CLASSIFICATION OF FINITE MORSE INDEX SOLUTIONS OF HIGHER-ORDER
GELFAND-LIOUVILLE EQUATION
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ABSTRACT. We classify finite Morse index solutions of the following Gelfand-Liouville equation
(=A)’u=¢" in R",
for 1 < s < 2 and s = 2 via a novel monotonicity formula and technical blow-down analysis. We show

that the above equation does not admit any finite Morse index solution with (fA)%u vanishes at infinity
provided n > 2s and

r2(nd2)  r(ri+s)

1—12(717425) F(”EQS)
where I is the classical Gamma function. The cases of s = 1 and s = 2 are settled by Dancer and Farina
[10, 11] and Dupaigne et al. [13], respectively, using Moser iteration arguments established by Crandall and
Rabinowitz [9]. The case of 0 < s < 1 is established by Hyder-Yang in [29] applying arguments provided in
[12, 21].
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1. INTRODUCTION AND MAIN RESULTS

We prove a monotonicity formula and apply it to classify stable solutions of the fractional Gelfand-Liouville
equation

(1.1) (=A)’u=e€" in R",

where (—A)® is the fractional Laplacian operator for 1 < s < 2 and for s = 2. The above equation has been
of great interests in the literature for various parameters s and in multidimensional domains. For the case of
s =1, Dancer and Farina in [11], see also [10], gave a complete classification of finite Morse index solutions
to the above equation. This is connected with the problem known as the Gelfand’s problem [25] on bounded
domains. They showed that in dimensions 3 < n < 9, the above equation does not admit any stable solution
outside a compact set. In other words, any solution to (1.1) is unstable outside any compact set, and so its
Morse index is infinite. The fourth-order analogue of the Gelfand problem, the case of s = 2, was settled by
Dupaigne et al. [13] showing that in dimensions 5 < n < 12 any solution is unstable outside every compact
set assuming that lim, ., 9(r) = 0 where

(1.2) v=—Au and o(r) :][ vdo.
oB,

A similar assumption was imposed in [36] to classify (not necessarily stable) solutions of the biharmonic
problem in R*, see also [33]. Such assumptions are crucial when dealing with higher-order equations in the
context. For the fractional Laplacian operator when 0 < s < 1, the authors in [29] applied a monotonicity
formula and blow-down analysis arguments initiated in [12, 14, 21]. We also refer interested readers to [35]
and references therein where the regularity of extremal solutions is discussed. In the current article, we are
interested in such classification results for finite Morse index solutions when 1 < s < 2.
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Assume that 1 < s <2, u € C?**(R") N Ly/2(R™), & > s> 0 and L, (R") " is defined by
n) = L gey, [ AL
L,[R") := {u € L, .(R™): /]R" i |Z|)n+2udz <oop.
The fractional Laplacian of u

(7A)S’LL(£L') — Cn,2,s/ ’LL({E + 2y) — 4u(m + y) +|§Tﬁ5f2)g_ 4’LL(.’E - y) + u(x _ Qy)

dy

n

is well-defined for s € (1,2) every = € R", see [1] for the definition of higher order fractional Laplacian.
There are different ways of defining the fractional operator (—A)® when 1 < s < 2, just like the case of
0 < s < 1. Applying the Fourier transform one can define the fractional Laplacian by

(—A)su(¢) = [¢[*a(0),
or equivalently define this operator inductively by (—A)® = (—=A)*"lo(—A). Yang in [38] gave a character-
ization of the fractional Laplacian (—A)®, where s is any positive, non-integer number as the Dirichlet-to-
Neumann map for a function u. satisfying a higher-order elliptic equation in the upper half space with one
extra spatial dimension. This is a generalization of the work of Caffarelli and Silvestre in [4] for the case of
0 < s < 1, see also [5-7, 32]. Throughout this paper set b := 3 — 2s and define the operator

(1.3) Apw := Aw + gwy =y b div(y’Vw),

for a function w € W22(R"+1 yb).
Theorem A. (/38]) Let 1 < s < 2. For functions u, € WQ*Q(RZ’FH, y®) satisfying the equation
(14) Abue = 07

on the upper half space for (x,y) € R™ x Ry where y is the special direction, and the boundary conditions

ue(z,0) = f(2),
limy 0 y*0yuc(2,0) = 0,
along {y = 0} where f(x) is some function defined on H*(R™) we have the result that
o s — : b
(1.5) (A f(x) =Chs ;E%y OyApue(,y).
Moreover,
(1.6 [ 1Pl = Cu [ ooy Py
R™ Ry

Applying the above theorem to solutions of (1.1) we conclude that the extended function w.(x,y) where
x = (21, - ,2,) and y € R satisfies
A2y, = 0 in R
(1.7) limy .o ybayue =0 on 8Rﬁ+17
limy, 0 %0, Apue Cpse* on 8RT‘1.

Moreover,
[ 1ePa©Pds = o [ o180 (o) Pdod.
R™ ]R1+1

Then u(z) = ue(x,0).

Definition 1.1. We say that a solution u of (1.1) is stable outside a compact set if there exists R > 0 such
that

_ _ 2 )
(18) Cn,s,2 /n /n I’ + y |2y¢|57(l+)25 (b(x y)) dydﬂf = /n |(_A)§¢|2d$ Z /n €u¢2d$7
for any ¢ € C°(R™\ Bg).

1One can see that Lg/o(R™) C Ls(R™) and (—A)gu is well defined for u € L/5(R™). If the condition (—A)%u vanishes at
infinity is replaced by Aw vanishes at infinity, one can just assume that u € Ls(R™).
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We say a solution u has finite Morse index if there is a finite upper bound on its Morse index in any
compact set. This is equivalent to the condition that u is stable outside a compact set. The main goal of
this paper is to classify all solutions of (1.1) which are stable outside a compact set. To this end, we first
introduce the corresponding Joseph-Lungren’s exponent, see [31]. Let qg(ﬁ ) be the Fourier transform of ¢(x)
for any ¢(x) € L?(R™), as it is shown by Herbst in [37] (and also [27]), for n > 2s the following Hardy
inequality holds

2
(19) Cn,s,2/ / (¢(x + y) 2(;5(1‘) + ¢(‘T y)) dydz — / |§|2s|qg(£)|2d£ Z An,s/ |$‘725¢2d1’,
n n Rn RTL

|y|n+2s

for any ¢ € C2°(R™) where the optimal constant is given by

1'\2 ( n-z23 )

Fz(n—425) .

(1.10) A, o= 2%

We now provide an explicit singular solution for (1.1). Let 1 < s < 2, n > 2s and set
F(%)F(l +3)

D(=5%)

Then, u, s solves (1.1) in R™ \ {0}. In order to conclude the above let 0 < ¢ < 1. It is known that

(1.11) Un,s(z) = —2slog|z| +1log A, s, when A, ;:= 92s

1 Any L(E)IA+1)
~A)flog —— = =L \when A, ,:=22—2"+ "
(—=A)"log |2[2t 2|2t when it F(n—22t)
Since (—A)* = (=A)o(—=A)! for 0 <t =s5—1 < 1 we have
s An,t 1
Therefore,
1 1
(=A)° log o =A,s-1(25s—2)(n— QS)W
The above implies that
s 1
(=A)°log W = A, s-128(n — 25)W.

Combining the above coefficients, gives A,, .
The above computations imply that equation (1.1) may not admit any stable solution if n > 2s and
A, s < A, s that reads

TA(22) T(§(1+5)

Fz(n—425> F(n—QZs)

(1.12)

In general, the above implies that 2s < n < ng(s) for some ng(s) € R*. It is straightforward to notice that
for the case of s = 1 the above reads 2 < n < ng(1) when ng(1l) = 10 and for the case of s = 2, it reads
4 < n < np(2) when ng(2) ~ 12.56 is the largest positive root of n?(n — 4) — 128(n — 2). We now elaborate
on the above inequality when 1 < s < 2. Let f : [2s,00) — RT be the following continuous function

]_'\2 T+2s T r—2s
f(l‘) = 2(30—423) ( ;% )

r2(e5=) I(3)
This implies that f(2s) = I'(s). Now, define g(x) := f(z) — T'(1 + s). So,

g(2s) =T(s) —T'(1+s) = (1 —s)I'(s) < 0 when s > 1.

Applying the Stirling’s formula for the gamma function one can observe that
(1.13) f(z) = O(x®) when z is large.
This implies that when « is large enough g(x) becomes positive. We define ng(s) to be the first positive root
of g(x) when = > 2s. We therefore conclude that ng(s) satisfies 10 = ng(1) < no(s) < no(2) ~ 12.5 when

1<s<2.
Here is our main result.




Theorem 1.1. Assume that n > 2s and 1 < s < a < 2. Let u € C**(R™) N Ly/2(R™) be a solution of (1.1)
which is stable outside a compact set and (—A)3u vanishes at infinity. Then

[2(2) D301 +5)

EESRENCS

This article is organized as follows. In Section 2, we prove a monotonicity formula via rescaling arguments.
In Section 3, we classify the homogeneous solutions. In Section 4, we perform a blow-down analysis argument.
To do so, we start with some preliminary integral estimates for stable solutions. Then, we perform a bootstrap
argument and Moser iteration type arguments. Applying these results we provide technical estimates for
each term in the monotonicity formula. This enables us to prove our main result. In Section 5, we study the
fourth order Gelfand-Liouville equation.

Notations:
Bt the ball centered at 0 with radius R in dimension (n + 1).

Br  the ball centered at 0 with radius R in dimension n.

B""(z9,R)  the ball centered at zo with radius R in dimension (n + 1).
B(zg,R)  the ball centered at zg with radius R in dimension n.
X = (z,y) represent points in RT‘I =R" x [0, 00).
C  a generic positive constant which may change from line to line.
C(r a positive constant depending on r and may change from line to line.

o the Hausdorff measure restriced to the boundary of the ball.

