NEMATIC LIQUID CRYSTAL FLOW WITH PARTIALLY FREE BOUNDARY
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ABSTRACT. We study a simplified Ericksen-Leslie system modeling the flow of nematic liquid crystals
with partially free boundary conditions. It is a coupled system between the Navier-Stokes equation
for the fluid velocity with a transported heat flow of harmonic maps, and both of these parabolic
equations are critical for analysis in two dimensions. The boundary conditions are physically natural
and they correspond to the Navier slip boundary condition with zero friction for the velocity field
and a Plateau-Neumann type boundary condition for the map. In this paper we construct smooth
solutions of this coupled system that blow up in finite time at any finitely many given points on the
boundary or in the interior of the domain.
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1. INTRODUCTION

The aim of the present work is to investigate liquid crystal flows with partially free boundary
conditions. Let Q@ C R? (d < 3) be a smooth domain. We consider the following system

dv+v-Vo+ VP =Av -5V (Vu® Vu—3[Vu’l;) in Qx(0,7),

V.ou=0 in Qx(0,7), (1.1)
Owu+v - Vu = Au+ |Vul?u in Qx(0,7),
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with the partially free boundary conditions

vev=0 on 99 x (0,T),
(Sv-v); =0 on 99 x (0,7), 12)
u(z,t) € ¥ on 90 x (0,7),
(b)) L Ty on 9Q x (0,T),

where v : Q x [0,T) — R? is the fluid velocity field, P : Q x [0,7) — R is the fluid pressure
function, u : Q x [0,T) — S? stands for the orientation unit vector field of nematic liquid crystals,
(Vu ® Vu);; = Viu - Vju, and I is the identity matrix on R%, g5 > 0 (coupling constant) represents
a competition between kinetic energy and elastic energy, v is the unit outer normal of 9f2, S is the
strain tensor

1 T
Sv = §(Vv + (Vou)),

and ¥ C S? is a simple, closed and smooth curve. Let us assume that ¥ is the equator for simplicity.
The case that X is a circle in S? is physically relevant, see for example [16,17]. And the proofs here work
equally well with some simple modifications. Boundary conditions for (1.2);—(1.2)s are the usual Navier
boundary conditions for the Navier—Stokes equation with a zero friction, and (1.2)3—(1.2)4 are referred
as partially free boundary conditions for the harmonic map heat flow, see for examples [7, 19,32, 10]
and the references therein.

This system (1.1), which was first introduced by the first author in [26] as a simplified version of
Ericksen—Leslie system established by Ericksen [15] and Leslie [24], enjoys the same type energy law,
coupling structure and dissipative properties. The system under consideration is a nonlinearly coupled
system between the incompressible Navier-Stokes equations and the heat flow of harmonic maps with
a (partially) free boundary condition. The latter is a geometric flow with the Plateau and Neumann
type boundary conditions. Let us first describe briefly the latter system in a more geometric set up.

Let (M, g) be an m-dimensional smooth Riemannian manifold with boundary M and N be another
smooth Riemannian manifold without boundary. Suppose ¥ is a k-dimensional submanifold of N
without boundary. Any continuous map ug : M — N satisfying uo(OM) C X defines a relative
homotopy class in maps from (M,0M) to (N,%). A map v : M — N with u(0M) C X is called
homotopic to ug if there exists a continuous homotopy A : [0, 1] x M — N satisfying h([0, 1] xOM) C X,
h(0) = up and h(1) = u. An interesting problem is that whether or not each relative homotopy class of
maps has a representation by harmonic maps. The latter must be solutions to the following problem:

—Au =T'(u)(Vu, Vu),
u(OM) C %, (1.3)
gu | T,3.
Here v is the unit normal vector of M along the boundary OM, A = A, is the Laplace-Beltrami
operator of (M, g), I' is the second fundamental form of N (viewed as a submanifold in R? via Nash’s

isometric embedding), T, N is the tangent space in R! of N at p and L means orthogonal to in Rf.
(1.3) is the Euler-Lagrange equation for critical points of the Dirichlet energy functional

E(u) = / |Vu|? dv,
M
defined over the space of maps
HE(M,N) ={u€ H'(M,N) :u(z) C ¥ ae. z € OM}.

Here H'(M,N) = {u € H'(M,R") : u(z) € N a.e. z € M }. Both the existence and partial regularity
of energy minimizing harmonic maps in Hy(M, N) have been established for examples, in [3, 18, 19)]
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under special assumptions, and in [13,14,20] in general cases. Another standard approach to investigate
(1.3) is to study the following parabolic problem

Ou — Au=T(u)(Vu,Vu) on M x [0,00),

u(z,t) € X on OM x [0, 0), (1.4)
%4 (2,1) L Ty(en® on M x [0, 0),
u(-,0) = ug on M.

This is the so-called harmonic map heat flow with a partially free boundary. (1.4) was first studied in
[19], Hamilton considered the case where X is totally geodesic and the sectional curvature Ky < 0. He
proved the existence of a unique global smooth solution for (1.4). The global existence of weak solutions
of (1.4) was established by Struwe in [40] for m > 3, see also [7]. In [32], the case m = dimM = 2
was considered, where a global existence and uniqueness result for finite energy weak solutions was
obtained under some suitable geometric hypotheses on N and . When N is an Euclidean space, the
first equation in (1.4) becomes the standard heat equation

u —Au=0on M x [0,00).

Even in this special case, as pointed out in [7] and [10], estimates near the boundary for (1.4) are difficult
due to this highly nonlinear boundary condition. As far as the heat flow is concerned, Struwe in [10]
studied the problem using the intrinsic version of harmonic maps with a free boundary condition.
In particular, he used a Ginzburg-Landau approximation in the interior, hence keeping the same
nonlinear boundary condition. Another approach was considered in [22], where the approximation is
on the boundary.

The finite time singularity (as conjectured in [7]) for (1.4) was proven only recently in [35] with
N=R?> M= Rﬁ_ and ¥ = S' € R2. The analysis there cannot be generalized directly to the current
situation as the target is no longer flat and the standard heat equation has to be replaced by the heat
flow of maps into the sphere. Despite the nonlinearity of the system and the nonlinear coupling, the
Navier slip boundary condition turns out to be consistent with the partially free boundary condition
of the map. The latter is important for our analysis.

In the aspect of the incompressible Navier—Stokes equations, we refer the readers to, for example,
the books [3,41] and the references therein for comprehensive theories. Of particular interest here is the
incompressible Navier-Stokes equation with Navier boundary conditions since the system (1.1) turns
out to be more compatible and physically natural with the Navier boundary conditions (1.2)1—(1.2)2
compared to the no-slip boundary condition. In the setting of Navier boundary conditions, without
being exhaustive, we refer to [4] for Constantin-Fefferman type regularity results in the case of Ri and

in [5,25] for the case of general domains in R3. See also [6,33] for the local existence of strong solutions
and [0] for the global existence of weak solutions in dimension three. It is worth mentioning that
in order to treat boundaries, the authors in [5,25] used the Solonnikov’s theory developed in [36,37]

on Green’s matrices for elliptic systems of Petrovsky type, which is a subclass of Agmon—Douglis—
Nirenberg (ADN) elliptic systems (see the seminal works [1,2]). Our case, especially for the dealing
with the boundary bubbling, is closely related to the aforementioned theories.

For the study of the nematic liquid crystal flows, there have been growing interests concerning the
global existence of weak solutions, partial regularity results, singularity formation and others. We refer
to [21,23,26-31] and the references therein.

Main results. In the following, we consider the nematic liquid crystal flow with partially free bound-
ary (1.1)—(1.2) in the half space case = R?. Our method of construction could be adapted to the
case of general domain, but it would involve more technical computations and we refrain considering
such a generality.

We first construct finite time blow-up solutions to the partially free boundary system (1.1)—(1.2),
where the singularities can actually take place both in the interior and on the boundary, and as a direct
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consequence of the construction, we give an example (different from the one constructed in [35]) of finite
time singularities for the harmonic map heat flow with partially free boundary (1.4) as conjectured
in [7].

Our first theorem is stated as follows

Theorem 1.1. For T,eq > 0 sufficiently small and any given points {q(])} 50U {qu)} I, C ]R2 with

qB € OR% and q(J) € Ri, there exists initial data (ug,vo) such that the solution (u,v) to problem
(1.1) with partially free boundary conditions (1.2) blows up at finite time t =T exactly at these given
points. More precisely,

ks () (4)
u(x,t)fu*(:r)le Wi <)\(])L€g> 1 ZQ 0 [Wg <(>> W (oo )] -0 as t—>T

in HY(R2) N L>®(R2), where u, € H*(R%) N C(R2), profiles W1 and W are defined in (2.3) and

(2.2), respectively, the rotation Q_w s defined in (3.5), and the blow-up rate and angles satisfy, for
z

some K7 > 0 and w},

T-—1

A9 (8) ~ H;m as t — T,
wéj) —w; as t—T.
In particular, it holds that
ks kz
|Vu(-, )2 de — |Vu,|* do + 47T25qg) + 87r25q<1j) as t - T
j=1 j=1

as convergence of Radon measures. Furthermore, the velocity field satisfies

IJJ—l(t)
xt|<cz L, 0<t<T,

= |5

for somec>0and0<v; <1,j=1,--- k. Herek =kg+kz and {qj}k L= {q(J)} 5, U{q(j)}i1

Remark 1.1.

e Fach bubble on the boundary might be viewed as a “half” bubble.
o The absence of the rotations for the boundary bubbles is in fact a consequence of the partially
free boundary conditions (1.2). See more detailed discussions in next subsection.

For the harmonic map heat flow with free boundary, the question whether finite time singularity
exists or not was originally raised by Chen and Lin [7]. The first example was constructed recently
by Sire, Wei and Zheng [35] using a caloric extension. We would like to point out that the proof of
Theorem 1.1 actually gives another different example of finite time singularity. In fact, as a consequence
of the construction of Theorem 1.1, we have

Corollary 1.1. Assume M =R3, N =S?, and ¥ = {(z1,22,23) € S? : 23 = 0} in (1.4). Given any
finitely many distinct points qi in Rﬁ_ or on 3]1%3_, for T > 0 sufficiently small, there exists initial data
ug such that the solution to (1.4) blows up exactly at these prescribed points at time t = T. Moreover,
the blow-up profile takes the form of sharply scaled 1-corotational profile around each point q with type
11 blow-up rate

T —1¢
Ae(t) ¥~ —m8M8m8 t T.
WO~ g —op 17
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In order to deal with the Navier—Stokes equation with Navier boundary conditions, we consider the
following Stokes system with Navier boundary conditions

O +VP=Av+F in R x (0,00),
V-v=0 in R% x (0,00),
(1.5)
8x2’l)1 = O, Vo — O’
ZL’QZO :62:0
v’t:O =0,
where F' is solenoidal:
V-F=0, Ff _,=0.

For the system (1.5), we derive the Green’s tensor and its associated pressure tensor and further obtain
the following pointwise upper bounds:

Theorem 1.2. The solution to (1.5) with solenoidal forcing can be expressed in the form

t t T
vty = [ [ Pt nadr+ [ [ 6 we—n) [ P sdsyir
o Jr2 0 JrZ 0

t
P(Z‘,t) = / P(J?,y,t - T) ' F(yaT)dydT
o Jr2
with G° = (GY)ij=1,2, * = (G};)ij=1,2, P = (Pj)j=1,2
G?j(;v,y,t) =0;;(I'(z —y,t) —T(z — y*, 1))
0 [ 28F(x — y*,t) B 4/ (?E(xl — Zl,(EQ) GI‘(zl — yl,yg,t)d21]
R

Grj(xvyvt) - (1 - 51])

87x1 8.132 8.1‘2 (9y2
9 ol (z —y*, 1) / OE(zy — 21,22) OL'(21 — 41,92, ¢)
| -2 dz |,
* 5 J 8:1:2 l 61'2 R 81’2 8y2 A1

0
p; = 41— §j0)—
](x7y7t) ( 6]2)axj ayz

/ E(J)1 — Zl,xg)aF(ZI Y, 92 t) d21‘| .
R

Moreover, the following pointwise upper bounds hold

2
_ L[k +[m!]  _ cv3
2 t

0; DEDI Py(2,y,t)| StV (la—y P )T 2 e,

2
2+4|k|+[m’ | _ cy3
2 t

03 DL Dy Gy, ) S 4770 F (o =y P ) e

As far as we know, above explicit representation formulae and pointwise estimates are not present
anywhere and our construction requires rather precise pointwise estimates of the velocity field, so we
include those here for self-containedness. The proof of Theorem 1.2 is in a similar spirit as the works by
Solonnikov, see for example [38]. In fact, another way to deal with the forced Navier-Stokes equation is
to use the symmetry encoded in the partially free boundary conditions, which simplifies the analysis.
More precisely, under certain reflections thanks to the partially free boundary conditions (1.2), the
structure of the full system (1.1) is preserved, and thus the partially free boundary problem can be
regarded as an “interior” problem across the boundary. Essentially, this reflection technique shares
similarities with the classical Agmon-Douglis-Nirenberg theory (see [1,2]).

