SHARP QUANTITATIVE ESTIMATES OF STRUWE’S
DECOMPOSITION

BIN DENG, LIMING SUN, AND JUN-CHENG WEI

ABSTRACT. In a seminal work, Struwe proved that if 0 < u € H'(R") and

[(u) :== ||Au + untt |lzz—1 — O then dist(u,T) — 0, where T denotes the
manifold of sums of Aubin-Talenti bubbles and dist(u, T") denotes the H'*(R™)-
distance of u from 7. Ciraolo, Figalli and Maggi obtained the first quantitative
version of Struwe’s decomposition with one bubble in all dimensions, namely
dist(u,7) < CT'(u). For two or more bubbles, Figalli and Glaudo showed
a striking dimensional dependent quantitative estimate, namely dist(u,T) <
CT'(u) when 3 < n < 5 while this is false for n > 6. In this paper, we show

D(u) [logD(w)|2  if n =6,
n+2
T (u)]2n=2) ifn>".

Furthermore, we show that this inequality is sharp.

dist(u,T) < C{
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1. INTRODUCTION

1.1. Motivation and main results. The Sobolev inequality with exponent 2 states
that, for any n > 3 and any v € H!'(R") := D2 (R"), the completion of
C2°(R™) under the norm ||Vul| 72, it holds that

Sllullpzr < VL2, (1.1)

where 2* = 22 and S = S(n) is a dimensional constant.
It is well-known that the Euler-Lagrange equation of (1.1), up to scaling, is given
by

Au+ [uPlu=0 inR"™ (1.2)

Throughout this paper, we denote p = ”—“ By Caffarelli et al. [10] and Gidas

et al. [26], it is known that all the positive solutlons are Aubin-Talenti bubbles [35],
which are defined as

n—2

n—2 A T2

Ulz,\(z) :== (n(n—2)) = <1+)\2|x—z|2> . (1.3)

Here and after, we shall call z the center and \ the height of the bubble U|z, \].

These bubbles are all the minimizers of the Sobolev inequality, up to scaling. There

are many advances in the study of the stability of (1.1). From the perspective of

discrepancy in the Sobolev inequality, Bianchi and Egnell [6] gave a quantitative
estimate near the minimizers, which is

o0 IV = UL A < O) (IVulf = S2ulfe) . (14)

A natural and more challenging perspective is through the Euler-Lagrange equa-

tion: whether a function w that almost solves (1.2) must be quantitatively close to

Aubin-Talenti bubbles. There are many obstacles to addressing this question. First,

(1.2) has many sign-changing solutions [18, 20]. Second, even if we restrict to the

non-negative functions, u could be a sum of many weakly interacting Aubin-Talenti

bubbles. In fact, a seminal work of Struwe [34] showed that this is always the case,

at least for non-negative functions.

Theorem 1.1 (Struwe [34]). Let n > 3 and v > 1 be positive integers. Let
(k) pen € H' (R™) be a sequence of non-negative functions such that (V — %) ST <
Jrn IV ? < (v+ 1) S"with S = S(n) as in (1.1), and assume that

HAuk—l—ui *IH . —0 ask— oo.
-

(k) (k))

Then there exist a sequence (z; .

(k))

keN of v-tuples of points in R™ and a

sequence ()\gk), cees keN of V- tuples of positive real numbers such that

(uk_ZU (k) )\(k )

—0 ask — oco.

L2
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One can also show that the family of U [zl(k), )\Ek)] are asymptotically orthog-
onal in H'(R™) as k — oo (see Brezis and Coron [9, p. 35]). More precisely,
denoting U¥) = Uz AM), by Lemma A3, we have Jzn vulk) . VU;k) =

k k k k k) (k) (k) (k) -
fRn(Ui( ))pU; )~ q;j) — 0 as k — oo, where q§j) = q(zl( ),zj(. ),)\E ),/\g. )) is
defined as the following.

Definition 1.2 (Interaction of Aubin-Talenti bubbles). Let Ulz;, A;] and Uz}, A;]
be two bubbles. Define the interaction of them by

)\. )\ P)
q(zi,zj,/\i,/\j) = ()\Z )TJ —‘rAi)\j’Zi —Zj’2) . (1.5)
g %
We shall denote ¢;; = q;i = q(2i, 25, Ai, Aj). Let {U; : 1 < i < v} be a family of
Aubin-Talenti bubbles. We say that the family is §-interacting if

Q :=max{g;; : 1 <i#j<v} <o (1.6)

n—2

Despite the difficulty of the non-negativity issue, one can still investigate the
problem locally. That is, if w is already near to a sum of weakly interacting Aubin-
Talenti bubbles in H'-norm, then ||Awu + u|u[P~!|| ;-1 should control the H'-
distance between u and 7. Here 7 denotes the manifold of sums of Aubin-Talenti
bubbles. Along this direction, Ciraolo et al. [13] obtained the first quantitative
estimate dist(u,T) < C|Au + u|u\p_1HLn2% forallm > 3 when v = 1, i.e,
when only one bubble is present. Later, Figalli and Glaudo [22] established the
following theorem for any finite number of bubbles.

Theorem 1.3 (Figalli and Glaudo [22]). For any dimension 3 < n < 5andv € N,

there exist a small constant § = §(n,v) > 0 and a large constant C = C(n,v) > 0

such that the following statement holds. Let u € H' (R™) be a function such that
<9

=1 2

where {UZ : 1 <@ < v} is a d-interacting family of Aubin-Talenti bubbles. Then
there exist v Aubin-Talenti bubbles U, Us, . .., U, such that

Vu— Y VU
=1 L2

Furthermore, for any i # j, the interaction between the bubbles can be estimated
as

i

< C|Au+uful | - (1.7)

/ UPU; < C||Au+ u|u]p_1HH,1 .
Rn

When n > 6 and v > 1, Figalli and Glaudo constructed some counterexamples
that show that (1.7) is no longer true. They conjectured that one needs to modify
the RHS of (1.7) to I'|logI'| when n = 6 and to |['|” for some v < 1 when
n > 7, where I' = HAu + u|u|p_1HH_1. However, the exact value of ~y is not
known. On the other hand, it is well-known that dimension plays an important role
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in the analysis of (1.2). The Yamabe problem also has dimension 6 as a threshold,
see Aubin [1], Schoen [32]. Prescribing scalar curvature problem has a similar
analysis to bubbles, and there the dimension seems to play a more important role.
For instance (not intended to be complete), one can see Li [27], Druet [21], Chang
and Yang [12], Bahri and Coron [5], Ayed et al. [2], Malchiodi and Mayer [29],
and the references therein.

In this paper, we give affirmative answers to both questions of Figalli and Glaudo.
Throughout this paper, we define (,,(z) for z > 0 and n > 6 as the following

P .

Gy =37 TnEn (1.8)
x| log z|2 if n=26.

It is easy to see that (,,(z) is increasing near zero.

Theorem 1.4. Suppose n > 6. There exist a small constant § = §(n,v) > 0 and
a large constant C = C(n,v) > 0 such that the following statement holds. Let
u € H' (R™) be a function such that

v
Vu- Y VU| <é, (1.9)
=1 2

where {ﬁ, : 1 < ¢ < v} is a d-interacting family of Aubin-Talenti bubbles. Then

there exist v Aubin-Talenti bubbles Uy, Us, . .., U, such that

12
Vu—Y VU < CG(T) (1.10)
=1 12
forT = || Au + ululP~! HH*l' Furthermore, for any i # j, the interaction between
the bubbles can be estimated as
/ UPU; < C || Au+uluPH| ;- - (1.11)
R”

Note that our theorem completely solves the remaining cases in higher dimen-
sions n > 6. Moreover, we improve the conjecture of [22] when n = 6. After
finding this intriguing power £, we went back to check the counterexamples in

[22]. Their examples show that there exists u € H 1(R") whenn = T7and v = 2

such that
2
9
inf Vu — g VU; > (CT'10.
21,20€R™ ‘
AL, A2>0 i=1 L2

Notice the fact that % = & when n = 7 exactly implies that (1.10) is sharp in this
case. Indeed, we can prove that our result (1.10) is sharp for all n > 6.

