
CHAPTER 4

Weak Solutions. Part II

4.1. Guide
'I'his chapter covers the well-known theory of De Giorgi-Nash-Moser. \Me

present both the approach of De Giorgi and of Moser so students can make co.m-
parisrrlns and can see that the ideas involved are essentiaily the same. The classical
paper [12] is certainly very nice material for furlher reading. One may also wish to
corlp41e the results in [12] and [7].

4.2. Local Boundedness

In the following three sections we will discuss the De Giorgi-Nash-Moser ttre-
ory ftrr linear elliptic equations. In this section we will prove the local boundedness
of solutions. In the next section we will prove Holder continuity. Thel in Section
4,4 t'ue will discuss the Harnack inequality. For all results in these three sections
there is no regularity assumption of coefficients.

l['he main theorem of this section is the following boundedness result.

lt.ueonnv4'1.SupposeaiieL@(B)cmdC€L(](B)for'S()meq>
satis,f.y the following assttmptions

aii@)€i€i ._ Xl€Y for any x

for s,c,me positive constants X and
the following sense

f
I(x) I n,i D,rDip * cttg,-

'/
B1

If f <= Lq(B), thenu+ € tA(Br). Moreover, there hotclsfor cmy 6 e (0, r) a,ntl
any 10, > 0

=l
B1

€ Bt , f e IR" ancl la,ilu- + llcllro < A
t\. Suppose that u € H t(tr,) is a subsohttion in

f q for any A € H;(B) anct p >. O in 81.

supr- s C{
Bet

wheret C : C(n, X, t\, p, q)

I
llf llurar.r I

J

this theorem, the one by De

(1 - O)"tu

is a positive

lla*ll rnla; *
constant.

Irr the foilowing we use two approaches to prove
Giorgi and the other by Moser.

Pnoop. We first prove for g : I/2 and p - /.

Iv{Erson 1. Approach by De Giorgi.
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if I; is sufficiently large. Obviously it is true for (. ,- 0. Suppose it is true for t - L

We: write

lp(kur, r!-,)lt*, . {q(ko,'il }t*' - 
eVo,,:q), .9(ko,.ro)

I yt-, I V(t_tt_rt) )r(
Thon we obtain

e(kt,rr) < T 'o' jrlr* n 
'lq(ko,ro)l' ' '# *P

Choose y first such that yt :21+e. Note y > 1 . Next, we need

Cy'-' /,n{tro, ro)\u,to + F + k
r-, \ k /' k <i'

Ttrr:refore we choose

k:C*{ko* F*q(ko,ro)}
for C* large. Let !. -+ *oo in (4.4). We conclude

?Go*k,r)-0'
He.nce we have

supu+ < (c* + 1){k0 + 17 + Q(ko,ro)}.
Bt/z

Recall ko: Cllu+ll*ra,> and g(ko, ro) < lltt+llr2<8t,. This finishes the proof.

Next we give the second proof of Theorem 4,1.

Msrnoo 2. Approach by Moser.

First we explain the idea. By choosing the test function appropriately, we will
estimate the Lpl norm of ll in a smaller ball by the Lpz norm of r.r for pt > p2 in a
lar'g5er ball, that is,

llull yn(B.r ) S C llull LPz(B,z)

fot p1 > Pz and 11 I 12. This is a reversed Holder ineqr.rality. As a sacrifice C
belhaves like ;f . By iteration and careful choice of {r;} and {pi}, we will otrrain
the result.

For some k > O andm > 0, set u : u+ *k and

o^-[: rfu<m
lk+m ifu>m.

The:nwehave Dil* - 0in {u.0} and {tt - m} andun, S l.r. Setthetestfunction

I - n2elf,u - 1r?+r; e Ho1(Br)

fol some P > 0 and some nonnegative function 4 € C;(Br). Direct calculaition
yiej.ds

Dg - pntnf,-t Du^u + n2up*Du + 2qDrt@f,,il - k7+r)

- ,ttuf,,(pDu^ + Du) * 2nnn@f,,il - kF+\) .