2. MONOTONICITY FORMULA

The key technique of our proof is a monotonicity formula that is developed in this section. The ideas and
methods in this section are motivated by the ones in [21], see also [14, 20, 34], and references therein. Define

1
E(r,zo,ue) = r*™" / fy3_25|Abue|2dxdy—Cn7s/ e“edx
RO B+ (zg,r) 2 ORI B (20,r)
2
_2T23—1—n/ y328 (‘9%_’_2*9) do
Ri*lﬁaB"*l(mo,r) or r

1,d oue 25\’
+-rd— 7“25_3_"/ Y32 ( u + 5> do
2 dr RIH NOB 1 (2o,7) or r

—4s(2s —2—n) 7“23—3_"/ v (ue + 2slogr) do

R} NOB™ 1 (zo,7)

e 2
—25(25s —2—n) TQS*Z*”/ y> 2 (3u + s> do
R1+1083"+1(a:0,r) or r
1d I
=2 TQan/ Y32 |Vue|2 B ‘au do
2dr R1+1OBB”+1(ID,T) or

1 A |?
+§7‘257"71/ y3725 \Vue|2 — ‘ 3 - do.
R} NOB 1 (z0,7) r

Theorem 2.1. Assume thatn > 2s—1. Then, E(\, z,u.) is a nondecreasing function of A > 0. Furthermore,

dE(X, 0, ue P
(21) ( y Lo, U ) > C’(n,s) )\2372771/ y3,28 (8u I S> do,
d)\ R1+1ﬂ83”'+1(w07/\) 67" )\

where C(n,s) = 2(n+ 1 — 2s) is independent from .
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Proof. Suppose that zo = 0 and the balls B;’H are centered at zero. Set,

(2.2) E(ue, A) := N2 / fy | Apue|?dady — C’n,s/ e'edr | .
Rn+1 Bn+1 2 6R1+1OB;L+1

Define v, := Apue, u)(X) := uc(AX) + 2slog\, and v)(X) := A0.(AX) where X = (z,y) € R}
Therefore, Ayu)(X) = v2(X) and

Appd = 0 in R
(2.3) limy 0 y*0,u} = 0 ., on ORI,
limyﬁoybayvé‘ = (Cp se% on 8Rﬁ+1.

In addition, differentiating with respect to A we have

du)  dv}
2.4 Ap—5= = —=.
@4) PAx T dA
Note that
_ _ 1
(2.5) E(ue, \) = E(u), 1) :/ yP (v dxdy — Cns/ " dx.
R1+103f+1 2 Rn+1 Bn+1
Taking derivate of the energy with respect to A\, we have
dE(u), 1 dv} du)
(2.6) dB(ug, 1) :/ yPu) Ve dmdy—Cn,s/ eus Xe o
d)\ RZ+1 ﬂBIH-l d)\ 8]R1+1QBIL+1 d)\
Using (2.3) we end up with
dE(ud,1 dv 5 du
(2.7) dB(ug, 1) :/ yPo) Ve dxdy —/ lim "0, v) Ye da.
dA RIHI By d\ ORI+ Y0 d\
From (2.4) and by integration by parts we have
b 2 dv2 b A
Yy v; dedy = Yy’ Apu Ab—dxdy
RTH1ABpH d\ RT%B?H dA

N dud\ du)
= - VA, -V y’ dxdy + bu oy do.
R1+1QBIL+1 d)\ G(R:JAQBILJFI) d}\

Note that
A

d du) d
—/ VA, - V—Lybdedy = / div(VAyudy®) Ye dxdy — / y°0, (Ayu)) e
RiJrlmBIHrl d)\ Ri+1r\|BIL+1 dA 6(R1+IOBIL+1) d)\

du) du)
= / Yy’ Aju) —=dady —/ y° 0 (Apud) =<
RN BIT d\ OR™HNBIY) dA
du A
= —/ yb&,(Abué‘) Ye 4o
OR™INB) d\

Therefore,

d b A b N du
/ y e / bitey a ( )da_/ yau( bUE) 17
Ry NBYT! d>\ ORI NBYTY) dA AR NBYTY) dA

Boundary of Rt N B consists of ORT N By and R} N OBy . Therefore,
dv du) N
o We A Jirmy o/
= —v. 1 li
/RK“OBI‘“ v /auai“nBi‘“ ( ‘e yme? % ( dA > oY e dX ) o

>\ du)‘
b, A
20 | =5 ) — d
+/]Ri+1ﬂ(93?+1 ( < dA > Y e dA > ”
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where r = |X|, X = (z,y) € RTT" and 0, = V- £ is the corresponding radial derivative. Note that the first

integral in the right-hand side vanishes since 9, (d;f ) =0 on OR""'. From (2.6) we obtain
dE(u, 1) AN du) W dud
2.8 — = O <) -0 < ) do.
( ) d\ /]Ri+lﬂaB;1+1 Y Ve d\ ('Ue) d\ g

Now note that from the definition of u} and v and by differentiating in A we get the following for X € R’*!

A
(2.9) )\duzig\X) = rOup(X) +2s
A
(2.10) Ad“jli(;() = rO0MX) + 20} (X).

Therefore, differentiating with respect to A\ we get

)\dzué‘(X) dui‘(X)i adué‘(X)
X2 a7y
So, for all X € R} noBy ™!
MNX
(2.11) o, (u)(X)) = Ad“zlif\)—%,
du)(X) d2u)(X)  dud(X)
(2.12) ar( = ) = A
A
X
(2.13) o, (V) (X)) = Advzg ) ou)(x).

Substituting (2.12) and (2.13) in (2.8) we get

dE(u), 1) d*u)  du) dv) du
2.14 el - TTA (e ) -yt (AL —20) ) =& | d
(2.14) X /MHQOB?H (y Ve < D2 Ty )TV N T )

d2 A d A d A d A
/ . <AM Yo | gppafle (e “) do.
R NoBT T

¢ da? ¢ dA dX dA
Taking derivative of (2.9) in r we get

. €

r87”2 +87‘ T 7or \dx

o) ou) ) 0 (du*)
So, from (2.12) for all X € R} N 9B} we have

o%u o (du? ou v du? du? d?u
21 e _ \__ e _ e _ e e _ e ) — 2 e 2s.
@15 Ha =, ( X ) o = (A FPCEREPY ) (A X 5) AN e T

Note that
v} = Ayud =y P div(y®Vud).
Set 61 = £. Then, on Riﬂ N 8Bf+1, we have
div(y’Vup) = [Orrtte + (14 b)Dpuc]0t + diven (03 Vsnu?).
From the above, (2.11) and (2.15) we get

d?u) du? b 4
v} = A2 o5 tOAE+ B+ b divgn (A0 Vgnu).
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where ao:=n+b and 8 :=2s(1 —n —b). From this and (2.14) we get

w1 2, A 2. A 2,0 A
dE(uy,1) _ / o) /\Qd du d*u uo .o +/ 307 /\Qd du du
d\ RH Mo B+ d)\2 d\? R Mo BRI+ d)\2

du d d?u /\ duA d2u
- ON—& — [ A2 d / 64\ 89 b Qivgn (0°Venud)d
/RKHMB?H I an d)\< d)\2 d\ ﬂ) o+ RO+ Ao B 2 ivgn (0] Vgnug )do

d du)
_ b —b divven (00 Ten e
(0°Vgnu))do /Ri“maB;‘“ 91)\d/\ (67° diven (07 Vsnuy)) ™

du)
9(1
+/R¢+1m313f+1 bdx

do.

Simplifying the integrals we get

(A 2, A A g2 /\ AN 2
dE(u2,1) _ / o 23 d*u; >\2du d*u 4200 du? o
d\ BT Ao Byt d\2 d\ d)\2 dA
du) d3u d A d*u))
+ / 95)( A3 £ 1 e L >do
RIH o B+ d\ dX dA

2 )\ A
v (VR v (0 ar) + v (0 V0s) B — 3 v (09002) )
R nopptt \ o dA d\

d\ X
Note that
du d?u) 1d [, dud\? dud\’
)\2 e e _ - AZ e —\ e
d\ dX\? 2.dX A A
d?u) _ d /\dué‘ _ du
d\? d\ | dA d\
pde dw} _1d 'Agi dur\? _3,d [(du 2 e (P ?
dX\ dX\3 2.dA d\ d\ 27 dA d\ dA?
Combining the above, we conclude
dE(u}, 1) / ol d2u\? du\’
— s = 67 |2 = 2 —2 < d
d\ R+ NoB] ! v e ) " (a=2)x d\ 7
2 2
+/ ap d 32 du _1d )\Si du) dué‘ o
RTH 9B+ d)\ X 2.dA dX \ dA d>\
d*u) du d du))
+/R"+1QBB"+1 <)\ F3vl € divgn (00 Vgnuy) + 3 divgn (0°Vgnuy) i\ N (legn(ﬂ Vnug, )) N > do
= Ry + Ry + Rs3.

Note from the assumptions, &« — 2 > 0. So, R; > 0. In order to rewrite Ry, we apply the following

d A\ 1. d [dud\? du)
2.16 Ry = — 0% |22 c) — N — C A ¢ | do.
(2.16) 2T Jartinoppn 1[ (d)\> 27 ax \dA e ax |7




We now apply integration by parts to simplify the terms appeared in Rj3.

d?u du) d .. b o dud
R3 = /]Rn+1maBn+1 <>\ d)\2 leSn (91VSnu )+ 3le§n(9 Vgnu ) d\ N (leSn (01VS7Lue)) d\ > do
d?u) u) du) 2
= 0° A\Vsn n 0 Vgn 0l 4+ 00N Vg —2| | d
/Rn+lmaB"+1 ( Vs u - Vs e -3 VS u - Vs d)\ + ‘Vg N ) o

A\ d? 3d
= S / 00 |Vou) |*do ~ 5 / 0°|Voup|*do +2/\/ 6
R noBY T R noBYT! R noBY !