Theorem 1.5. For sufficiently large R > 0, there exists some p such that if u =
U[—Rey, 1] + U[Rey, 1] + p where e = (1,0,--- ,0) € R", then

2
inf Vu— VU|z, \i > O, (T
Lt [V Z [2i, A (n(T)
A1, A2>0 i=1 L2
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forT = ||Au+ u|u|p_1HH,1.

As a consequence of Theorem 1.4, we obtain the following sharp quantitative
estimates of Struwe’s decomposition.

Corollary 1.6. Suppose n > 6. There exists a large constant C = C(n,v) >
0 such that the following statement holds. For any non-negative function u €
H' (R™) such that

1 ) 1
— n < < — n
<1/ 2)5 _/Ran| _<V+2>S,

then there exist v Aubin-Talenti bubbles U1, Us, . .., U, such that
Vu—) VUi|| <CG(D)
1=1 L2

forT' = ||Au+ uP|| —1. Furthermore, for any i # j, the interaction between the
bubbles can be estimated as

| v <clsus .

Finally, we remark that recently there has been a growing interest in understand-
ing quantitative stability for functional and geometric inequalities, due to important
applications to problems in the calculus of variations and PDEs. For extension of
(1.4) to Sobolev inequality with general exponents we refer to Figalli and Neu-
mayer [23], Figalli and Zhang [24], and the references therein. Stability results
on Sobolev inequality can be used to obtain quantitative convergence rates for fast
diffusion equations. We refer to Bonforte and Figalli [7], del Pino and Séez [15],
and the references therein. There is also rich literature on quantitative versions
of the isoperimetric inequality and other geometric inequalities analogous to the
Sobolev inequality. A nice description of the comparison between Sobolev in-
equality and isoperimetric inequality can be found in Figalli and Glaudo [22]. We
refer to Brasco et al. [8], Cavalletti et al. [11], Delgadino et al. [19], Figalli and
Glaudo [22], Fusco et al. [25], Maggi [28], and the references therein.

1.2. Sketch of the proof. We briefly explain the ideas of our proof. Throughout
this paper, we shall write that a < b (resp. a 2 b) if a < Cb (resp. Ca > b) where
C is a constant depending only on the dimension n and the number of bubbles v.
The constant C' may change line by line. Also, we say that a ~ bif a < b and
a 2 b. The integral [ always means fRn unless specified. We always denote with
o(1) any quantity that goes to 0 when ¢ goes to 0. The common notion o(()) means
0(Q)/Q goes to 0 when () goes to 0.

Suppose u satisfies (1.9) with a family of J-interacting bubbles. Consider the
following minimization problem

dist(u,T):=  inf
z1, 20 €R™
ALy, A0 >0

Vu -V <i U [Zi, )\J)
=1

L2
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It is well-known that (for instance, see [4, Appendix A]) if ¢ is small enough then
such an infimum is achieved by the best approximation

o= Ulz, Al (1.12)

Let us denote U; := U [z;, \;]. Since the family {U; : 1 < i < v} is d-interacting,
then {U; : 1 <14 < v} is ¢'-interacting for some ¢’ that goes to 0 as & goes to 0.

Let p := u — o be the difference between the original function and the best
approximation. We call p the error function. Then p satisfies ||Vp||r2 < ¢ and the
equation (cf. eq (2.4))

Ap+poP~tp+ 0P =S UP+ Ny(p)+ f =0, (1.13)
=1

where N,(p) = (o + p)lo + p|P~! — 0P — poP~lpand f = —Au — ululP~L.
Moreover, p also satisfies the following orthogonal conditions

Vp-VZ# =0 forany1 <i<v;1<a<n+1, (1.14)
]Rn
where Z{ are the (rescaled) derivatives of U][z;, \;] with respect to the a-th com-
ponent of z; and \; (cf. eq (2.1)).

The linearized operator of (1.13) is A + po?~!, which will have a non-trivial
kernel when o is the sum of a family of weakly interacting bubbles. The non-
homogeneous term o? — Y. U? is the main data that encodes the interaction of
bubbles. The key idea of this paper is to obtain a precise behavior of the first
approximation of p.

To illustrate the main idea, we start with the easiest case. Assume U; = Uz, 1]
is a family of J-interacting bubbles with the same height. Since J is very small, the
centers z;, 4 = 1, -+, v, are far from each other. Define R = min{%|z; — z;| : i #
4} and then Q ~ R?>~" from (1.6).

By some standard finite-dimensional reduction method (see for example [17,
37]), given a ¢’-interacting family {U; : 1 < i < v}, we can find a function pg (in
an appropriate space) and a family of scalars (cfl) such that

v n+l

Mot (o) lo P =S = S AU

pro-VZi“ZO, t1=1,---,v;a=1,--- ,n+1.

We obtained the following point-wise estimate of pg, which is the central part of
the paper. Denote (x) = /1 + |z|2. When the dimension n > 7, the point-wise
estimate of pg is

—4
lpo(z ’<Z QX{|x HlsRy F oy aX ez >Ry (116)
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Here xq, is the characteristic function for a set {2. When the dimension n = 6, the
point-wise estimate of pg is
v —4 R2
lpo(2)| S ; T2 ) X{|z—zj|<R?} T [CEPAE PR X{|z—z;|>R2}- (1.17)
Notice that pg is small but decays very slowly in the core of each bubble. Using

these point-wise estimates, we multiply (1.15) by pg and integrate it to get
n—=6

R¥"R"T ~ Q7 n>7,
R*4\10gR\%zQ]logQ\%, n=6,
Here the dimension of the space plays an important role in the integration.

Now consider the remaining part of the error function p; = p — pg. Then (1.13)
and (1.15) imply that p; satisfies

Ap1+ (o4 po+p1) |o+po+ 1P~ = (0 + po) o+ polP "

vl (1.19)
+3 N durtze+ f=o.
i=1 a=1
Observe that the equation of p; no longer contains the interaction term o? —
>7_ UP. Therefore, p; should be bounded by a higher order term of Q. In-
deed, Proposition 6.4 proves that || V1|2 < Q% + || f|lz—1. Combining with the
previous L? estimate of Vg, we get

IVollz < [IVpollLz + IVpillez S 1 f -1 + (@)

On the other hand, we shall multiply (1.13) by some appropriate Z,?H and inte-
grate it to arrive (cf. Lemma 2.1)

Q< Il + / ooz 4 / plP|Zp )

To establish the above estimates, unlike [22], we did not use cut-off functions.
Using the point-wise estimates (1.16) and (1.17) of pg, we can show that the last
two terms are higher order terms in @ and then @ < ||f||z-1. Consequently,
IVollrz < (|| f]l—1). Thus one can establish Theorem 1.4 in this setting.

IVpollzz < { (@) (L18)

Things are much more complicated for a general family of bubbles {U][z;, \;] :
1 <4 < v}. We may have bubbling towers mixed with bubbling clusters (see the
definition 3.1). This is one of the major difficulties we have to deal with. The proof
of [37] only works for bubbling clusters. To our knowledge, we are the first ones to
handle the mixed cases altogether. Also, we remark that there are many papers in
the literature concerning the construction of the bubbling cluster or bubbling tower
solutions. For bubbling towers, we refer to Del Pino et al. [16], Musso and Pistoia
[30], Pistoia and Vétois [31], and the references therein. For bubbling clusters, we
refer to Wei and Yan [36, 37], and the references therein. Our strategy is to design
a “good” space for the interaction term o” — »_. U? so that (1.15) has a solution
po with the desired control. Choosing the right norm is a very delicate process.
We start with just two bubbles and examine the magnitude of the interaction term
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(U;+U;)P—UP - Uf on different regions of R™. Fortunately, we obtain a uniform
norm || - ||« (cf. eq (3.16)) to handle the bubbling tower and bubbling cluster
at the same time, which reduces the amount of work significantly. Then ||o? —
> UP |l < C(n,v) follows from the estimates of all pairs by a simple inequality.

