hou, Toward the finite-time blowup of the 3D axisymmetric Euler equations: a numerical investiga-
tion, Multiscale Model. Simul. 12 no. 4 (2014), 1722-1776

A.J. Majda, A.L. Bertozzi, Vorticity and incompressible flow, vol. 27 of Cambridge Texts in Applied Mathematics.
Cambridge University Press, Cambridge, 2002.

C. Marchioro, P. Negrini, On a dynamical system related to fluid mechanics, NoDEA Nonlinear Differential Eq.
Appl. 6 (1999), 473— 499.

K. Maruhn, Uber die Ezistenz stationiirer Bewegungen von Wirbelringen. Proc. Ninth International Congress Appl.
Mech. Brussels (1957) 1, 173.

Y. Nakanishi, K. Kaemoto, M. Nishio, Modification of Vortex Model for Consideration of Viscous Effect: Ezami-
nation of Vortex Model on Interaction of Vortex Rings, JSME International Journal Series B37 (1994), 815-820.
J. Norbury, A steady vortezx ring close to Hill’s spherical vortex, Proc. Cambridge Philos. Soc. 72 (1972), 253-284.
R. L. Ricca, Rediscovery of da Rios equations, Nature 352 (1991), no. 6336, 561-562.

N. Riley, D.P. Stevens, A note on leapfrogging vortezx rings, Fluid Dynam. Res. 11 (1993), 235-244.



LEAPFROGGING VORTEX RINGS FOR THE 3-DIMENSIONAL INCOMPRESSIBLE EULER EQUATIONS 79

[50] M. R. Ukhovskii, V. I. Yudovich. Azially symmetric flows of ideal and viscous fluids filling the whole space. J. Appl.
Math. Mech. 32 (1968), 52—61.
[51] H. Yamada, T. Matsui, Preliminary study of mutual slip-through of a pair of vortices, Phys. Fluids 21 (1978),
292-294.
[62] S. Zbarsky, From point vortices to vortex patches in self-similar expanding configurations. Comm. Math. Phys. 388
(2021), no. 2, 707-733.

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF BATH, BATH, BA2 7TAY, UK.
Email address: jddb22@bath.ac.uk

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF BATH, BATH, BA2 7TAY, UK.
Email address: mdp59@bath.ac.uk

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF BATH, BATH, BA2 7TAY, UK.
Email address: m.musso@bath.ac.uk

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRITISH COLUMBIA, VANCOUVER, B.C., CANADA, V6T 1Z2.
Email address: jcwei@math.ubc.ca



	1. Introduction
	Interacting vortex rings

	2. Scheme of the proof and organization of the paper.
	Construction of an approximate solution.
	Solving the full problem.

	3. Approximate travelling vortex ring
	4. First approximate leapfrogging
	4.1. The parameter functions
	4.2. The function H0 and definition of the very first approximation
	4.3. The very first error
	4.4. Dynamics for P0j and reduction of the very first error.

	5. Improvement of the approximation
	6. Improvement of the approximation: Proof of Proposition 5.1
	6.1. Strategy for the improvement
	6.2. First inner improvement
	6.3. Second inner improvement
	6.4. Third inner improvement
	6.5. Fourth inner improvement
	6.6. Fifth inner improvement
	6.7. Sixth inner improvement
	6.8. The outer improvement
	6.9. Seventh inner improvement
	6.10. Eighth inner improvement
	6.11. Nineth inner improvement
	6.12. Tenth (and final) inner improvement

	7. The inner modified transport equation
	8. The outer modified transport equation
	8.1. Uniform continuity

	9. The inner-outer gluing procedure
	9.1. Setting the inner problems in the whole R2
	9.2. Decomposition of j and j
	9.3. Strategy for the rest of the proof

	10. Some a-priori estimates
	10.1. An L2-weighted a priori estimate
	10.2. An L-weighted a priori estimate
	10.3. Estimates for a projected problem

	11. Fixed point formulation and conclusion of the proof
	11.1. The space for the parameter functions.
	11.2. Fixed point formulation
	11.3. Conclusion of the proof of Theorem 1

	References