1 d? 1d
- L /\/ ORIV o | — 00V 2do | + 22 o
Ry NaBY ! R”“ﬂaB"“ R naBPt!
1 d? 1d
> ——— (A 03| Voup|?do | — = — 03| Vouy|*do | .
- 2d>‘2< /Ri“maB?“ Voo 2dA R"“maB"“ 1Vl do
Scaling the terms in the above we have
d du\ d 25 2
Bl (917)\2 e d - /\2—b—n/ b ar . “2 d
X Jeneipoppe ! (d/\> 7 dA[ rrrinoppn T A ) b
2s

d d (du}\
— 00 [\ — e do =
d\ /RTWB?H ! [ dA ( d)\> ] 7

i ob)\due _
d)\ R1+1083T/+1 d}\

.
ST
| — |
%
L
ST
/N
>
i
3
T
+3
t
5
Q
0:1
>3
+
@@‘
| — |
ASY
e
o
+
>
| I
[\
N———
L
Q
| IS

o8
Sl
N
>
-
T
3
T
+3
t
D
>
o}
3
t
<
o
| —|
ASH
e
o
—_
QL
)
N————

Note that the two terms that appear as lower bound for Rs are of the form

d? ou, |?
— (A eb A 2d _ b . 2 _ | XT%e
dx? < /Ri“maB?“ 1Vouc[do R““maB““ Ve or

d du |
iy 0! Vou2 o et [ o (vl - | 2
dA \ Jrrttnoppht d)\ RY 0BT

or
3. HOMOGENEOUS SOLUTIONS

In this section, we examine homogeneous solution of the form 7(6) —2slogr. Here we follow the arguments
in [21, 29)].

Theorem 3.1. There is no stable solution of (1.1) of the form 7(0) — 2slogr provided (1.12) holds.

Proof. Since u satisfies (1.1), we have for any radially symmetric function ¢ € C2°(R"™)

/ eT(O)=2slog |z 5y :/ (1(0) — 2slog |z|)(—=A)*p(x)dx

- / (~2slog|2])(~A) p(a)de = Ans | 2 du,

|$‘25

where we used
/ 7(0)(—A)’pdx =0 for any radially symmetric function ¢ € C2°(R"),

and
1 4 1 :225F(%)F( +s) 1
T =D

8

(—A)’log




Then, we derive that

0 :/ (GT(G) 7An,s)$d$ :/0 1"”717254,0(7")/S 71(67—(6) — A, s)dbdr,
which implies
(3.1) / e Odg = A, ,|s"1).
S?L*l

We set a radially symmetric smooth cut-off function

1, for x| <1, 5
x
n(a) = and )= (1-0(%) ) tea)
0, for |x| > 2,
It is not difficult to see that n, = 1 fore < r < !
(1.8) can be rewritten as

and ne = 0 for either r < 5 or r > g We notice that

(3.2) Cn,s,Q/ () ( P(x +22) —4(z + 2) +§1|/:L(f"2)s— dp(x — 2) +Y(x — 2Z)dz> o > / o,
n R’!L n

We test the stability condition (1.8) with the function ¢(x) = r~"2 n.(r). Let z = rt and using the fact
that ¥ () is radially symmetric, we can compute

o) i(zs / / )= 775(7"2 " tdwdt
re |7 — 2] sn-1 t2—|—1—2t<9 w))
3.3 =r 2 n(r / / " L dwdt
(33) nel7) st (82 41— 260, w)) "

/ / 115 (g (r) — ng(rt))dwdt
st (241 =20, w)) 5 '

We notice that the both terms on the right hand side of (3.3) are well-defined. Indeed, for the first one we
have

== t" L dwdt
sn-1 (82 +1—2t(0,w)) 2
n—2s
1—-t—7=
" dwdt
sn=1 ((t—1)2+2t(0,0 —w)) =

n—2s g1
< / [1—t "2 | o dwdt
0 st ((E— 1)2 + 260,60 — ) "

5 0o
gC/ L -t —1|"‘2_25dt+0/
0 5

By the same reason, the second term on the right hand side of (3.3) is well defined. Therefore, we can write

(—A)*Y as

Pz +22) — 4z + 2) + 6¢(x) — 4g(x — 2) + Yz — 22)

R ERE "
[ d@+22) =) V(@ +2) —P(x)
I Y Y P
v(x —z) —(x) P(x —22) —P(x)
B S P S e T

g o281l P(x) —¥(z)
— (8 — 2%t s |x_z|n+28d
9



It is known that (see e.g. [16, Lemma 4.1])

(~A)'la

n+25

= A, sl T2

As a consequence, we have

n—2s

0o 1—¢t =2
Aps = Cpso(8— 22511 / / et dwdt.
ns = Casal S S =

Therefore,
(o + 22) — dh(a + 2) + 60(x) — d(w — 2) + Yl — 22)
Cn,s,2 | |n+25 dz
= Cn,s72(8 228+1 / / (775(7") - nfgst))dtdw + An,srigisne(r)
sn-t o (241 —2t(0,w)) 2

Based on the above computations, we compute the left hand side of the stability inequality (1.8),

Cns?/n/n (x+2) — 2¢(x >+¢(x_z))2dzd:r

|Z‘n+2s

cpuals- ) [ [ W=D
Cn.s.2( . |x72|n+28 dzdz

= Cpso(8— 221 / [/ r1 . (rt) dr] / / _ ’ ——dwdfdt
2 ) , 7 e me(r) = mel sn1 Jont (2 41— 240, w)) =2
+An 9|Sn 1‘/ 71 2

We compute the right hand side of the stability inequality (1.8) for the test function ¢ (x) = r~2+*n.(r) and
u(r) = —2slogr + 7(0),

(35) / 6“’(/)2 — / / ng(T)T—ZST—(n—Qs)eT(H)Tn—ldrdH — / . 2( )d?“/ eT(e)da.
Rn 0 Sn—t 0 Sn—t

From the definition of the function 7., we have

/Ooor—l 2(r)dr =1og > +0(1)

One can see that both the second term on the right hand side of (3.4) and the right hand side of (3.5) carry
the term fooo r~In2(r)dr and it tends to 0o as e — 0. Similar computations as in [21, 29] yield

(3.4)

(3.6) £(1) = /0 U () () — 1 (rt))dr = O(log 1),

From this one can see that

n— 29

0 o t" =
o 1)) - dwdfdt
/ [/ 116 (r) (0 (r) = e }/S/S (12 + 1 - 26(0,w)) "5

n— 177
/ / / t 81 gudodt = 0(1).
sn-1 Jgn-1 (2 + 1 — 260, w)) 2

Collecting the higher order term (loge), we get

(3.7) AnslS™| > / ) dg.
Snfl

From (3.1) and (3.7), we obtain that A,, s > A, s, which contradicts to the assumption (1.12). Therefore,
such homogeneous solution does not exist and we finish the proof. O
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4. BLOW-DOWN ANALYSIS

4.1. Preliminary estimates. In this section we use the stability condition outside the compact set to
derive a integral representation formula for w.

Lemma 4.1. Let u be a solution to (1.1) for some n > 2s. Suppose that u is stable outside a compact set.
Then

(4.1) / evdr < Or"? Vo >1.
B,

Proof. Let R > 1 be such that u is stable on R™ \ Bg. We fix two smooth cut-off functions ng and ¢ in R”

such that
(z) = 0 for |x| < R, (2) = 1 for |x| <,
TR for |x| > 2R, 0 for |z| > 2r.

Setting (x) = nr(x)e(%) with 7 > 1 we see that ¢ is a good test function for stability condition (1.8).
Hence

/ eldr < C +/ [(—A)29)2de < Or"=2s,
BT‘ n
where we used that n > 2s and r > 1. O

In the entire paper, we assume that u is stable outside a compact set. We notice that
uMz) = u(Mz) + 2slog A

provides a family of solutions to (1.1). In addition, u is stable outside a compact set if and only if u* is
stable outside a compact set. A direct consequence of Lemma 4.1 is the following L' estimate.

Corollary 4.2. Suppose n > 2s and u is a solution of (1.1) which is stable outside a compact set. Then
there exists C such that

/ e dz <Cr"T%) wA>1, r> 1.
B;.

With the above lemma in hand, we show that ¢*" € L, (R™) for some p < 0.
Lemma 4.3. For § > 0 there exists C = C(8) > 0 such that

A

eu
4.2 ———de <C, VYA>1
( ) An 1 + |.T‘"_25+5 * - ’ -
Proof. With Corollary (4.2), we have
ut 0 ut oo 1
e A e
————dz < C e“ dr + / ————de < C+C — < 400.

/Rn 1+ |$‘"728+5 B, Zz:; 21 <|z|<2i+1 1+ |x\”*25+5 Zz::() 210

Hence we finish the proof. |

Set

1 1 A
)\ Py— u z
@)= ot [ (=i ~ )

where ¢(n, s) is chosen such that
1

|$ _ Zln—QS

c(n, s)(—A)° =d(z — 2).

It is straightforward to see that w* € Ll (R™). Here we prove estimates for w™.
Lemma 4.4. We have
A
(4.3) / @l e s
re 1+ |z[T28
Moreover, for every R > 0 we have

(4.4) wMz) = c(n,s)/ éeuk(z)dquOR(l) for \>1, |z| < R.

Bon |x _ z|n—28
11



Proof. Let us first set

1 1
fle.2) = (|x e |z|>"-2s> ’

E(z) ::/]R Mdm for |z| > 2.

o T [a]rts

and estimate the term

We now apply a domain decomposition argument and split R™ into R™ = Ule A;, where
A = B|z|/27 Ay :=R" \BQ|z|a As = B(Z, |Z|/2), Ay =R" \ (Al UAs U Ag)
Then, it holds that

1+ |z .
|25+ if z € Ay,
|f(z,y) < C |Z|”7_29 if x € Ao U Ay,
1 1 _
|Z|77472S + |l’ — Z|n725 ifx e A3.
We write A

B(z) =Y B2, Ei) =/A_ lf(z]ﬁ%dm

For F1(z), one has

C 1+ |x] C
FE < dx < .
| 1(2)| — |Z‘n_2s+1 Al 1 + ‘I|n+25 T = |Z|n—25+1

Next, we bound the second and fourth terms

C 1 C
Es(2)| 4+ |Ex(2)| < / dr < ——.
‘ ( )l | ( >| |Z|n72s R\ A, 1+ |1‘|"+2S |Z|"

While for the last term E3(z), we notice that |z| ~ |z| for € A3. Therefore,

C C 1 C C 1 C
|Es(2)| < — + / — .dx§—+7‘/ ————dr < —.
|Z‘n |z|n+2s As |_,1j _ z|n 2s |Z|” ‘Z|”+2‘5 By, |x‘n 2s ‘Z|”

C

‘ S ‘Z|n—25+1

Thus

)

|E(2) for |z| > 2.