The existence of pg satisfying (1.15) is based on some a priori estimates (cf.
Lemma 5.1). We use a contradiction argument to establish such estimates and
divide R into three regions: core, neck, and exterior region (cf. Proposition 3.4).
The core region of a particular bubble is where it dominates all the others. The
exterior region is where far from the core of all bubbles. The neck regions are
the rest. A standard blow-up argument handles the core regions. The exterior
region is excluded by a rough point-wise estimate using Green’s representation (cf.
Proposition 4.3). The neck region is a new phenomenon we have to deal with.
We leverage the fact that neck regions are narrow domains to modify the weight
function W (z) (cf. eq (5.14)) to be a super-solution. This is the most crucial and
technical part of the proof. After establishing the a priori estimate, we get the
existence of pg from the standard contraction mapping theorem (cf. Proposition
5.4). Consequently || poll« < C(n,v).

We also construct an example that demonstrates the sharpness of the exponents
in (1.10). Suppose o = Uy + Uy where Uy := U[—Rey, 1] and Uy = U|Re, 1].
By Proposition 5.4, there exists pg satisfying (1.15) when v = 2. Then we let
u=U;+Us+poand f = —Au—ufulP™ = — 3, i UP~' Z8. Using Green’s
representation and the point-wise estimates (1.16) and (1.17), we establish that
IVpollr2 is (up to some constant) no less than (, (|| f||z-1). We prove that the
dist(u, T) 2 ||Vpol| 12 and this finishes the construction.

The organization of the paper is as follows. In the section 2, we prove the main
results Theorem 1.4 and Corollary 1.6 assuming several crucial estimates on p and
Vp. In the section 3, we set up the norms and spaces for the error function. We
start with just two bubbles and construct the weight functions V' and W. Then
we list several integral estimates involving V' and W. In the section 4, we prove
a rough C° bound by Green'’s representation and establish a bubble tree structure
for a family of bubbles with vanishing interaction. Section 5 is the main part of
this paper. We use the contradiction argument to prove a priori estimate for pg.
The crucial Proposition 5.4 is derived based on that estimate. Section 6 is devoted
to proving the L? estimate of Vp. With section 5 and section 6, the main results
Theorem 1.4 and Corollary 1.6 are justified. In section 7, we construct an example
to verify Theorem 1.5. Appendix A mainly consists of various integral estimates
between bubbles and their derivatives. Appendix B is devoted to computing the
integral required in section 5.

2. PROOF OF THE MAIN THEOREM

In this section, we will prove Theorem 1.4 and Corollary 1.6 based on some cru-
cial estimates, whose proofs are deferred to the section 6. We first give some basic
properties of Aubin-Talenti bubble and its derivatives with respect to parameters
Z, A
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Fori=1,--- ,v,letus define
19Uz, A Ai(z® —29)
2 (l') AZ 82,@ e, ( n) [Zla l](x) 1 + )\?‘x _ 2&"2’ (2 1)
OU |z, A] n—2 1— N2z — z)? .
Zn+1 = >\ (3 — U ) )\ 4 1
) (:Z:) ) a)\ e, 2 [zla Z](I)l + )\12|$ _ Zi|2’
where z¢ is the a-th component of z fora =1,--- | n.

Since U; := Uz, | satisfies AU + UP = 0, by taking derivatives with respect
to 2% and A, we have Z7' satisfies

AZ}+pUP~ Z¢ =0, 2.2)

foranyi = 1,--- ,vand 1 < a < n + 1. In fact, the kernel ofA—i-pUip_1 in
H'(R") is exactly spanned by {Z% : a = 1,--- ,n + 1} (see [6]). We call this
property the non-degeneracy of Aubin-Talenti bubbles. Using the explicit form of
Ulz, A] and (2.1), it is easy to verify

‘Zf|r§Ula Vizl,"',y,va:l,...7n+1'

It is also well-known that ||U [z, A]|| ;1. [|[U[2, A]|| 2+ are all dimensional constants
independent of z and A. These facts will be utilized repeatedly without being
explicitly stated.

Suppose u = o + p where o = >, Uj is the best approximation (see (1.12)).
Then

Au+ uluP~™t = Ap + poP~Lp + h 4+ Ny (p), (2.3)
where
h=0"=> U, Ny(p)=(c+p)lo+p" " =0 —po”'p.
i=1
Let f = —Au — u|u[P~!. Then (2.3) can be reorganized as

Ap+poPlp+h+Ny(p)+ f=0. (2.4)

If n > 6, then p € (1,2]. We have the following elementary inequality (for in-
stance, see [14, Appendix D])

(@ +p)lo+plP~t = o —pa? ol < |plP.

Thus
INo(P)| S ol

Multiplying (2.4) by Z,’;H (we specify the choice of k in Lemma 2.3) and integrat-
ing over R"”, by the orthogonal condition (1.14), we have

[zt < | [ 1z« | oozt s o [z
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It follows from (2.2) that |V Z 1|2, < ||U;.C||2 .~ which is a dimensional constant
independent of zj, and Ag. Thus | [ fZ"!| < C||f| z7-1. Hence

’ / hZpt - / p[P|Z . (2.5)

Lemma 2.1. Suppose that u satisfies (1.9) with 6 small enough. Then

<l + \ [or ozt

/ hZpth = / hAkOx, Uk = Z / UP MO U +0(Q), (2.6

i=1,i#k
where @ is defined at (1.6).

Proof. The first identity follows from the definition ZQH = A0y, Uk. Denote
o = oy + Uy, where oy, = 37, ;) Ui. We make the following decomposition

/hkkakak = /(O‘p — Z Uf’))\k(‘?AkUk =J1+ Jo + J3 + Jy,
=1

where

v

/ (PUL o — Y UP)ArOa, Uk,
{I/Uk>0'k} ’L=1,’L7ék’

/ P pUP ™ o1) \eO, Uk,
{I/Uk>0'k}

/ pU}gilUk + O'Z — Z Uf))\kaAkUk,
a’k>l/Uk} i=1

J4_/ (Up—O'k pak Uk))\ka)\kUk
{ox>vUs}
Notice that [A\;0x, Ux| < Uy. Based on the inequality

(a4 b)P — aP — paP~'b| < aP720% ifa>b >0,

we have
| J2] 5/ upt EN/UP ‘o QM (2.7)
{vUr>01}

Here € > 0 is very small, such that 1 + ¢ < p — ¢, and in the last step we have used
Lemma A.3. Similarly |J;| < Q'*¢. For J3,

/ (pUZ_lUk—FUg—ZUZP))\ka)\kUk
{ox>vUx} i=1

5/ pob U+ /ag— d>oour Uk+/ Urtt,
{ox>vUx}

i=1,ik {ok2vUs}

| J3] =
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Using an elementary inequality

v
-1
oh— Y, UlS Y Uy
i=1,i#k 1<i<j<v
i#k,j#k
and the triple integral estimate in Lemma A.4, we have
HsQes [t
{oL>vUi}
Consider the second term on the RHS. Lemma A.1 implies

_n_

/ Urtt < /U;fE inf(U}*, ULT) = O(q;;, | log qix]) = 0(Q),
{Ui>Ux}

therefore

14

/ urtt< N / Ut = o(Q).
{O'kZI/Uk} i=1,i#k {U1>Uk;}

Therefore |J3| = o(Q). Now consider J;:

J1 — Z p/U/f_lUi/\ka/\kUk =J1 - /pU;f_lUk)\kaAkUk
i=1,itk

14

= / pUP o MUy — / > UPAON U = 0(Q).
{VUk<Uk} {VUk>O'k} i:l,i;ﬁk

We applied the same trick in (2.7) to obtain o(Q). With the above estimates of .J;,
1=1,2,3,4, we can get

/h)\kOAkUk: Z p/U]flUi)\ka)\kUk—l—O(Q).

i=1,i#k
Simple integration by parts shows that

P/U;flUi)\kakak = /Uf)\ka,\kUk.
Thus (2.6) holds. [l

Now let us go back to (2.5). In Lemma 6.5, we will provide two important
estimates

—1, n+l
/O‘p pZy

Remark 2.2. These two terms have rough bounds easily by Hoélder’s inequality
and Sobolev inequality. Indeed, for instance, when n > 7, as did in [22, (3.31)],

‘ [0z <19l

1612 S 190l

=0(Q) + -1, /!plplZ;?“I=0(Q)+||f||H—1- (2.8)
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By Lemma 2.1 and the above two estimates, one can achieve

Q S IVoll2Q "t + IVl + 1 fll -1 (2.9)

Multiplying (2.4) by p, the approach in [22] would induce |Vp|l2 < QP71 +
|| £|| g~1. Plugging in this fact to (2.9), we obtain Q@ < Q*®~Y + ||f| z-1. One
fails to conclude anything when 2(p—1) < 1 (equivalent to n > 10). This obstacle
motivates us to have better control of p instead of simply using Holder’s inequality
and Sobolev inequality.

Using (2.8), the interaction between the bubbles can be estimated as follows.
Lemma 2.3. Suppose that u satisfies (1.9) with ¢ small enough. Then we have

QS I fllg-1-

Proof. We shall prove g;; < || f|| g-1 for each pair i < j by an iteration argument.
Without loss of generality (WLOG), we may assume that \; < Ao < -+ < Ay,
Applying Lemma A.2, one has

’/Uip)\ka)\kUk S gk, Vi#k, (2.10)
/UfAkEAkUk N —qpE, Vi<k. (2.11)
For each 2 < [ < v, let us introduce the following induction hypothesis (P;).
v j—1
(P): D> a4 Sl +0(@Q).
j=l i=1

First, we take k = v in (2.5) and (2.6). From (2.8) and (2.11) we have

v—1 v—1
S a3 [UIAOLUL S [l +0(Q)
i=1 =1

It implies that (P,) is true. Second, suppose (FP,+1) is true. Now we take k = [ in
(2.5) and (2.6). By (2.8), (2.10), (2.11) and the assumption (P 1), we get

-1 -1 v
TR —Z/UZP)\Z@,\ZUZ <S>
i=1 i=1

i=l+1

+ -2 +o(@Q)

/ UP X0, Ul

v
S Y antIfla +0@) SN fllar +o(@Q)
i=l+1
Then (F;) holds. Inductively, we obtain that (P») holds. Thatis Q ~ >
[ lr=1 + o(Q). Then Q < [[f1[ g1

i<j dij S

O

Now we can prove the main result Theorem 1.4.
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Proof of Theorem 1.4. Write p = pg + p1 where pg solves (1.15). By Proposition
6.1, we have

IVpollz2 S Gn(Q)-

By Proposition 6.4, we have

IVorllzz S Q* + I flla-1-

Since we have shown @ < || f]| -1 in the previous Lemma 2.3, then

IVoll2 < IVpollze +[[Vprllie S Gulll Fllz-1)-

Here we have used the fact that ¢, () is increasing near 0. Therefore (1.10) holds.
Finally, (1.11) follows from the fact [ UPU; = ¢;; < Q and Lemma 2.3. ([

Proof of Corollary 1.6. The proof is identical to that of Corollary 3.4 in [22]. [

It remains to establish Lemma 6.5, Proposition 6.1 and Proposition 6.4. These
depend crucially on a point-wise estimate of pg, which will be done in section 5.

3. SETTING UP SPACES AND NORMS

In this section, we shall introduce two weight functions V' and W, which mea-
sure the behavior of the interaction between bubbles and the p functions defined in
(2.4). These are fundamental for obtaining point-wise estimates of p.

Let us begin with a rough analysis. Consider the equation (2.4) of p. The lin-
earized operator is A+paP~1, h+ N, (p)+ f is the non-homogeneous term and p is
the solution. A is the main data that encodes the interaction of bubbles. N, (p) is a
higher-order term in p and negligible. Therefore, an approximation of p can be ob-
tained from studying the linear equation Apg +poP~pg = h. As the interaction of
bubbles becomes smaller and smaller, (A + po?~1)Z2 will converge to 0. This in-
dicates the linearized operator has a non-trivial approximate kernel when the inter-
action is small. According to Fredholm’s alternative, to solve Apg + poP? " 1pg = h
in a nice space, one needs h to be orthogonal to the approximate kernel. Equiva-
lently, we can project h to the orthogonal space of the approximate kernel. This
amounts to solving the equation up to some Lagrange multiplier.

It leads us to consider the following linear equation

v n+l
Ap+poPlp=h+> Z AUrtze,
1=1a= (31)

[Uurteze =0, i=1,--,v;a=1,--- ,n+1,

where 0 = »°7 | Ulz;, A;] is the sum of a family of J-interacting bubbles. We
always assume 9 is very small. We shall use finite-dimensional reduction to prove
the solvability of ¢ given a reasonable h in Proposition 5.3. To that end, we need
to set up the norms and spaces.

Let I = {1,2,--- ,v}. Throughout this paper, we denote y; = \;(x — z;) and

Rij: _gjaé{\/x oY RYOY /)\Z,m|zl—z]|} (3.2)
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Definition 3.1. For any two bubbles U;, Uy, if R;j = \/Ai)\j|z — z;|, then we call
them a bubbling cluster, otherwise call them a bubbling tower.

We always denote

1
R:=— R;; 33
2 0 3
It holds that R>~™ ~ Q (see (1.6)).
Let us define various weight functions designed to measure the behavior of h
and p. When the dimension n > 7, for each ¢ € I and any ¢ > 1, the inner (outer)
v-weight and w-weight of bubble U; with radius ¢ are defined by

n+42 9_ n+2 4
. VA A2t
vz, t i<ty U, ) = S X1 (o1
i (1) = G Xlwil<ty U (z,1) gy Xl >t}
n—2 n—2
)\‘ 2 t2 n )\ 2 t_4

W@, t) = 2 Xtz W@ = X -

When n = 6, we also define the following v-weight and w-weight:

) = 3 iz ) = 3,
sin A2 out M1
W7 (@, 1) = s X<y () = T X
Now we can define || - ||« and || - ||« norms as
1] = jellﬂgb\h(w)\‘/_l(x), &1l = sup ()W Hz) (G4

with the total weights

S R ) ), 02,

V(z) = {Z;jl ( ;n(x RQ) + Aout(%RQ)) Cn=6 (3.5)
S5 (i B e @, R), n>T,

W(zx) = {Eiyzl (UAJ%H(;E,RQ) + ,uggut(x,R2)) . n=6. (3.6)

For simplicity, we denote vin(om) () = vin(om)( , R) and w, in{out) (x) = win(out)(x, R),

while vm(out) (l’) _ @;n(out)($7 RQ) and Am(out) (x) _ w{n(out)( ,RZ).

