NONDEGENERACY, MORSE INDEX AND ORBITAL
STABILITY OF THE KP-I LUMP SOLUTION

YONG LIU AND JUNCHENG WEI

ABSTRACT. Using Backlund transformation, we analyze the spectral property
of the KP-I lump solution. It is proved that the lump is nondegenerate and
has Morse index one. As a consequence, we show that it is orbitally stable.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The KP equation, introduced by Kadomtsev and Petviashvili [32], is a classical
nonlinear dispersive equation appearing in many physical contexts, including the
motion of shallow water waves. It is actually a universal model and arises as a
modulation equation for a large class of PDEs(See for instance [57]). The KP
equation has the form

Ox (Opu+ Ou+ 30, (u?)) — a@iu =0, (1.1)

where o is a parameter, usually chosen to be +1. In this paper, we will consider
the case of o = 1, which is called KP-I equation. It is worth pointing out that the
KP-II equation, corresponding to 0 = —1, has different dispersion relation and its
property is quite different from that of KP-I.

If the function w is y independent, then equation (1.1) will be reduced to the
KdV equation, a well known integrable system which has been extensively studied
for about half a century. Dryuma [17] in 1974 found a Lax pair for the KP equation.
The inverse scattering transform for KP-I equation then has been carried out in
[18,39,67]. (See [9] for a more detailed review on KP equation. See also [I, 2]
and the references therein for more discussions on the results concerning this topic
obtained before 1991.)

The soliton solutions of the KP equation can be obtained through various differ-
ent methods, both for the KP-I and KP-II equations. An important feature of the
KP-I equation is that it has the so called lump solutions which are also of travelling
wave type. They were found in [40,61]. Explicitly, the KP-I equation has a family
of lump solutions of the form

—(r—ct)’ +ey?+ 2

U, =4 5. (1.2)
((ac —ct)? +ey? + %)
It particular, for ¢ = 1, it can be written as @ (z — t,y) , where
2 2
Yy —x°+3
Q(z,y) =4 (1.3)

(a2 +y2 +3)°
Note that @ is non-radial and decays like O (ﬁ) at infinity. Because of this
slow decaying property, the inverse scattering transform of KP-I turns out to be
1
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quite delicate. Indeed, it is shown in [64] that a winding number can be associated
to the lump solutions. We also mention that the interaction of multi-lump solutions
has been investigated in [20,37].

The KP-I equation and its lump solutions actually appear in many other physical
models. For instance, formal asymptotic analysis shows that in the context of the
motion in a Bose condensate, the transonic limit of certain traveling wave solutions
to the GP equation is related to the lump solutions ( [6,31]). This is the so called
Roberts’s Program ( [30,31]). A rigorous verification is given recently in [7] and [12].
The KP-I equation has other travelling wave solutions with energy higher than the
lump @. Indeed, using binary Darboux transformation and other methods, families
of rational type solutions have been studied in [3,4,20,53-55] (for instance, see P.
139 of [3]). Explicitly, one of the families of these solutions has the form of 20% In F,
with
2
F = \f3—4f+g|2+27 f2—§\/§—3 +162 | + 1593,
where f = x + yi +~ and g = 12yi + §, with v, being complex parameters. In
particular, if v = ¢ = 0, then we get a solution with F' being even in both = and y
variables.

Regarding to traveling wave type solutions, it is worth mentioning that the
generalized KP-I equations

92 (02u — u+uP) —aju:() (1.4)

also have lump type solutions for suitable p € (1,5)( [13,36]). Note that for general
p # 2, this is believed to be not an integrable system. Hence no explicit formula
is available. These lump type solutions are obtained via variational methods (con-
centration compactness). The stability(or instability) and other properties of these
ground state solutions have been studied in [13—15,34,35,62,63,65]. It is known
that for p € (1, %), they are orbitally stable, while for p € (%, 5)7 they are unstable.
However, it is not known whether or not ) has this variational characterization. It
is conjectured that for p = 2, there should be a unique (up to translation) ground
state, which should be the lump solution Q. We refer to the interesting paper [34]
for a review and numerical study of the lumps.

Our first result in this paper is

Theorem 1. Suppose ¢ is a smooth solution to the equation
2 (92 2
92 (02¢ — ¢ +6Q0) — 026 = 0. (1.5)
Assume that
é(z,y) =0, as 2% +y* = 4o0.
Then ¢ = c10,Q + c20,Q, for some constants c1, ca.

Theorem 1 has long been conjectured to be true. See the remark after Lemma
7 of [65], concerning the spectral property and its relation to stability.

Our second result concerns the Morse index of Q). By definition, the Morse index
of @ is the number of negative eigenvalues (counted with multiplicity) of the self-
adjoint operator £ acting on the space E. Here

Lo =020+ ¢ — 6Q¢ + 0, 2026
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FE is the closure of the space of smooth compactly supported functions under the
norm

_ 2
117 = [ (105 + 52+ (00,5
R
This is the energy space for the KP-I equation.

Theorem 2. The operator L has exactly one negative eigenvalue and hence has
Morse index one.

We remark that if 7 is an eigenfunction corresponding to the negative eigenvalue,
then indeed fj;o 1 (x,y) dx = 0 for each y and

8;28571 = / / 8577 (v,y) dvds.

With the spectral information of the lump at hand, it is natural to investigate
the nonlinear stability of the lump solution. By a result of Ionescu-Kenig-Tataru
[29], the KP-I equation is well-posed in the natural energy space. The Cauchy
problem of KP equation has attracted many attention. For instance, the initial
value problem of KP-IT is studied in [11]. The well-posedness (or ill-posedness) of
the KP-I equation is considered [33,44-46]. It is worth pointing out that KP-I and
KP-II have quite different nature, and the methods to solve the Cauchy problem
in low regularity spaces are quite different. We also refer to the references in the
above mentioned papers for more detailed discussion on this topic. We prove in
this paper:

Theorem 3. The lump solution u. is orbitally stable in the energy space E.

We refer to Theorem 45 in Section 5 for a more precisely statement of orbital
stability. We note that the Morse index of the lump solution has been numerically
shown to be one [16]. Here we give a rigorous proof. It is also worth mentioning
that the stability or instability of the line solitons of the KP-I or KP-II equation has
already been studied. The instability of the line soliton of the KP-I equation has
been proved in [68]. The spectral instability of the line solitons for the generalized
KP-I equation is proved in [5]. In [59,60], the orbital stability or instability of
line solitons of KP-I equation in y-periodic space is studied. It is shown there that
the stability is determined by the travelling speed of the line solitons. The case of
critical speed is then investigated in a recent paper [66]. The orbital and asymptotic
stability of the line solitons for the KP-II equation is studied by Mizumachi and
Tzvetkov in [19,51]. We also refer to [12] for a review on stability of solitons for
the gKdV equations.

As we mentioned before, the KP-I equation has close relation with travelling
waves of the GP equation. For solutions of the form ® (z — ct, x), the GP equation
is

i€0.® = Aoy ® — B (|<I>|2 - 1) , (2,7) € R2. (1.6)

Formal computation performed in the appendix of [6] suggests that this equation has
a family of solutions with ¢ close to v/2, and their asymptotic profiles are determined
by the lump solution. Our nondegeneracy results in this paper will have potential
applications in the rigorous construction of these solutions. For more discussions
on the traveling waves of Gross-Pitaevskii equation, we refer to [7,8,10,41] and the
references therein.
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Now let us briefly describe the main ideas of the proof of our main results. One of
our tools will be the Backlund transformation. We first show that the lump solution
can be obtained from the trivial solution by performing Béacklund transformation
twice. Note that while this fact should be known to experts in the field, we have not
been able to find a reference for this result. Next we consider these transformations
in the linearized level. We show that a kernel of the linearized operator around @
can be transformed to a kernel of the operator 02 + 02 — 85, which is the linearized
operator around the trivial solution. With some information on the growth rate of
the kernel function, we are able to conclude that the only decaying solutions to (1.5)
are corresponding to translations in the x and y axes. This proves Theorem 1. Note
that the general idea of using linearized Béacklund transformation to investigate the
spectral property has already been used in [48] in the case of Toda lattice. We
also refer to [17,50] for related discussion about m-soliton solutions for the KdV
equation and the NLS equation.

To prove Theorem 2, we consider the nondegeneracy of a family of y-periodic
traveling wave solutions to KP-I connecting the one dimensional soliton and the two-
dimensional lump solution. They are given as follows: let k,b > 0 with k2 4% = 1.

Define
1 — 4k2
Ty := cosh(kx) — 4/ ﬁcosh(kbiy),
To i (z,y) = 202Inly,. (1.7)
Then T y(x — t,y) are traveling wave solutions to KP-I (with speed ¢ = 1). They
are periodic in y with period t; = k\/%. As k — 0, Ty converges to the

lump solution. As k — 2

5, 12, converges to the one-dimensional soliton solution
1 2z
5sech”™(5).

Theorem 4. The solution 15}, is nondegenerate in the following sense: Suppose
@ is a smooth function decaying in the x variable and ty-periodic in the y variable,
satisfying

92 (920 — p+ 6T 1) — 85(,0 =0.
Then ¢ = 1015, + c20,Ts 1, for some constants ¢ and cs.

With the help of Theorem 4 we prove Theorem 2 by a continuation argument.
By nondegeneracy along the path k € (0, %), the Morse index is invariant along
the periodic solution. Since the Morse index of the one dimensional soliton is
1, we conclude that the Morse index of the lump is also 1. Note that this type
of continuation argument is in spirit similar to that of [19], where the fractional
Laplacian has been studied.

Finally to prove Theorem 3 we show the convexity of the energy

1 1 1
d(c):= / (2 (Bpue)® —ud + 3 (8y8;1uc)2 + 2cu§> .
R2

and the classical result of Grillakis-Shatah-Strauss [23] yields Theorem 3.

This paper is organized in the following way. In Section 2, we recall some basic
facts about the bilinear derivatives. In Section 3, we prove the nondegenracy of
lump. In Section 4, we prove the nondegeneracy of a family of periodic solutions
naturally associated to the lump solution. In Section 5, we prove the orbital stability
of lump.
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2. PRELIMINARIES

In this section we describe the bilinear form of KP-I and its associated Backlund
transform.
We will use D to denote the bilinear derivative. Explicitly,

DD} f-g=0,0f (z+y,t+s)g(@—yt—s)|=0y=o.
In particular,
Daf-g9=0:fg9— [0:g,
Df-g=03fg —20.f0:9 + [,
DyDif - g = 0:0:fg — 0 fOrg — 01 fO29 + [O104g.
The KP-I equation (1.1) can be written in the following bilinear form [25]:
(D:Dy+ Dy — D2)7-7=0. (2.1)
To be more precise, we introduce the 7-function:
u=202InT. (2.2)
Then equation (1.1) becomes
92 K@cat InT+0;InT +6 (02 1n7')2) - 65 1117'} =0.