11
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We should emphasize that later on we will begin the iteration with fr : O. Note
9 : 0 and Dg - 0 in {u < 0}. Hence if we substitute such rp in the equation we
integrate in the set {a > 0}. Note also that u* < u and, uf,,u - kp+r . uf,u for
k > 0. First we have by Holder inequality

fr
J ",, DiuDie - J aij Diu(F Dilr,,, * Dir)n'rk

F
I

+ 2 | aij DiuD14@f"" - ko+l)rt
'/
f 1 a - .r f t ,, ^ r> )"8 | n'ul"lDil,,,l' + x I n'ul,,lDul2 - L I lo,tllDrtlrf,nrtJJJ

- f a o " ,1, f ^ )A2 f- Lp J ry',ur,,1Dil,,,( *; J r2up,,lDua -; J 104(az^a2.

Hence we obtain by noting u > k

p I n,af,lDu,,,a + [ rraf,,lDuf
J 

' IIII 
J

s c{ [ ,",tauf,,u2 + [ lrh'uf,,u2 +1y1a2nl,,nl
t J J ttt"' I tJ t'' ^"'u 

f

s c{ [ p,tl'uf,u2 + [ ,or'af,,r4 .tJ J l
where ca is defined as

, , lfl

choose fr = ll ,f ll*if / is r", io"l,a 
'*jo*r": 

otherwise choose arbitrary ft > 0
and eventually iet ft -+ 0*. By assumption we have

llcollro<A+1.
p.

Set u,r - u,?rlz. Note

lD*l' < (1 + p){p"f,,lDil,,l' + aflDn?} .

+ P) I *'lD,tl2 + (1 +

+ p) 
{ *,tlD,tl: + (1 + ,S)

Therefore we have

f(
I lowl2rt2. c{(tJt

or

I ,"earit' = 
c{rr

Hdlder inequality implies

f o,."* t*t . ( f .g\; f

O, I csutzn') '

-/ 
tor't,.,t 

l
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B.ginterpo1ationinequa1ityandSobo1evinequalitywith2*-4>
q > n /2, we have

llrlurll 2s- < ellnull rr. * C(n, q)e- ti= l7wllrz
Lq-l

< sll D(nw)llr, * C(n, q)e-ni;114wll*

f<rr any small e > 0. Therefore we obtain

f ^ t f 2q f ^ ^'l
llD(ran)l'.cj (1 +B) l*'lDnl'+(1 +fl)n';' l*'n'lJIJJ]

arLd in particular

I peuill' . c(t + p)" I nort' + n')*' ,JJ
rn,.here a in a positive number depending only on n and q" Sobolev inequalit,y then
inrplies

t

( [,nu)fx) 
o 

= 
c(t + il* [ uotie + n2)w2

\J/J
uzhere X - f1 > 1 for n > 2 and X > 2 for n : 2. Choose the cut-off furrction
as follows. For any 0 < r < R < 1 ser q € cJ (Bn) with the properly

rl : I in B, and lDnl < :-- R-r
T'hen we obtain

/ ^ \tr ,.,^\,
( [ *,^ I = 

,lt^* 4),", [ -, .

\;, ) (R - '')' !*
Fl:calling the definition of u), we have

/ ^ \i ,"

I I or^ 
"r_^ | = rlr=* P_,1.", I a, nu^ .

\/ 
"') (R-,)'lo 'n

Sret )z : fl + 2 > 2. Then we obtain

/ ^ \+I [ -,,1 
= 

c\v=- rr,", I r,t/ "4,, 1 __ 1R_r,",
\;, / Bn

pu'ovided the integral in the right-hand side is bounded. By letting m --> +oo we
conclude that

tluttr,,(',) = GFil 
t,, 

ultvvlapl
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provided llullu(an) < +oo, where C : CQt,e,X, A) is apositive constant inde-
pendent of y. The above estimate suggests that we iterate, beginning .with T : 2,
as2,2X,2X',.... Now set for i :0, I,2,... ,

Yt:2X' and ,,:)*#.
By yr: Xli_ t andri_ r - ri: I/2i+r, wehave for i _ 1,2,,.. ,

llull yr @,t) S C (n, e, L,n ) F llull yn-t (8.1_1)

provided llull yt-t (8,,_,) < *oo. Hence by iteration we obtain

\-r
llull2vt(8,,) ( C' ,' llull2z6,, ,

in particular

<C (!,.)'(,{ ,*^')o
Letting i t +oo we get

sup rz S C ll ull pz6y) or
Bt/z

Recall the definition of k. This finishes

Rsuanr 4.2. If the subsolution a
function

sup rz+ 
= 

C{llru+ll r2G) + k} .