The key strategy in the proof of Theorem 1.1 is in similar spirit as that of [23], namely, one starts
first from the harmonic map heat flow and regards the transported term v - Vu as a perturbation.
Then the leading part of the solution u to the harmonic map heat flow provides external forcing to
the Navier-Stokes equation. The velocity, which carries information of u, enters harmonic map heat
flow in the form of a transported term. Finally, this loop argument is closed once one shows that
the transported term is indeed a perturbation. The transported harmonic map heat flow and the
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incompressible Navier-Stokes equation with forcing are in fact strongly coupled as one can see from
the natural scaling invariance, and the smallness of the universal coupling constant ¢¢ is to ensure that
the full system is less coupled and the loop argument can be implemented. One interesting feature
is the natural symmetry/reflection encoded in the partially free boundary conditions (1.2), which has
also been used in [7], and is crucial in our construction, especially for the behaviors for both the
orientation field and the velocity field near the boundary. In fact, since the inner concentration zone
of each boundary bubble touches the boundary, the use of reflection greatly simplifies the analysis of
the linearization, and to be more precise, one can regard both the linearized harmonic map heat flow
and the Stokes system near boundary bubble as interior problems.

The construction is based on recently developed parabolic gluing method, which has been successfully
applied in the studies of singularity formation in parabolic equations and systems, geometric flows,
fluid equations and others. See for example [9-12,34] and the references therein.

The rest of the paper is devoted to the proofs of the above mentioned theorems. For simplicity,
we construct the most representative case of one interior bubble and one boundary bubble. The
construction of any finitely linear combination of bubbles either in the interior or on the boundary is
similar. See Appendix B for detailed discussions. Before carrying out the rigorous constructions, we
first give a brief roadmap and introduce the key ingredients in next subsection.

Roadmap to the construction. The starting point of the construction is the symmetry (see Section
2 for details) encoded in the partially free boundary conditions (1.2). The free boundary conditions
not only guarantee the energy dissipation but also suggest the correct ansatz for the bubbling, which
is crucial for the linearization around the boundary bubble. We should first note that the linearization
for the interior bubbling is completely “localized” because of our inner—outer construction. In other
words, the linearization near interior bubbles does not touch the boundary. There are two crucial
aspects needed to be analyzed carefully in the construction:

e how the partially free boundary conditions (1.2) affect the boundary linearization;
e how the interior bubble(s) interact with the boundary bubble(s).

In the case of the half space Ri, the partially free boundary conditions (1.2) can be expressed as

Op,u1 = 0,

Opyuz = 0,

ug =0, on OR%, (1.6)
Oz,yv1 =0,

vg = 0,

S0 one expects certain symmetry across 6R3. See the discussions in Section 2 for the preservation of
the structure for the full system under the reflection class (2.1), and this in turn suggests to take as a
first approximation (for the map)

Ud(z,t) = U (z,t) + UD (2, 1) — UD* (2, 1)

as in (4.1), where U™ and U® are bubbles placed on the boundary and in the interior, respectively.
Here the purpose of the “reflected” bubble U®* is to make the error in the right symmetry class
(2.1) across the boundary aRi; which crucially simplifies our analysis for the linearization around
boundary bubble. Indeed, careful analysis for the linearization in Fourier expansion suggests that the
inner problem touching boundary can in fact be regarded as an interior problem after proper reflections
across 6]1%1, provided the right hand side in the linearization has no projection onto certain direction
on the tangent plane of boundary bubble (see Section 6 for more details). One role that U®* plays is
to enforce such symmetry. In the gluing construction, another important role that the partially free
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boundary conditions (1.6) play is to also ensure that the outer “noises” coupled into the linearization
on the boundary do not destroy the structure discussed above.

The next step is to find perturbation consisting of inner and outer profiles such that a real solution
with desired asymptotics can be found. We look for solution in the form

(1) (2)
u~ U* + Uinner + Uinner + Uouter

where the inner parts ui(il)ler, ui(i)ler7 expanding on corresponding tangent plane, solve the linearization

around the interior bubble and boundary bubble, respectively, and the outer part uoyter, solving
essentially a non-homogeneous heat equation, handles the external noises. Above ansatz then leads

to a inner—outer gluing system for (Ui(rlu)lerv“i(ir)lerv“outer)~ Here uouter is relatively straightforward to

solve, while in order to find well-behaved (ui(rln)m, ui(fu)mr), careful adjustment of modulation parameters
is required so that certain orthogonalities are satisfied. The adjustment determines the right dynamics,

in particular for the scaling parameters.

Dealing with the velocity field v requires the analysis of the Stokes operator with Navier boundary
conditions. A direct way is to use its associated Green’s tensor derived in Appendix C to capture
precise pointwise control. In a similar spirit as the ADN theory as well as Solonnikov’s theory, the use
of reflections thanks to the partially free boundary (1.6) in fact reduces the problem into an interior
one.

With all the analysis for linearized harmonic map heat flow and Stokes system set up, one can start
the loop argument described in the picture below, and the construction is done in appropriate weighted
topologies by fixed point arguments.

In conclusion, the partially free boundary conditions (1.2) not only imply a natural and physical
model of hydrodynamics of nematic liquid crystals, but also encode good structure that triggers the
new boundary bubbling phenomenon. With such structure, we then carry out the iterative scheme as
in [23] and close the loop by using 0 < gy < 1 in the refined perturbation argument depicted as follows

Green’s tensor
4>

(1.1)1: — &0V - (Vu © Vu — 3|Vul?l,) v in (1.1)3

Reflection

Strongly coupled 1\ J

Same asymptotics as the RHS .
v-Vuin (1.1)3
0<epk1

Mode k in the inner problem of u: ¢y

2. REFLECTION AND SYMMETRY OF THE FULL SYSTEM

Recall that the partially free boundary conditions (1.2) in the case 2 = Ri can be written as
Oz, U1 = OgoUag = Uz = 02,01 =v2 =0 on 8Ri.

So we perform even reflection for uy, us, v1 and odd reflection for us, vo:

v1 (1, —x2,1)

a(xlax27t) = UQ(.’IJ]_,—JJQ,t) ) ﬁ(xth?t) = —’Ug(xl — o t)

uy (21, —x2,1) {
—u3(x1, —2,1)

:|, .’ﬂ2<0

such that the partially free boundary conditions are automatically satisfied. Note that this reflection

technique has already been used in the harmonic map heat flow with partially free boundary (see [7]
for example). By

201uO11uk + OouOrug + O21urOzuy,

V- (V Vu) =

(Vu©Vu) 205U Oaoup, + O11ukOsur, + 012U 01Uk
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and
v101u1 + va0auy
v-Vu= |v101us + v20aus | ,
’01811143 + 1)262’&3
it is direct to check that
Oyt + v - Vi = A+ |Vil*a,
and
~ 1
U+ 0-Vo+ VP =A0— g,V - <Vﬁ o Vau — 2V€L|2]I2)
if ]5(:101, Z9,t) = P(x1,—x9,t) for zo < 0, which means %—I: = 0. In fact, this is true with our partially
free boundary conditions (1.2). Indeed, applying the outer normal v to (1.1);, we get
Opvg + 01019 + V20209 + 0o P = Avg — 60(82Uk622uk + 811uk82uk).
By the divergence free condition and the Navier slip boundary condition, we have
6221)1 = *31 (821)1) =0 on GRi
Similarly, on 6]1%1, by the partially free boundary condition
OgupOxguy + O11updouy, = Dauzdaguz + O11u302us3
= 82u3AU3
= 82U3((9tU3 + v101u3 + voOaug — |Vu|2u3)

=0.
Therefore, we have 22 = 0 on 9R? .
In conclusion, with the following reflections

uy (21, —2,1) {vl(m —Zg,t) } p

ﬁ(x17x2at) = u2(£17_x27t) 3 ’l’}(fEl,(EQ,t) —'U2(1'1 — t) P(xthvt) = P(x17_m27t>7
—ug(z1, —T2,t) ' '

the structure of the equation (1.1) is preserved, i.e.,
O +79-Vi+VP=A0—5V-(Vao Vi - 3|Vil’ly),
V-9=0,
Ot + 0 - Vi = At + |Va|*a.
We shall look for a solution to (1.1) with partially free boundary condition (1.2) in the symmetry class
across the boundary R given by:
uy, U, v1, P are even in xo and ug, ve are odd in xo (2.1)
with u = (uy,us,u3)’, v = (v, v2)7.
Remark 2.1. It is worth mentioning that if one imposes the no-slip boundary condition for the velocity
=0
”|6Ri

instead of the Navier boundary conditions (1.2)1—(1.2)s, the natural enerqgy dissipation is also preserved.
However, this artificial boundary may destroy the structure of the coupled system in nature, as one can
see in the reflections, i.e., there is no reflection preserving the structure of the entire system.

Next, we try to gain some information from the symmetry at the linearized level. We consider
the infinitesimal generator of rigid motions: dilation, translations and rotations. More precisely,
the invariance from scaling and rotation around z-axis corresponds to mode 0, the invariance from
translations corresponds to mode 1, and the invariance from rotations around x and y axes corresponds
to mode —1.
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Let W5 be the least energy (degree 1) harmonic map

2z

1+|z|?

Wa(z) = llmi'll .z € R, (2.2)
1+|z]?

namely, fR2 |[VW,|? = 8. Our first approximation of the boundary bubble will be based on the degree

1 profile

Wi = Q. Whs. (2.3)
Here we introduce
1 0 0
Q.=10 0 1 (2.4)
0 1 0

because of the reflection (2.1).

In fact, there is some “rigidity” produced by the partially free boundary conditions, especially for
the boundary bubble(s). To see this, we formally compute below the first variations with respect to
different parameters. For the rotations around x and y axes (mode —1), we consider

A . L
1 0 0 a3l cosB 0 sing a3l
L o T +x2—1 L T +a"2—1
Wia:= |0 cosa sin «v 72”2“ , Wig:= 0 1 0 72”2“
i _ 2xp i _ 2xp
0 sina cosa T sinf 0 cospf PR
The first variations
0 29
zf+x%+1
a0¢VV1,O¢|(X:0 = 1+1:2+1 ’ 85W17/3|ﬁ:0 = 0
:1:1+22 _ 2xq
2+x§+1 z?+zi+1
are not in the symmetry class (2.1).
Similarly, for the scaling and rotation around z axis (mode 0)
22z . 2z,
7xi+z§+>\z cosw —sinw 0 ziﬂéﬂ
W, R I A W, — 3 0 zitas—1
1,>\ «— W 9 11“’ «— sinw COS W m 9
CoNE, 2wy
7 +3+A2 0 0 1 z?+zi+1
one has
2xq (2] +x5—1
(1§+m2+21) ) 7M
4(zi+x ) $§2+I%+1
= 71 2 = XL
az\Wl,)\|)\:1 (m +;v2+1)2 ) awW17w|w:0 z§+m§+1 )
2a5 (22422 —1) 0
(@i +a3+1)2
which are in the symmetry class.
For the translations (mode 1)
2(%17{1) T 2z,
(1€ a3+ S e
| (1— 51) +x2—1 | E (e =€) -1
Wie = (@1=6)° +zg+1 y Wig = a4 (m2—&2)%+1 | 2
S S __2(wa=C)
(z1— 51)2+L +1 27+ (z2—€2)%+1
we have .
2(302 z241) 7 __ AT1%y
(12+m2+1)2 (z%+$%+1)2
Az
851 Wl,fl ‘Elzo = e +I2+1)2 ) 852W1,52|E2:0 = (wr{‘;‘rw%jl)Q
T1T2 _ 2(z7—=x5+1)
(@f+23+1)2 J (@1 +23+1)?