Using the identities (see Section 1.7.2 of [25])

D?r. D.D;T -
2027 =L 99,0, lnr = =TT
T T
and )
Dir.r D?r.r
4 _ x x

20, InT = 2 —3< 3 ) :

we get

82

(2.3)

T2

(DthT'T-FDiT-T—DiT'T) 0

Therefore, if 7 is positive and satisfies the bilinear equation (2.1), then u satisfies
the KP-I equation (1.1).

Remark 5. Suppose u is a solution of the KP-I equation (1.1) and u = 202InT.
Then, a priori, from (2.3), we can only say that

DthT“T-f—DiT'T—DiT-T:(a(y)x-i—b(y))7’2,

for some functions a,b. However, in the special case that u is the lump solution,
actually we have a = b = 0. We also remark that in this paper, a solution T of (2.1)
is allowed to be complex valued(see 71 and t2). But if T is not positive everywhere,
then the corresponding function u = 20%In7 is not a well defined solution of the
KP-I equation.
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Let ¢ be the imaginary unit. We will investigate properties of the following three
functions:

Let

Then 7y, 71, T2 are solutions of (2.1).

2.1. The Bicklund transformation. Under the transformation (2.2), the func-
tion 7y is corresponding to the lump solution @ (z — ¢,y) . Now let u be a constant.
We first recall the following bilinear operator identity which can be found in [52].
We also refer to [50] for a simplified version of this identity(See also [28,38] and the
references therein for the construction of more general rational solutions, for KP
and other related equations). Let u, v, A be arbitrary parameters. Then we have

S [(DeD+ D2 = D3) - flag — 3 [(D2Di+ DE = D3) g o] 11

- D, [(Dt +3\D, — V3iuD, + D3 — \/3iD, D, + 1/) I3 g} (f9)
1

1
+V3iD, [(Dg + uDy + —=iDy — A) f- g] (fg). (2.4)
V3
By this identity, we can consider the Backlund transformation from 7y to 71 (u =
1.
Vi)
2, 1 1 = s
(D'c+ﬁDT+ ﬁZDy) T0 ' T1 —0, (25)
The Bécklund transformation from 71 to 75 is given by (u = _ﬁ)
2 _ 1 1 ==
(D2~ J5Da + J5iDy) 7172 =0, (2.6)
(D +iDy + D3 — /3iD,Dy) 71 - 75 = 0.

Throughout the paper, we set r = /2 + y2. We would like to relate the kernel of
the linearized KP-I equation to that of the linearized KP-I equation in the bilinear
form.

Lemma 6. Suppose ¢ is a smooth function satisfying the linearized KP-I equation
92 (926 — ¢ +6Q0) — 2¢ = 0. (2.7)

Assume
¢ (z,y) = 0, as r — +oo.
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Let
x t
77(937?;):7’2/0 [m¢(s,y)dsdt.

(—Di—kDi—D;)n-Tg:O.

Then n satisfies

Moreover,
Il + (102n] + [0yn] + [02n] + 10.0,m| + |02n]) 1 +71) < C (1 +1)2. (2.8)
Proof. We write equation (2.7) in the form
0z — o — 950 = —60% (Q9) -

Since ¢ — 0 as r — +o0, it follows from the a priori estimate of the operator
92 — 03 + 07 (see Lemma 3.6 of [11]) that

6] + (10:0] + 18,0] + |02¢] + [026]) 1 +7) < C (1 +7)"2. (2.9)

Now with this estimate at hand, we may integrate equation (2.7) in x from —oo to

+o00 and obtain
“+o0
2
o, (/_DO qﬁ(m,y)dx) =0.

Hence fj;j ¢ (z,y) dr = a1y + as for some constants ai,as. On the other hand, in
view of the estimate (2.9),

+oo
/ ¢ (z,y)dr — 0, as y — oo.

It then follows that a1 = as = 0 and fj;: ¢ (z,y)dx =0, for all y. Therefore,

5
2

Il + (101 + [0yn] + |02n] + |0.0,m] + |03n|) (1 +7) < C (1 +7)
As a consequence,

—DZn 1o+ Din-72— Din- 1y

5 — 0, as r — +o0. (2.10)
T2

Since ¢ satisfies the linearized KP-I equation, n satisfies

(—D%H'TQ+D;L77'TQ—D§17'T2> -0

2
0; 5

T2
This together with (2.10) implies
—Di?’]-Tg-ﬁ-Di?’]-TQ—D;?’]'TQ =0.

The proof is completed. O

3. NONGENERACY OF THE LUMP SOLUTION

In this section, we will analyze the linearized Bécklund transformation and use
it to prove the nondegeneracy of the lump solution.
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3.1. Linearized Béacklund transformation between 79 and 7;. In terms of 7y
and 71, the Bécklund transformation (2.5) can be written as

24 1 1, R —
(DJJ + \/ng + \/ngy) 7011 =0, (3.1)
(=D, —iDy + D3 — \/3iDyDy) 79 - 71 = 0.

Linearizing this system at (79, 71), we obtain

Li¢ = Gin,
3.2
Here for notational simplicity, we have defined

1 1
Lip= Di—s—Dw—i—z’D) T,
l(b < \/g \/g Yy ¢ 1
My = (—Dl. —iD, + D} — \/gz'Dl.Dy) b7,

and

o, Ly L

+—D, + 1D, | 10 -7,
BT y)“’

Nin = = (=D = iDy + DE = V3iD,Dy ) 7o - 1.

Gln: — (D

Proposition 7. Let n be a solution of the linearized bilinear KP-I equation at Ty :
—D2n-m +Din-m —D§U-7'1 =0. (3.3)

Suppose n satisfies (2.8). Then in the region Q. := R?\ {(z,0):z > —/3}, the
system (3.2) has a solution ¢ satisfying

9] + 1020 + [0y < C (1 +71)2,
and
—D2¢-1o+ D3¢m0 = Do To. (3.4)

Moreover, there exists a constant ¢ such that
lim d) (‘T,y) — lim ¢ (-T,y) = 052 (CE,O) ) fOT T > 7\/53
y—0t y—0—

where &5 is the function defined in (3.12).

The rest of this subsection will be devoted to the proof of Proposition 7.
First of all, from the first equation in (3.2), we get

Oy0m = i |0p0m + V3 (9207 — 20,0)| — V3G, (3.5)
Inserting (3.5) into the right hand side of the second equation of (3.2), we get
403 pmy + (N% _ 12) 92¢ + (—4¢§+ f) 0,6 = Fy. (3.6)
Here the right hand side is defined by

6
F, =30, (Gln) =+ \/§G1’I] 4+ N177 — EGﬂ]

= 203 + 2v/3i0,0,n — Tﬁaln.
1
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To solve the equation (3.6), we shall analyze the solutions of the equation
272029 + (V3n = 6) g + (6 —2v3n ) g = 0. (3.7)
For each fixed y, this is a second order ODE with respect to z.

Lemma 8. The equation (3.7) has two linearly independent solutions

3
g1 =T1 — 7712, and go = T1€_§Tl.
Proof. This can be verified directly. Indeed, equation (3.7) can be exactly solved
using software such as Maple. O

Let W be the Wronskian of the two solutions g; and gs. That is,

3 3 7£T1

W = g10:92 — 920291 = 1e

By the variation of parameter formula, the equation
12
47'182g + (2\/57'1 — 12) 0.9 + ( — 4\/§> g=F
1

has a solution

* L ! gl
g ('I,y) = g2 (Ivy) 47'1W — g1 ({E,y) 47’1W.

It follows that for each fixed y, the equation

1

has a solution
wo (,y) = / 9" (s,y)ds. (3.8)
-3
We emphasize that %1 has a singularity at the point (z,y) = (—\/g, O) . Therefore
we need to be very careful about the behavior of wg around this singular point.

Lemma 9. Suppose n satisfies (2.8) and (3.3). Let wo be defined by (3.8). Then
in Qy, wo is continuous and

|wo §C(1+T)g, for z < 10.

Proof. We denote the ball of radius one centered at the singularity (—v/3,0) by
B (—\/3, 0) . Outside this ball, since 7 satisfies (2.8), we get

3
2

1| <C@1+r)
Hence using the asymptotic behavior of W and ¢;, we find that for r large,
g1F1 V3 1
<Ce2%(14r) 2.
Wi~ ( + )
Similarly, using the asymptotic behavior of g2, we get
g2 _3
<Cc(1 2,
"W~ ( +T)
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Therefore, for z < —2\/5, we have
/m g1Fy
— o0 T1W
/I g2 Fy
— oo T1W

These estimates then imply that for < —2+/3,

< Cese (I+7r)" 2,

SIS

[N

<C(+r)

g1 < C+7)7 (3.9)
On the other hand, in B (\/g, O) , we have

_E, V3
g3i=ga—g1r=mie 2"t — (7'1—27'12) =0 (7).

Using the fact that g1 = O (71), W =0 (Tf) and F; = 0O (71_1) , we then infer that
in By (—v/3,0) NQ,,

g(:vz/)fglFl—g(afy)/gcggiF1
SN0 anw T anw

As a consequence of the estimates (3.9) and (3.10), for = < 10, we obtain

<C (3.10)

3
2

g <C(1+7)2.
It then follows that,
lwo| < C'(1+7)2 (3.11)
We remark that as « — 400, since g1 = O (7f) , wo may not satisfy (3.11). O
Lemma 10. The functions & (x,y) := 1,
1, V3
&1 = 57'12 - ?7-13’
and
3 .
& = ({ﬁ + 1) e F ety (3.12)
solve the homogeneous system
qub = 07
Mi¢p = 0.