)

Remark 3.2. (1) The ad hoc weight V' captures the interaction behavior be-
tween bubbles h = o — Y7, UP. See Proposition 3.4. The weight W
is designed to solve A, W ~ V, see Lemma 3.6. We have to define a
separate norm on n = 6, as explained in Remark 3.5. The definitions of
V and W depend on U [z;, \;], @ = 1,-- - , v. This is implicitly understood
throughout this paper.
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(2) Foreachi € I, let f;(x,t) = vi"(z,t) + v?"(x, t). By the explicit form of
in(out)
i

fila,t) = (14 ot DA 2 min 2 (y,) ~4 14 )2,

) , we have

One can verify that f;(x, t) is an approximately non-increasing function of
t. Thatis, for 1 < t; < to9, we have

fi(z,t2) S filw,t1). 3.7

The monotonicity also holds for wi(z, t) +w®(z, t), di"(z, t) + 0" (x, t),
and W (v, t)+w?" (x, t) in dimension 6. This monotonicity of total weight
functions will help us to obtain the convenient form of weight functions for
any finite number of bubbles in Proposition 3.4.

In this paper, we often need to deal with terms like U, Uj%' where v;,v; > 0.
Note that U; = (n(n — 2))(”_2)/4)\("_2)/2<yi>2_” where y; = A\j(x — %) and

)

(y) = /14 |y|* = 1 + |y|. Tt is natural to define the following cross-term
9ij (@) = {yi) " (yz) (3.8)

The following lemma gives us an applicable estimate of the cross-term and will be
heavily used throughout the rest of this paper. It has the advantage of not having
to distinguish between bubbling clusters and towers. To make the estimates more
flexible to different scenarios, we introduce parameter 7 in the second line of in-
equality (3.9). In some regions, we set 7 = 0 to obtain the fastest decay of (i),
while in other regions, we set 7 = 79 to achieve a more negative power of Ryo.

Lemma 3.3. Suppose \y < Ao and 1 < Ry9 where R1s is defined at (3.2). For
v1 > 0,79 > 7 > 0, it holds that

_ 3\ 71/2 _ A R
PRt ()" vzl < /5072 3.9
912(.',5') ~ (N Y2—T/2 —y1—72+T A2 Ri2 ( . )
Ry (72) (o) o el =R

Proof. First, suppose that U; and Us form a bubbling cluster. That is, Rjo =

\/)\1)\2‘21 — 2’2‘ > m, and so that ngs/)q/)\g = /\1’21 — 2’2’ > 1.
For |y2| < \/)\2/)\1R12/2, we have

)\1 /\1 )\2 )\1 ng
= —|y2 — A — > — —Ris — > ——. 3.10
|y1] " ly2 — Aa(21 — 22)| > " (\/ N, e \y2|) 1\ % 2 (3.10)

Then
g12(z)  Ryg* Ao/ M) ()72,
For |ya| > \/WRH/Q, equivalently (A1/A2)|y2| > A1]z1 — 22]/2 > 1/2, then
L+ |yl < (Ai/A2)ly2l + Ailzr — 22| +1 < 5(A1/A2) -
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It means that both of (y2) > v/Aa/A1 Ri2 and (y2) > (A2/A1){y1) hold. Then
g2(w) S Riy (\f2e)™ 772 (o)
Second, suppose that U; and Us form a bubbling tower. Thatis, Ri2 = \/m >
VA1 2|21 — 22, and so that A\1|z1 — 20| < 1.
For |ya| < \/A2/\1 R12/2, we have
L+ |y > 1+ Ailzn — 2ol = W/ Ayl > 1/2 = /A /AaRi2/2. (3.11)
Then
g12(w) S () 7 = Ry (/M) ()72,
For MR12/2 < |y2|, equivalently 1/2 < (A1/A2)|y1], it holds that
L+ || < (Ai/A2)ly2l + Ailzr — 22| +1 < 5(A1/A2) -
Consequently,
g2(2) S Ryg (Aa/A2) 772 {ya) 77
([

Proposition 3.4. There exist a small constant o = do(n, v) and a constant C'(n, v)
such that if § < 0y, then

v
lo? = " UP[ler < C(n,v).
i=1
Proof. We shall start with the case of just two bubbles and then generalize it to
finitely many ones.
e Let Uy = Ulz1, 1] and Uy = UJza, A2]. WLOG, we can assume that A\; < \.
Since p € (1,2], we have h = (Uy + Uz)? — UY — U¥ > 0.
On the other hand, if 0 < a < b, then
(a+Db)P —aP — b <P Lo =aP b(a/b)?P < aP 0.
If 0 < b < a, then
(a4+b)P —a? —b" <aP b =b""ta(b/a)* P < WP la.
In conclusion, we have

h= (U +Uy)? —UP — U < min{UP Uy, U1, }.

~

On the set {|y2| < Ri2/2}, thanks to (3.10) and (3.11), we always have (y;)
n

V/A1/XaR12/2. Hence, it holds that Uy /Uy = (A1 /X))~ 2/2(35) 2 (1 )2~
272 Thus, applying Lemma 3.3 we get

— LH _n —
h SUY U e <iiayny S A0” Rz ™(02) ™ Xyl <Ruz/2)- (3.12)

We shall call the region {|y2| < Ri2} the core of U (concerning Up). One can see
that / has slow decay in this region. See the illustration of the bubbling tower and
cluster in Figure 1 and 2 respectively.
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On the set {R12/2 < |y2| < \/)\2/>\1R12/2}, we have |y1] < 2\/)\1/)\2R12.
Hence, it holds that Us/U; < ()\2/)\1)("*2)/2<y1>”*2<y2>2*” < 6" 2. Thus,
applying Lemma 3.3 we get

_ ni2 Y
h S UL X ol rins2r S A2® Bis' (82)" " X lyal Rz 2} (3.13)

We shall call the region {R12 < |ya| < \/A2/A1R12} the neck of Uy (concerning
Uy). Within it, h has the same decay as Green’s function.

On the set {\yll < R12/2} N {\y2| > \/)\2/)\1R12/2}, we have UQ/Ul =
(A2/ A1) =272 ()2 ()2~ < 272 By Lemma 3.3 when 7 = v, = n — 2,
we get

_ a2 _
h S UP Usxqi<riz/zy S M7 B 00) ™ X<z /o) (3.14)
This region is the core of U; (concerning Us), removing the core and neck of Us.
In the outer region {|y1| > R12/2} N {|y2| > / A2/ A1 Ri2/2}, we have
n+2 n+2
A2 Ry A2 Ry

hSUL+U3 S 7@ = X{|y1|>Rm/2}+7< ez Xwel>Rio/2) - (19

Y2
From (3.12)-(3. 15) we conclude
R 2
hgz [vit + 02 (2, %) S [vi" + 0] (x, R). (3.16)
i=1

Note that, thanks to the monotonicity (3.7), the §R12 can be replaced by a fixed R
in the last inequality in (3.16). It is the key to define the weight V' for any finite
number of bubbles where the common R = § min;;{R;;} will be used.

When n = 6, i.e., p = 2 and 2 — n = —4, the core, neck, and outer region of
Us have the same decay. We strengthen (3.15) to have a faster decay in the outer
region. That is,

2

< < + 2 EENEAY))
Z 8 i=1 (I S A P L (B3

From (3.12)—(3 14) and (3.17), we conclude

~

2
h< Aln Aout 12 SZ Am_{_@out LE RQ) (318)
=1

For any finite number of bubbles, we shall use the following inequality in Lemma

A.6.
ZUP<ZyU+U AT
1<J
Each term in the summation on the RHS can be bounded above by the previous
estimates of two bubbles in (3.16) and (3.18). Summing them up, one can obtain
h < C(n,v)V(x).
]
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shape of V(x)

1 /A
|z — 21| = —14/=

MV

FIGURE 1. U; and Us form a bubbling tower with A\; < Ao. The
dotted line denotes the h. The right picture shows that the core

region of Uy (i.e. {|y1| < Rio} ={z: |z — 21| < A2/ A/ M })
contains that of Uy (i.e. {|y2| < Riz} = {z : |z — 22| <

1/vV/ A1 ]).

shape of V(x)

Az
z—z|= /\—‘\;l = 2

FIGURE 2. U; and U3 form a bubbling cluster. The right picture
shows that the core region of U; contains that of U like a bubbling
tower when \; < Ag. However, if A1 &~ o, the core region of
them shall be disjoint.