Only the first one is in the symmetry class. In other words, the symmetry only allows us to translate
the bubble along the boundary 8Ri.
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Heuristically, the above argument suggests certain rigidity produced by the partially free boundary
conditions, which reflects in the presence of modulation parameters.

3. NOTATIONS AND PRELIMINARIES

In order to analyze the transported harmonic map heat flow
up +v - Vu = Au+ |Vu*u in R%

in the symmetry class (2.1) across 8R2+7 we first regard the transported term v - Vu as a perturbation
and introduce our first approximation and its correction to the harmonic map heat flow. Later, after
the analysis of the forced incompressible Navier-Stokes equation, we will show that the transported
term is indeed a perturbation. We first give some useful notations and formulae.

Recall that we will construct a bubbling solution which blows up at a given boundary point and
interior point. In the following, the superscripts “(1)”, “(2)” refer to the bubble placed on the boundary
and in the interior respectively; and we will repeatedly adopt this notation to distinguish these two
bubbles and their associated tangent planes.

Introduce polar coordinates near two concentration zones

z—¢W)

y; = XCR T = 5(3‘) + /\(j)pjewj, rj = )\(j)p].’ j=1,2.

In polar coordinates y; = pjewf, j = 1,2, the least energy harmonic maps Wy (y1), Wa(yz), defined in
(2.3) and (2.2) respectively, can be represented as

cos 01 sinw(p1) cos 03 sinw(p2) 0y
Wi (y1) = cosw(py) , Wa(ye) = [sinfysinw(ps) | = [e COZIE}ZU(?)}
sin 07 sinw(p1) cosw(pa) P2

with
w(p;) = 7 — 2arctan(p;),
and we have

W, 2 sinw(p;) = —pjw _ 2P cosw(p'):E.
Pj p§+1’ J J = Pj p?+17 J p?+1
The linearization of the harmonic map operator around Wj is the elliptic operator
L8] = Dy, d+ VW, ()6 + 2V Wi (1) - Vo)W, (y5), (3.1)
whose kernel functions are given by
28 w;) = pywp, (p) B (47),
%&m=m-<m@Ww
21 (5) = wp, (p)leos 03B () + sin 0, B5) (3], 652)
29 (y5) = wy, (py)sin 0;E (y;) — cos 0;EF ()],
29 1 (y;) = 2wy, (p;)lcos 0; B () — sin 0;EF ()],
290 5(y;) = 2wy, (p;)[sin 0,E (y;) + cos 0;EF ()],
where the vectors
) cos 07 cosw(p1) ) —sin 6y
BV () = | —sinw(p) |, B ) =] 0 |,
sin 01 cos w cos
1 (p1) . 1 (3.3)
cos 03 cos w(p2) —sin Oy

E?)(yg) = [sinfy cosw(ps) | , EéQ)(yg) = | cosf,
—sinw(pa) 0
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form an orthonormal basis of the tangent space TWj(yj)S2, i.e., Frenet basis associated to W;. We see
that _
LPZ9] =0 forp=+1, 0, j, ¢=1,2.

Because of the scaling, rotation and translation symmetries,

— e e
U= (D) U = Que (S5 ) (3.0

solve the harmonic map equation, where @,, is the rotation of angle w matrix around z-axis (viewing
the target S? embedded into R?)

cosw —sinw 0
Qu = |sinw cosw Of. (3.5)
0 0 1

Notice that
LP D] = 0 2LB M), L [p®] = (A@)72Q, LY [¢], where
z —£W

PW@) =6V, ¢ @) =QudPw), ¥ ==

and Lg) stands for the linearization around U\), j = 1, 2. In the sequel, it is of significance to compute

the action of Lg) on functions whose values are orthogonal to U) pointwise. Define

Y g = ¢ — (p-UNUY. (3.6)
We now give several useful formulae whose proof is similar to that of [11, Section 3]:

where we denote » _ _
LY[@] = |vu9PnYl e — 2v(e - U vu W, (3.7)
with
V(®- U(J))VU(J) - Zaxk (@ - U(J))@ka(J)’ x = (x1,22).
k=1
We give several useful expressions of the operator f/g) acting on @ in different forms:
e In the polar coordinates

(ID(:,C) = (P(ijej>7 T = f(]) + 7ﬂ]'ewj
the operator (347) can be expressed as

1
ngl) [(D] = )\(1) Wp, (pl) |:(8T1(I) ! U(l))EF) - H(aelq) : U(l))Eél):| , T = A(l)plv

1
L) = - wwamﬁ%éﬂmmwﬁw@ﬁﬂmmﬁﬁymww.

e For the operator ﬂg) acting on ®(z) = (¢1(), p2(x), p3(x))T, we can compute

©1 cos 01 sinw(py)
O ® - UM = | (cos b0, +5sin6010,,) |@2]| | - cosw(p1)
©3 sin 01 sin w(p1)

= w |:(8I1 ®1 + 812@3) + sin 201 (8z2901 + 8x1 (»03)

+ 082601 (0, 01 — O, 903):| + cos w(p1)[cos 010, p2 + sin 010, p2],
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1 »1 cos 01 sinw(py)
—0p,®-UY = [ (cos0,0,, —sinb1,,) 2| | - cosw(py)
1 ©3 sin 61 sinw(p1)
sinw .
= SO 0,1 Duy) +sin 201 O — Duri)
+ €08 261 (0,01 + amlgog)} + cos w(p1)[cos 010,02 — sin 010, pa],
and thus 3 ) ~ )
LY@ = (Lol (@] + (Lol (@] + [Luls[@] (3.8)
with

Lol @] == (A) 7 pyw?, (p1) [(amlwl + 00y 03) LY + (00,03 — Oy 01) E }

Ly @] = —2<A<1>>—1wp1<p1>cosw<p1>[(ammcosel+ Dy smel} BY
+Q(A(l))_lwm(m)cosw(ﬂl)[(3@902)00891 Oz, 02 Sln91}E ) (3.9)
Lyl @] == (A pyw?, (p1) [(3952901 + Oz, p3) sin 201 + (9z, o1 — Oz, p3) cOS 291}E§1)

D)2 () [(amol  Ouapa) SN 201 — (Deaipr + Dy ) coS 201] B,

where we have used sinw(p1) = —pr1w,, (p1)-

Another convenient form is the following: for a C! function ®(z) : R? — C x R written in the
complex form

®(z) = (1(x), p2(z), p3(x)T = [<p1(a:) + i@g(l‘):| 7

@3(95)

if we write ) - )

P =@1 T2, ©=p1—1ps, (3.10)

le(P = aw1 ®1 + 8932()02? CU.I‘I(,O = a:m Y2 — aﬂvz@lv '
then we can express

LY@ = [Lu)P (@] + [Lo) P[] + [Lu]s? (9] (3.11)

as
[Lo]P[®] == (A®) 1 paw?, (p2)[div(e @) QuE® + curl(e ™) QuES],
[Lo]P[@] == — 200®) "L, (p2) cos w(p2)[(Dey p3) cos b + (Dry p3) sin 0] Qu ELY

—200®) ", (p2) cos w(pa) (D, p3) sin by — (Duyp3) cos o] QuES,  (3.12)

[LU]g) [D] := (/\(2))* pgwp2 (pg)[dlv(e “p) cos 20y — Curl(ei‘”gb) sin 202]QwE§2)
+ ()\(2))*1p2w32 (p2)[div(e™ @) sin 205 + curl(e™ @) cos QGQ]Q‘A}EéQ).
The proof is similar to that of I}(L})

If we assume

i0s ,
O(z) = [¢(T20)e ] ;=P e vy =2y,

where ¢(r) is complex-valued, then we have the following formula

2 1 ;
L (0] = (G wi(r2) [Re( “0r,0(r2))QuEL + —Tm(e” 6 (r2))QuES”
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4. APPROXIMATION AND IMPROVEMENT

We consider the case of two bubbles with one placed in the interior and the other placed on the
boundary. In this section, we introduce the approximate solution and its improvement. We consider
the approximation

Ui(z,t) := UD(2,8) + UD(2,t) = UD*(2,1), 2 €R2, (4.1)
where U() and U®) are given in (3.4) and

22?21 -¢{V)
— |I_£(2)* ‘2_,'_%)\(2))2

2)* P (2) xT 2)
[2—€® 2 ()2
‘175(2)*|2+()\(2))2
Q. is the rotation matrix defined in (3.5), and we take
M) = (¢ (#),0) € ORZ,
(t) = (& °(1),0) (4.3)

A1) = (€2 @),e21), €Pt) = (P ), P 1), &7 >0

The reason for taking the above approximation is twofold: the reflection term is to preserve symmetry,
and the leading profile should be approximately of length one. Clearly U®* is a least energy harmonic
map. Denoting the error operator by

S(u) := —uy + Au + |Vu|?u,

we then have
S(U.) = — oUW -0, (UP —U®") + VU, U,
- \VU(1)| W —|vu@Py® 4 | vu@* 2y
— {}\(l)ak(nU(l) +§'§1)8551>U(1)
—— —_

::S(()l) ::Sil)

— {)\@)aw)(U(?) UP*) + 0, (UP — U@

::SSQ)

+ é§2)3§§2) (U(z) U 2)*) 5(2)8 @ ( U(z)*)

::$§2)
2
N ’v(Um U@ _pem| [pw 4 g _yen
_ \VU(1)|2U(1) _ |VU(2)|2U(2) + |VU(2)*|2U(2)*
=V + e + P + P + €



14 F. LIN, Y. SIRE, J. WEI, AND Y. ZHOU

where
O\ U (2) = =M1 Z5 (),
9. UD (@) = AD) 121 (),
D UM (@) = (AO) 1213 (3),
D U () = —(AD) Qw27 (o),
0,UP (2) = —QuZ$) (1),
9 U (@) = A7 Qu 2y (32),
5(2>U2)(33) A1, Z12(y2)
with
Z9) ;) = pjwp, (o) Y (45),
Z3) (y2) = p2wp, (p2) ES (32),
Z) ;) = w,, (p)[cos 0, EY (1) + sin 0,5 (y)],
29 (y3) = wp, (p)) 500, B (317) — cos 0, B8 ()],

for j = 1,2. Here the definitions of Z,(,?,?,, E%j), Eéj) can be found in (3.2), (3.3).