Therefore, by Lemma 4.3 we get that

|w/\(z)| / >a) v (2)
——————de < C e" WNE(z)|dz+ C dzdx
/Rn 1+ |z|n+2s R7\ By nJp, |7 — 2725 (1 + |z F2s)

u*(2)

(&

+C/ / dzdx < +00.
o o, (L F 27 2) (1 + [afr2s) 00 S T°°

This finishes the proof of (4.3). To prove (4.4) we notice that

1 1 1+ ||
m (x| S O vkl S B 2 2R
Then
A
1 1 W (2) et (2)
_ e Pdz < C(1+ |z|) dz < C(1+|z|),
/|z|22R |x - Z|n728 (1 + |2Dn72s |z|>2R |Z‘n*25+1

where we used Lemma 4.3 in the last inequality. Then, (4.4) follows immediately.

Lemma 4.5. We have

(4.5) W () = cn, s) / ( LI )e“k(z)dz+c,\,

o=z )

where ¢y € R.
12



Proof. According to the definition of w*, we can easily see that h* := u* — w? is a s-harmonic function in

R™, i.e., (~A)*h* = 0. In the spirit of [28, Lemma 2.4] one can show that h* is polynomial up to degree 3
at most. In order to prove (4.5), we first show

(4.6) w(z) > —Clog |z| for |z| large,
for some constant C' > 0. Indeed, by (4.1) we have
[log(2|=|)]

1 D
( ) Z 2i< |z |<21+1 1 + ‘ZD” 25 g| |

where [x] denotes the integer part of x. Hence, (4.6) is proved. Therefore
uMz) > —Clog|z| + b (z).

By (4.1) again, h* = ex+da -z +ey|z|? for some constants ¢y € R, dy € R" and ey < 0. Using the assumption
(—A)2u(x) vanishes at infinity, we conclude that dy and ey vanish. Hence we finish the proof. O

As discussed in the introduction, v(x) = (—A)2u(x). Let v*(z) = (—A)3u(z) and it is easy to see that

v*(x) = Av(A\z). Given this and Lemma 4.4, we are able to prove the following estimate on v*.

Lemma 4.6. We have

A
/ @ oo vas
Rn 1+|x|n+s

Proof. Using Lemma 4.5 and the assumption (—A)>u(z) — 0 as £ — 400, we see that

v z) =C éem(z)dz.

re T — 2P

Let us set
1

F(z) = dx for |z| > 2.
&= [ paE 2l 2

We split R™ into
R™ = B(z, —|2‘)| | <]R \ B(z, |2|)> .

Then, it is easy to check that

1 C 1 C
n—s n+s dx S Ton? and n—s n+s dzx S n—s’
st o= A ) S e B(e, 2y o — 2P (1 ) S Tl

Thus we have

[F(2)] <

- ‘z|n—s

for |z| > 2.
From Lemma 4.3, we conclude that

/ @ | F(x )|dz+C/ / e dzda
re 1+ [z|nts R7\ By nJpy [T — 2" (1 + |z[nFs)

<C+C e @ dy < 0.
B2

This finishes the proof. (]
13



4.2. A bootstrap argument. The aim of this subsection is devoted to of deriving the higher order energy
estimate, which will be carried out through a bootstrap argument. The main idea of the argument is known
as the Moser iteration type arguments initiated by Crandall and Rabinowitz in [9] and adapted in [13].

Lemma 4.7. Let the stability inequality (1.8) holds. Then, fort € [0,1],
/ eo?de S/ I(=A)% p|?dz, Vg€ C°(R™).

In particular, for t = %,

(4.7) [ etvrin < [ -)igPan, v cR@n).
Proof. We apply complex interpolation between the family of spaces X;, Y; given for 0 <t <1 by
Xy = L*((2m)7"(€**dg), Y, = L?(e"du).

Recall that the inverse Fourier transform F~1: Xy — Yj satisfies || F _1H£( Xo,Yy) = 1. Furthermore, by the
stability inequality (1.8) and Plancherel’s theorem, we have

/ eitdr < / (~A)ipdr = (2m) " / €20 Flde.

Thus, F~! : X; — Y, satisfies ||]-"1H£(X17y1) < 1. By the complex interpolation theorem, we deduce that
[FHeixvy < 1forall 0 <t <1. O

We shall use the equation (4.7) to derive the energy estimate for e*. To do that, we have to study u, v in
the extended setting. Let v(x) = (—A)2u(x) and @, v be the Caffarelli-Silvestre extension of u, v, i.e., W, ©
satisfies the following equations respectively

V- (y'=*Vu) =0 in R,

_ n+1
(4.8) u=u on OR}

—limy o y?50,U = Ks(—A)2u = Ksv on GRT'l,
and

V. (y'=*vo) =0 in R,
(4.9) T =0 on OR™H!,

—lim, oy %00 = Ks(—A)3v = ke on am“,
where

rad-3)

Ks = 3IT(3)
We notice that the stability (4.7) can be extended to the extended function. Precisely, if (4.7) holds then

/ y oIV | drdy > Iis/ et pde
Ri+l n

for every ® € C°(R’T) satisfying ¢(-) = ®(-,0) € C°(R™). Indeed, let 7 be the §-harmonic extension of
©, we have

/ y 8| VO P dady 2/ y' 7% |Vl Pdrdy = /@S/ o(—A)2pdr > ns/ e ld.
Ri+1 Rfffl Rn

n

The following result is about the first step in Moser iteration method.

Lemma 4.8. Assume that (u,v) solves

=e¥ in R™.

(—A)2u = in R™,
3y



Suppose that u is stable in Q@ C R™. Let & € CX(RTH) be of the form ®(z,y) = @(x)n(y) for some
e CX(Q) andn =1 on [0,1]. Take o> 3, € C°(Q). Then there exists a constant C depending only on
a such that

20 —1 1 lsgi-a 3% a—1 t-Lls—a
(10) YL e o) e < wElleF e ol g + CllyEE TV g,
o i T
and
2 1_1g ag i au 1 1_1gs am
(411) EHZI/Z 2 V(€2 ®)||L2(Ri+1) < KJ§ ||€ 2 U2(pHL2(R’IL) + C||y2 27ez2 V(P||L2(Ri+1)'

Proof. For the extended equation of T, we multiply by 72*~!¢? and integrate, we obtain that

ms/ e“v%‘_lgo?d:r:/ y VoV (52 0?) dady
n Ri+1

2a — 1
= - (/ y 78|V (5O @) Pdady —/ y1_3v20‘|V<I>|2dmdy>
(0% R R
+ +
2(a—1
o Ri+1

We replace the last term ®Vo® by V(07*®) — v*V®. Then,

2a -1 1
ns/ et 2 1 p?de = @ 3 / y 7V (0 ®) Pdady — —2/ y T VO 2 dady
n (6% R1+1 [} R1+1
2(a—1
- (0‘72) / Yl TV OV (50 B)dudy,
[0 R1+1

which can be rewritten as

(200 — 1)/ y V(00 @) Pdedy = 2(a — 1)/ y' TV OV (02 ®)dady
RiJrl Ri+l

(4.12)

n

—|—/ y17552°‘|v¢|2dxdy—|—012/£s/ etv2 o2y,
RO+
t

By the Cauchy-Schwarz inequality,

1
2

Nl=

/ y IV OV (7Y ®) dady
Ry

< / y' TR V@ dedy
Ry

Substituting the above equation into (4.12), we obtain a quadratic inequality of the form

(20— 1)X? < 2|l — 1|AX + A? 4 B,

( / y1-8|v<v“¢>|2dxdy)
Rn+1

+

where
1
X = ||y%—%sv(@aq>)||L2(Riﬂ), A= ||y%_%35avq)||L2(Ri+l)’ B = a||kZ 30 3| L2 gn).-
Solving the quadratic inequality, we deduce that

X < 1+ CO,A.

B
V2a—1

Equation (4.11) follows by the same argument. Particularly, we use the following equality

4 a— 4 a— e
—/ y TV (e20 D) Pdady = —/ yl_SV(efutb)e?“V(I)dmdy—&—/{s/ ve™pidx.
]RiJrl ]RiJrl

(&% (&% n

Given the above lemma, we derive the following integral estimates.
15



Lemma 4.9. Let of,a* denote the largest two roots of the polynomial X® — 8X + 4. Suppose that u,v
satisfies (4.8)-(4.9) and (4.7) holds for every ®(z,y) = p(x)n(y) with ¢ € CX(Q) andn =1 on [0,1]. Then,
for such ® and every o € (af, *), there exists a constant C depending only on o such that

(4.13) / y' TV (@02 ®) Pdady < C/ y! 02| V|2 dedy,
R1+1 Ri+1

or

(4.14) / y |V (e2"®)|Pdady < C/ y' 70| VO |2 dady.
R1+1 Ri+1

2a—1

1
2a 2o
/@S/ etv?elpldr < (/@'s/ e2ea“<p2da:> (/{s/ 62020‘<p2da@>

1 2a—1
2a 2a

<( [ veveEr Py ) ([ s Eee) Py
R1+1 RK+1

1_1g ag 1 _1le 1 o
H = |lyz72°V(e? <I>)||L2(R1+1), K =|y272*V(v ‘I’)||L2(R1+1)~

We set

Similarly,

By Lemma 4.8, we get

2 - ]. 1 1 1 1
Yo K S HEK'% 4 Oyt 300V e,

2 e
=l < H'" 2 K3 + C||y%*%Sef“v<p||L2(Ri+l).