Proof. This can be checked directly(The fact that & is a solution follows automat-
ically from the invariance of the Backlund transformation under a multiplication of
7o by any constant). Alternatively, denoting

1, V35

;g = PG

2 -
832192 = —geféﬁ (\/37'1 + 2) )

we can look for solutions of Li¢ = 0 in the form f; (y) 9;1g1 and fa (y) 9 g2, where
f1, f2 are two unknown functions to be determined. Then fortunately, it happens
that in each case, L1¢ = 0 reduces to an ODE in y and it can be solved. (]
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For given function 7, we have seen from (3.8) that the ODE (3.6) for the unknown
function ¢ can be solved for each fixed y. To solve the whole system (3.2) , we define

@ (z,y) = L1¢ — G,
and
Oy = 0,9, Dy = 02Dy.
Note that ®; actually depends on the function ¢.
Consider the system of equations

(pO (CE, y) - 07
¢y (z,y) =0, foraz=-2. (3.13)
(PZ (3?, y) = Oa

We seek a solution ¢ of (3.13) in the form wg 4 w1, where wy is defined in (3.8) and
wy (2,y) = po (¥) &o (z,9) + p1 (¥) &1 (2,9) + p2 (y) &2 (2, 9) ,
for some unknown functions pg, p1, p2.
Lemma 11. System (3.13) has a solution (po, p1, p2) with the initial condition
pi(0)=0, i=0,1,2.
Proof. The equation ®; = 0 can be written as
Liwy = —Lywg + Gin := Hp.

Similarly, we write ®; =0 as

Og [Liwi] = =0, [Liwo| + 05 [G1n] == H;.
The equation ®5 = 0 can be written as

02 [Lyw:] = —02 [Lywo) + 0% [G1n] := Ho.

Consider the system

L1w1 = 0,
8:” [Llwl] = 0, xr=—2. (314)
8% [Llwl] = 0,

In view of the definition of wq, we know that (3.14) is a homogeneous system of
first order differential equations for the functions po, p1, p2. Explicitly, (3.14) has
the form

Po
Al ri | =0,
rh
where
tm1éo im1€1 iT1§2
A= iT1\5§§0 iTl\égfl iTl\é§§2
- V3 V3 V3 ’
iT10%28  im02&1  iT02&2
V3 V3 V3
and the functions are evaluated at = —2. Hence (3.13) has a solution
Y Hy (17 S)
/ A7N,s) | Hi(1,s) | ds.
0 H2 (17 S)

This completes the proof. [
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Proposition 12. Suppose n satisfies (3.3) and ¢ satisfies (3.6). Then

1 1
&Py = (_\/g + 6) 9200 + — (zf— 5> 9o
2 T1 T1

T1

+ iz (15 — 2\/??) Dy
71 T1
Proof. One can verify this identity by direct computation. Although this tedious
calculation can be done by hand, we suggest to do it using computer softwares such
as Maple or Mathematica.

Intuitively, we expect that this identity follows from the compatibility properties
of suitable Lax pair of the KP-I equation. But up to now we have not been able to
rigorously show this. ([

Lemma 13. The function ¢ = wy + w1 satisfies (3.2) for all (z,y) € Q. As a
consequence, it satisfies the linearized bilinear KP-I equation at T :

—D2¢-7mo+ Dy¢p- 70— Dygp- 1o = 0. (3.15)
Proof. By the definition of ®q, ®1, P> and Proposition 12, we have

B, 0 1 0 B,
o o | = 0 0 1 o,
By 2-2v3 232 s B,
7'12 T1 T1 2
For each fixed y # 0, by Lemma 11, &y (1,y) = &1 (1,y) = ®2(1,y) = 0. By the
uniqueness of solution to ODE, we obtain ®q (x,y) = @1 (x,y) = P2 (x,y) = 0, for

all x € R.

For each fixed y, since w; is a linear combination of &y, &1, &2, ¢ = wo+w, satisfies
(3.6). From &5 = 0, we know that ¢ satisfies the first equation of (3.2). Observe
that (3.6) is obtained by inserting the first equation of (3.2) into the second one.
Hence the second equation of (3.2) is also satisfied by ¢ for (z,y) € Q..

Linearizing the bilinear identity (2.4)(with ¢ replaced by —z) at (79, 71), we get

(D2 + D! = D2)ry-¢] 71 — [(~D? + D — D2) 7y -] 72

= Dy [M1¢ — Nin] - (1o71)

+ 3Dy [L1¢ — Gin] - (D71 - 70)

+V3iDy [L1¢ — G1n] - (1o71) -
Since (¢, n) satisfies the linearized Backlund transformation, we obtain (3.15). O
Lemma 14. Suppose n satisfies (2.8). Let p;,i = 0,1,2, be functions given by
Lemma 11. Then

p1(y) =p2(y) =0, forally € R.

Proof. Dividing the equation &y = 0 by &, we get
) 1
&
Note that & = 0 when (z,y) = (—%‘/g, 0) . But actually we are only interested the

equation (3.16) when —z is large. In this region, using (2.8) and the estimate of

ﬁ& (pho + A1 + phtea) 1 = — Ho. (3.16)
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wp, we have
[Ho| = [G1n — Liwo| < |G1n| + |Lywol
<CO(1+7)E.
For each fixed y € R, sending £ — —oo in (3.16) and using the fact that &y is
exponentially growing in this direction, we infer
pa (y) = 0.
This together with the initial condition ps (0) = 0 tell us that py = 0.
Now ®3 = 0 becomes
-
V3

Dividing both sides of this equation by &7 and letting z — —oo, we get pj = 0.
Hence p; = 0. The proof is completed. ([

(P60 + p1&1) 1 = Hy.

Proof of Proposition 7. We have proved that p; and p, are both zero. Now let us
define

+o0 F
k(y) = / fjﬂ;/ds, for y # 0.

For each fixed y, note that due to the definition of wg, as © — +o0, the main order
term of wg is —k (y) &1 (x,y) , which behaves like 23, Let us write

wo + k (y) & (2, y) = w".
Then

5
2

lw*| < C(1+47r)?, for x large. (3.17)
We also have ¢ = w* — k (y) &1 (x,y) + po&o. Inserting this into the equation Li¢p =
G1n, we get

*%k' (y) &1 = Gin — Ly (w* + po&o) -

Dividing this equation by &7 and sending = to —oo, we see that k' (y) = 0.
But k(y) — 0 as |y| — +oo. Hence k(y) = 0. In particular, the function
a1 (z,y) [* 925 can be extended continuously to the whole plane. For the

oo 4T W
term J = g (z,y) [*_ Af;l}%,, in general we don’t have fjoooo f;ﬁ%, = 0, because
the function f#{}, may not even be integrable. Recall that ff2 \/§S+\df7§+¢y =

In (x +vV3+ zy) —In (—\/§ + zy) and it has a jump across the half line {(w, 0):2z> —\/g}(but
its derivatives have no jump). Hence there exists a constant ¢ such that

lim wo (z,y) — lim wq (z,y) = &2 (x,0). (3.18)
y—0t y—0—
Moreover, in view of (3.17), we have
fwol = | < C (14 7)F

Since p1, p2 are both identically zero, we find that pg satisfies

V3.
po (y) = ——1iH.
T1
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Integrating this equation in terms of y, we find that

|po<y>|—¢§/oyff

With the estimate for py and wg, we then infer from Lemma 13 that the function
@ = wo + poo is the desired solution. Note that the equation (3.4) follows from the
linearization of the bilinear identity (2.4). O

<C(1+7)%. (3.19)

3.2. Linearized Backlund transformation between 7 and 75. In terms of 7
and 7, the Backlund transformation (2.6) can be written as

(D2~ LD, + &iDy)n 7 =0,
(=D, +iDy + D3 — \/3iD,Dy) 11 - 5 = 0.

The linearization of this system is

Ly = Gan,
3.20
Here
Lo = <D2—1D +L¢D )¢-T
2 xT \/g T \/?: Yy 2,
My = (—Dl. +iD, + D3 — \/giDl.Dy) ¢ - 7o,
and
9 1 1.
Gon=—|D; — EDQU + ﬁsz TL M,

Nan = = (=Da +iDy + DE = V3iD,Dy ) 1 - 1.

Proposition 15. Let n = n(x,y) be a function solving the linearized bilinear KP-1
equation at Ty :
—D2n-mp+ D1y = Dgnw'g. (3.21)
Suppose 1 satisfies (2.8). Then the system (3.2) has a solution ¢ with
6]+ (10.0] + |0,0] + |026] + 10:0,0] + B2) (1 +7) <C(1+7)3.  (3.22)
Moreover, ¢ satisfies
~D2¢ 11+ Dyop-11 =Dl 71
From the first equation in (3.20), we get
,bmy =i [\/é (02675 — 20,$0,72) — ammz} + 27 — V/3iGn. (3.23)

Here we have used 71 to denote the complex conjugate of 1. Inserting (3.23) into
the second equation of (3.20), we obtain

2
3_‘2(,257'2 + (?TQ — 61’) 3342) + (2\/§I + 12 ) 0z — Qﬁxﬁgﬁ = % (3.24)

T2 T2
Here F5 is defined to be

FQ _ Ng?’] . (68m7'2

T2

Gan — 30, (Gan) + x/??GQn) :



KP-I LUMP SOLUTION 15

To solve equation (3.24), we set
¢ =71k and h = O,K.

Equation (3.24) is transformed into the equation

319 + <—\g§7'2 — 63:) 7'1] Ozh

T (h) == 1 m202h +

3 1222
+ 2 (—fm —6a:) +7 (2\/§x+ ° )] h
2 T2
_B
=
Lemma 16. The homogenous equation T (h) = 0 has two solutions hy, ha, given
by
12 (y = v3i) (y+ 25
2 Y YT
h =(x—yi)+——=(x—yi)+3
L) = (=i + i) 8 k-
=2 (372 +4V3 (z + 7"1)) ,
375
and -
3 .
he (z,y) = 7'% (:,E +yi— \/g) ez "
i
Proof. This equation can be solved using Maple. (I

Lemma 17. The system
(D2~ LD.+ 5iDy) 67 =0,
(=D, +iDy + D3 —\/3iD,Dy) ¢ - 72 = 0
has three solutions (g, (1, (2, given by (o = 11,
<1 = 7'183;1/7,1

_ (§+2+3m—11yi>—12<y—\@i) <y+\}§>

and
o \/gyz 871h o ( 2 8 2 4yZ ) ﬁer\/gyi
=eVY'r 0, =|lz°——Fzx+yYy +—F=+7 |e2 .
G2 1 2 \/§ Yy \/§

Proof. This is similar to Lemma 10 and can be checked by direct computation. [

Let W be the Wronskian of hy, ho. That is

_ 3
W = hiOyhy — hodphy = €772,
71

Variation of parameter formula gives us a solution 7 fol h* to the equation (3.24),

where s s W
h*:hg/ 12~ds—h1/ 22 gs.
+o00 47’17’2 +o0 47'17’2W

Lemma 18. Suppose n satisfies (2.8) . Let Wy = 71 [ h*. Then

o] < C(1+7)%, forz > —10.
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Proof. Since n satisfies (2.8), we have
By <C(1+7)3.
This together with the explicit formula of 71, 7o imply that

F: P _3

,},ll 2 SCe_fTS (1+7r) g,

WTlTQ

hoF: _s

22 < o(1+r) R

Wi
We then deduce .