We notice that the error S(U,) contains slow spatial decaying terms in Séj ), in other words, these

terms are not in L?(R?), and €éj ) in fact corresponds to mode 0 of each concentration.

the spatial decay, we add two global corrections <I>(()j ) solving at leading order
0,05 ~ Adl) — ).
More precisely, to improve Sél), we take the corrections in the form

go(()l)(rh t) cos 64 ‘
CIDE)D = 0 , T — 5(1) = 7’16191,

gpél) (r1,t) sin 6,

where
¢
goél)(rht) = —/ A(s)r1 K (z1(r1),t — s)ds,
T

2(1 — e~ )

aa(r) = (3 + OOV, Kzt = =

The reason for the above correction is the following. The slow decaying error in Eél) is

AW UM = A0 D)1 2D ()

o 9, cos 01 N 241 cos 01
2 1))2 ~
Tt ()‘( )) sin 64 " sin 64
Then the scalar @él) roughly solves
o  _ 2A0

1
at(p(() ) = a7“1?”1300 r a7“190(() - 7“72%00 Ta
1

To improve
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whose explicit form was derived in [11]. Similarly, for the slowing decaying error in 852)

AP, U + 00,0 = A\ 0\®)71Q, 28 + 0.7

9y . cos 0 —sin 09
N - Q. A® sin 0o | + A2 | cos )
21 (@) : :

~
~

222 [p(e)et:
T2 0 ’

we add a global correction of the form

2) 0 ;
o? = {‘Po (7"207 tle 2] ;o w— B = e,

where

¢
<p82)(7“2,t) = —/ Da(8)raK (22(r2),t — s)ds,
T

pa(t) = XD (@)D, z5(r2) = (13 + (A2,
Here the complex notation
[a + ib}
v =
c

means the 3-vector v = (a,b,c)T. We then write
o) := oV + 3. (4.4)

By direct computations, the new error produced by ® is

2
0:®g — Ag®o + &V + &8 = ST(RY + RY),

j=1
N =M N RO - R ~ L)
G MR L N A R
where Q. is defined in (2.4),
ooyt
R 1= —ry e % / . AD () (21K, — 2K, ) (21(r1),t — ) ds,
T

t
Rgl) = —€e"1Re (e*wlf’(l)(t))/ AV (8) K (21(r1),t — 5) ds
-7

t
+ %ewl ()\(1)/'\(1)(25) — Re (reielé(l)(t)))/ /.\(1)(8) 21K, (z1(r1),t — s) ds,
1 =T
@ b (A2)2 t , (4.5)
R i rae O [ o) ok, — ) alra)ot = 5) ds,
2 -T

t
R = —e®Re (e 2 (1)) / Po(s) K (22(r2),t — s) ds
T

t
T . . . . .
- Z—ie% AP AP (1) — Re (rpe'®2£2 (1)) / Po(s) 20K, (20(r),t — 5) ds.
2 T

Observe that jo ) is of smaller order. Moreover, we can evaluate

2
STLP@) - 0U. + ARy — 9,09 = K§ + K — 1T [RY))
j=1
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where for j = 1,2, operators L(J) and TIY) are defined in (3.7) and (3.6), respectively, and

UL
K(]) =K (7) —i—IC(j) 4.6
0 01 02
with
0 2 o [ W g
Kol == P W T)\ (s)Ey 'K (z1,t — s)ds,

1 1 : b 1
IC(()Q) ::wplwgl |:)\(1) — [T )\(D(S)Tlel (Zl,t — 5)(’21)7“1 d$:| E£ )

1 to
= e cosuen) | [ 300 (ke ARt - ) ds| B,
-7

1 : ;
Kgl) TaAm e [551) cos 91E£1) + 5%1) sin 91E§1)],

2 ' i —iw . —iw
— st [ [Re (e O)QuB + I (ia(s)e ™ O)QuES] - K(sa,t = 5) s,
-T

1 : t . »
K = P [»2) - / Re (pa(s)e™ O )ro K, (22, — ) (22),, ds] Q.E?
=T

1 t o
_ mpgwiz cos w(p2) [/ Re (pa(s)e Z“J(t)) (%K., — 22K.,.,)(22,t — 5) ds} QwE(Q)
-T
1 K . .
ekl [ / Im (pa(s)e™ ") (22, — K pey) (22,1 = 5) ds} QuE;”.
1 i : iy i
K =1y wes [Re (67 —i€7)e ") QuEL +Im (7 — i)™ ) QuEy”)].

(4.7)

5. GLUING SYSTEM AND DERIVATION OF THE DYNAMICS FOR PARAMETERS

In this section, we first formulate the inner-outer gluing system so that blow-up solutions with
desired asymptotics can be constructed. Then we derive at leading order the dynamics that the
parameter functions should satisfy.

Since the target manifold is S?, we expect that the real solution v to the harmonic map heat flow
takes the form of leading profile U, plus smaller order terms such that |u(z,t)| =1 for all  and ¢. To
better evaluate the smaller order terms, we look for a solution w of the form

= (1+a)U +O— (- U,)U.L,

5.1
Z 77%)@ ij + (I)out(x t) + (I)O ( )
with @y defined in (4.4),
) = o (v, VB + ol (v, ) ESY,
2 2 2)
q)l(n) = Sol(n,)l( )Q E( +S01n 2(y27 )QUJ 2 ’ (5 2)

A )
) x—¢ (t)) 1, fors<1,
t) = _— =
Mk (@:t) =n <)\(J)(t)R(t) (s 0, fors>2,

where a is a scalar, gol(fl)l, <pl(n)2, .t are perturbations of smaller order, and R(t) will be chosen later.

901(31)17 cpl(rjl)g solve the inner problem near each bubble UY), while ®,,; handles the region away from
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the concentration zones. From |u| = 1, we see that the scalar |a| = O(|®|?) is of smaller order. Notice
that we only need to solve
S(u) = bz, t)U,
for some scalar b. Indeed, since |u| = 1 is enforced for all ¢ € (0,7) and u = U, + @ where the
perturbation @ is uniformly small, we have
b(x, t)(Uy-u) =S A I N L)
(e, (U ) = S(u) - = —5 Tl + £ Alul
Thus b = 0 follows from U, - u > § > 0, which means u is a solution to the harmonic map heat flow.
Now, we compute the error

S(u) = — atU* — (1 + a)@tU* — 0,5(I> + ((I) . U*)GtU* + 8,5(<I> . U*)U* + AGU*

+ (14 a)AU, +2Va - VU, + A® — A[(® - U,)U,]
2

+ ’V((l +a)U,+®— (- U)UL)| [1+a)Us +®— (2 U,)U,]

= — P+ AD+SU.) + (®-U)0U, — (®-U)AU, —2V(® - U,) - VU.
2
(1+a) U, +®— (2 U )U.] — |[VU.]*U.

+ ‘V((l +a)lU, +® — (- U,)U,)

+2Va - VU, + a(AU, — 8;U,) + [Aa — a; + 8,(® - U,) — A(® - U,)]U.,
and here
®-U, =nWol) . U@ — @ 4y . [0 _ U@ 4 (dgy + Do) - Us.

To formulate the inner—outer gluing system, we start from S(u) = b(x,t)U, and neglect terms in U,
direction due to the discussions above. One expects that the inner solution <I)i(g) solves the linearization
around the bubble UU ), while @, solves a non-homogenous heat equation dealing with all Ri in-
cluding the regions away from two concentration zones. This leads to the following sufficient condition

for S(u) = b(z,t)Us to hold: {<I>m ,
8,0 = AdY) 4 |vu@ 2V 4 2(vU W) . vol) U
+ B9y + K + K9 in BY, % (0,7), 53)
0t Pout = Al + (1 - 771(131) (2))L(])(I)ou

+ 1 —ng) =K +KP) + Co + N in B2 x (0,7),

Dyt } solve the inner—outer gluing system

={z € R : |z — £Y)| < 2A\U) R}, the operator Zg) is defined in (3.7), and
2
= > (080 + 2w Vo) — 0
=1 (5.4)
D01y, 09) . (A0)y, + 50))) D ose?

in

@)
where BI DR

N = (@ U)0U, — (& U,)AU, — 2V(® - U,) - VU,
+ V(1 +a)U, + @ — (& U] [(1+ a)U, + @ — (- U)U.]

|VU| U, + 1Y [RY)] + 2Va - VU, + a(AU, — 8,U.) + &

- Z (|VU 2oY) 4 2(vu) . vy

+[VUDPIY) @y — 2V/(@ oy - U(j))VU(j)>.
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Here
0 -1 0
J=11 0 0
0 0 0

For the inner problem, we are going to write, in the complex notation

e = el + el

and further decompose in Fourier modes
(bl(rjl)c (y,1) ZeszJ <,0(J)(pj, £)
keZ

in the corresponding polar coordinates. The inner problem will then be solved mode by mode. For
the outer problem, we write

out 1/1 + z*
with Z* = (Z3,2Z5,Z5)" : R% x (0,00) — R? satisfying
O Z* = AZ* in R% x (0, 00),
02, 25 (-, 1) =0, 0,,2Z5(-,t) =0, Z3(-,t)=0 on IRZ x (0,00), (5.6)
Z(-,0) = Z; in R2.

Here Z* will be needed in the reduced problems (especially for the scaling parameters). Then we will

get a solution solving the harmonic map heat flow if (@fi), (I>1(§ , 1) solve the inner—outer gluing system

(AD)2g,0{) = L“’[@“’] + (A2 L @oui] + K5 + K17 in DY
oWy =0 in DY)
(2200 = LY @D+ (0®)? [LP [@ou] + £ + £ in D)
cI)f?(vo) =0 in BéR)(O) (58)
o2 . Q, W, =0 in D)
{atzb Apth+ D, pp, €1 6P g, 1) 3Y] in R x (0,7), 59)
w2’(/J1 = wz’lﬂg = ’lﬂg =0 on aRi X (O,T),
where »
G o, €D,6@, Dy, 0, 2] = (1= ) — 0 )L Bous + Cin + N
+ (1= =0 )G + k7).
the linearization Lg,) [¢] is defined in (3.1), and
DY) = BY) x (0,T) = {y; € R2 : |y;| < 2R} x (0,T)
with the radius
Tt
R=R(t)=A\(t)"" with \(t) = ————— and 7, € (0,1/2). 5.10
(t) (t)~7 wi (t) Tos(T = ™ 7+ €(0,1/2) (5.10)

The reason for choosing such R(t) and A, (¢) will be made clear later on. The boundary conditions in
equation (5.9) actually follow from the fact

8$2U*71 = asz*g = U*,3 =0 on 8]1%1 X (O,T),
1 1 1
0, @) = 9, @013 = ®53 =0 on IRZ x (0,T)
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thanks to the choices of UM and the reflection U)*. Here
U= (U*=1’U*72’ U*v3)T’ CI)(()1) = (CI)(()%L 5)1%7@(1)) :

Next we derive the dynamics for the parameters XV (t), pa(t), €1 (t), €P)(t) at leading order as
t — T. We assume for now that the function @, (2, ) is fixed and sufficiently regular, and we regard
T as a parameter that will always be taken smaller if necessary. We recall that we need £U )(T) =q\),
AD(T) = X®(T) = 0, where ¢V € 9R?, @) € Ri are given.

In order to find solutions to the inner problems (5.7) and (5.8) with sufficiently fast decay in space
and time, one expects certain orthogonality conditions to hold since even the stationary linearized
operator (around degree one harmonic maps) has six-dimensional kernel in L>°(R?). In fact, the linear
theory that will be discussed in Section 6 requires the following orthogonality conditions

/m HIDZ) (y;)dy; =0 for all t € (0,T), (5.11)
B
where
HY = A2 (L [@o] + K5 + V] (5.12)
HE = (\@)20-1 [£§,2> [Boue] + K2 + /c?)} : (5.13)

and Zg(fq is given in (3.2). Intuitively, if A\)(t) has a relatively smooth vanishing as ¢ — T, then it is

natural that the term ()\(j >)2at<1>§r{) is of smaller order, and the inner problems are approximately of
the form
LY@ +HD =0, &)W, =0 in B,

5.14
L(Z)[ ] + QLH® =0, 1121) QW5 =0 in B(Z) ( )

If there are solutions @fi)(yj,t) to (5.14) with sufficiently fast decay, then necessarily (5.11) hold for
p=0,1, j,g = 1,2. These orthogonality conditions in turn require the correct choices of the parameter

functions so that the solution (@i(ﬁ), 1) with appropriate asymptotics exists.
We first derive the dynamics for the parameters A(Y) (mode 0), £ (mode 1) appearing in the
boundary bubble. Write
A
2 Iy

B Y, €M) () = IS, 0]+ VD D) 28 () dy, G =1,2.

Combining (4.6), (4.7) and (5.11), the following expression for Béll) is readily obtained by similar
computations as in [11, Section 5]

BYND M / A (s ((A(l)(t))z) 95 930(t) + o(1),

t—s t—s

where o(1) = 0 as t — T, and I';(7) is smooth function given by

[e’e] _ ~ 2 ~
Ty(7):= _/O piwd, [K(C) +2<K<(§)1+1p% —4cosw(p1)§2KCC(<)L . dpy,
=7(14p3
where
~ 1-— 67%
K(¢):=2 c

Here the orthogonality with Z((),lz) does not contribute in the dynamics since

K+ 0] 50 0.
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Using the expression of I'1 (1), we get
Ty (1) — 1] < O7(1 4 |log7|) for 7 < 1,
C
Ty (r)] < = for 7> 1.
-

Define

A -
aéll) [)\(1); f(l); (I)out] = _g B(l) Lg) [q)out] . Z(g,ll) (yl) dyl
2R

Then the orthogonality condition (5.11) with ¢,j = 1 and p = 0 is reduced to
1 1
B =all. (5.15)
We observe that

t=(AM)? (1) )
B :/ ti(ss)ds +O(JAM|o0) +0(1) as t — T.
T —

To get an approximation for a(()ll), we recall the operator [~/§]1) defined in (3.8)-(3.9). Write

(I)out = (q)out,ly (I)out,Qy (bout,S)T-
We then get
aS AV €D D] = (0, Poutn + Ony®ours) +0(1) as t— T.