Btn

the proof for p - /.
is bounded, we rnay simply take the test

lt is easy

I

I
J
B1

where

g _ n2(up+, _ kp+ t; e Ho11B,;
for some P > 0 and some nonnegative function 4 € Cj (Br ).

Next we discuss the general p case of Theorem 4.L This is based on a dilation
argument.

Take any R < 1. Define

iL(y) - u(Ry) for y € Bt .

to see that fi satisfies the following equation

d,iD,fiD,,p*Zile< [f, forany ae H;(81)and Q>Lin81
B1

d(y) - a(Ry) , z(y) : Rzc(Ry) and ify> : R2l(R:r)
for any ! e Bt. Direct calculation shows

ld;il..-611 + llcllrrrn,> - laijlr-(ro) + R2-t llrllLq(8il < A.
We may appiy what rve just proved to it rn ,B1 and rewrite the result in terms of u.
Hence rve obtain for o > 2

t t , 1" I
sup r{* < C { =:-llrz+ll r ptR^, -l- Rz-'i I f lrq,n^i }



4.2. LOCAL BOUNDEDNESS .75

wLrere C - C (n, l, A , p, q) is a positive constant.
The estimate in 86p canbe obtained by appiying the above result to 81r-0)R(y)

forany ! < Boa. TakeR - 1. ThisisTheorem4.1 foranyg e (0, 1) and pa-2.
Now we prove the statement for p e (0,2). We showed that for any 0 € (:0, 1)

aru]0<R<lthereholds

llr*ll L*(Ben)=r{*
- qRl;

1

= '{* - e)Rli
For p € (0, 2) we have

anLd hence

rr -f lllr/ ll L2(an)

llr* ll L2GR)

+ R2-t tt f tt ,,,u -,1

+ ll / ll.r 1r,, ) 
.

f ,,1 , 1^ f

J {"*1, . llr+llL-:(u*, J r"*fBp Bs

by Hdlder inequality

' '? 
=fru,-I,-s,:(-l,- +=- ({,,-);) 

t- 
!t-firt,,,^,1.

Ittt-r,R], \;: I '"^l
Set. /(l; - flu-tlr*,i8", ftrrr € tO" lJ- Then f,or an1. C! < r < R < I

f (r) s ]ftnf ";-g=ilu-ll Lp,Br,+ cll f llrn6,1,.: (R-r);
We apply the folloxing lernma to ger for an1.0 < r < R < I

f (r) = ;l-- liu- ii Lpt Bt,+ C ll -f ll r,1s,1 .(R - r)t
Lel .R -+ 1-. We obtain foranl.g < I

llrr*li LxtB;, = (, +llu-ll Lp(Br)+ Cll .f llr,6,;.

f(t)<efG)+;!,,,+s
(,r - r)'

fo, some 0 e [0, r). Thenfor any ro < t < ^r < ry there holds

f(r).c(a,o){, o .+B}.' [ (t - t)" J

We need the follorving simple lemma:

Levlue 4.3- Irt f (t) > 0 be bounded in frs,rlf with zo > 0. suppostz forTo :i t < .r < T1 rr,€ have



+4J s o{,1,. c,--'|ts$
-J 

r - b' 
S D (0.! t+"1 j !,,, . fi' s) -f
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PRoor. Fix zs < t <, s < 21. Forsome0 < z < l weconsiderthesequence
{l;}definedby , , , ^rol4

to - t and ti+r : ti * (r - z)z'(s - r). 
t*..-t1=('-1)tk'

Note tq :s. By iteration g4

f (t) - f (to) < 0kf (r)* [,. 
A 

.^ (s - r) -a +
L(t - r)o'

Choose r < | such that9r-d < 1, thatis,0 < r" <. l. A

f (t) < c(u,0)[ rt 
o 

,^-,(s - r)-0 +'t(1 -7)"'

r k-l
s lf o'

luJ i-o

sk->oo
IBl.
l

lla*ll Lq* (Bt/z)= t{ llu+ll rz@t)+ ll/ll.,,u,l}

C(n,1, A, q, €(K)) is a positive constant with

/ ^ 1i
r(K)-l f l.li)

\,,.,{^,, /

Form>0,setu-u+and

- [a ifu<.m
Urn:1 .^. lm tlu>m.(-

ii-'o.

vre have

T

In the rest of this section we use Moser's iteration to prove a higtr integrability
result, which is closely related to Theorem 4.1. For the next result we require
ttZ3.