Remark 3.5. To have a simple form of V, we bound A just by (3;)2~" in (3.15). In
fact, h decays faster than V' at infinity. Such relaxation causes a problem for n = 6
when estimating [ (w$"")P*!, because w"! has the critical decay (in the sense of
J (w")PT! = 00) in the outer region of bubbles. Thus we have to define a separate
norm in dimension n = 6. Any weight in the outer region that decays faster than

w™ works in dimension n = 6. For simplicity, we just choose W™

The previous proposition justifies the choice of V. The weight function W ()
is designed to satisfy A, W ~ V. We verity this through Lemma 3.6.
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Lemma 3.6. Suppose that R > 1. For V and W defined in (3.5) and (3.6) respec-
tively, we have

/ & — oV (2)de ~ W (). (3.19)

Proof. Let us first consider n > 7. Denote y; = \;j(x — z;) and §; = A\(T — 2;).
Making a change of variable we get

n+2

~ n 1n ~ nAz R
/ ]:1:—1‘]2 x)dr = / |x—:c|2 ﬁx{linSR}dlﬂ
" , " (3.20)
= AiQRQ_n/ 195 — wil > (i)~ ;.
lyil <R

If |g;| < %R, on the one hand, we use (A.3) in Lemma A.7 to obtain

/ 5 — il i) 4dyl_/ 15— i )y < ()
lyi| <R R™

On the other hand, on the set Q = {y; : |yi| < (7:)/2} C {|lvi| < R}, we have
|9: — vil < 3(5:)/2 and

/ |5 — wil> " () " dy; > / 195 — ui| 2" (i) "y
lyi|[<R Q (3.21)

Vv

<Qi>2n/§2<yi>4diyi 2 ()2
If |§;| > 3R, then |§; — y;| ~ |§i| on {|y;| < R}. Consequently,

/| B / (i)~ dys ~ (52" R,
Yi|S

lys| <R
Inserting the above two inequalities to (3.20), we have
[ =@~ 2 R 0 s + B X )
Consequently,
wi'(z) < / |7 — 2>l (2)dz < wi(Z) + w'(7).

Similarly, we have the following estimate for the integral of v{™,

—2

/ & — M (@)de = AT R / i — il () "y
n y¢|>R

—4/~\4—n
ST R ez AT BT s

Consequently,

wi™(7) < / 7 — 2|2 (2)de < wi(Z) + w(E).
R

3 3
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The proof of n > 7 is completed by combining the above two estimates. When
n = 6, one needs to divide the ¢; near R? and repeat the above proof. We omit the
details. O

We have the following integral estimates for V' and W. They are needed in
Lemma 5.2 and Proposition 6.1.

Lemma 3.7. Suppose thatn > 6 and R >> 1. It holds that

n+2
R 2, n>"7,
WL S {3—4(1og R n—g < G(Q), (3.22)
n+2
R =2 n>"7
Vi, ey < ’ =" 3.23
Wilzerr = {R—4(1ogR)§, n =6, (329

where (2*)' = 22 is the Holder conjugate of 2*.
n+2

Proof. Forn > 7, we have

/ (w1 = / ARy s de < RO,
lyi|[ <R

)

Jormyn = | AR D < B,
yil>

Similarly, direct computation yields that, for n = 6,

/ (b")? + (@9")* < R~ log R,

Summing over ¢, we get

~ R 2logR, n=6.

Since p = (n +2)/(n — 2) and R>~" = @, this implies (3.22).
For n > 7, we have

(viM) iz — AR (y) " niade < R
K2 | ‘<R 7 ] ~Y )
Yil>

outy 21 —n p— 20 —2nn-2) < p—n
(vi )n+2 = /\i R n+2 (y,L) n+2 doe SR
lyil >R
Similarly, direct computation yields that, for n = 6,
JICUERRCOLES s
Summing over ¢, we get

/foz< R, n>7,
~ 1R ClogR, n=6.

Since (2*) = 2n/(n + 2), this yields (3.23).
y



SHARP QUANTITATIVE ESTIMATES 21

4. ANALYSIS OF BUBBLES WITH WEAK INTERACTION

This section presents some preliminary analysis leading to the proof of the main
point-wise estimate in section 5. In the first subsection, we derive several technical
lemmas. Then we prove a rough upper bound of solutions to (3.1) using Green’s
representation. In the second subsection, we deal with a sequence of v bubbles
with vanishing interaction. We show that there is a bubble tree structure of them.
This tree structure facilitates various estimates of bubbles. We expect that it can be
used in some other problems.

4.1. Rough upper bound. Denote I = {1,--- ,v}. Suppose {U; = Ulz;, A :
i € I} 1is a set of v bubbles such that Q = max{g;; : 1 < i # j < v} < 0.
WLOG, assume that they are ordered as

A< A <<

Define z;; = A;(2; — 2). Itis easy to see thatif \; < Aj, then R/ Ai/A\j = (2ij).

In the following, we frequently have to compare U 71w}n(°“t)

=n(n— 2)v;n(°ut) (y;)~2. For i # j, we have the

with v-weights. It
i'n(out)

is easy to see that U~ 'w)

following lemma.

Lemma 4.1. Suppose that \; < \j. We have

Ujp—lwén S.; Rz—jQU;n + RfQU?ut_i_ R*ZU;:"’ “4.1)
UP~twf S Rl + R0 + R0, (4.2)
Uzpflw;"n S R;jQ’U;’n, (43)
UP™ M S (ig) 20l + 0 + o). 44

Forany 0 < e < 1and M > 1, we also have the following

Uip_leo-”’ S (/N2 + 62)1)]0»”, on{z: |y — 2| < e}, 4.5)

wi" < (i) 0 (Wi 4w, on {x: |yi — 24| > €}, (4.6)

UM S (g + M), on{: [yl > 205+ MY, @D
o 2(n—6) n— .

UP 2 < () 72 (€77 ol +e0?), on{z:ly| <R}  (48)

It follows from (4.4) that U? _1w§“t is smaller compared to the v-weight only
when (z;;) is large. This is insufficient for late use, especially in the bubbling
tower case. However, if |2;;| is small, then the weak interaction will force A;/); to
be very large, and (4.5) and (4.6) guarantee that Uip _lw?”t is still smaller or faster-
decaying compared to the v-weight. The last two inequalities (4.7) and (4.8) will
be used in a narrow domain, i.e., see Agk) in case 3 of the proof of Lemma 5.1,
where we only need smallness of the coefficient before v, j € S(7).
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Proof. e To prove (4.1), we divide it into two cases. First, on the set {|y;| <
R, |y;| < R}, using (3.9), we get that (y;)~*(y;) ™* < R;;*(A;/Ai)(y;) "% Then

2 n=2 _ n—4 nt2 92—
ULyt A AN R < p2 Ai) 2 A2 R R=2yin
i Wi N~ 0 Tgd S Y
(y5) (yi) J (yj)

Second, on the set {|y;| < R, |y;| > R}, denoting o = % < 1, we have

Up 1 wi ~ Ra —n) <<;Jl§4 — (v ut ) U;n)l—a

j
< RQa 2( ut< > 2)

< R2o— 2[6 <y> —2 out_|_€o</(1 a) m] <R™ 2Uout+R 2,in.