7

Multiplying (4.15) by (4.16). Then

<2\/2ai—1
aya

(4.15)

(4.16)

- 1) HK < aK'" 2« Ho 4+ bK7 H' 2« + ab,
where B

a= CHyE_ise?“V@HLZ(RTl) and b= C’||y§_§SEO‘VQ>||L2(R1+1).
It is known that for any a € (af, a*), we have

2201

0 W —-1>0.
Introduce
X=Kw=H"% andY = K'" 2 Hz.
Then we get
0XY <aY +bX + ab,
and it implies either (4.13) or (4.14) holds, we finish the proof. O

We now apply the above lemma and Sobolev inequality arguments to set up a bootstrap procedure.

Lemma 4.10. Let u be the solution of (1.1) with (1.8) holds. If there exists a constant C' depending only
on a such that

(4.17) / (e + v**)dx < Cr" 2 Vr > 2R.
Ba,\B,
Then
(4.18) / (e 4 uisY)dr < CrT RO,V > 4R,
B2T‘\B7"
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where o € (o, min{ 4%, a*}).

Proof. By (4.17), it is not difficult to see that

/ e < Cr" 2% for r > 2R.
B \BQR

Indeed, for » > 2R of the form r = 2V with some positive integer N; and taking N to be the smallest
integer such that 2V2 > 2R, by (4.17) we deduce that

N1—N2
/ e“dr = / e““dx + E / e““dx
321\71 \B2r BQN2 \B2r /=1 B2N2+Z\B2N1+Z

Nj—N>
<C+C Z (2N2+Z)n72as < CQNl(n72as)7
=1

(4.19)

where we used n — 2as > 0. Next we fix two non-negative smooth functions ¢ on R™ and 7 on [0, c0) such

that
1 on BQ \Bl, 1 on [0, ].]7

o(z) = and  7(y) =
0 on B: U B, 0 on [2,+00).
For r > 0 we set ®,.(2,y) = ¢(£)n(%). Then we claim that

(4.20) / Y 5 (e + [3)%) | VD, 2dady < Crn—(2atDs,
R7 T

To prove the estimation on e*¥, using the hypothesis (4.17) we derive the following decay estimate

au(z au(z) C > 1 )
e < < —s—2as
/| ‘nﬂ 22/2”17“> o FRE dz < rs+2as ; 9(1+2a)si = Cr

|>r |Z

On the other hand, by the Poisson representation formula, we have
u(X) :/ P(X, z)u(z)dz,
where X = (x,y) and
P(X,z) =d,y*| X —2|7"7%,
and d,, s is chosen such that f]R" P(X,z)dz = 1. From the expression formula of the Poisson kernel, we get
for |x| > 3R that

S

_ Y
<(C—r"F——
u(%y) — (R+ y)n+s

< C’+/ XR\ By (2)u(2) P(X, 2)dz,
RTL

where x4 denotes the characteristic function of a set A. Using Jensen’s inequality

(4.21) eXT@Y) < ¢ (ea“(Z)XRn\Bm(Z) + XBQR(Z)) P(X,2)dz for |z| > 3R.
RTI,

For r > 3R and y € (0,r), integrating both sides of the inequality (4.21) on B, \ Bsr with respect to x

/ @Y gy < C/ / P(X, z)dzdz + C/ / e P(X, 2)dadz
Br\Bsn |z|<2R J]z|<r |z[>2r J]z|<r

+ C/ ez / P(X, z)dxdz
2R<|z|<2r |z|<r

eau(z)

< CR" +Cr"ts / —sdz+ C / e dz
|z|>2r |2 2R< |z|<2r

S C+ C,rn—Zozs S C’I“n 20(5.
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Using the fact that [V®,| < £, we obtain
(422) / yl—seau|vq)r‘2dxdy < C,,,—Q/ yl—s/ eau(m,y)dxdy < Crn—s(l-i—?a).
Ry 0 B3 \B2,/3

For the estimation on 7, by the Poisson representation formula, we have

v(X) = P(X,z)v(z)dz.
R’!L

Regarding d,, sy°(|2|? +y2)_%("+s)dz and y'~%|V®,|?dzdy as measures, we apply the Minkowski’s inequality
to get

1/20 20
/n+1 y175@2a|v¢r|2dxdy <C / (/nH ylist?a(l’ _ Z)V‘I%Fdxdy) ﬁdz
R? Bs, \JR: (2> +y?) 2
R 2a
+C yls / vl ) (ve,2dedy.
v\ B (T —2)? +2) T
Concerning the second term on the right, for |z| < 3r and |y| < r we get
s 0 e on
/ vl g dz < Or° Z/ U(ni)s dz < Cr™* @i, SO
R\B, ((z —2)? +y?) = i=0 Y Baita,\Byits, 2] im0 2
The above estimates yield
(4.23) / y % |V, P dady < Crn—(2atl)s,
Ry

Combining (4.22) and (4.23) we complete the proof of claim in (4.20). Now, we are ready to prove (4.18).
By Lemma 4.9, either (4.13) or (4.14) holds. Assume that (4.13) holds (and the other case is similar). Using
the Sobolev embedding, we obtain

(/ vf—"s@@nzfsdx> ' <C ’(—A)i(voﬂpﬂ2 dx < C y V(T @, Pdady
n R Ri+1

<C y' TPV, Pdady < CrtmGets,
Ry

Together with the setting of ¢, we obtain that

2n _2n
/ vr—sYdx < Cr"n=s%,
Ba,\B,

Going back to (4.16), we deduce that

n—s

(/ en"sa%fzdx) <o Ve e, Rdedy
n ]Rfrl

<C y' V(@2 ) [Pdedy + C/ y' 70| VO, |*dredy
Ry

n41
R+
n—(2a+1)s
< Orn( s

from which we derived that

n _ 2n
/ en—=dy < Cr" a8,
B2, \B;

Hence we finish the proof. O
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Define the following parameter that depends on the dimension n and s,

1
(4.24) ozs:max{nr_tsmin{;;,a*}, min{;,a*}—i—Q}.

Summarizing the prior estimates, we reach the following conclusion for LP estimates for e* with certain p.

Proposition 4.11. Let u be a solution of (1.1). Assume that u is stable on R™ \ Bgr. Then for every
p € [1,as) there exists C = C(p) > 0 such that for r large

(4.25) / P gy < O 2P,
Ba,\B

In particular,

(i) for |z| large,

(4.26) / ) dz < C(p)|a|"2, Wp € [Law),
Bz ()

2

(ii) for r large
(4.27) / ePu@) dz < O(p)r™2°,  VWp € [1,min{ -, a*}).
B \Bag 2s
Proof. By Lemma 4.1, we have

(4.28) / edr < Cr"72, V> 1.
Using the fact that (—A)2u(o0) = 0, we obtain that

1
v(z)=C — ez,

R |2 —2["7°
Based on this expression, we see that

/ x)dx = / / ——dzdx +/ /
Ba,. |T — Z|n s "\321
o0

<Cr"7*+Cr" / 7dz
Z Byit1,\Byi, |z|n78

=1
=1
<Cr"*+Cr"s Z — < COr"°.

= 9is =
i=1

——dzdx
ac—z|" s

Applying standard elliptic estimates, for p € [1, -*-), here we have Lemma 4.10 holds for 2a > 20t only for
> 2a%. The latter inequality holds automatically under (1.12) holds 2. So,

[vllze(Bo\By) < C”(_A)%UHLl(Bg\B%) + CHUIILI(Bs\B%)v
and its rescaled version
Pl Loy B,y < Crs’”ll(*A)%UIILNBM\B%,,) + Crin”v”Ll(Bgr\B%r) <Crs,

which implies that

(4.29) / vPdx < Cr"TPE Vr>1, pell, ).
Ba,\B

n—s

2According to our computations af ~ 0.517304 and o* ~ 2.53407. So, > 20t is equivalent to n < (1 + oo n
1+ 2aﬁ 7 ~ 29. Note that we are interested in dimensions in (1.12) that reads 2s < n < no(s) and 10 = no(1) < no(s) <
no(2) = 12.5 when 1 < s < 2.

T )s where
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Therefore by (4.28) and (4.29) we get that
1}).

Repeating the arguments of Lemma 4.10 finitely many times we could get (4.25). The reason for us to set
ay is for in the arguments of Lemma 4.10 we could get

au 2c n—as f .
de <C , Vr>2R, Vae (of, —,
/Bz,,.\B,,.(e +0*)dx < Cr r> a € (af, min{ o —9a

/ e(%+2a)u¢2dx+ (/ €"ﬂsautpnznsdl‘> ' <C yl—s|v(e%ﬂq)r)|2dxdy’
n n R1+1

which implies

/ e(3 120Uy < or= et s g em Oy < Ot T RS,

B, \ B, By, \B,

So we get either a could be improved to a + 3 or —"—a. For (4.26), it follows immediately from (4.25) as
Biyj2(w) C Bz, \ B, with 7 = |z|. In the same spirit of the estimate (4.19) one can obtain the (4.27) and

we finish the proof. |
We end this subsection with an upper bound on wu.

Lemma 4.12. Suppose that n < 2a*s. If u satisfies the assumptions in Proposition 4.11, then for |z| large
we have
u(z) < —2slog |z| + C.

Proof. Set

W(r) := c(n, s)/ ! ul2) .

n—2s €
It is easy to see that W (r) is locally bounded by Lemma 4.1. Next, we claim that for |z| large we have
(4.30) u(z) = —W(|z|) + O(1).