W (x,y)| < (1+7r)2, for x > —10. (3.25)
From this upper bound, it follows that
| < C (1+7)%, for = > —10.

O

Let ) be a function satisfying (3.21) . Slightly abusing the notation, we define
Qo = Lag — Gan.

Also define ®; = 9,®( and @5 = 92®,. The precise form of the function ¢ is to be
defined below.
We would like to find a solution ¢ for the system

$y=0
®; =0, forz=0. (3.26)
$y =0

Similarly as before, we seek a solution ¢ of this problem with the form
¢ = Wo + W1, (3.27)
with
w1 = Bo (y) Co+ B (y) G+ B2 (y) G,

where g, 81, B2 are functions of y, to be determined.
The problem (3.26) can be written as

1 =
Low;) = Hy, for x =0. (3.28)
Loty)

Here
Hy = Gan — Lawy,
H1 = 8$ (GQ’I] - LQﬁJQ) 5
HQ = 8§ (GQ’I] — LQ?I)()) .

Lemma 19. The equation (3.28) has a solution (Bo, b1, B2) satisfying the initial
condition

Proof. This is a system of ODE for 31, 82, 83. The proof is similar to that of Lemma
11. We omit the details. (]
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Proposition 20. Suppose n satisfies (3.21) and ¢ is defined by (3.27). Then
12 3 6 4v3z 6022
R <:” + f) 920, + ( W fj) 0.®0

T2 2

— -+
2 2 3
2 72 T3 T2 P

. (2\/53;7; V3 36c | 8V3d? 120353)

Proof. This is similar to Propositon 12 and can be checked directly using Maple.
We remark that the property of ¢ used here is essentially equation (3.24). (]

Lemma 21. The function ¢ = 1+ solves the system (3.20) for all (x,y) € R2.

Proof. By Proposition 20,

D, 0 1 0 @,
8:” @1 = O O 1 (I)l )
D) asy az2 ass ()
where
zT V3 36z 8V3z? 12023
a3 =223 — - = o T
T3 Ty T3 T3 TS
6 4v3z  60z?
aszg = — — ————— — 5
T2 T2 Ty
and
122 3
a3z = — + £
T2 2
For each fixed y, since ®; (0,y) = 0,7 = 0, 1,2, we deduce from the uniqueness of
solutions to ODE that ®; (x,y) = 0, for all € R. This finishes the proof. O

Lemma 22. Let §;,1 = 0,1,2 be the functions given by Lemma 19. Then 51 =
B2 = 0.

Proof. The proof is similar to that of Lemma 14, using the asymptotic behavior of
(1,(2 as x — +o0. ([

Proof of Proposition 15. The proof is similar as that of Proposition 7. Here we
briefly sketch the proof of the estimates for the derivatives of ¢.
By Lemma 22,
¢ = wo + w1 = W + BoTi-
We compute

a:v¢ = azﬂ)o + 60

:/ h*—f—’ﬁh*-l-ﬁo.
0

/ h*-f—’]'lh*
0

On the other hand, similarly as (3.19), we have |So| < C (1 +7)

By (3.25), for > —10,

3
2

<C(1+7r)

wlw

. Hence

|00l < C(1+ 7“)% , for © > —10.
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To get this same estimate for z < —10, we consider the function

oo o F
ko (y) = Wii Yy #0.
—00 172

Then similarly as the function k& appeared in the proof of Proposition 7, we have

k5 =0 and ko = 0. From this, we then get

3
2

|0:0| < C(1+7)2, for all z.

The estimates of 92¢, 93¢ and 0,,0,¢ are similar. To estimate 9,¢, we simply use
the equation La¢ = Gon and the already obtained estimates of 92¢ and 9,¢,¢. O

3.3. Proof of the nondegeneracy of the lump. With the linearized Backlund
transformation being understood, we now proceed to the proof of the nondegeneracy

of the lump solution. In this section, we denote x + yi by z.

Lemma 23. Suppose i satisfies

{ Li¢p = Gin,
Mi¢ = Nin,
Then

—403n + 2V/302n = ©1¢,
where

01¢ := —Mi¢ — V3L1¢ + 30, (L19)
In particular, if
G177 = Nlﬂ = 0,

and
5
2

| <C(1+r)
Then 1 = c1 + com, for some constants cyq, co.

Proof. The equation G1n = L1¢ is

. .
(Dg +zDet \}gDy> T0-n=—L1.
1
V3

Inserting this identity into the equation

<_Dl' —iDy +D; ~ ﬁtiDy) T0 -1 = —M¢,

That is,

(—0um) + ﬁ (—0yn) = —L1o.

8577 +

we get
1

(3.29)

V302 — 93 — V/3i0, (—\/:52' (agn — 0y + L1¢)> = —Myi¢—V3L1o.

V3
Hence
—403n + 2V302n = — M1 — V3L16 + 30, (L16) .
If Ligp = M1¢ = 0, then
4930 4 2v/30%n = 0.
The solutions of this equation are given by

V3.
c1+ cox +c3e 27,
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where ¢y, co, c3 are constants which may depend on y. Due to the growth estimate
of n, we find that

N =c1 + cox.

Inserting this into the equation Gin = 0, we find that 7 is a linear combination of
1 and 4. ([l

Lemma 24. We have
O1 () =4V3, ;1 (y) =
and

(Ch (x2 — y2) =8V3z, O, (zy) = 2V/3i7.

Proof. This follows from direct computation. For instances, we compute
Lx2—2:(D§ —D, + zD> —y?) T
1 ( ) ) /3 /3 ( ) ) 1

=21 —4dx + % (2x7’1 — (:1:2 — y2)) + % (—2y7’1 —1 (x2 — y2))
2

= —=T9.

V3

Mi (22 = 9?) = (=D = iDy + Di = V3iD,D, ) (a* = ) - 7
— (23@7’1 — (a:2 — yz)) —1 (—2y7’1 — (a:2 — yQ) z)
+(=3)2 — V/3i (—2zi — (—2y))
= —27 — 4V/3z.
It follows immediately that

2 4
(Ch (9:2 - y2) =927 + 4V3z — \/gﬁm + 37%
= 8/3z.

U
Lemma 25. Define f (6) := (L1 (6) .M (6)) . 7 (6) = (G1 (6) Ny (). Then
F(x)= (am'l \fz)

Fy)=J@yn),

and
F(2?—y?) =7 (L), (3.30)
where
I, = %x?’ + é\/§x2 — 4—\:),/gyzx Q;yB + = \[y — 14y1,

5
|

1 3
=37 y—l—fzfx +62x +<2 +\3[y> +€+£y 1+ 5y.
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Proof. We only prove (3.30). The proof of other cases are similar. Consider the
equation

—403n + 2\/58%77 =0, (a:2 — y2) = 83z

This equation has a solution

2 4
II, = 7x3+§\/§x2+a(y)x+b(y),

3
where a (y) and b (y) are functions to be determined. Since
1 ) 2?2 +y? +3
02T, + — (—0,101) + —= (=8,I) = —L; (22 —3?) = 20— 2L =2
1 /3 ( 1) V3 (=0,111) 1 ( Y ) V3
we get
8v3 1 8 i 224+ 9%+3
dr + — — — 2x2+\/§x+a> ——(dz+V)=-2—-F—.
7o (S VA V3
Hence
43 . 21 2 .
a(y) = —T\[yz,b(y) = =3 U+ 3V - My,
From here we get II; immediately. O

Lemma 26. Suppose n satisfies

Lag = Gan,
M2¢ = N277
Then
3 3 3
B + <fﬁ - 3) &2n + ( - \/§> O + £77 =03(9).
2 T1 T1
Here

O3 (¢) := i (ELM — 30z (L2¢) + M2g + \/§L2¢> .

Proof. Explicitly, n satisfies
2_ 1 1, _
(P2 = 35D+ J5iDy) 110 = ~Lad, (3.31)
(=D, +iDy + D3 — \/3iD,Dy) 11 - n = —M>¢.

Let us write the first equation in this system as
aynTl = — [@ﬂ]ﬁ =+ \/§ (8%777'1 — 28907)) — 277:| — \/§ZL2¢

Inserting this identity into the right hand side of the second equation the system
(3.31), we get

3 3 3
A+ (le - 3) 92n + < - \/3) Opn + in = 0s.
2 1 T1
When ¢ = 0, we get a third order ODE for 5. We remark that this ODE has a
singularity at the points where 7y = 0. That is the point (—\/g, O) . However, as we

will see below, it has three linearly independent smooth solutions(7s, z, 720, 1p2).
O
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Note that = 7 satisfies the homogeneous equation
3 3 3
B3nry + <\2[7'1 — 3) 020 + ( — \/3) Oxn + £77 =0. (3.32)
1 1

Letting n = 7ok and p = 9.k, equation (3.32) becomes

7'17'283}9—1— <6x7'1 + (?ﬁ — 3) T2> O.p+ (671 + 2z (\/571 — 6) + (3 — \/3) 7-2> p=0.
1

(3.33)
Lemma 27. The equation (3.33) has two solutions given by
(z +yi)* —3
b1 = P}
)

and

po 1= (8\/533 — 4iV3y + 32% + 3y° + 21) e*%‘/gz%.
T2
In particular, if n satisfies (3.29) and

G2?7 = N277 = 0,
Then n = c1z + caTo.

Note that 9, 'p; = —Z. Hence we get a solution n = —z for the equation (3.32).
This solution is corresponding to the translation of 7o along the x and y axes.