We apply Young’s inequality in the third step and take ¢ = R?*~2 in the last step
e To prove (4.2), we divide it into two cases. First on the set {|y;| < R}, using

(3.9), we get that (y;)* " (y;)~* < R ™ (A /A)"T (y;)~*. Then

n—2
A3\ T R , . ‘
U]p 1w;)ut R4 < R4 n)‘ Rn—G,U}n S R;jQ’U;-n.
<yg> (yi)™ Aj

Second, on the set {|y;| > R, |y;| > R}, we have

n-2 e 4
prtyen o N AT R (M)i (vf“t >n4 pout \ 7
Tt )t o Aj (yi)? {y;)?

g <y> 2 out+ <y]> QU;)ut S R72,Ulc')ut+R72,U;ut'

e To prove (4.3), note that since \; > \;, then R < R;;/2 < \/\;/A\iR;j/2. On
the set {|y;| < R}, using (3.9), we have (y;) *(y;) ™2 < Ri_j4()\j/)\i)2<yj>*2 <
- (Aj/Xi)%(y;)*. Then, on the set {|y;| < R}, we have

n—2 n+2
2 p2-n 2—n
Uip—lw;n ~ )‘124 )‘j ’ R2 R—2 )\J B _ Ri_j%;'n-
(ya* (j) (y;)*

e To prove (4.4), we divide it into three cases. First, on the set {R < ‘y]’ <
\/WRij/2},using (3.9), we can obtain <Z/i>’4<yj>4*" < Ri_j4()‘j/)\z’)2< > <
R;j2(>‘j/)‘i)3<yj>2_". Then

n+2

n—2

e Y
[P~ Luout )‘12 )\j2 R < )‘j —2)\12 Ri ~ <Zi-)—2vqut'
P )t (ymt YT ()2 o

We have used the fact that R;;1/\;/\; = (z;;) when \; < \; in the last step.
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Second, on the set {|y;| > \/A;/AiRij/2, lyi| < R}, weobtain (y;)~4{y;)*™ <
RE™(Ni/A7)"7 (y:) ™" Then

n—2 .
Up—lwqut ~ )‘12 Aj2 R Rn 6R4 n)\ )‘ 2 R2 " < )\j Ui
i J T N4 \n—4 s )4 ~
(wi)* (y;) iy

Third, on the set {|y;| > \/)\~//\»Rij/2, lyi| > R},

8

)\2 )\ N R4 A\ =2 4 n—6
-1 out —2 ut\ = ut\ =
Uzp w;? U i 7<yj>" <yj> (}\Z) (vf t) 2 (v‘? l) 2

_8
< & n—2 [’U(-)Ut + ’U(')ut] <y4>—2 < <Z' '>—2[,U(')ut 4 UQUI]
~ )\@ 1 Vi J — 1] 7 J 9

where we have used Young’s inequality and

8 10—n
A\ 2 B N\ 2 oY -
<)\Z) (yj) S Rij2 <)\JZ> < Rz‘jQ)TZ ~ (2ij) 2,

e Now we prove (4.5). On the set {|y; — 2;;| < ¢}, we have (y;)? = 1+
(/) i — 26512 < 14 (A;/\i)%e2. Consequently,

n—2
_ PYADVERY A2 (y;)?
Up 1w9ut ~ 7 J J out < A/ 2+€2 Uqut'
O G gt T Rty S AT
e Now we prove (4.6). On the set {|y; — 2| > €}, we have |y; — z;;| >
by by
1+|Zij|+€<yi>’then {yj) = 5 1+|z”|+g (vi) 2 )TJ< (yi). Then

n— 4 a n—d
AR w (A) <>
’ {y)"~ S j
)\ n—=6 <Z > n—4
<Rn 6 () out
s (Q () wreur

2 R_4<yi>4_" S R%—ﬁw;n _i_w;)ut'

5 >/

where we have used

)

If A\; < Aj, then R/ A i/ Aj zzj ). This completes the proof of (4.6).
e Now we prove (4.7). On the set {|y;| > 2|z;;| + M}, we have (y;)? =
L+ A/ ) i — 25 < 2()\j//\z')Qlyilz- Then

lrp 1 — M)~
;)ut )\2<yj>4 ,U;)ut 5 <yl> 2U?ut S_; (|Zl]| ) QU.;?Ut.
1

e To prove (4.8), we denote o = % Using Young’s inequality, we get

n—2
_ A2 A2 R . ‘
1 ~ v _J Ai5(n—6 n—6)/, in th1—
Ut e S () 10RO o
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<<zij>a<" O 5 0l 4 )

~

We have used R;;j\/\i/\j = (2i;) when \; < \; in the last step.
O

A similar result holds for dimension n = 6. Note that we have ¥i"(z, R?) =

wi(z, R) + w(x, R)X{r<|y|<r2} When plugging in n = 6. So does 0" (z, R?).
Therefore, the proof related to w{™ and w°”t in the previous lemma can establish
the same estimates about wl- and wj in dlmension n = 6.

Lemma 4.2. Suppose that \; < \;. When the dimension n = 6, we have

Uy S R[04+ 03 + o), 4.9)
Ui < R[5 + 03 + 07"], (4.10)
Uﬂf);n 5 <Zij>_2[@in + @i-n] + R_2<Zz‘j>_1f}iom, (4.11)
Uad§" < (2i5) 7108 + RT209 + (245) 209" (4.12)

Forany 0 < e < 1land M > 1, we also have the following
Uil +w§"] < (Ni/X)? + o) + 071, on{a: |y — 2] < e}, (4.13)

j
[ +w]0’”] < (zig) e B[l + 0, on{x: |y — 2| > €}, (4.14)
U < (Jzig) + M) 720 on {a : [ys| > 2|2i5] + M}, 4.15)
Uﬂi)}-” Se ol +edf, on{x: |yl < R?}, (4.16)
U3 S (zu) ™ 2v " e, on{x: |y < R?}. (4.17)

Proof. e To prove (4.9), we divide it into three cases. First, on the set {|yl| <
R?, ly;| < R}, one can use the first case in the proof of (4.1) to get U <
Ri_jsz}“. Second, on the set {|y;| < R2 R < ly;| < R2}, we have
Uy ~ 53~
(yi)* (wi)
Third, on the set {|y;| < R?, ly;| > RQ}, we have

)\2 )\%R74 Ril ~out\1/2 (~iny\1/2 ~ou ~in
<yj>4 )2 (y;)%? (857 (o) 7 < RS + o).

= (y;) 203 (82 < R72[61 + 8",

)

~in

e To prove (4.10), we divide it into three cases. First, on the set {|y;| <
R,|ys| > R?}, using (3.9), we get that (y;) 3(y;)™* < R *(ys) *(y;) ™" <
R_2Ri_j2 (Aj/Xi) {y;)~%. Then on the set {|y;| < R, |y;| > R?}, we have
A2 \ZR2 Ni
U"UA)(-)Ut ~ J 7 < R—2 ? Aln R 2A1n

T (it (w)® A A

Second, on the set {R < |y;| < R?,|y;| > R?}, one has

Ut 9 MBTE(BRRT " <ﬁgut>1/2 I
! <yj>4 <yz’>3 <3/j>4 (yi> R? R?

>
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Third, on the set {|y;| > R?, |y;| > R*}, one has
2 _ - V2 own1/2 - Sout

A MR 1 (o <v0t> 2 o o

(i) \ {w5) (i) ~ R R

U; 09" ~
U )t w)®
e To prove (4.11), we divide it into three cases. First, on the set {|y;| < R*} N

{lyj] < +/Aj/AiR;j/2}, similar the first case in the proof of (4.4), we have
2p—4 Ap—4
Uﬂf}i-n ~ >\12 /\jR < ﬁR-_-Q )\jR < <Z¢'>_2f}i-n.
Tyt (g N (gt
Second, on the set {|y;| < R2} N {Jy;| > /Aj/NiRij/2, lyil < R?}, similar to

the second case in the proof of (4.4), we have
2 \2R™ CAN2R4 .
)"L ]R < 72ﬁ>\zR < <Zij>_2{};n-

)t ()2 ~ 7N (yayt ™

Uiﬁ)}n ~

Third, on the set {|y;| > \/A\j/AiRij/2, |lyi| > R*}, we have
2p—4 _3
~in )\’LQ AJR _ R )‘j (@in)1/4(@?ut)3/4

Uiwsi ~ =
T )t it ()Y My N
S RTZRGN A/ N[0 4+ 09 < R (zig) O + 0.