Using the estimate

1 1 2] o g3
[z — 225 (L4 |z)n2s| = [gn2stD [ > 1, [2] = §\$|a
we get
1 1 eu(z)
e z < Clz 2
/ngo:I |z — 2|2 (L4 [z])—2s |2|> || |z|—2s+1
= 1
< Claf 7/ o2 g

; (21|$‘)n—23+1 21 || <|z| <21 ||

<G,

where Lemma 4.1 is used. Choosing p € (1, as) such that (n — 2s)p’ < n (this is possible as n < 2a*s), and
together with (4.26) we have

1 1
p’ P

u(z) d
/ ) n—2s dz < / (1725) 7 / ep“(z)dz <C.
B (@) [T — 2| Bl () 17— 2] r B, (z)
2 2 2
Using the above estimates and the representation formula (4.5) we get (4.30). Then for r large, using Jensen’s
inequality we see that

1

log <|Ei| /B e“(z)dz) > |Blr‘ /B u(z)dz = 1B /B W(|z|)dz + O(1) > =W (r) + O(1),

where we used the fact that W is monotone increasing in the last inequality. Thus, we obtain
~W(r) <log(Cr=2*) +0(1) = —2slogr + O(1).

This completes the proof. O
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4.3. Integral Estimates related to Monotonicity Formula. First of all, we establish the representation
formula of wu,. It is discussed in [15] that

2s
Y
Ue(T,Y) = Kn,s o u(2)dz = Py(x — z,y)u(2)dz,
@)=t | = [ PGz )
where b B y2s 4 B F(% +8)
s(xay>—’in,s7(x2+y2)%+s and  Kp s = W

According to the setting of u} and the rescaling argument, one can see that

E(\0,u.) = E(1,0,u)).
We now estimate the term y>~25u.

Lemma 4.13. Let u) be the s-harmonic extension of u*, then
/ 72 ud(X)do = coen + O(1),
oByH AR

where ¢y is defined in (4.5) and cs is a positive finite number given by

Cs 1= y* % do.
OBy T NRY T

Proof. Using the Poisson’s formula we have

7N (X) = / PuX, 20 (2)dz = er + [ Po(X, 2w (2)dz.
n R’!L

It follows from (4.3) that
/ Py(X, 2)|[uw(2)|dz < C for |X|<1.
R"\BQ

Therefore,

/ 7 (X = csen + (1) + [ v [P ) dedon
OB+ ARTH By R By

We denote the last term in the above equation by =. To estimate =, we claim that
1
(4.31) / / P P(X, 2)———5;dzdo < C  for every ( € R".
aB* AR J B, ‘C_ Z|n7 s

Indeed, for x 75 ¢ we set Ry = %|:1c — ¢|. Then we have

yS

d
@ y>|n+28|< =

4

y3

dz
( B, RO) 34\3(4 R0)> [(x — z,y)["F2|¢ — 2|2

(4.32)

1 1 y3
e P — / dz + ——p / S —
(Ro + y)"+28 B(C,Ry) [C— 2728 Ry JBaB(c ko) |(T = 2, )7 H28

3R 3—2s 1 y3—2s
<C 0 + Y ) <C ( + ) .
> ( (RO 4 y)n+25 RSL*ZS — Rg 3 Rn Hn—2s

We use the stereo-graphic projection (x,y) — ¢ from 0B NR — R™ \ By, i..,

Then Ry = 1 and it follows that

‘1+|£|2 C‘

1 1 1
(4.33) / ~_do < / e _de<C,
aBp R+ Ry g1 Ry72 (L + €2
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and

y372s y372s 1
434 / o< / i it < C.
(4.34) oBpHirRnTt Ry g1 Ry 72 (L + )

From (4.32)-(4.34), we proved (4.31). As a consequence, we have

u*(¢)
= §C+C/ yHS/ PS(X,z)/ — _d(dzdo
OBy R 2l<2 lcl<a |2 =€ 2e

, 1
<C+cC et (©) / / y* P Py(X, 2) ————-dzdod(
Icl<4 oB T AR J)z|<2 |z —¢|n—2s

<C+C e ©Odc < C,
cl<4

where Corollary 4.2 is used. Hence, the proof is completed. O

Let w) stands for the extension of w?*, from the above argument we can also see that

3—2s, A
Y w,do
aBr T NRY T

for some constant C(r) independent of A. In addition, we have the following conclusion.

< C(r),

Lemma 4.14. Let w) denote the extension of w’, then for A > 1 and r > 1 we have
(4.35) / y* 2w Pdedy < O(r),
BrtinRy

for some constant C(r) depending only on r.

Proof. From the proof of Lemma 4.13, it is enough to show that

) 2
(4.36) / 32 / Py (X, z)/ %d(dz dxdy < C(r).
B RN || <2r ic|<ar | — 2|"728

For x # (, following the arguments in (4.32) one have

/ y2s iy < C
VAR .
i<z (@ = 2,y)["F29]C — 27720 |z — (=2

As a consequence, we get

W Q) 2
(4.37) / v 2w Pdedy < C + C Y2 / ﬁd( dxdy.
Brtinry Brtinry cl<ar [ =
If 2a*s > 4s > n > 2s, from Lemma 4.12 and u is locally bounded one can get
/ e (©) ac C/ 1 ac C’/ e (©) ac
g dC < O+ L=
cj<ar [T — |72 A-tm<|c|<ar [C28 T — ¢|n2e (cl<a-1m [T —¢|nT2s

M

(4.38) .
< C(r) 4+ C(M) ()\) N < C(r),

where M is a fixed large constant. If n > 4s, combined with Proposition 4.11-(ii) and u € C?*(R), we have

A
/ 2 dy < Crn s,
B,

From the Hoélder’s inequality with respect to the measure % we get

W) ? dc 020 (0) 0202 (0)
(4.39) / ¢ _a) < / , / dc | < or?s / 4.
B, |T— ("2 By, [T = ("% \ Jp,, |2 — (|72 B, 1T — ("2
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Hence,

1
4.4 3—2s /\2d duy < / QUA(C)/ 37257d dyd¢ < .
(4.40) /Bﬁmiﬂy udldady <O +00) [ 0O [ o ddyds < 00

Combining (4.37)-(4.40) we get (4.35) and it completes the proof. O

To estimate the first quadratic term in the monotonicity formula we need the following L? estimate for
(—A)zul.

Lemma 4.15. We have
/ [(—A)2u () [Pde < Cr"7% forr>1, A>1.
B,

Proof. By a scaling argument, it suffices to prove the lemma for A = 1. It follows from (4.5) that

(=A)2u(z) =C e dz,

x — z|ns

R‘n
in the sense of distribution. Let R > 0 be such that u is stable outside Br. For r > R, we decompose
B, = Byr U (B, \ Bsg). Since u € C?**(R"), we get

(4.41) /B (~A)u?dz < C(R).

While for 4R < |z| < r we estimate

s 1
—A)2u(z)| < C / +/ +/ = ¥y,
(~2)Fu(a) ( o L )

C 1
|| Bay\Bag |z — 2| R”\ By,

(e h@ 4 1),

R

e(®)

Z|n—s

Using (4.1) we bound

e u(z) 0 9k+1yn—2s
n=3 [ O g <
b1 Y 2R <z <r2ktt 2| b1 (r2%) r
Therefore,
(4.43) / IZdr < Cr 2.
For the second term I;(z), if 2a*s > 4s > n > 2s, by Lemma 4.12 we have
1
Il(x)gc/ [T
2R<|z|<2r |z — 2| |2] ||
and hence
1
(4.44) / I(z)dz < C Tordr < Crn=2s,
B,\Bur B\Bug ||

If n > 4s, by Holder’s inequality with respect to the measure # we get

/ e C / dz / e\ / e
- S — - n—s <
Ba\Bag |T — 2["7° By [ = 21" \ By \Bog |7 — 2|77 Ba\Bag |T = 7|

Hence by Proposition 4.11, we get that (4.44) also holds for n > 4s. Combining (4.42), (4.43) and (4.44),
we deduce

(4.45) / [(—A)2u|?de < Or™=2s.
B,\Bur
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The proof is completed following (4.41), (4.45) and n > 2s. O
We now apply the estimates in Lemma 4.15 to prove L? estimate for Ayu).
Lemma 4.16. We have
/ Y372 Apud (X)) |Pdady < C(r), Vr>0,A>1.
Brtinry !

Proof. We write

u :ui‘+u§‘,

where

1 1 A
A _ u (z
up(x) = ¢(n, s) /Rn (|33 o - i |Z|)n_2s> w(z)e G dz + ey,

uz(2) = cfn;) / (|x = i|ﬂ*2s T+ |Zl|)”zs> (1— () @z,

for ¢ € C°(By,) is such that ¢ =1 in Bs,.. As in the proof of Lemma 4.15 one can show that
_92g _ s 2
[ A 0 Pdsdy = o [ (-850 do < C0).
Ri R

Here and in the following @, denotes the s-harmonic extension of u}

2, ¢ =1,2 through (1.7) respectively. It
remains to prove that

(4.46) / Y372 Ay () |*dedy < C(r)  for every r > 1, A > 1.
BrtInRy
Following the arguments of Lemma 4.3 and Lemma 4.4, one could verify that

|u3 ()]
@A) IV < OO, Vim0 <00, [ <)
and consequently,
(4.48) [u3 || L= (Bs, ) < C(7).
To prove (4.46), we notice that
v EI A (X) P < O (v° % |Aw (X)) + 472 (0,13)°) -

We first consider the term y'=2%(9,13)?, it is known that

2s

O,(X) = 0y (W (w,9) — (@) = sy | T (13(2) — w(a) — Vid(a) - (@ - 2))d

o [0 (e ) (46 - (o) - Vo) (o - 2

7Z7y)‘n+28

where we used

2s 2s
y Y2 (2 — 2)
/ =z T L@ =y

By (4.47), for |z| < r it holds that

xr — Z7y)‘n+28

[ o (y) (W) — (@) — Vid () - (¢ — 2))dz
AN
(4.49) R \Bsr/2

A
<C 2s 1/ (‘u2(2)| dz < C 2s 1.
< Oy Bn\By, . 1|22 2= 0y
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Using (4.47)-(4.48), we see that

2
2s
1o 0 (y) ud(z) —ud(z) — Vud(z) - (z — 2))dz | dzd
[— (/B/ (=l ) (36) — (@) - Vid(w) - (o= 2))dz | dedy