Lemma 28. We have
M, (ym) = —2V3zy + 32y + 3zi + 2v/3y%i — 2%i + 3ay?i + 9y — y° — 6V/34,
My (am’l — \/gz) =23 + 3iz?y — 2v/32% — 3zy? + 22’\/333;1/ + 3z — iy + 3iy,
4
\3/§ 2y — iy +22V/3 + \3/§ 2

4/3 2 4, 23
\[2—281+i §x3+;—[y4,

4v/3
LTI, = 24z + 12V/3xyi — T\fx yi + dxy® +

4
+;[32+

4 4 4 4
\f?’ f3+4\fxyz—§scyz+3yxz

— 4a?y? + 16v/3z + 169> — 2422,

2\f4

MoITy = —42 +
2
— 4zyi + 4\/§xy — 8\/§yi — Syt =t

3 3
3 : fg,
LIl = 13y + 10v/3i — a3y — 4By — 2%y + zy?i + y + —

3
2v/3 2 4/3 2v/3
+ \ny‘li + \gfxy3 + \{yQi — §x3i + 9xi — szi,

2
MoIl, = Ty%i — 3322y — 2zy + §x3y +5v3y — 92%i + V3xy?i
2 2 2 3 3
— 157 — §y4i - §x4i - gazy?’ +V/3xi — gims - %yf‘.
Proof. Direct computation. We omit the details. O

We are now in a position to prove Theorem 1.
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Proof of Theorem 1. Let ¢ be a solution(real valued) of (1.5) satisfying the as-
sumption of Theorem 1. Then using Lemma 6, we can find 7, (also real valued), a
solution of (3.21), satisfying (2.8). In view of Lemma 27, if Gane = Nans = 0, then
Ne = c1z + como for some constants c1,co. In this case, since 7y is real valued, we
must have 79 = co7o. But then the corresponding ¢ = 0. Therefore, to prove the
theorem, from now on, we can assume G # 0 or Nang # 0.

By Proposition 15, there exists a solution 77 of the equation

(D2 - Dy +D2)m -7 =0,

satisfying the estimate (2.8).

Case 1. Gin1 = Nimp = 0.

In this case, by Lemma 23, n; = a1 + asmy for some complex valued constants
a1, as. Observe that

{ Ly (1) = G2 (0,72),
M; (1) = N (0,72),

and
{ Ly (i) = G2 (0y72),
M2 (Z) = N2 (ayTQ) .

Accordingly, using the fact that 7o is real valued, we obtain
Ny = d10,7T2 + anyTQ + d3To,

for some real numbers di,d2, ds. This then implies that ¢ = d10,Q + d20,Q.
Case 2. Gin; # 0 or Nymy # 0.
In this case, by Proposition 7, in the region €, there exists a solution 79 of

(D2 = D3+ D) no -0 =0, (3.34)
satisfying
ol + 10am0] + 19,10 < C (1 +7)3 . (3.35)
Moreover, 79 satisfies
lim no (z,y) — lUm 7o (z,y) = c&2 (z,0), for > 0. (3.36)
y—0t y—0—

Since ¢ is a kernel of the linearized KP-I equation at the lump, it is real analytic.
Hence 7, is also real analytic. From this, we infer that for j = 1,2,

lim (85770 (z,8) = dlno (z,—¢)) = c@ifg (x,v) |y=0, for all z € R. (3.37)
e—0+

Y
The equation (3.34) reads as
0310 + Do — Dymo = 0. (3.38)

In this equation, we can take Fourier transform in the x variable and solve the

derived ODE of y for each frequency. Using (3.36) and (3.37), we find that ¢ = 0.

Now let 7jg (-, -) be the Fourier transform of 1y in both 2 and y variables. We get
(s + s+ ) o (s,8) =0

Hence 7jg is a distribution supported at the origin. Applying Theorem 2.3.4 of [27],
we deduce that ng is a polynomial in the z and y variables. Now using the estimate
(3.35) , we infer that ding = 0 and thus

8%no + 020 = 0.
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Therefore, for some constants ¢y, ..., cs,
No =1+ c2x + c3y + ¢y ($2 - y2) + csxyY.

We claim that ¢ = ¢3 = ¢4 = ¢5 = 0. Indeed, if ¢4 or c¢5 is nonzero, then using
Lemma 25 and Lemma 28, we find that Lo (1) and My (1) will grow like 4. This
contradicts with the asymptotic behavior (2.8) of 2. On the other hand, if co or
c3 is nonzero, then still by Lemma 28, Mo (11) will grow like 23 or z2y. This also
contradicts with the asymptotic behavior of 75. Hence 7 is a constant. Then from
the previous discussion, we deduce that

Ny = d10, T2 + da0y T2 + d37a,

for some constants di, do, ds, which implies ¢ = d10,Q + d20,(Q). The proof is thus
finished. O

4. NONDEGENERACY OF A FAMILY OF y-PERIODIC SOLUTIONS

Following similar arguments as in the previous sections, we would like to show
the nondegeneracy of a family of y-periodic solutions naturally associated to the
lump solution.

Let k£ € (0,1) and p = /1 — k?i. In some cases, we also denote v/1 — k2 by b.
Define

i = re3@py=t) _ =5 (@—py—t),

Here 7 > 0 is a constant to be determined later on. Throughout the paper, we use
the notation 2* = k~!Inr. Then we can also write

= (eg(“w**py*t) _ e*%(wﬂv*fpyft)) )

Note that actually 7; is depending on k and p and of travelling wave type. We now
define ¢; through the relation 7; (¢,2,y) = t1 (x — t,y) .

Lemma 29. 7 satisfies the bilinear KP-I equation.

Proof. This follows from direct computation. See, for instance, Page 197 in [1]. O

4.1. The linearized Backlund transformation between 1y and ¢;. Next we
consider the Backlund transformation between ¢y = 1 and ¢1. Note that indeed ¢ is
same as 7p. Since many ideas are similar as in the previous sections, in the sequel,
we will omit some of the details of the proof.
Define the parameters
k2 pi
A TP 7 (4.1)

Lemma 30. The Bdcklund transformation between vy and 1 is given by
Dg + ,U,Dx + %’LDy> Lo - Zl - )\L()Zl = 0,

(4.2)
Dy +3\D, — /3uiD, + D3 — \/3iD,D,, — %) to-t1=0.
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Proof. Let m1 = k (x — py — t) . We have
1
(Dg + pDy + \/giDy> Lo - i1 — Aoin

= 8521 +u (—(QLZl) + (—8y21) — A\l

1.
—1
V3

Since A, p are given by (4.1), we get

k2 uk  pki
—+ = ———=-X=0,
4 2 2V3
k2 uk  pki
— B =0
4 2 23

Hence
1

\/EZDU) Lo - Zl — )\Lozl =0. (43)

(Di + pDy +
The second equation
. 3 . 3k2/l -
Dy + 3\D,, — V/3uiD, + D3 — \/3iD,. D, — = )w=0 (4.4)
can also be verified directly. Alternatively, once (4.3) is proved, we can use the
bilinear identity (2.4) to prove (4.4). O

Similarly as before, we need to investigate the linearized Bécklund transforma-
tion between tg and ¢;. That is

D2+ uD, + %wy) 611 — Aty = G,

. (4.5)
—D, +3\D, — \3uiD, + D3 — \/3iD, D, — ?’kTu> ¢ 11 = Nim.

Here
1 .
gin=— (Di + puDy + \/gZDy> Lo -1+ Avon

and

3k2
Ninp = — (Dx +3\D, —V3uiD, + D3 —/3iD,D,, — 4“) L1

Let us write the first equation as
iDy6 -1 =~ (VBD2+V3uD, ) ¢ 11 + V3Agu + V3G,

From this, we get

(9y¢ = i [\/gﬂ (aac(lﬂl - ¢axbl) + \/g (63(25“ = 20:¢0z11 + ¢8§L1)}
ayl“ ¢ — V/3Xi¢p — ‘f’igm-

L

+
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Inserting (3.5) into the right hand side of the second equation, we obtain the fol-
lowing third order ODE:

2
1036 + (Gu - 1232””) 026 + <3u2 —1- uuaf” + 12(3“1;1) ) )
1 1 1
1 60,
= (331 (Gin) — L1L1 Gin+ Nin+ 3,uglv7) : (4.6)

Letting g = 0,¢, we are lead to the corresponding homogeneous equation

48§g 4 <6H — 6k coth (S (x — py))) Og

+ (—kz2 — 6k coth <§ (z — py)) + 3k coth? (]; (x —py)>> g=0. (47

Next, we would like to find solutions for the equation (4.7). Introduce the new
variable z = coth w. The equation (4.7) becomes

K (1— 22)2 9o+ (B —3k2) k (1—2%) —2k* (1 - 2%) 2) g2
+ (=k* — 6pkz + 3k*2%) g = 0. (4.8)

This equation can be regarded as a second order ODE for the variable z. Since our
aim is to solve the ODE (4.6) for the z variable, the equation (4.8) is introduced
here to find the fundamental solutions of (4.6) .

Recall that p = —4/ % We have the following

Lemma 31. The equation (4.8) has solutions of the form

_2—37” _ 1 z—1 o
Q1—Z2_1,(12— 21 \z+1 .

One crucial fact is that as |z| = 400, ¢ = O (%) and g2 = O (%) . This implies
that at the singularities of (4.6), where ¢; = 0, the solutions ¢1,¢2 are actually
smooth.

For any given function 7, with the help of these explicit fundamental solutions,
the solutions of the inhomogeneous third order ODE (4.6) can be written down
using the variation of parameter formula, as have been done for the 74,7 case.
Note that as © — 400,

k—3u

q ~c1(y) e qo ~ e (y)e 2
On the other hand, as x — —oo,

T

kx 7@:1:
s .

q~dy(y)e ", qa ~da(y)e

Hence in this case the Wronskian of ¢; and g2 behaves like e(=F-3n)r, Since
coth w is % periodic in y, we know that ¢; and go are both %—periodic
in y. However, ¢1 is only %—periodic.

For later purpose, let us define the function

1 1
Dy := (Di + /J'Dx + \/gZDy) (b Tl — )‘(bl’l + (Di + /J/Dw + \/gZDy) Lo -1 — )\b077~
(4.9)

The choice of ¢ is to be determined later on. We have the following
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Proposition 32. Suppose ¢ satisfies (4.6) and n satisfies the linearized bilinear
KP-I equation at v1. Let ®g be defined by (4.9). Then

3 6
930y = (—2“ + Lam) 92D + b0, By + By,
1

where

1 Oy 92 Opt1 2
bi= k% +6p “+3w”—15< “),

L1 L1 3]

1,0, u1 \2 3102 911 \*
ci= gk Ll—ﬁu( Ll) +“m“+15< L1>

L1 L1 2 L1 L1
8IL18%L1 82L1
- 972 + .
121 L1

Proof. This is a result similar to Porposition 12 and can be directly verified with
the help of Maple. O

4.2. The linearized Backlund transformation between :; and 1. Let k €
(O, %) Throughout the paper, we denote by A the constant ,/ 1114kk22. Then we
define

- ni1+n2 _nitn2 n1—n n2—ni
lo=e 2 +e 2 —Ale 2 4e 2

= 2(cosh (k (z —t)) — Acos (kby)),

where my = k(z —py —t),m2 = k(x 4+ py —t). As is well known, I is a solution
to the bilinear KP-I equation, as can be checked by hand. Define t5 through the
relation s (¢, z,y) = 1o (x — t,y) . Let

. pi prA

= ,T = .
: V3 k4 p*
2

We emphasize that i2 is 77 -periodic in y, while the minimal period of ¢; in the y
direction is equal to %.