THeonBN4 4,4. ,suppose oij e L*(B) and c < L"/2(B) satisfy thefollowing
assumption:

€Br,f€R"
e Hr (^B1) ls a s'ubsolution in

fq for any g e

l#, |), then u+

H6@) and I > '0 in 81

= A1612 for any x

d t\. Suppose that u

xl€l'. aij@)€i€i

for some positive constants ), an
the following sense'"

ff
I o,i Diu Dig * cug <. IJJ

81 81

If f € Lq (B) for some q €
Moreove4 there holds

e L|,i,@r) for ;:, - L_?
qtl

where C -

Pnoor.

+^

Then set the test function
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for some P > 0 and some nonnegative function 4 € C[(Bl. By similar calcula-
tions as in the proof of Theorem 4.1 we conclude

([r"pa'p"\+ ( r f ' n-e-'
\./ ' ..m ^ )" <c(r+illJlpnl'uT^o'* 

J Vh'up,,u2+ I,tnro1ol
whe:re X' - # > 1. Hdlder inequality implies for any K > 0

I,r,n'af,uz<K I ,fnf,,u2+ I vit2np*n2
{lcl<K} {lcl>K}

r / r -\#, r r#
=*Jn'nP*u2+l I t,t+l (lO,au^"\,-)

\tt.t'=rt / \'/ /

= 
u I n'a|^u2 +e(K) (f U^ta,^a'^)+ .

Notr: e(K) -+ 0asK + *oosince c e L"/2(81). Henceforbounded flweobtainby r;hoosing large K - K(p)

(l r,sn,x,zx) 
* 

= 
c(r+p)

Obs,:rve (pr,)fr

^,W
(r.7 {)_'u,tr
- ..ftltt^/

.1lb+l
lsupp nl'- n-r4:ttx

., 1* pFAe) .,W-t|r\" , l; r- s il/r,"+

* I trtf ne^il|{l ,Dnt2 + n- )u;ru"

nP*a = ,u*-h;+tn : @f,a\ffi .

by Holder inequality again we have for 4 < 1

trtn'al*, = ( I,r'') 
* 
( | rr,ou*0,)^)effi

="( Ir',uxutx) 
** c(,,p)(l

The:r:efore

I
pro.uided

1 B+I1--- I -nq @ +277
whic:h is.equivalent to

F+z.q(n _2).
n-2q

Henoe B is required to be bounded, depending only on n and q. Then we obtail
/ r r*
( | ,'rl|xlzx)o = 

,{ [|Dnlr+nr)af,,ar+llfllurfrl\J / l.J "v"b1 
)

By r;otting y - f * 2, we have by definition of q*

(4.5) z<y=q(n -2) -Q*,-2q x
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We conclude, as before, for any such 7 in (a.5) and any O < r < R < 1

(4.6) llillltr,(,.) ( ,[ --L---llull,tBpt * llf llr,,o,,]
[(R-r)' )

provided llullu(Bn) < *oo. Again this suggests the iteration 2,2X,2)]
For given q e l#, \), there exists a positive integer ft such that

2xo- . q(n 
-2) . 2xn .n-2q

Hence for such k we get by finitely many iterations of (4.6)

t'I
llull*,0(837o) 5 Clllullrztatr + ll f llu1s,llTJ

in particular
tt[;[. +L x t Btrd't l. J

While with y - s: in (4.6) we obtain

tl
llullt,"rnlp\ S Clllull ,', llf llt,ralrf .

I t / (8j,1\ 
]

This finishes the proof. I

4.3. Htilder Continuity

We first discuss homogeneous equations with no lower-order terrrLs. Consider

Lu: -Dt(atiQ)Diu) in 81(0) c R"

where o,j € L-(Br) satisfies

\€3. arj/)€i€i. Ll€lt forall x € B1(0) andf e R"

for some positive constants ), and A.
- DeTTNITIoN 4.5. The function r.r € H,L.(81) is called a subsolution (superso-

Iution) of the equation
Lu -O

if r

I o,t DiuDl,p < 0(U 0)

b,

forall I e H;(81) and g > O.

LBvve 4.6. Let Q . C,tj (R.) be convex. Then

(i) if u is a subsolution and. Q'
provided, € F4L.(Br).

(ii) if u i:Ssupe,rsolution and O' < O, then u - O (u) is a subsolution provided