Then the reduced problem (5.15) at mode 0 can be written in the form

t—()\(l))Q )\(1)(3) )
/ s = 00, Qout,1 + Dy Pour 8] (€ (6), 1) +0(1) + O(IAV[|o),  (5.16)
T -
and thus neglecting lower order terms, A(!) satisfies the following integro-differential equation
t=(AI2(0) (1) (4
/ ti(s)ds = O, Pout,1(7,0) + Oy Pour 3(g, 0) =2 af”. (5.17)
-T -

At this point, we make the following assumption
aml (I)out,l(q(l)a 0) + azQ (bout,S (q(l), O) < 07 (518)
which is achieved by choosing Zj in (5.6). Then, equation (5.17) becomes

/t—(xl))z(t) )'\(1)<S) 1)*|

—ds = —|aé (5.19)

-T t—s
We claim that a good approximate solution to (5.19) as ¢t — T' is given by
. 1)
A ()=
O = o —np

for some k() > 0. Indeed, we have
=A%) §(1) t=(T—t) §(1) :
/ A0) s = / A7) 4o 4 A0 [1og(T —t)— 210g()\(1)(t))]

-T t—s _T — S

t=(AI2() (D () — A
- AW (s) - A0
t—(T—t) t—s

~ /t %ds — AD(#)log(T —t) == T(t)
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ast — T. We see that

dY(t)
dt

from the explicit form of A()(¢). Thus Y(t) is a constant. As a consequence, equation (5.19) is

approximately satisfied if x£(!) is such that

toa(T — 1) T = % (log(1 — 1) A (1) = 0

which finally gives us the approximate expression

A(l)(t) = _lawl(bout,l(q(l)a 0) + awz(bout,?)(q(l); 0)| /\* (t)v

where
- | log T'|
AN(t)=——12°21
0= g — P
Naturally, imposing A, (T) = 0, we then have
log T
Hoe Tl (14 0(1)) as t—>T. (5.20)

O~ TiogT — D

Similarly, for the mode 1 of the boundary bubble, we define

A
B0 = 5 [

- [ERRSRIS) +IC§1)[>\(1),€(1>]]-Zf,l}(yl)dyl, j=1,2,

(1)
2R
BUDD, e)(t) = B, €M](1) + B, AD, €M),
Therefore, by (4.6), (4.7), (3.2) and the fact that [~ pyw? dp1 = 2, we obtain
BYNAD eMt) = 26 (1)l +0(1) as t — T.

Write

A -

a/%) [)‘(1)75(1)7 (I)Out] = LU[q>Out] : Zilj) (yl) dyh .] = 17 2a

2 Jug
af "N, €D, o] = —(alY N, €D, o] +ialy DD, €D, D).
Therefore, the orthogonality (5.11) with j =p = ¢ =1 is reduced to

B, 0] = oV D0 @], (5.21)

2

. . . oo
Similarly, since [~ w?

L cosw(p1)p1dpy = 0, we get

ol N, €D, Do) = 205, Pout2(6M, 1) / coswwlpdp+O(R™?)
0
=o(l) as t =T

by using (3.8)—(3.9), and thus

‘(1 B

) = 0R™).
This means we can have a solution

&) =i +o(T - 1)),

where 7, is given in (5.10). Note that the imaginary part of agl) vanishes because of the partially free
boundary 9,,15(£M, ) = 0 for given qgl) eR.
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For the parameters involved in the interior bubble, one can carry out a similar analysis for )\(2)(15)
at mode 0 and for £()(¢) at mode 1. In fact, we have

—(@)2(1)
/ p2(8) 4o _ (div Bouy + i curl Boue ) (P, 1) + O([[p]loo) + 0(1),

7 t—s (5.22)

EDH)=0(R™2) as t > T,
where we have used the complex notation (3.10) writing

@out,l + Z'CI)out,2:|

(bout - |: (I)out,B

For the expected asymptotics of the blow-up speed p2(t) = A2eiw t0 exist, the following sign condition
near the interior bubble is needed

div @yt (¢?,0) < 0,

which determines the parameters

t_()\(2))2(t) )\(2)
/ ti(s) ds = =|div @ou (g, 0)| + o(1),
-T — S

curl @, (5.23)

w = wp = arctan ——= (¢ 0),
1V Pout

€2 = ¢ 1 O(T - 1+2),
for some given point ¢(2 € R2 .

In conclusion, orthogonality conditions, which are required to guarantee well-behaved solutions to
the inner problems (5.7) and (5.8), result in the following asymptotics of the modulation parameters:

Tt
1 1 1 1 2
)\()(t)NH()W7 ¢W(t) ~ ¢ € oRE
(5.24)
()~ r® L=t i £D() ~ ¢ € R2
- [log(T = 1)2° T

for some k1), k(2 > 0.

6. LINEAR THEORIES FOR LINEARIZED HARMONIC MAP HEAT FLOW AND STOKES SYSTEM

In this section, we give linear theories that are needed to solve the linearized harmonic map heat
flow, namely the inner and outer problems (5.7)—(5.9), and also the Stokes system.

Linear theory for the inner problems. We first start from the model inner problem

(AP0 = L@[60] + hO(y;.t) in DY),

(b(j)('a O) =0 in Bé]]%(o)v
o)Wy =0 in DY)

for j = 1,2, where we write
o) = (I)i(rll)7 RV = H M),

¢(2) — Q;ltl).(z) B2 — Q;le(Q)’

n

(6.1)

and we recall that
T —t

R=R(t) = \(t)"7 with \.(t) = Tog(T — D)2

and v, € (0,1/2).
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For notational simplicity, in the rest of this section, we drop the superscripts and just write

N8;¢ = Lw|[¢] + h(y,t) in Dsg,
#(-,0) =0 in Bago), (6.2)
¢ W =0 in DQR

since the linear theory applies to both inner problems. For example, if we apply the linear theory of
the model problem (6.2) to the inner problem of the boundary bubble, then the spatial variable y in
(6.2) stands for the rescaled variable y; around the boundary concentration point.

Since the inner problem for the interior bubble does not touch the boundary 8]1%1, one may regard
it as a problem in R? with compact support. But in the inner problem for the boundary bubble,
the partially free boundary conditions play an important role. To be more precise, the partially free
boundary conditions (1.2) determine the symmetry of the inner problem across the boundary, and
this symmetry allows us to do the Fourier expansion in modes and regard the half space problem as
pr(o;blem in the entire space R?, and thus the linear theory applies. Before we explain the reflection of
o)

i » we first introduce the Fourier modes of problem (6.2).

We regard h(y,t) as a function defined in R? x (0,7") with compact support, and assume that h(y, t)
has the space-time decay of the following type

ML)
h(y,t)| < ——4-, h-W =0,
.0l S 20
where v > 0 and a € (2,3). Define the norm

sup  AY(E)(1+ [y|“)[(y, t)].
(y,t)ER2x(0,T)

In polar coordinates, h(y,t) can be written as
h(y, t) = h'(p,0,8)E1(y) + h*(p,0,) Ea(y), y = pe”’
since h - W = 0. We use the complex notation
h(p,0,t) := h' + ih?

and expand in Fourier series

h(p,0,t) Z hy(p, t)e*? (6.3)
k=—o0
such that
(oo}
> hily,t) = ho(y,t) + ha(y,t) + hoa(y,t) + ho(y,t) (6.4)
k=—o0
with
hi(y,t) = Re(hg(p, t)e™®) By 4 Im(hy(p, t)e™) By, k € 7. (6.5)
We consider the kernel functions Z, ; (dropping superscripts) introduced in (3.2), and define
2 Z
Xy y)_ /h(zt)~Zkv(z)dz k=0,+1, j=1,2
9 Sy ) — Y , J =L, 4, (66)
Z fRQ X‘Zk j| !

where
w? if ly| < 2R(¢t),
o~ fED il <2R0)
0 if ly| > 2R(¢).

Similarly, we decompose the inner solution

Z ¢k7 ¢k(yvt) = Re(SOk(Pa t)eike)El + Im(sﬁk(Pa t)eike)EQ'

k=—o0
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In each mode k, the pair (¢, hy) satisfies
N20;¢n = Ly [x] + hi(y,t)  in Dyg,
ox(y,0) =0, in Bygo),

which is equivalent to the following problem

N20ypr = Lior] + hi(p,t)  in Dug,
(Pk(P, 0) =0 in (Ov 4R<O))a
where Dir = {(p,t) : t € (0,T), p € (0,4R(t))}, and

apsﬁk

P

— (k* + 2k cosw + cos(2w))%.

Ly, [‘Pk} op Pk +

Tt is direct to see that the kernel functions for £ such that L£;[Z;] = 0 at modes k = 0, £1 are given
by
2

p 1 2p
Zp) =13 20 = 1 2l = s

(6.8)

Now, let us go back to the Fourier expansion for the boundary inner problem. In the general setting
(without symmetry across 6R3), we try to look for a solution near the boundary concentration zone
in the following form

(b(l) yl t Z¢(1) yh

kez

= Z [Re(eikelwl(;)(plv t))E%l) + Im(eikel @;Cl)(pla t))Eél) (69)
keZ

= Z [(ka,l cos(k1) — pi.2 sin(k&l))Eg) + (pr,2 cos(kbr) + @i sin(k:Hl))Eél)} ,
keZ

where

( ) = = Pk,1 + 1Pk,2.

Recall from (1.6) that the partially free boundary conditions are automatically satisfied by extending
the first, second, third components of ¢(!) evenly, evenly, oddly in x5, and we notice that the first,

1)

second and third components of ;™ are even, even, odd in x5, while the first, second, third components

of Eél) are odd, even/odd, even in xa, respectively (see (3.3)). So the terms
k1 cos(kel) )4 Ok Sln(k@l)E(l
have the right symmetry, but
Ok.2 cos(k@l)Eél) — QK2 sin(k@l)EF)
violate the partially free boundary conditions. In other words, if
Yr2 =0,

then the Fourier expansion (6.9) already implies that »W) satisfies the partially free boundary condi-
tions. In fact, the role of the reflected bubble is to ensure that the error produced by U, is perpendicular
to Eél) on 8Ri so that ¢ 2 =0, and this in turn rules out the possibility of rotations for the bound-
ary bubble since Eél)-direction corresponds exactly to the rotation around z-axis. This “rigidity” is
consistent with the intuition from (1.2)3 that the image of the boundary under map wu is fixed on the
equator .

Recalling the right hand side of the boundary inner problem #(") in (5.12), one needs to check
HD -E§2) =0 on OR?.



NEMATIC LIQUID CRYSTAL FLOW WITH PARTIALLY FREE BOUNDARY 25

The most important term is in fact the coupling from the outer problem

~(1 2 1 1 1
L%J)[(I)out] = _Wu}ﬂl[(aﬁq}out : U(l))E§ = E(aelq)OUt ’ U(l))Eé )]7
and to avoid projection onto Eél) direction, we only need
891 Doyt - U(l) =0,
12:0
ie.,
(1‘182 — l‘gal)q)out . U(l) 0 = 0
o=

This is true thanks to
82(I>out,1 = aQ‘I)out,2 =0on 8R2 s

where we have used the explicit expression of U @) in (3.4), and ®ous,1, Pous,2 are the first and second
components of ®gy¢, respectively. Above analysis implies that for (1), there is no projection onto
EéQ) on the boundary, so we can regard the boundary inner problem as a problem in the entire space
R? (an interior problem).

We now state the linear theory for both inner problems.