Lemma 33. We have the following Bdcklund transformation between Iy and iy:
D2+ u*D, + %iDy) 0y - Ty = Avia,

. . e (4.10)
Dy +3AD,, — V3u*iDy + D3 — V/3iD, Dy = %) iy -7y = 0.

Proof. We have not been able to locate a reference in the literature for this result.
Therefore let us sketch the proof below.
We compute

D
I:= (Di + u*Dy + Z\/§y> 01+ ly — Alqla

= 020109 — 20411 0,09 + 11020,

i A k2
= (ayL1L2 — Llayl,g) — ZLll/Q.

V3

+ /.L* (81.21@ — 2169522) +
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Note that 5‘2Z122 = %221&. Hence I is equal to

2 n1 _mi+ng nitno +712 2 _m n1 _mitng n1+n2
-k Thret ) (—e T te T )+ k Threr) (e 4o

pi k _n1 nL _mtn2 n1—"2 —n1+n2 n1+n2
VDA 2 +re2 e” 2 —Ae 2z —Ae 2z H4e 2

I ﬂk (—6_% +r€n71) (_6_711;712 +en1;n2)
V3
i pk

_mi n _mitn2 n1—mn2 —mitn2 nit+mn2
e 2 — rez e" 2 —Ae 2 —Ae 2z  H4e 2

It can be simplified to

2% <rk— ﬁ;p’" + ﬁ;f“) e % 2k (k - QA ‘E”’) e?. (411

Due to the choice of the constant r, (4.11) is equal to zero. This proves the first
identity in (4.10).

The second equation of (4.10) then follows from the first one and the bilinear
identity (2.4). O

Consider the linearized Backlund transformation

2 * 1y L — -
(Dz + 14 Dw + \/ngy) ¢ L2 )‘(ZSL? QQTI? (412)
(=Dy + 3AD, — V3u*iDy + D3 — \/3iD, D, — 3k*1u*) ¢ - 1o = Non.

Here

1
Gan 1= — (Di + Dy + ﬁiDy) Ly -+ A,

Nonp = — (DI +3\D, — V3u*iD, + D3 —/3iD,D,, — ik%ﬁ) .
Similarly as before, after we plug the 9,¢ term into the first equation of (4.12) into
the second one, we get the following third order ODE:

41903 4 (6% 19 — 120,10) 26
(amb2)2

L2

( k%10 — 120 Oyt + 12 >6m¢+B¢

68m
=30, (9277) &

Gin + Nan + 37 Gan, (4.13)
where
3 Ozl2 oo 2
B = anLg - 67830@ + k%010

3ip* Opta + Oyt
1 9V/3i —V/3i H 2 2
L2
- 2\/32’818?/@ — 6" Aig.
Note that if we replace to, u* by ¢1, 0 respectively, B will be 0, as we already
computed.

81 L2
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The homogeneous version of (4.13) is
4L282¢ + (6,UJ*L2 — 1281L2) 62¢

( k2 — 1240, 1y 1 120012) >8z¢>+3¢
L2

= 0. (4.14)

Observe that ¢1 is automatically a solution of this equation. We write ¢ = ¢1h, and
g = Ozh. Then g should satisfy

Oy 3 Oyt
859 + ( = g > 09
L2

l1

9 2
N <k+ (3,u* _68maz> Oxt1 ~3u *8 L2 +3(81‘22)> g=0. (4.15)
2 L2 L1 2

L9 )

If we introduce the new variable z = eF(*=P¥) then we get the following second

order ODE for g in the z variable:

k*220%g + <k22 + (i%amb1 S 8@2) kz) 0.9
L1 2 Lo

2
+<k+(3u*—68“2>8“ gy rt2 +3(6”2> >g
2 Lo L L2 i3

=0.

To have an idea for what happened in this equation, we consider the special case
of y = 0. In this case, the equation has the form

3rz—1 3u* 22 -1
242

079 + + = -
© 9 Z( 2rz24+1 2k 22+2Az+1> g

1 * -1 1rz—1 * 2_ ] 3 2 2
T4 (3% —6 2 SrEmo gk 20 2 (2T ) )y
2 k 22 4+24Az4+1) 2rz+1 k222 4+2A42z4+1 k2 \224242+1

=0.

If we choose k = %, then p* = %, A=,/ 11__4]?’/“22 = 0,7 = 0. Hence the equation

2 4 2
4—2z ang2(4,z 132 +7)g:0. (4.16)
(2 +1)z 22 (22 + 1)
The solutions of (4.16) are given by hypergeometric functions. For general k €
(0, %) , it seems to us that the solutions of (4.16) do not have explicit expressions.
This contrasts with the previous cases and is an interesting issue.
The next lemma gives the asymptotic behavior at infinity of solutions to (4.15).

Recall that p* =4/ 1k2

reduces to

0%g +

3

Lemma 34. The indicial roots of (4.15) are given by

ko3,

and -
A = kg = o 2
1 12 5 9k
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Consequently, the indicial roots of (4.14) are

k 3k 3,
048_25,0[;—:?70[;:]{3—5[,&,
ko 3k 3 .
O[O :75,061 :737042 :7](175’[1 .

Proof. Recall that as ¢ — 00, ‘9:'—1“ — :I:g. On the other hand,
ta = 2 (cosh (kxz) — Acosh (kbiy)) .
Therefore,

Ozlo ksinh (kx)

1y cosh (kx) — Acosh (kbiy)

From this we see that

8r L2

— +k, as x — foo.
L2

It follows that the limiting equation of (4.15) at +oo is

3pt 3 K2 3
2 _ / T _
77+<2 2k>n+(2 2/119)77-0.

Hence the indicial roots are

o . 2 .
IO G ) R A St TG T
1,2 — .

Using the fact that p* = %, we get )\1+ =k, )\; = g _ %ﬂ*.
Similarly, as z — —o0, we get

3u* 3 K23
" 7k / - 7*]{ =0.
n+<2+2>n+(2+2u )77 0

Hence the indicial roots are

(S 3k) £ (3 4 30 -4 (K + k)
: |

Hence A\| = =k, Ay = —g — 3%, The proof is thus completed. g

For each fixed y, we use 3, j = 1, 2, to denote the fundamental solutions of (4.14)

with the asymptotic behavior €% % as x — —oco. Moreover, we use fi,7 =12, to

denote the fundamental solutions of (4.15) with the asymptotic behavior e ¢ as
T — —00.

Next we define the function
* * 1 * 1.
o = (Di +u Dy + \/gsz> O Lo — Apia+ (Df +pu Dy + \/gsz> L1n— A1m.
A result parallel to Proposition 32 is:

Proposition 35. Suppose ¢ satisfies (4.13) and n satisfies the linearized bilinear
KP-I equation at 5. Then
3

6
Py = <2 +—0, (LQ)) D2DE + b0, B + D,
2
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where

2
b= fk2+6*a +381 —15(8“2),

L2 L2

C:—15'u* ((9ng> 7k28 L2 *>\+\f’LaaL2

2 L2 L2 L2

3u* 02 1 83
faLga L2+ M L2+7 )
2 L2 2 %)

1 2 3
B j@wbgawm 15 (@LQ)

2 .3 L2

Remark 36. The coefficients before 02®f and 0,®f are essentially the same as
that of (32) . The coefficient before ®f is different, due to the fact that the coefficient
B in the equation (4.14) is nonzero in this case. Indeed, Proposition 12, Proposition
20, and Proposition 32 can regarded as special cases of this identity, with different
choices of p, A, ¢.

4.3. Proof of the nondegeneracy of the periodic solutions. Recall that ¢5 is

periodic in y with perlod . When k = 2, i’; = 87%. As k — 0, the period tends to

400. The KP-I equation hab a family of solutions 292 Iniy. In this part, we prove
that Ty = 202 In 15 is nondegenerated in the class of 2 5-periodic(in y) solutions.

Lemma 37. Let k € (O, 5) be fized. Let ¢ be a functwn 7, -periodic in y. Suppose
for each fixed vy,
v (x,y) =0, as |z| = +oo.
Assume ¢ solves the linearized KP-I equation at Ty :
o (334,0 —p+ 6T2<p) — 3590 =0.
Then ¢ has the estimate:
o (2,y)| < Ce "7, (4.17)

Proof. Since ¢ is ——perlodlc in y, we can write it in the form of a Fourier series.
Suppose

p="Z(z Z ) cos (kbny) + Z: (x) sin (kbny)) .

The function ¢ satisfies
03 (93¢ — ¢ + 6Tap) — D = 03 (6Tny)

Note that |Ty| < CreF1#l. Regarding the right hand side of the above equation as
a perturbation term(for |z| large), we find that Z, (z) satisfies

02 (02Zy — Zn + 6122, + k2*nZ, = O (e—klw\) . (4.18)
Note that the indicial roots A of the equation
ZW - 73 4 P’ Z =0
are given by

< 1+ V1 — 4k2b%n?

A2 =
2
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~ — A4k2h2n2
)\:j:\/li 124kbn.

We claim that for n € N, ‘Re 5\‘ > k. There are two cases.

Case 1: 4k2b%n? < 1.
We need to show

‘We obtain

1 — V1 —4k2b%n? > 2.
2
The validity of this inequality follows from the fact that

1— 4% = (1 - 2k°)°

Case 2: 4k*b*n® > 1.
Writing A\ = ¢ + di, we have, for some a € R,
1+ ai
5
This implies ¢ — d? = 1 and 2cd = 2. Since k < 1, we find that |c| > f > k.
Once we know the asymptotic behavior of the homogeneous equation of (4.18),
we can use the variation of parameter formula to get the desired estimate of . [

A —d?+2cdi= N\ =

Let ¢ be a function satisfying the assumption of Lemma 37. We differentiate
the equation Th = 202 In 15 and get a function n:

o= 28?2.
L2
Then we get a corresponding solution 7 of the linearized bilinear KP-I equation,
with the form

—2¥
1N = 120, 2—.

Here 0;' := [” . Observe that as |z| — 00, 15 = O (e"l) . Due to the estimate
of ¢, we conclude that n < C, for x < 0. The next step is to solve the linearized
Bécklund transformation between ¢; and ¢s.

Lemma 38. Suppose 1 is a function solving the linearized bilinear KP-I equation
at Lo :
fDin “lg + Din cly = Df}n - Lo,

Assume n is 3% -periodic in y and satisfies |n (z,y)| < (1 + |z|) eI®!