2
2s
(4.50) 2, A2 1—2s Y 2
<cn|v u2HL°°(BST/2) B?*lﬂRiHy BSr/zay (&= 2, )7 |z — 2|°dz | dxdy

< C(NIV?u3 1T (s, ) / y* 2 dady < C(r).
BrHinRy
By (4.49)-(4.50) we get
1-2s —=\|2 3—2s 2s5—1
drdy < drdy < .
(4.51) /B phiggin |0y *dwdy < C(r) /B S (4*7% +y*7!) dady < CO(r)

For the term y3~2*9213, we have

2s
02 = ki s / o2 <|(y) (W (2) — ud(z) — Vid (2) - (x — 2))dz.
By (4.47), for |z| < r it holds that

T — 2z, y)|n+25

/W,\BW % (Ky) (1(2) — (@) — Ve (z) - (& — 2))dz

(4.52)

A

1

< [ reGIE L 5, < oy,
R™\ Bs,. /2 L+ |z[nF2

Based on (4.47) and (4.48), we get

2s 2
3—2s 2 Y A A A
Y 19) <>u z) —uy(x) — Vuj(x) - (x — 2))dz | dzdy
/}3?+1QR1+1 </Bsr/2 Yy ‘(I _ Z,y)|"+2‘5 ( 2( ) 2( ) 2( ) ( ))

2
2s
(4.53) < 2, A2 / 3—2s / 2 Y 2
< C)IViuRlze s, ) B:f“nmﬂy - 9, @2 |z — z|*dz | dxdy

< COIV 33,0 [ ¥~ dady < C(r).

1 1
Brtinryt

From (4.52) and (4.53) we gain

(4.54) /B - y* 2|02y |Pdedy < C(r) / (y*72 +y* 1) dady < C(r).
ARG

BrtinRy

3—2382
T

For the terms y iﬂ%‘, i=1,---,n, in a similar way of deriving (4.54) we get

(4.55) / y> 2 A [Pdedy < C(r).
Bt nry

Then (4.46) follows from (4.51), (4.54) and (4.55). This finishes the proof. O
We also need the following interpolation-type inequality in the study of monotonicity formula.

Lemma 4.17. Let w) be the extension of w*, then we have

/ v Ve Pdady < © ([ v Pdady + [ Y2 2dady |
Ry NBYT! Ry NBRT! R NBYT!

Proof. This is a consequence of [22, Proposition 2.4] and we omit the proof. O

Given the priori estimates, we now study asymptotic behavior of the energy functional in the monotonicity
formula.
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Proposition 4.18. We have ¢y = O(1) for A € [1,00). Moreover,
lim E(X0,u.) = hm E(1,0,u)) < +oo.

A—+4o00

Proof. Applying Theorem 2.1, we know that E(\r,0,u.) = E(r,0,u)) is nondecreasing in 7. So,

(4.56) E(1,0,u,) < E()\,0,u,) = E(1,0,u) / E(t,0,u))dt </ / E(7,0,u))ddt.

From Proposition 4.11 and Lemma 4.16, we conclude that

2 4l
1
(4.57) / / 7257” / fy3725\Abu2|dxdy - Cms/ eve da dydt < C,|
1 Jt Ry BT 2 ORI NBY T

where C' > 0 is independent of A. In addition,

1 2
/ /t+ 25—3—71/ Y328 dup 2s do | ddt
2dy RI M noBy Ty
12 oud 25\’
< 7/ (t+ 1)25771\/ y3725 ( U 5 > dodt
2 Jx R noBy! r t+1

1 [? ou) . 2s\°
(4.58) - 7/ t25*”/ y325< te +5) dodt
2.4 R NoB;H! r t
3 (2 [t ) o 2s\°
**/ / VQS*F"/ ydzs( Ye S) do | dvydt
21 i R noBT T r v

A 2 2
<C Y372 <8ue :) dzxdy.

Ry A(ByTI\BYTY) r

Using Lemma 4.17 (see [2] also for the classical case), we get

/R - y3725|Vu2‘|2dxdy:/ y3725|Vw2|2da:dy
n m n

n+1 n+1
R} NB]

<C (/ Y72 Ayw) P dady —|—/ 325|w2‘2da:dy>
R:+IQB;L+1 Rn+1 B7l+1

<C / y3_25|Abu2‘\2dxdy+/ w2 dedy | < C.
Ry NBYT! RYTINBYT!

Here, Lemma 4.16 and Lemma 4.14 are used. Therefore, the right-hand side of (4.58) is bounded. Similarly,
the other terms in the monotonicity formula (2.6) can be estimated. Therefore, (4.56) yields

E(1,0,u.) < E(1,0,u)) < 4s(n + 2 — 2s)csen + O(1),
which implies ¢y is bounded from below for A > 1. Using (4.5), we have
w = w + Cx.

It is not difficult to see that w” is locally bounded from below by the proof of Lemma 4.5, then we conclude
from Corollary 4.2 that ¢y < C for A > 1. Thus, ¢y is bounded. Lemma 4.13 implies that

3—2s, A
/ Yy Pug (X)do = O(1).
aBy T NRY T

As aresult, from (4.56) we conclude that E(1,0,u?) is bounded uniformly in A. This completes the proof. [

We end this part with an estimate that is used in the proof of Theorem 1.1.
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Lemma 4.19. For everyr > 1 and A > 1, we have
/ y* 2 (W22 4 | A P)dady < O(r).
BrtinRy

Proof. This is a direct consequence of Lemma 4.14, Lemma 4.16 and ¢, is bounded uniformly for A > 1. O
4.4. Proof of the main result.

Proof of Theorem 1.1. Let u be finite Morse index solution to (1.1) for some n > 2s satisfying (1.8). Let

R > 1 be such that u is stable outside the ball Bg. From Lemma 4.19 we obtain that there exists a sequence
A\ — +oc such that ui converges weakly in HIQOC(RiH, y372%dxdy) to a function u2°. In addition, we have
u)t — uS® almost everywhere. To show that u>°, the restriction of u2® in R", satisfies (1.1) in the weak

sense, we need to verify the following. First, we need to show that for any € > 0 there exists r > 1 such that

"
4.59 S L B A
(4.59) /w\B,,, R =

Indeed, as in the proof of Lemma 4.4, we get

|u (z)]| N A
— 7 _de < C —  __dz+C e | B(2)|dz
/]R"\BT 1+ [z[n+2s re\B, 1+ [@|"F2s R\ By, 1B )]

u* ()

e

+ C/ / dzdzx
m\B, JB,, 1= 2" (1 + |2["2¢)

ut(2)

€

+C/ / dzdz
m\B, JB,, (L4 [2))"729)(1 + |z|*+29)

< Or 4 Crg P OB

We could first choose ry large enough such that C’ro_l/2 < £/2 and then choose r such that Cr’erg_Qs +
Cr=2% < g/2. Then (4.59) is proved. As a consequence, we could show that u> € L¢(R"), and for any
p € C(R™)

lim ut (—A)*pdr = / u®(—=A)’pdr.

i—00 Rn n

The second point we need to prove is that ¥ converges to e in L{ _(R"™). By (4.26) we can easily see

that e*™* is uniformly integrable in L (R™\ {0}). Using (4.27), around the origin we get

loc
Ai — _
/ e "dr = )\?S "/ eldr < Cem™2s,
5 B)\i&

1
loc

Therefore, we have e s uniformly integrable in L (R™), and together with u* — u> a.e., we get for

any p € C*(R™)

1—00

lim e pdx :/ " pdz.
R7Z n

Then u*° is a weak solution to the equation of (1.1). Now we show that the limit function u2° is homogenous,
and is of the form —2slogr + 7(#). Based on the above convergence, we get for any r > 0,
(4.60) lim E(\;7,0,u.) is independent of r.

71— 00
Indeed, for any two positive numbers r; < ro we have

lim E(A\r1,0,u.) < lim E(\r2,0,u.).

71— 00 71— 00
On the other hand, for any A;, we can choose \,,, such that {\,,,} C {\} and \rg < Ap,r1. As a
consequence, we have

lim E(\ir2,0,ue) < lim E(Ap,71,0,u.) = lim E(N\r1,0, ue).

1—00 i—00 —00
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This finishes the proof of (4.60). Using (4.60) we see that for Rs > Ry > 0,
0= lim E(\Ro,0,u.) — lim E(A\Ri1,0,u,.)
1—00 1— 400

= lim E(Rs,0,u)) — lim E(Ry,0,u})
i—00 1—>00

oo 395 25-9-n (OUd  2s ’
> C(n, s) liminf r + — ) dxdy
1—00 (BE;I\B;T1>OR1+1 or r

e 2s\°
> C(n, 8)/ y3_257’2s_2_n (86 + ) dxdy
RSN r

Notice that in the last inequality we only used the weak convergence of u to u2® in H2

2. (R:LLJrl , y3—2$ dxdy) .
So,

ou* 2
He 1250 ae in R
or r
Thus we proved the claim. In addition, u™ is also stable because the stability condition for u passes to
the limit. Then, from Theorem 3.1 we get a contradiction to (1.12). This completes the proof. |

Remark 4.1. It is expected that when (1.12) does not hold that is when
[2(nt2s) - L'(3)I(1+s)

FQ(nZQS) F(n;2s) ?

there exist radial entire stable solutions for (1.1). The method of construction of such solutions is the one
that is applied in [12, 13] and references therein.

Remark 4.2. Consider the case of lower dimensions n = 2s that is connected with the conformally invariant
equations. When s = 1 that gives n = 2, Farina in [18] constructed radially symmetric solutions which are
stable outside a compact set. For the case of s = 2 that implies n = 4, we refer interested readers to [33]
and references therein where the existence of radial solutions are discussed. For the case of s = % that gives
n = 3, we refer to [30]. The arguments in order to show that radially symmetric solutions are stable outside
a compact set rely on the Hardy-type inequalities.