Proposition 6.1 ( [23]). Assume that a € (2,3), v >0, 6 € (0,1) and ||h]|,,q < +00. Let us write
h:h0+h1+h_1+hL with hL: Z hk.
k#£0,+1

Then there exists a solution ¢[h] of problem (6.2), which defines a linear operator of h, and satisfies
the following estimate in Dag

6(y, )] + (1 + [y]) [Vyo(y, )] + (1 + [y])? |V2e(y. 1)

RG=a)(¢) 1 . N (HR2(t) , +
< A\Y(t) mi , ho = hollv,a + —————"1hollv.a
~ ()mln{ 1+|y‘3 1+|y|a2} ” 0 0llv, 1+|y| H 0” s
NY(t) - N () RA(t) | -
b2 gy Ry o+ g
1+|y|a72 H 1 1”1/,0, 1+|y|2 H 1”1/,0,
+ X 1 = bl + Xi(E) log R(E) [-1llv.a
AL(t)
+—— = hillva-
1+|y|a72 || J~|| )

Linear theory for the outer problem. We then introduce the linear theory for the outer problem.
For the outer problem, we will solve it componentwise since each component satisfies a nonhomogeneous
heat equation. Because of the symmetry imposed on the solution, we use the Duhamel’s formula for
the model linear problem

Yr = Arztp + g (6.10)
with either Dirichlet or Neumann boundary condition. More precisely, for ¢ = (31,19,3)7 and
g= (91792793)T, we have

vilet)= [ [ M-yt 9+ T -yt - (o shdyds. i =12,
Ot e (6.11)
P3(x,t) :/0 /R2 C(x—y,t—s)—T(z—y*, t —s)|gs(y, s)dyds,

where y* is the reflection of y. Clearly, for j = 1,2, 3, one has

t
i) S [ [ Tt = ooty )ldyds = ]r ) |g|\
0 JR2 (z,t)
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since |z — y*| > |z — y| for y € RZ. So the upper bound of
of ¥. We first define the weights

r ( * : |gl| implies a weighted-L>° estimate
x,t

QSJ) pp— A?(A*R)ilX{xeRi:m—q“)|§3/\*R}’
1 1
o | , 6.12
09 = T~70\L 770 <x —OF T a o q(2)2> MNM3o (=R lo—a 22 R} } 012
03 :=T1T77°,

where ¢ ¢ 8]1%37 ¢? € R%r, O > 0 and o9 > 0 is small. For a function g(x,t) we define the
L*°-weighted norm

lg(, t)]
llgllsx :== sup 0 o) . (6.13)
RIx(0,1) \1+ 017 + 01 + 02+ 03
We define the L*°-weighted norm for
1
.\ © -0
||1/’ £.0,y - — A (0) | logT|)\*(0)R(O) Hwan(Rix(O,T)) + AL (O)HVH/JHLM(Rix(o,T))
1
+ sup AOTHORTH () o () — (T
R2 x(0,T) |log(T" —t)] (6.14)
+ sup AL Vatp(a,t) = Varp(z, T)| + V29| Lo @2 (0.1
R3 x(0,T)
e Vatp(z,t) — Vaip(a', V)|
. /\Ot/\*th2'y|x ) T P
+buP * ()( () ()) (\x—x’|2+|t—t’\)7 )
where © > 0, v € (0,1/2), and the last supremum is taken in the region
1
z, 7’ €RE, ¥ €(0,T), |v—2a|<2X\@)R(E), [t—1|< Z(T_ t).
The solution % to the model outer problem (6.10) will be measured in the norm || - ||4 e, defined
in (6.14) where v € (0,1/2), and we require that © and ~, (recall that R = A\;"* in (5.10)) satisfy
v €(0,1/2), © € (0,7,). (6.15)

By similar computations as in [11, Proposition A.1], we have the following

Proposition 6.2. Assume (6.15) holds. For T > 0 sufficiently small, there is a linear operator that
maps a function g : R% x (0,T) — R3 with ||g||.« < oo into ¢ which solves problem (6.10). Moreover,
the following estimate holds

< Cliglls

« gl
=)oy

|

(
where v € (0,1/2).

Linear theory for the Stokes system. In order to deal with the forced Navier-Stokes equation
with Navier boundary conditions, we consider the following Stokes system

Ov+VP=Av+V-F in R% x(0,00),

Ly = in R2
V-v=0 in +2>< (0, 00), (6.16)
Og,v1 =02 =0 on ORZ x (0,00),
v(-,0) =0 in R?%,

where V- F' is solenoidal (see (C.2)). Our aim is to obtain weighted L> (in space-time) control of v for
given forcing in divergence form. The choice of the weighted bound for the forcing V - F' is based on
the behavior of inner solution near each concentration ¢¢/). We have the following pointwise estimates
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Proposition 6.3. Let v be the solution to the Stokes system (6.16). If F' satisfies

V=2 () A1)

‘F(:L’,t)| S at1’ a+2 (6.17)

Vo F(z,t)] S
WO

z—q
(1)

1+

1+

for any q € @ fized, v > 0 and a > 1, then solution v satisfies the following pointwise bound

)\V—l )\V—Q
V() S
I w0 1+

oz, )| S

z—q
(8
The proof of above proposition can be done either by the natural reflection or by the Green’s tensor

derived in Appendix C. Indeed, similar to the discussions in Section 2, there are natural reflections for
v, P,and Fp :=V . -F :=(Fpq, FD72)T in (6.16)

- _ | vz, —x2, 1) 5 _ B 5 | Fpa(wy, —wa,t)
’U((El,.’tg,t)— |:—’U2(a?1,—1)2,t):| ) P(ml,fEQ;t)—P(mla ant)v Fp = |:—FD,2(J?1,—.T2,t) , w2 <0
such that the half space problem can be regarded as an interior problem, and thus all the precise
pointwise estimates can be achieved by the Oseen tensor in R? (see [23, Section 3]). The second
method is by explicit Green’s tensor for Stokes operator with Navier boundary conditions in the half
space.

7. SOLVING THE PARTIALLY FREE BOUNDARY SYSTEM

In this section, we will solve the full system (1.1)—(1.2). First, we analyze the effect of the cou-
plings, i.e., the transported term v - Vu in the harmonic map heat flow and the forcing —eoV -
(Vu ©Vu — %|Vu|2112) in the incompressible Navier-Stokes equation. Next, we introduce the weighted
topologies for (v,u) and then solve the full system using fixed point argument.

7.1. Couplings in the full system. In previous sections, we neglect the transported term and carry
out all the elements for the harmonic map heat flow. Now we consider the full transported harmonic
map heat flow

ug +v - Vu = Au+ |[Vul*u
and analyze the effect of the transported term. Most importantly, we need to check v - Vu does not
violate the symmetry of the boundary inner problem. In fact, by (3.3), one has

(v-Vu) - E§2) = (105, + V20,u) - Eél)
= — (’018951’&1 + ’02(9952’&1) sin 61 + (vﬁxlug + 11283;21@,) cos 0

=0 on GR?F

where we have used the partially free boundary conditions (1.6). On the other hand, it is direct to
check that
v101u1 + v202u1
v-Vu= |v101ug + v202us
1)1(911!3 + v282u3

satisfies the partially free boundary conditions (1.6);—(1.6)3, meaning that the trasported term is also
compatible with the outer problem.

For the external forcing coming from the orientation field, we notice that the orientation field u only
gets coupled with velocity field v solved from the forcing after Helmholtz projection since the curl-free
term is part of the pressure. For the Stokes system, we do Helmholtz projection first

v+ VP =Av—P[V-(Vu® Vu)],
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where P is the Helmholtz projection such that P [V - (Vu ® Vu)] is solenoidal
1

By our ansatz

2
~ U(l) + U(2) 4+ an) <Z (ﬁg)(yj,t)) + (I)out(xvt)7

Jj=1 kEZ

we know that the forcing in the incompressible Navier-Stokes equation near (%)
1 . . ) .
V- (w ® Vu - 2|Vu|2112> ~ YV (2909 0 Ve - (VU VoI, )
keZ

since the outer solution @, is smaller, and the leading term actually vanishes
V- (VUD o vUY —1/2|VUD |2 L,) = AUD) . vUD) = —|vUD2(UY) . vU D)) = 0.
Here, VU . V(;S;Cj) = Z@Z,Uéj)ap(qzﬁ,(cj))q, where ( ;Cj))q stands for the ¢g-th component of qz&,(cj). In the
sequel, we shall call thé) ?ollowing term
V- (290 0 Ve - (VU Vo )L

the forcing at mode k. Another useful fact observed in [23] is that the forcing at mode 0, which is of
largest size on the right hand side of the Stokes system, actually enters into the pressure, so it is not
involved in the loop.

7.2. Inner—outer gluing system and reduced problems. We will get a desired solution (v, u) to
the partially free boundary system (1.1)—(1.2) if (v, ¢, pP 4, Z* NV AP €M) £(2)) solves the
following inner—outer gluing system

0w+ VP =Av =gV - Flo, ¢, ¢, 4, 2% XD A M) )]

—V-(v®wv) in R% x(0,7),
V-v=0 in R x (0,7), (7.1)
Dzyv1 =12 =0 on IRZ x (0,7),

v(-,0) =vp in Ri,

()\(j))2at¢(j) — L%) [¢(j)] + h(j)[v,q§(1)7(b(2),1/), Z*, )\(1)7)\(2)7%5(1),5(2)] in Dg%v

o9(0) =0 in Béﬁ(o)’

(7.2)
¢U) . W; =0 in DY),
O = Apth + Glu, ¢V, 0P [, 25 AW AP o MW @] in R2 x (0,T),
Ouyth1 = Opytb2 =3 =0 on IRY x (0,7), (7.3)
¥(-,0)=0 in RZ,
where
Flv, oW, 6@ Boue, A\ AP 6, W @] = Yy o Vu — %Wumg

with
u=(14+a)Ui+®— (D U.)U,,

& =0V (1) + 117 Quo® (o, t) + ¥ + Z* + Do,
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hO v, ¢M, 6P, 2%, AW A@) [y M) @]
= ADP[LE @ou] + K + £V = 0O (0 V0]

h® v, ¢, @ 4, 2%, XD AD) [, M) ]
— (A2t [igz) Do) + K + K2 — (A@)1 1) (0 Vyzu)},

and
g[v ¢(1) ¢(2) ¥, Z*,)\(l)7A(Q),w7§(1),§(2)]
= (1 - ( ) n%))L(j)(I)out + CIin +N
v-Vu— )H(l) (v-Vu) — ng)H(UQJ)_ (v-Vu)|.

Here the coupling Ci, and the nonlinear term A are defined in (5.4) and (5.5), respectively.

As discussed in Section 6, suitable inner solution with space-time decay can be obtained under
orthogonalities by adjusting the modulation parameters AV, A w, €M) ¢3) at corresponding modes.
To solve the inner problems (7.2) in Fourier modes, we further decompose

B = B9 4 9+ B 4 pY)
with
hgl)[v, pM, ¢ . 7% AN ARy ) )]
= (D) (Lo o) + Ly one] + K5 ) + AV (0 Vo) X
R ORI R A OIS RSN ONIO)
= (OO (Lol @ouil (0) + K1) + A0 (I (v Vel + I (0~ Vu)l ) ) e
hél)[v, ¢, 6@ 4, 7 XD A@ ¢ )]
= ()2 ([Lu)" [@oue] — (Lo’ )@out](m) X
h§2) [, 6D, 6@ g, 7% AW ARy () ¢
= (025" (1) Boud] + (0] [@ow) + K7 ) + AP QLI (v Tu)lo ) xpia
th) [, ¢M, @ ap, 2% XD AP ¢ )]
= (205" (ILu)t? [@autl(0) + K1) + A2Q7" (I (v V)l + I (v V)LL) ) X
hgl)[v, oM, 6@ 4, 7 XD A@ ¢ )]
= (A®)2Q5" (1] @ou) — Lol [@oudl (0)) xpie)
where [Hgl (v - Vu)]o, [Hg)l (v - Vu)]; and [Hg)L (v - Vu)]L stand respectively for the projection on

modes 0, 1 and higher modes |k| > 2 defined in (6.3)—(6.5) (notice that there is no projection on mode
—1 since v - Vu is in the right symmetry class), and

(Dr, 2 (1) (2), 1)) sin 6, | By
cos 01 — (8,02 (M (1), 1)) sin 6y | Eé )

( (€2 (), ) sin 0> ] QuE}”

( ] Qu

0,3 (E@(2), 1)) cos 2] QuEL.
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Then for j = 12, by decomposing ¢U) = ¢>§j) + qbéj) + gbéj) in a similar manner as hz(.j)’

problems (7.2) become

s, the inner

(ADY28,6 = LD [67] + 1[0, 6D, 12, Do, AV, AP 0, 1) )]
Z éfé) [hgj)[%¢(1)7¢(2)’q>0ut7)\(1)’ )\(2)70‘,’5(1)’5(2)]]w§j2(()fé)
1,2