7 (z,y)| < C, forz<0.

, and

Then the system (4.12) has a solution ¢, 4l-pem‘odz‘c in 1y, with
|6 (x,y)| < Ce¥, for z <0,

Moreover, there exists a constant c* such that
o (x,y) — creshrtiui| < C (1 + |z|) el=l,
Additionally, ¢ satisfies the linearized bilinear KP-I equation at 11
~D2¢- 114+ Dyt =Dl 11,
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Proof. The proof is similar to the case of the linearized Backlund transformation
between 71 and 5. We use W to denote the Wronskian of f; and fs, introduced
after Lemma 34. As x — —oo, W behaves like e (ktn")z,

For each fixed y, the inhomogeneous equation we need to solve is

(awL2)2

L2

4L26§¢ + (G,U*LQ - 12(3IL2) 85(;5 + <(3,u*2 — 1) Ly — 12M*Bxbg + 12 ) 8I¢ + qu

60,
= (Nle + 72 2Gon + 30, (Gam) + 3MQ277> .
Let us define
1 60
M = ™ <N277 + ; L2 Gon + 30, (Gan) + 3M9277) .
2 2

This equation has a solution of the form

bo (z,y) =01 /_; {f2 /_; ({11%) - h /_; ({fé\[fé[ﬂ ds. (4.19)

Using the estimate of 7, we obtain

Nan| < C (14 []) 24171,

and for z < 0, [Nany| < Ce517l. The term Gon satisfies similar estimates. From these
bounds and (4.19) , we infer that for x <0,

o] < Ce'*
Note that although ¢; is only % periodic in y, ¢q is indeed i—g periodic, due to fact
that ¢; appears both in the nominator and denominator.

The next step is to find a solution ¢ satisfying the first equation of (4.12) on one
line parallel to the y axis, say x = 0. This can be achieved by finding a solution of
the form

¢ = ¢o+ po(y) 11+ p1(y) B1 + p2 (y) Ba,
with the initial condition pg (0) = p1 (0) = p2 (0) = 0. Then applying Proposition
35, we conclude that ¢ solves the whole system (4.12). Using the asymptotic be-
havior of ¢1, 81, B2 at —oo(observe that o = f%k <0and oy = —k — %,u* < 0),
we infer that p; (y) = 0,7 = 0,1, 2. Moreover, for x positive and large, in view of
the growth rate of 81, 82,11, as x — 400, for each y, ¢¢ can be written as the sum
of a function a (y) e3*® and a function ¢ satisfying

651 < C (1 + [a) €™l (4.20)
The function a (y) should satisfy
1
V3

kb, ~ . . . . . .
Hence a (y) = c¢*e2 ¥ for some constant ¢*. Since ¢; is % periodic in y, ¢ is also
% periodic. The proof is finished. O

<ch +p*Dy + iDy> (a (y) e%kz> - (cosh (kx)) — Aa (y) 2% cosh (kxz) =0.

We also need to solve the linearized Bécklund transformation between ¢g and ¢;.
A parallel result of Lemma 38 is
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Lemma 39. Suppose ¢ is a function solving the linearized bilinear KP-I equation
at 11 obtained from Lemma 38. Then the system

D2 4 D, + J5iDy ) € - 11 = A = Gu6,

—D, +3AD, — \/3uiD, + D} — \/3iD,D, — 3’67“) €11 = N6, (4.21)
has a solution &, continuous in the region
Qs := R\ {(z,nty) : 2 < —2*,n € N},
%-periodic iy, with
€ (2, y)| < C (1 +2?) elel, (4.22)
and decaying exponentially fast as x — —o0 :
€ (z,y)] < Ce*™, for x < 0. (4.23)
Moreover, there exists a constant ¢ such that
ylirél+ &(z,y) — yli%lf E(z,y) = exa (x) forx <™, (4.24)

and & satisfies the linearized KP-I equation at vo:
—D2 10+ D& 1o = DiE 1 in Q.

Proof. This follows from the same arguments as in Lemma 38, using variation of
parameter formula. We sketch the proof below.

After inserting the first equation of (4.21) into the second one, we get a third
order ODE in z for the unknown function & :

2
140%¢ + <6u - 128“1> 0%¢ + (3;3 Cp o192ty p (%) ) 0ué

1 L1 31
1
— - (50 (0 -
L1

Let W = 90,9192 — ¢10:¢2. Then the above equation has a solution

P * oA T oA
= B . 4.2
&o /oo(q2/+oo4W Q1/OO4W) (4.25)

Let x; = foz gj,J = 1,2. Note that although ¢ is only % periodic, §~0 is actually
% periodic, due to the fact that the denominator in A is ¢;. Similarly as before,
we can find functions p;, with p; (0) =0, = 0,1, 2, such that the function

6(91 L1
L1

Gin+ Nin + 3,ug177) = A.

&=2%+po(y) +p1 () x1+p2 () x2

solve the system (4.21). Using the asymptotic behavior of xs for z — 400, we
conclude

p2 (y) = 0.

On the other hand, using the asymptotic behavior of x; for x — —oo, we have
p1 = 0. Then by considering again the asymptotic behavior of £ for z — —oo, we
get po = 0. Hence £ = &. Now from (4.25), we get (4.22). The estimate (4.23)

follows from the fact that when k € (07 %) ,7@ > k.
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Let us consider the function a(y) := fj;o %,y € (0,tx). As x — +o0, the
main order of £ is a (y) x1. Hence

\}giDy> (a(y) e’”) . (ek@;ipy)) —Xa(y) B

It follows that a (y) = Ce %% and ¢, ffoo % can be extended continuously to the

region €2,,. Note that the function ¢, foo % may have a jump on those half lines

{(z,nty) : < z*,n € N}, this leads to (4.24). O

(Di +uDy +

In the next step, for each given function &, we would like to solve the reversed
linearized Backlund transformation system

D2+ uD, + J5iDy ) 10 -1 = Mon = — P,

(4.26)
—D, +3\D, — \3uiD, + D3 — \/3iD, D, — ?”“T“) Lo = —SE.
where
P¢ = (D2+,uD, +-LiD >€L + A&y,
N (4.27)

S¢ = ((3)\ —1) Dy —V3piDy + D3 — V/3iD, Dy, — 3k:") ST

The first equation of (4.26) can be written as
)
V3

Inserting this into the second equation, we get

920 — pden + —= (—0yn) — An = —P¢.

2

k
—4031 + 6p0>n + k20, — 3uln — 3 B+ 3upPe — 30, (P€) + S¢ = 0.

4
The characteristic equation of the ODE

2

3k
— 40P + 61020 + k20, — Budn — Ly =0 (4.28)

has the form

2. /1 — 2
—4t3—2\/§\/1—k2t2+k2t+7\/§k 21 o

Hence the indicial roots of the equation (4.28) are —g, %, 37“

Lemma 40. Let P¢,SE be defined in (4.27). If € = e*@=PY) Then
31PE — 30, (PE) + S¢
k2 3 1
- 5 (k(z—py)) _ 3 (k(z—py))
- (3ke + (9% — 96p) e ) .

On the other hand, if € = e*@+rY) | then

BuPE — 30, (PE) + S¢
2

= f% ((3k + 96p) e3 Butry) 4 gke%@”m/)) .
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Proof. Taking derivatives in = for P, we get

1 7
83; (Pf) = L18§’§ + (—695L1 + [LLl) 855 + ﬁq&ﬁy{ + %

+ (—(ﬁq - %@,Ll — >\L1> 0z&
)

+ <8§L1 — /J/ang — \/gazaybl — )\81;“) 5
Therefore, —3uP¢ 4 30, (P£) — S¢ is equal to
20,03 + (2\/§ul) 0,0,€ + (—6a§L1 4 6udain + Aoy — 2\/§iaybl) 0,6

axblayf

4 2
Direct substitution of explicit formula of £ into this expression gives us the desired
results. 0

7k? 3k?
+ (45@1 — 6pd% — Ozt1 + ;ul) &

Theorem 41. The periodic solution Ty := 20215 of the KP-I equation is nondegen-
erate in the following sense: Suppose ¢ is smooth and %—periodic in the y variable.
Assume

¢ (z,y) = 0, as |z] = +o0,
and

2 (2 2,

92 (920 — o+ 6Top) — 020 = 0.

Then ¢ = 10,15 + c20,T5.

Proof. Let ¢ be the function satisfying the assumption of this theorem. Then by
Lemma 37, || < Ce . Let K := 150;2£. Then K can be written as

Cilo + Cotox + K™, (429)

with |K*| < C. Here ¢, ¢y are two constants independent of y.

By Lemma 38 and Lemma 39, we can solve the linearized Béacklund transforma-
tion between tg,t1,t2, and get a kernel £, given by Lemma 39, for the linearized
bilinear KP-I operator at ¢q, with suitable growth and decay estimate. £ satisfies

Opé — 026 — 026 =0 in Q. (4.30)
Now we define £ (z,y) = e **¢ (2,y) . Then
o4 (e’”é) — 02 (ek“’g) — 85 (e’”f) =0 in Q...

In view of the estimates (4.22), (4.23), we can take Fourier transform for ¢ in
the z variable and solve the corresponding ODE of y for each frequency. Using
the jump condition (4.24) and periodicity in ., we conclude that actually & is
smooth and ¢ = (ccos (kby) + dsin (kby)) e*® for some constants ¢, d. To deal with
this possibility, we now apply Lemma 40 to infer that the system (4.26) has a
solution 1 with main order of the form

kx

n(x,y) ~a(y) 3 , as r — +00, (4.31)

where a (y) # 0. Then after we solve the reverse linearized Bécklund transformation
from ¢1 to t2, we can see that (4.31) contradicts with the asymptotic behavior (4.29)
of the kernel K of the linearized bilinear KP-I at to. This finishes the proof. O
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5. MORSE INDEX AND ORBITAL STABILITY OF THE LUMP SOLUTION

We observe that for any k € (O, %) , Lo is positive. It is also periodic in y, with

minimal period t := k\/% Let us define the region

Q= ,y) €ER?: <7T}.
pim { ) e R syl <

Lemma 42. As k — 0, there holds t, — +o00 and
Ty — Q, in C*(Q).

On the other hand, as k — %, we have ty, — @ and

1
T — 5 cosh™2 (g) , in C* (R?).
Proof. In each fixed bounded domain, when k is small, we can expand % as
k2x? 3 k292
(1222 _ 4
L+ — ( 2k>(1 2)+O(k)
2

:%(x2+y2+3)+0(k4).