5. THE FOURTH ORDER GELFAND-LIOUVILLE EQUATION

In this section, similar to the case of 1 < s < 2, we develop a monotonicity formula for the fourth order
(local) Gelfand-Liouville equation

(5.1) A’y =e" in R",
via technical rescaling arguments. As a consequence of this formula, we classify finite Morse index solutions
applying blow-down analysis arguments and classifications of homogenous solutions. Our proof is structured

in variational methods and it is different from the one developed by Dupaigne et al. in [13], see also [8] and
references therein. In the latter a Kato’s inequality and Moser iteration arguments are applied.

Theorem 5.1. If 5 < n < 12, then there is no solution u € C*(R"™) of (5.1) which is stable outside a
compact set and Au vanishes at infinity.

Note that in lower dimension n = 4 and higher dimensions n > 13 it is known that there are solutions
of (5.1) which are stable outside a compact set, see [3]. We refer to [3, 8, 13, 24] and references therein for
more information about the fourth order problem (5.1) and to [19] for the case of polyharmonic equation.
The notion of stability for the local problem (5.1) is as what follows.

Definition 5.1. We say that a solution u of (5.1) is stable outside a compact set if there exists R > 0 such
that

(5.2) /e“¢2d:§§/ |A¢|de,
n Rn

for any ¢ € C°(R" \ Bg).
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Following the same proof of Lemma 4.7, we could derive that for ¢ € [0, 1],
[ edtao< [ (-ayopin, voe xR\ Br).

In particular, for ¢t = 1,

/ erttdr < / [Vo[dz, Ve CZ(R™\ Br).
n R™

Consider homogeneous solutions of the form u(r,) = —4log(r) + w(f), when w : S*~1 — R. Here, we
follow the arguments in [14, 21, 29] that is inspired by the tangent cone analysis of Fleming [23]. By the
Hardy-Relich inequality the following classification is sharp. We omit the proof.

Theorem 5.2. Let n > 4 and u € W22 (R \ {0}) be a stable homogenous solution of (5.1) in R™\ {0}.

loc

Assume that e* € L, (R™\ {0}). Then,
n%(n —4)2
16

The inequality (5.3) implies that n > 13 that is desired. We now develop a monotonicity formula for
solutions of (5.1). Define

1 ou  4\?
E(r,zo,u) = r*™ / ~|Aul*dx —/ e'dr| — 21"3_"/ ( + ) do
B(zo,r) 2 B(zo,T) OB (zo,r) or r
1,d du  4\?
+ord— rl_"/ (u—i-) do —8(2—n)r1_"/ (u+4logr)do
2 dr 8B(zo,r) \OT T OB(zo,r)
0 4 1d 0
—4(2—n) TQ_"/ (u + ) do+ - — r4_”/ |Vl — at
8B (zo,r) 87" T 2dr 8B(zo,r) 87’

2
2
—&-17‘3_”/ |Vl — “9“ do.
2 dB(zo,r) or

For the above energy functional, we have the following result. The proof is similar to the one given for
Theorem 2.1 and we omit the details.

(5.3) > 8(n—2)(n —4).

Theorem 5.3. Assume that n > 3. Then, E(X\, xg,u) is a nondecreasing function of A > 0. Furthermore,

dE(N, xo,u) 9 / <8u 4>2
—————=>2(n—3) A*7" — + - | do.
d\ ( ) OB(z0,\) or A

5.1. Blow-Down Analysis and Proof of Theorem 5.1. As discussed in section 2, the rescaled function
uM(x) = u(Az) + 4log A

is a family of solutions to (5.1) and is stable outside a compact set if u is stable outside a compact set. Here

is a direct consequence of the stability inequality, the proof follows from the same argument of Lemma 4.1

Lemma 5.1. Suppose n >4 and u is a solution of (5.1) which is stable outside a compact set. Then there

exists C' such that

/ e“Adx < Cr”_4, VA>1, r>1.

We now consider the fourth order equation as a system
—Au=v in R",
—Av=e" in R",
and apply the Moser iteration type arguments initiated by Crandall and Rabinowitz in [9]. The following
estimates are given in [13].
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Lemma 5.2. Let u be the solution of (5.1) with (5.2) holds. If there exists a constant C depending only on
a such that for r > 1 large enough, we have

(5.4) / (e + v**)dx < Cr"1*,  Vr > 2R.
Ba,\B,
Then
(5.5) / (em7%% 4 pno3)dz < Cr" 7 3%, Vr > 3R,
B2, \B,

where o € (af, min{%,a*}). Here, al, a* denote the largest two roots of the polynomial X — 8X + 4.

Define the following parameter that depends on the dimension n,

n n n 1
5.6 (v = — mi { R - } ) i { R * } = -
(5.6) a max{n_2m1n Rk min q 7, —1—2
Summarizing the previous estimates, we reach the following conclusion for LP estimates of e for certain p.

Lemma 5.3. Let u be a solution of (5.1). Assume that u is stable on R™\ Bg. Then for every p € [1,&)
there exists C = C(p) > 0 such that for r large

(5.7) / ePudr < OrniP,
B27’\B7’

In particular,

(i) for |z| large,
(5.8) [ eOscc@lr. el
Biz|/2(x)
(ii) for r large
(5.9) / ePUdr < C(p)r" %, Vpc [1,min{ﬁ,a*}).
B,\Ban 4
Before we give the estimation for each term appeared in the monotonicity formula, we make the following

preparation.

Lemma 5.4. For § > 0 there exists C = C(d) > 0 such that
A

eu
——dx < (C, VA>1.

Proof. By Lemma 5.1, we have

A oo A [ee)
e A e* 1
——dx < C e* (z)dx + / ——dx < C+C — < Ho00.
\/]R"n, 1+ |$|n_4+6 B, ; 2i <z <2i+1 1+ |$‘"_4+6 ; 216
Hence we finish the proof. O

Similar to the fractional case, setting

1 1 A
A _ u(z)d
W=l [ n(|x—z|n—4 <1+|z|>n—4>e i

where c(n) is chosen such that

1
| — z|n—4

c(n)A? ( ) = 6z — 2).

One can check that w* € L _(R"). In addition, following the ideas appeared in the proof of Lemma 4.4,

loc
Lemma 4.5 and Lemma 4.12, we have the following conclusion.
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Lemma 5.5. For any solution of (5.1) which is stable outside a compact set and Au vanishes at infinity,
we have w* € Ly(R™) and

uM(z) = c(n) /( T )e“k(z)dwbm
]Rn

|z —z|"=% 1+ |z|n*

for some constant by. In addition, if n < 4a*, u has the following asymptotic behavior for |x| large
u(z) < —4log |z| + C.
Concerning the monotonicity formula, we have
E(\0,u) = E(1,0,u).
We now provide an estimation for the boundary integration of u*.

Lemma 5.6.
/ wro = wpby + 0(1),
OB1

where by is introduced in Lemma 5.5 and w,, is the surface area of S*~!.

/ wdo = / wido + wpby.
8B1 631
Using Lemma 5.4 again, we have

1 1 1
/ wido| < C/ / t'_i' ez +/ / ( — T n_4> e A dzdo
8B, o8, Jrm\B, |7 om, Jp, \(1+]2]) |z — 2]

S C+/ / %QUX\(Z)CLZ(ZO’.
oB, Jp, [T —2|"

To estimate the second term on the right we notice that

1
/ e =G
oB, |7 — 2|

/ / ¥6“A(Z)dzd0 < C.
op, Jp, [T — 2" N

Hence we finish the proof. O

Proof. Using Lemma 5.5 we have

combined with Lemma 5.1 we have

For the first quadratic term in E(r, 0, u), we have the following estimation
Lemma 5.7. We have
/ |0} ?dx = / |AuM2de < Cr™™t, Vr >0, A > 1.

B, B,
Proof. The proof is as same as Lemma 4.15, we omit the details. (Il
Proposition 5.8. We have by = O(1) for A € [1,00). Moreover,
lim E(X0,u) = )\lim E(1,0,ut) < oc.
—00

A—+oo
Proof. From the above discussion we can apply a similar arguments in Proposition 4.18 to show that
by is bounded from below for A > 1.

By Lemma 5.5 we have

u = w + by,

with w* being a L! function and bounded from below locally. Using Lemma 5.1 we derive that by < C for
A > 1. Thus by is bounded. From Lemma 5.6, we conclude that

/ ut(z)do = O(1).
o8B,
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Then E(A,0,u) is bounded uniformly in A and it completes the proof. O
Similar arguments as in Lemma 4.19 yield the following estimate.

Lemma 5.9. For everyr > 1 and A > 1, we have

/ (|ur)? + |Aur?)dz < C(r).

r

We are now ready to give the proof of Theorem 5.1.

Proof of Theorem 5.1. Let u be finite Morse index solution to (5.1) for some n > 4 satisfying (5.2). Let
R > 1 be such that u is stable outside the ball Bg. From the above Lemma 5.9 we obtain that there exists
a sequence \; — +oo such that u converges weakly in HZ _(R™) to a function u>. In addition, we have
ur — u> almost everywhere. As a consequence, for any ¢ € C>°(R")

lim u’\iAzgodx:/ u® A2 pdz.

1—=00 Jpn n

oo (R™). By (5.8) we can easily see that e is uniformly
integrable in Li (R™\ {0}). Using (5.9), around the origin point we get

loc
A _ _
/ e“lclavz)\;l "/ etdr < Ce" 4.
B- B)\iE

1
loc

Next, we need to prove that e converge to e in L}

uti

Therefore, we have e* ' is uniformly integrable in L (R"), and together with u* — u> a.e., we get for

any ¢ € C°(R")
lim e wdr = / " pda.
Rn n

1—00
Then u satisfies (5.1) in the weak sense. Now, following the arguments in the proof of Theorem 1.1 one can
show that 4 is homogeneous. In addition, u® is also stable in R™ \ {0} because of the stability condition
for u passing to the limit. Then from Theorem 5.2 we get n > 13, which is a contradiction. This completes
the proof. O
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