=1,
B )[h(J [v, 61, 6@ Doy, AV )\(2)7w’§(1)’5(2)]]1”,%1282 in Déﬂlg (7.4)
2

{=1,
D.w; =0 in DY)

D00 =0 inBY,

()\(J))zat(béj) = Lg/) [¢é])] + héj) [U’ ¢(1)7 ¢(2)7 éouta )‘(1)7 )\(2)5 w, 5(1)’ 5(2)]
= 3 P[0, 6D, 6, @, AV, AP w0, €D @2 Z8) i D)
=12 (7.5)
G W.—0 in DY
b} j 2R
$(,00=0 in BY)

2R(0)
(A(j))gat¢éj) _ [(b(y ] +h3)[ ¢(1) AP, Do, \D AP D ()
= 3 D (0,6, 62, B, XV, AP, €, €D Z0)
(=1,2
+ 3 a0, 60,62, Bou, AD AP w0, €M @2 Z0) i DE) (7.6
{=1,2
¢§j) -W; =0 in D(j)
$(,00=0 in BéR)(O)
o () =2 (1) =0 forall te(0.7), (0= {(L1),(21),22)}, (v.7)
cgjg(t) =0 forall te(0,7), (4,¢)= {(17 1),(2,1), (272)}' (7.8)

7.3. Weighted topologies and fixed point argument. We now design the weighted topologies for
inner solutions ¢!, $(2), outer solution ®.y; and parameters (/\(1) NSRARIOR 5(2))

According to the linear theories in Section 6, we shall solve the outer problem (7.3), inner problems
(7.4)—(7.6) and forced Navier-Stokes equation (7.1) in the norms below

e We use the norm || - ||«« defined in (6.13) to measure the right hand side G in the outer problem
(7.3).

o We use the norm ||-||4.0,, defined in (6.14) to measure the solution 9 solving the outer problem
(7.3), where ® > 0 and v € (0,1/2).

e We use the norm || - ||l,1?a, to measure the right hand side h(]) with i =1,---,3, where
(4
WD, = sup i (8o (7.9)

k2 x(0,7) A (E)(L+ ps)=

with v; > 0, a; € (2,3) for i =1, 2, and a3 € (1, 3).
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e We use the norm || - || s to measure the solution ¢(1j) solving (7.4), where

*,V1,01,
69| - 168 (. )] + (1L + ) [V, 6 (w3, O] + (1 + )% V2,68 (3, 1)]
1 s wvy,a1,6

) 2 RO(5—aq) 1
Dy AL () max{ (145,03 * (1+p, )12

with 14 € (0,1), a1 € ( 3), 0 > 0 fixed small.

e We use the norm || - || 5 to measure the solution gb(j) solving (7.5), where

in,vg,a0—
N 720 IR (R A\ A ) IR CR A b R R )
in,v2,a2—2 D% )\:2( )( +pj)2 az
with vy € (0,1), az € (2, 3).
e We use the norm || - ||5f*),y3 to measure the solution (b:()f ) solving (7.6), where
69 (695, 6)] + (L4 p3) [V, 85 (g )| + (14 )1V, 05 (95, )]
#x g — SU % —
g P ORE) (1 + py) 7!

with vz > 0.
e We will solve the incompressible Navier—Stokes equation (7.1) in the norms

10 1 12
for the velocity v and forcing F, respectlvely. Here
z—q@

Ax(t)

] a+1
1Y)y = sup  A27V(1) (1 + ) |F(,1)]

(z,t)€RZ x(0,T)

(7.10)

+ sup Ny 1+
(z,t)eRi x(0,T)

and we require v € (0,1) and a € (1,2).

The way to solve (7.1) is similar to that of the transported harmonic map flow. We derive R% into
three parts (the regions near two concentrations ¢9) and the intermediate region), and then analyze
the behaviors of the forcing and corresponding velocity field in each region.

We solve the inner problems in the following weighted spaces:
V=o€ L¥ (D) V00 € L7 (D), oy
Ey) = {87 € L*(D3}) : V,,05 € L=(DG). 65110,
By = {05 € L™(Dgp) : V0§ € L¥(Dsp), 165”10, < 0},

s < 00},

H* sV1,a1,

az—2 < 00}7

and denote
E(j) _ E(j) % E(j) % E(j) Y (¢( (J) d)(J)) c E(J)

128l = 167710, 0, 5+ ||¢é”||§n,uz,a2_2 + Hqsé”uﬁi%ug.
We define the closed ball

mner mner

BY = (oY) e BY |0 |l yor <1}
P
For the outer problem, we introduce
Ey ={¢ € LR x (0,7)) : [[$]lro < 00}
For the incompressible Navier—Stokes equation, we shall solve the velocity field v in the space

E,={ve L’R%;R*):V-v=0, |[v|sp-1,1 < Meo}, (7.11)
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where 0 < g9 < 1 is the universal number in (1.1), and M > 0 is some fixed number.

For the parameters

AD (1), pa(t) = AP ()@ ¢W (1) = (¢1V(1),0), €@ (1) = (€7 (1), &7 (1)),

we set

Xy ={MY e C([-T.T;R)) nCH([-T,T;R]) : AN(T) =0, AV — DA @1)]], ,_, < oo},

Xp, = A{p2 € C([-T.T;C)) N C (=T, T:C)) : po(T) =0, [Ip2 — sP "N ()]], ,_, < o0},

Xew = {&" € U0, T)R) V(1) = 0,11V ]lx ) < 0},

Xew = {5(2) e CH(0,T);R?) : €&(T) =0, ||f(2)||X§(2) < oo},
where || - ||«,3—¢ is defined by

lglls3-0 := sup |log(T —1)*~7|g(t)],
te[-T,T
and
1EPx, ;) = 16D e 0,7y + Sup A 71D ()]
te(0,

for some o € (0,1).

By similar computations as those in [23, Section 4], under following restrictions on the constants in

the norms introduced above
1
0<@<min{’y*,2—7*71/1—1—|—'y*(a1—1),V2—1+7*(a2—1),1/3—1},
O <min{v; —07.(5 — a1) — Vus V2 — Ve, ¥3 — 3%, } (7.12)
1
0K 1, > =,
< 14 9

we have

Proposition 7.1. Assume (7.12) hold true. If T > 0 is sufficiently small, then there exists a solution
= U(v, oM MDD py £ €)Y to the outer problem (7.3) with

inner’ ~inner’

1 2)
19 (0, B e AV 22,606 0
2
STy (uvné{?,l,l 128Gl g + IAVlx, ) + l2llx,, + 16D 1x, + 1),
j=1

for some € > 0.

We define Ty by the operator which solves ¢ in Proposition 7.1. For the inner problems (7.4)—(7.6),
we then take @) E(] ) and substitute

mner

/\(1)7;0276(1)75(2)) Z* 4+ (v, q)(l) @(2)

inner’ ~inner’

Byt (0,8 32

inner’ ~ inner’

)‘(1) y D2, 5(1) ) 5(2))
into inner problems (7.2). We can then write equations (7.2) as the fixed point problems

B = AV (@), i=1,2, (7.13)
where

AD @D )= (AP (@) ), AP (V)

L) AP (@) ), AW BY ¢ BY) — EY
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A (@) = ”(hlv Pout (V) Bighers Plors A (1),]92,5(1),5(2))7A(l),pzvf(l)f@)]),

A(J)((I)(J)

1nner

”(hz U, Dout (v, D) ers Birers A, p, €0, €20), A1) py, €M) €]

mner

7-(
AP (@Y) ) =T <h3[v Do (v, @D 0P AD) py e @y O ) (1) (2]

+5 a0 v, @ (v, @fizer,@Sizer,A<1>,p2,5<1>,5<2>>,A“),m,5<1>,5<2>]w§j2572>.
(=1

Here ﬂ(j)(-), 7;(]‘)()7 7§(j)(-) stand for the operators that solve the inner problems (7.4), (7.5), (7.6),
respectively.

By the linear theories in Section 6, it is direct to check (similar to [23, Section 4]) that the inner
problems can be solved provided

v=uv; =vy <min{l,1—y.(az —2)},

1
1/3<min{1+9+27*"/71/1+257*(6”_2)}’ (714)

1<a<?2,

O<egx 1.
Here €9 < 1 is required to ensure the implementation of the loop. More precisely, we have
Proposition 7.2. Assume (7.14) are satisfied. If T > 0 and 9 > 0 are sufficiently small, then the
system of equations (7.13) for oY) = ( gj), éj), éj)) has a solution ®Y) Eéj) forj=1,2.

mner mner

Above propositions together with the compactness from Holder regularity complete the proof of
Theorem 1.1 by Schauder fixed point theorem.

APPENDIX A. DERIVATION OF THE PARTIALLY FREE BOUNDARY SYSTEM

We derive in this appendix the energy law and compatibility for the partially free boundary system
(1.1)—(1.2).

We first derive the energy law. Multiplying (1.1); by v and integrating over Q C R? (d < 3), we get

/|v|2 /U-Vv)'v+/VP-v=—/|VU|2—/(A“'V“)'“
2dt Q Q Q

where we have used
1
V- (Vu ® Vu — 2|Vu|2ﬂd) = Au - Vu.

/(U V) v—/VP v =0.
2dt/|”|2 /|V“\2 /Au Vau) v (A1)

Next we multiply (1.1)3 with Au + |Vu|?u and integrate over

_§£/|V 1>+ /U~Vu) (Au + |Vul?u) /‘Au—l—|Vu|2u|

By (1.1)2 and (1.2)4,

So we have
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Since

v - C’LL V’U/Z V’U/2 7‘U| ) O7
Q

_iﬁ/ |Vul? + / (Au-Vu)-v /|Au+|Vu|2u’2. (A.2)
Q
Combining (A.1) and (A.2), we get

2
2dt(/WvF+ﬁVuP):v—/|Vv2—:/‘Au+ﬁVuFM (A3)
Q Q

which is called the basic energy law (see [27]). The energy law (A.3) reflects the energy dissipation
property of the flow of liquid crystals.

we obtain

On the other hand, the physical compatibility condition should be satisfied
1
<<2(Vv+-amoT)—fmd—-vuc>vu)147>::0 on 09, (A.4)
where
1
V- (2(Vv + (Vo)1) = PIy — Vu ® Vu)

is the stress tensor. It is easy to see that < Plyv,7 >=0 as < v,7 >= 0. Also,

1
<2(Vv + (V’U)T)l/, T> =0
is the Navier boundary condition (1.2)a, and
0= {((Vu® Vu)v,7) = (V,u,V,u)

implies the partially free boundary condition (1.2)4

%LTEOD@QX( T).

In conclusion, with the partially free boundary conditions (1.2), the system (1.1) is physically
meaningful.

APPENDIX B. MULTIPLE BUBBLES: ANALYSIS OF THE INTERACTIONS

In fact, we have three different cases for multiple bubbles, and we can take the following ansatz for
each case

e multiple bubbles all placed in the interior

Z@Jm(xgvﬂmﬁlgwﬂ—m—mw@,

where €0) = (&7, &) and (€V)" = (&7, -&").
e multiple bubbles all placed on the boundary

Uy = ZW1 (x)\(f)ﬂ) — (k= 1)Wi(c0) with f(j) _ (59),0).

Jj=1
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e mixed case: finite linear combination of interior and boundary bubbles

ks x_gl(sj)
ueo= Y W ( NG ) — (kg — )Wy ()

j=1 B

S v v ()"
S [ (58 i) o () )]
j=1 z z

where £ = (¢9),€9)), (¢9)* = (€Y, —€¥)), and € = (¢§).0).

Here W is defined in (2.3). The purpose of the reflection terms in the first and third case is to enforce
the symmetry (2.1) for the full system. Observe that the first case is “localized” as the core inner
region does not touch the boundary, while the second case is automatically in the symmetry class
(2.1). So the most interesting case is the third case of mixed bubbles. Here we give some heuristic
discussions about the reason for placing the reflected bubble in the mix case.

Remark B.1. Notice that above general ansatz is slightly different from what we take for the two-bubble
case in Section 4, and the choices are of course not unique.