Hence as k£ — 0,
Ty =207 In1; — Q,in Cf,, (R?). (5.1)
Next, we want to show

|2021In 1 — Q| in Q, (5.2)

< ¢

L+a2 492

where C' is a constant independent of k. To do this, it will be sufficient to prove
2

|azhlL2| § 1 +x2 +y2,

If both |kz| and |ky| are small, say |kx| < ¢ and |ky| < e, where € is a small

constant, then by the previous argument(expanding in terms of kz, ky), 202 In 15 is
close to Q. Hence (5.3) is true in this case. Now suppose |kz| > ¢, then we compute

2k% (1 — Acosh (kx) cos (kby))
(cosh (kz) — Acos (kby))?
< 2k%x? (cosh (kx) + 1)
22 (cosh (kx) — 1)°

C
<

s 2
On the other hand, if |ky| > € and |kz| < ¢, then

kK2C
2
2 ~ .
‘28I1n/, | < —
1 —cose

in Q. (5.3)

’28% In LQ‘

Note that in Q, kv/1 — k2 |y| < 27, Thus [202 Insp| < ;TCZ
Now with (5.1) been proved, we can use (5.2) to deduce that
Ty — Q, in C? ().

The proof of convergence of T to % cosh ™2 (%) as k — % is easier, following from
the fact that in this case A — 0. O
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Let us now consider the linearized operator around the one dimensional solution

% cosh™2 (%) .

Lemma 43. The operator

Ln:=—0*n+n— 3 cosh ™2 (g) n+ 8;28577

has ezactly one negative eigenvalue in the space L? (]R X R/%Z) . Moreover, the
kernel of L in this space is spanned by Z;, i = 0,1,2, where

Zy := tanh (f) cosh™2 (f) ,
2 2

. 1T " V3

Zy = (cosh 2) cos (4 yl,
) 1z ", V3

Zy = (cosh 2) sin (4 vl .

Proof. This essentially follows from Lemma 2.3 of [60].
Let A be a negative eigenvalue of L, with 1 being an eigenfunction:

—0*n+n-3 cosh™2 (%) n+ 8;28577 = \n.

83w
3

n(z,y) = Z <an (z) cos ({fny) + by, (x) sin <\i§ny>> .

For the n = 0 component, the operator reduces to

Since 7 is -period in y, we can write n as Fourier series:

ag — —ag + ag — 3 cosh™2 (g) ap.

It is well known that this operator has a unique negative eigenvalue in L? (R).

Moreover, 0 is an eigenvalue, with tanh (%) cosh™2 (l) spanning the corresponding

2
eigenspace. See, for instance, Lemma 2.2 of [43].
For general n € N, we get an equation of the form

Bna := —a" 4+ a — 3cosh™? (g) a— %n28;2a = Aa, (5.4)

B,, can be seen as a self-adjoint operator in the space with norm

\// (a') + a2 + (85 'a)”,
R

where in terms of Fourier transform, 9, ta = (—if‘l&)v . In this context, if a is a
solution of (5.4), then the antiderivative 9,2 actually can be defined by

T t
0, %a = / / a (s)dsdt.

Note that if a satisfies equation (5.4), then automatically 9, %a (x) — 0, as & —
+00. 05 %a can also be defined in terms of Fourier transform:

;%= (~¢%a(9) "
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For n = 1, differentiating the family of periodic solution at £ = 0 with respect to k
yields an eigenfunction for the eigenvalue A = 0. Consider the operator

/ 3
Ta = —a'® + ((1 — 3cosh™? (g)) a’) T

Observe that Ta = 9, B19za. From Lemma 2.3 of [60](see equation 2.5 there, see

also [5]), we know that the operator T has no positive eigenvalue. Moreover, the
kernel of T is one dimensional and spanned by the function (cosh £)". Hence B; has
no negative eigenvalue and the kernel of B; is spanned by the function (cosh %)N.
As a consequence, for any n > 1, the quadratic form associated to B, is positive

definite. This finishes the proof. O

We define the Morse index of the lump @ to be the number of negative eigen-
values(counted with multiplicity) of the operator L :

n— —0in+n—6Qn+ 0,20

We also define the Morse index of the periodic solutions T5(note that these solutions
depend on k) to be the number of negative eigenvalues of the operator Ly, :

n— —02n+n—6Ten+ 9,0,

in the space of functions which are t;-periodic in y. We remark that eigenfunction
. . . . .. —+o0
n corresponding to a native eigenvalue may not satisfy the condition [ o n=0.
Let E be the natural energy space associated to the KP-I lump solution, with
the norm ||-|| . More precisely, we define

E:= {f AP = /R (10077 + 7 + (2 '0,0)7) < +oo}~

Let Ej be the space obtained from the completion of the space consisting of those
smooth solutions which are ¢t periodic in y, under the norm

2= [ (1017 5 17+ (0570,0)7) < 4.

Proposition 44. The Morse index of @ is equal to 1.

Proof. The negative eigenvalues of Lj have minimax characterization. If we list
these negative eigenvalues in increasing order as Ai 1, Ag,2, ..., then

2
Aei = max min L i=0,7<1—1).
k,i 1se.s0i_1EE) fEE {fﬂk 12 o, fo; J s

Observe that T5 depends continuously on k and decaying exponentially fast to zero
as |z| — +oo. Hence for fixed 4, A;; depends continuously on k.

Now we would like to show that the Morse index of Ly is equal to one for k
sufficient close to 1/2. To see this, we assume to the contrary that there was a
sequence k,, tending to 1/2 such that the corresponding operator Ly, has at least
two negative eigenvalues Ay, 1, Ak, 2. By Lemma 43, the limiting operator L. has
exactly one negative eigenvalue. Thus Ay, 2 must tend to 0. We use n,, » to denote
the corresponding eigenfunction, with L> norm being equal to || 21|, - . Note that

/ D 20 Ts = 0, / D 20, Ts = 0;
Qe

Q,
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while 9,T5 tends to ¢y Zy and ﬁaﬂg tends to ¢y 25, for some nonzero constants
co and co. Hence up to a sign, 277;%72 converges to Z;. This argument also proves
that there were exactly two negative eigenvalues, A, 1 and A, o. We remark that
differentiating 75 with respect k yields another kernel of L, but this kernel is
linearly growing in the y direction.

Now by Theorem 1.1 of [(6], for k sufficiently close to %, the Zaitsev soliton 7%
is orbitally stable in the energy space Ej. This contradicts with the instability
theorem(See Page 309 of [24]). We then conclude that the Morse index of Ly is
equal to one for k sufficient close to 1/2.

Now Theorem 41 tells us that 75 is nondegenerate, in the sense that the kernels
of L are generated by space translation in the z and y directions. Therefore, a
brach of negative eigenvalues cann’t touch the zero eigenvalue and the Morse index
of Ty is invariant with respect to k. It follows that the Morse index of L is equal
to one for all k € (0,1).

To prove the proposition, now we assume to the contrary that there were to
negative eigenvalues for £. The negative eigenvalues of the operator £ also have
minimax characterization. Lemma 42 tells us that Ty converges to Q in C? () as
k — 0. Hence from the decaying property of @, we infer that L; has at least two
negative eigenvalues for k close to 0. This is a contradiction and hence the Morse
index of the lump solution is equal to one. ([

Theorem 45. The lump is orbitally stable in the following sense: For any € > 0,
there exists § > 0, such that, if u(t;x,y) is solution of KP-I with ||u(0)— Q| <
0,u(0;-) € E, then for allt € (0,+00),

inf flu(t) —Q( -+, +7)l<e
71,72€R
Proof. With the spectral property of the lump solution understood, its orbital sta-
bility essentially follows from a result of Grillakis-Shatah-Strauss [23](See section 5

of [10], also see [60] for the case of line solitons). We briefly sketch the proof below.
Let u. be the family of lumps with speed c. Define the function

1 1 1
d(c) := / ( (Opue)® —ud + = (8y8;1u0)2 + cui) .
2 \ 2 2 2
Then d’ (¢) = 1./¢ [z u}. Hence
d" (¢) > 0. (5.5)

Now using (5.5) and arguing similarly as Lemma 5.1 of [10], we can prove that if p
is a function orthogonal in L? to @ and 8,Q,8,Q, then,

[ oo =clol?.
R2
for some constant ¢ > 0. We define
Qa,b = Q(x—a,y—b).
Let u (t;x,y) be a solution of the KP-I flow, which is initially close to the lump:
[ (0) = Qoyoll <o

Without loss of generality, we assume |[u (0)| . = [|Qo,0l/;2(In the general case,
note that there is a family travelling wave lump type solutions us with speed s,
defined in the first section. Hence there exists a ¢* close to 1 such that ||u (0)] ;. =
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|tte+ || 2 - Then one can follow the same arguments below to show that w(t) is
orbitally close to uc. In view of the fact ||u.«|| is close to ||@Q||, the result of the
theorem then follows). The existence of this solution is guaranteed by the result
of [29]. For ¢ sufficiently small, we can find 71,2, depending on ¢, such that the
function

w (t) =u (t) - Q’Ylﬁ2

satisfies the orthogonality condition

/ (WD, Qy ) = / (WD, @y a) = 0. (5.6)
R2 R2

On the other hand, w can be written as
w = O‘Q%Wz +wi,

for some small constant o () and a function w; satisfying [p. (w1Qs, 4,) = 0. Note
that by (5.6),

/ (010,Qss ) = / (018, Qn, 1) = 0.
R2 R?

Moreover, by the conservation of L? norm, we have

/ (T+a) Qi 7o —|—w1)2 = / Q%,@
R2 R2
It follows that
(200 + 042)/ Qi,= —/ wi. (5.7)
Rz R2

On the other hand, the Hamiltonian energy

H(u) = / <; (Bpu)? —u® + % (8y8;1u)2 + ;u2>
R2

is conserved by the KP-I flow. Hence for any ¢, H (v) = H (v (0)) . Note that

) = H (@) + [ witw) = [ u

Anisotropic Sobolev inequality(see for instance equation (2.9) in [60]) tells us that

/ W < Cllwl?.
RQ

Applying the spectral property of £ and the estimate (5.7) of «, we deduce
2
H (u) 2 H(Qy, 5,) + Cllwl]”.
In view of the conservation of Hamiltonian H along the KP-I flow, we get
2
[w]]* < C(H (u(0)) — H (Qo,)) -
This completes the proof. (I

Remark 46. Now with the spectral property of the periodic solutions To under-
stood, it is also possible to get their orbitally stability in the class of %—periodic
solutions(The case of line soliton and Zaitsev solitons near the line soliton is dis-

cussed in [55-00, 60]). We will not address this issue here.
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