The key here is the interaction between the boundary bubble and the pair of the interior bubble
and its reflection. More precisely, we need to analyze the error produced by the interior bubble and
its associated reflection entering into the tangent plane of the boundary bubble. Write

_5(2) _ 5(2) *
Q. {Wl (w = )+W1 (‘r A((Q) ) )]

22 (4 —£(?) 22 (24 —£(D)

cosw —sinw 0 (rl—Sg;)z—s-(mz—£(§;)§+(/\Ez;)j s é“‘;) +(2 +ff§)§ (Ag;)j
N ol | @z H@a =6 —0P)* | (@1-62)* +(@a467)° - (AP)
e oo 1= €2 —€T )P OD) | (01—€) P (mat € ()2
0 0 1 22® (2, —£0)) n 223 (23 4£8?)
(@1 =& (22 =87 )2+ (A®)2 T (21 -617) (@ +657) 2 (M)
= Wl + Wg,

where ¢(2) = (552), féz)) with §§2) > 0. Then the error
S(W1 + Wz) = —815W1 — 8tW2 + |VW1|2W2 + |VW2|2W1 + 2<VV~V1 . VWQ)(W]_ + V~V2)

In the proof of Theorem 1.1, a crucial observation is that the projection of the error onto Q. Fs>-
direction of the tangent plane for the boundary linearization will in fact destroy the symmetry of the

boundary inner problem across the 8R2+. Recall
— Z2
lo—g D]
Ey = 0
? zy—€"
lz—g D]

Here for notational ﬁlmphmty, we have dropped the superscripts, and ¢ = = ( (1), 0) is the concentra-
tion point on 8R2 Since Wi and W, are symmetric about the boundary 8R , it is clear that

(=0 Wy — 0 W) - Qu, Fo

:O’

:L’QIO

(W + Wa) - QuEs =0,

) =0

and thus

(Q(VW1 . VWQ)(Wl + Wg)) - QuEs =0.

To=
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For the term |VW,[2Ws + |[VW,|2 Wy, straightforward computations imply that on ORZ
IVIL[? = [VIT2|?,

and thus

(VWA [2Ws + [VW|217) -QWEQ‘ = (VWP ) QuE| =0

2= x9=0
Therefore, we obtain

S(Wy +Wa) - QuEs =0

ZEQZO

as desired.

Certainly, one may deal with the inner problem touching the boundary without using the reflection,
but this will rely on careful analysis on the non-degeneracy results and boundary linear theory, which
might also be very interesting. Above formal analysis implies that the presence of reflected bubble can
simplify the analysis of the inner problem near boundary concentration.

APPENDIX C. ANALYSIS OF THE STOKES OPERATOR

As mentioned in Section 6, another straightforward way to capture the precise pointwise estimates
for the velocity field without using reflection is by explicit Green’s tensor, which we now derive.

We consider the following Stokes system with Navier boundary conditions

O+ VP=Av+F in Ra_x(o,oo),

V-v=0 in R% x (0,00),
) (C.1)
O0z,v1 =02 =0 on OR: x (0,00),
v]ip =0,
where F' = (Fy, F,)7 is solenoidal:
V.-F=0, B =0 (C.2)

w2:O -

Our aim is to construct Green’s tensor and its associated pressure tensor to (C.1). To this end, we
first consider the homogeneous system with F' = 0 and non-zero boundary condition on x5 =0

O+ VP = Au in RY x (0,00),

V-u=0 in R x (0,00),

Dyyun = ai(z1,t), us = as(x1,t), (C.3)
$2=0 3?2=0

u‘t:O =0,

u—0 as |z| = +oo,

and then use Duhamel’s principle to get a solution for the non-homogeneous system (C.1). We will
use Fourier transform in z; and Laplace transform in ¢

o0
u(&1, w2, 5) = Fu, Lt[u] 12/ / e 8 =Sty (1) @y t)dtday .
rt Jo
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Then taking Fourier-Laplace transform on (C.3), we get

d*u,

2,  dP
~ 2~ 2
el T
Stz + €1z dr2  dry

- du,
€101 + 2 =0

dl‘g
du - ~ -
Tl =ai(§1,s), U2 = az(§1,8)
X2
xo=0 x2=0

u—0 as xy — oo.

We look for solution of the form
u=u'+ Ve,
where v/ is solenoidal which solves the heat equation and ¢ is harmonic. Since u — 0 as zo — 0o, we
have
ul = 01(&1, s)e_\/@“, © = 02(&1, s)e“fllwz.
Then
= (1, 5)e VT (e, )l

where

€19 .
¢—<¢1, @ﬁ) P = (i&1, —|&1]) (&1, 9).

The functions ¢; and ¢ are determined by the boundary condition:

P17/ &3 + s + i&1]é1 e = —ay,

4 elp=a

Then
o = 02— @)V +
1 - b)
s
__iGa + (€2 + s)as
s ’
and thus
e~ 2 o~ . 9 ~
U1 (&1, 20, 8) = (i&1az — 611)\/51?67\/@1‘,”2 n &far — & (&7 + s)aq oleiles.
5 slé|
2~ . ~ - ~ 2 ~
o1, 5) = — L2 FIOT e, GG+ (G )0 e (.4)
8 s
o~ 5 -
ﬁ(fl,xg, s)= — 8(,067'51‘:”2 _ _Z§1a1 +|é€1| + s)as e*\il\ib'z’
1

where @ = (a1, a2). Then we look for solution of the non-homogeneous problem (C.1) with zero Navier
boundary condition

v=u+w,
where

t
w1:// (@ —y,t—7)=T(@—y" t = 7)] Fi(y, 7)dydr
0 JRZ

t
wzz// [T(z —y,t —7) + Tz —y*,t = 7)] Fa(y, 7)dydr
0 JRZ
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with y* = (y1, —y2) being the reflection of y = (y1,y2). Then it is direct to see from the fact that F is
solenoidal that
ow = Aw + F
V-w=0 (C.6)
Oz, w1 = —bi(71,1), wa = —ba(w1,1),
112:0 $2:0
where
o)== [ [ oGyt =0 Tyt ) ]|
]R2 x2=0
bQ(xlv ) = 0.
Therefore, from (C.6), u solves the homogeneous problem (C.3) with a(z1,t) = b(x1,t), and
n= / e VEITU (€1, 42, ) dys.
0
y (C.4), one has
ﬂl(é-lvaas) = %% (67 £%+S$2 - e*|§1‘132) )
172(61,.132,5) = - ’Lgl% (6_ 5%4_512 - 6_‘51‘12> )
~ e e~ l&1lm2
P(£17$2, S) = - lglal
[S1
Taking inverse Fourier-Laplace transform, we obtain
0 g o'z —y*,s — 1)
= 2| d F dyd
uy 6372[ /0 5 o D23 1(y, 7)dydr
= / [ BB D e ]
R2 y2=0
0 o(x—y*,s—7
U = al ( 6232 )Fl(y,T)dydT (C.7)
(y
/ d / ds/ / Oy — 25— )Fl(z T)dzdT ],
]R2 y2=0
0 Ol(y — z,t — 1)
Pz, t) =4— E(x —y)d d —— ' F d
ety = 15| [ B [ ar [ FEEED G Z]
where we have used the following inverse Fourier-Laplace transforms
T OE(z)  Te-léiles
Fou L 1 [E1]z2 | F.
(Farle) ™ [0l | =200 5%, (Ful) ™ | ()
Vo BF t — V& Fsa
(]_‘Ilct)—l e~ §1+6I2:| — (m )7 (fxlﬁt)_l _ 2F($7t) (CS)
0z VE % +s
(1
Fat 5] = ot
with
1 Le zlf t>0
E(z) = — log|z|, I(x,t) = ¢ 4wt ’ ’ (C.9)
2T 0, t<0
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Then from (C.5), the representation formula for Navier slip boundary is the following

‘T t / / xiyvtiT) F( y*atiT)]Fl(yaT)dydT
R2

ol'(x y $—7T)
+ax2[2/ /}R2 Fy(y, 7)dydr
—4/ OF(x d / ds/ / Oy =25 = )Fl(z T)dzdT 1,

R (9302 R2 y2=0
B ol (x —y*, s —T)
vo(x,t) = B, [—2/0 ds/]R2 D3 Fi(y, 7)dydr
_4/ / ds/ / Oy — 2,5 = )Fl(z T)dzdT 1,
R 8302 ]R2 Z9 y2=0

C(y — _
9 / (x—y)dyl/ dT/ ay—z’tT)Fl(z,T)alz .
0 R2+ 322 y2=0

P =4—
(@,1) = 45—
Therefore, the Green’s tensor and its associated pressure tensor for half space with Navier boundary
conditions have been constructed:

(C.10)

Proposition C.1. The solution to (C.1) with solenoidal forcing can be expressed in the form

o(a, ) = / , 9= )i+ / G* (9.t — 7) /OTF@,s)dsdydr,

]R2
P(z,t) / P(z,y,t — 1) - F(y, 7)dydr
R2

with G° = (G ) ij=12, §" = (G*J) ij=1,2, P = (Pj)j:LQ, and
GY(z,y,t) = 655Dz —y,t) = T(z — y*,t)),

0 6F( 8E -z (EQ) BF( —Y1,Y2, t)
Gii(z,y,t) = (1 —045)— | —2—————= . : d
) = ﬁ%[ Jq [ 22 Sl g,
I'(z—y*,t E(x, — I'(z1 — t
+513i 728 (£L' Yy, ) 74/ 9 (1'1 ZlaxQ)a (Zl Y1, Y2, )dzl ,
83?2 6%2 R 8.1‘2 8y2
0 Ol'(21 — 1,2, 1)
P; t)=4(1 —6,0) E(x, — dz|.
R R R R e

To derive the pointwise estimates of the Green’s tensor and pressure tensor as in (C.10), we have the
following lemma in the general case R (n > 2), whose proof is similar to [38] in the no-slip boundary

case (see also [39, Proposition 2.3]).

Lemma C.1. Let M(x,t) be a function defined for x € R% (n > 2) and t > 0 with the properties
MMz, M%t) = NIM(x,t) YA >0

lk|=2s _ |=|®
e t

|DEDI M (2, 8)| St e ©
Then the integral
Ji(xayna t) = / a’l/LE(y)M(‘r/ - y/axﬂmt)dyl
Rn—1

satisfies
J’L(Axa )\yn7>\2t) = )\qJZ(l.vyn;t)v (C].].)
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and
g+n—1—2s—kpn

|D§Dlyn5tsji(x,yn,t)‘ St 2 [lx/|2+(mn+yn)2+t]_
where ©’ = (x1,...,2p—1) and k' = (k1,..., kn_1).

k! |+ldn—1 cz?
2

et , (C.12)

As a consequence of the above proposition, we have the following pointwise estimates for the Green’s
tensor and pressure tensor.

Proposition C.2. The pressure tensor and Green’s tensor in Proposition C.1 have the following
pointwise upper bounds

e m2 _14lkHIm!| _evd
|0y DE Dy Py, y, )| S 775777 (Jo—y* P + 1) 2 e,
24|k +|m/| _ ev3

2 e t

|0; DEDI G (2, y, )] S 715 (jo — y P 1)

Let us now consider

v +VP=Av+F in R% x (0,7),
V-v=0 in R% x (0,7), (C.13)
8I2'U1 |:EQ:O = 0’ ’Uz‘mgzo = 07 ’U’t:O = ’UO’

where the forcing is not solenoidal. By the Helmholtz decomposition
F =PF + QF,
where PF' is a potential V®p, and QF is divergence-free, one can write
(I)P(xat) = - VyN($7y) ) F(y7t)dy7
R
where
N(z,y) = E(x —y) + E(z —y")
is the Green function of the Neumann problem for the Laplace operator in the half-space with E
defined as

1
and y* = (y1, —y2). Thus,
QF =F+ V/ VyN(z,y) - F(y,t)dy (C.14)
=

is solenoidal, i.e.,
div(QF) =0, QF| =0.

IQZO
Then, a solution to the model problem (C.13) is defined by the following representation formulae

t
ety = [ Gy tyvoly)dy + / G*(a,y,t — s)uo(y)dyds
Ri 0 Ri
) ) ) (C.15)
+ / G°(z,y, t — $)QF (y, s)dyds + / G*(z,y,t — ) / QF(y, s)dsdydr,
0o JrR2 0 JrR2 0
t
Ri 0 Rﬁr

where G°, G* and P are given in Proposition C.1.
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