_3<

~

e To prove (4.12), we divide it into three cases. First, on the set {R2 <yl <

VAj/AiRi;/2}, using (3.9), we can obtain (y;) =4 (y;) ™3 < R;j4()\j//\i)2<y]>

R;*(Aj/Ai)*(y;)~°. Then
A APR2
2777 %<Zij>72{};>ut'

A2 A2R72
Unb}" ~ g =5 S Ry, 5
(ya)t (yj) Ai (y5)
Second, on the set {|y;] > \/A;/AiRij/2, |lyi| < R%}, we obtain that (y;) ~4(y;) =3 <
—Loln,

R,L._jS()\i/)\j)3/2<yi>_4. Then

2
~out >‘z

in' ~ ~
! (yi)4 <yj>3

Third, on the set {|y;| > \/A\j/AiRij/2, |yi| > R*}, we have
couty 1/2 [ sout \ 1/2
1 <U(.)Ut) / (,U]ou> 5 R,Q[@?ut _’_@?ut]‘

N V2
]) 0" ~ (2ij)

A2R2
J —1

)

(yj)

2 M\N2R2
Uﬂf);)m ~ >‘i4 )\JRS 5
(ya)* (5) (i) \ (i)
e Now we prove (4.13). On the set {|y; — z;| < €}, we have (y;)* = 1 +
()\j//\i)2 lyi — Zij|2 <1+ ()\j/)\i)252. Consequently,
A2 NZRTY 2002
7 J _ 7,<y.]> ’LA)m S (()\Z/)\]>2 —|—€2)’LA)3~H,

U™ =~ = :
Tyt () Nyt

2 N2R72 A2(y.)2
)‘z J _ z<y]> ~out S (()\Z/AJ)Q +€2)QA};‘)ut'

UiuA)qut ~ —
! (' (y)* Ayt
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e To prove (4.14), we use idea similar to the proof of (4.6). On the set {|y; —
zij| > €}, we have (y;) (yi). Then

_Am<yl>w)\< Y

)\2R_4 (2i ) A2R—4

~in
Wy =

On the support of w , we also have R? > )\—J = (y;). Then

MR y) T2 S @ + R (y) 0

Thus combining the above two inequalities, we get

2 3
ain < (i iy (i) pou
] ~ 5 3 e 2

For the other one w;?ut, we have
out _ )@R_Q < )\ZQR_Qﬁ (<ZU>>3 < ﬁ <<Zij>>3 |:R2 ﬁ)m—i-’lf)out:|
! (i)> ~ W) A\ e ) TN\ e (o) © "
S (25)%e 2 () 2] + @
e Now we prove (4.15). On the set {|y;| > 2|z;;| + M}, we have (y;)? =
L+ (A/ )2 1y — 2% < 2(2;/A0)?|yi|*. Then

S5

2/, \2

~in(out) A7 <yj> ~in(out) —9 +in(out) —2. m(out)
U™ ~ /\%(yz-)‘*v" S (i) 7?05 < (|2 + M)~ :

e Now we prove (4.16). On the set {|y;| < R?,|y;| < R?*}, we have
A2 MR
7 1 J 5 S (@n)

(yi)* (v

e Now we prove (4.17). On the set {|y;| < R?,|y;| > R?}, we have

(1}] )% 5 c 1v1n _'_gﬁln

S

UAmN

2 \2R~? ‘ pou
v ~ AL < iR e} (L
(it (y;) j (yj)

< (245)5 [ 20 + 09

0

In the following proposition, we derive a rough C° estimate of p. Note that
W decays much faster than W. It shows that the behavior of p at infinity can be
bounded by ||h||««W (x) up to some constant and small error. It will be used in
Lemma 5.1 to exclude the blow-up points going to infinity.

Proposition 4.3. There exists a constant C(n, v) such that, for any h with ||h|]w <
o0, if ¢ satisfies

Ap+poPtp=h in R",



SHARP QUANTITATIVE ESTIMATES 27

then the following inequality holds for any M > 1,

|p(z)] 3n W (z) 4 -2 -
W < C(n,v) (HhH**—irM Hng*W(a;) +M*R“+ M 1), (4.18)

where W (z) = Z#j(u’)é” (x) + wf"(x)) is defined by

n-2
o (z) = {Az‘ 2 R u) "X <Ry n>T,
AR Hyi) 72 (1 + log(yi) )Xy, <r2ys 1= 6,

n—2
wd"(z) = {Ai TRy T log (i xRy, 12T,
AR (yi) 108 (Yi) X {ys|> R2} n = 6.
Proof. By the Green’s representation, we have
@) = Cn) [ 15 =P (por (@)(e) — h(a) da
= Pl + PQ)

where C'(n) is a positive dimensional constant. Applying Lemma 3.6, we get

| P2 < C(n)|[h]« /Rn @ — 27"V (z)da < bW (@).

Consider P;. Let us assume n > 7. Using ob—1 < Z’i’,zl Uff_l, we have

RISl 30 [ 15 - o e + ut o)
i =1

(4.19)

v

= [0l D (Al + A% (@)

i4'=1

Consider A! (that is i’ = 7). We use a similar trick in estimating the last line
of (3.20), that is, dividing into two cases according to the relation of y; and R, and
applying Lemma A.7 to get

i/~ ) - 2 6
AB(F) = n(n— AT B> / R T

n

~ A RZ”/ 155 — il W) " X ys < ry A

n-2
SN R0 Xga<ery + B @07 X g 22m)]
< @ (&) + o™ ().

Similarly,

n—2
ARE) ~ N R 15— uilP T ) T X gl Ry Y

R

n—2

N7 R g <oy + RGP og (G X (15,2 /2]

w}"(&) + 0" ().

IZANRYAN
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Consider the case i’ # . Let us first assume \; < \y. Using (4.1), (4.2) and
Lemma 3.6, we have

in 4 Aou < p2 / - 22"V (2) < R-2W(3).

n

If \; > Ay and (z;7) > M, then using (4.3) and (4.4), we have

Al AN < (R 4 M) / & — 2"V (@) S (R + M)W ().
If \; > Ay and (2;3) < M, we apply (4.3), (4.5) and (4.6) (taking e = M 1) to
get

Al + A

31!

< (/X)) + M)W () + M3"14/ |7 — 227U (il 4+ wi™)

(M*R™ + M)W (Z) + M>™[Ayyin + Ayyout](F)
(MA*R™ + M)W () + M3*"W ().

Here we used Ryrj\/ Ay /Ni = (zy;) when \; > Ay to get Ay /Ny < R™2M?2.
Consolidating the estimates of P, and P, we can prove the proposition when
the dimension n > 7.
When the dimension n = 6, the proof is similar to that for n > 7. We point out
modifications without giving details. One shall use @i and @ in (4.19) to define

A% and A9 Similarly,

A~ N R |7 — x| (y;) Cda
ly:| <R?
SNR @) A+ log(@a) Xy <r2y + (log R)(Ga) ™ X g1, 821 -
A9 ~ NIRT? |7 — x| (y;) Cda
lyi|>R?

SAR™?[R™ Xy <rey + (00 (1 +1og () x (g, 2 52} -

Consider i’ # 4. If \; < Ay, then (4.9) and (4.10) imply AN, 4 A% < R—2WW.
If \; > Ay and (z;;) > M, then (4.11) and (4.12) imply that fl;‘z‘, + fl;’;t <
(R72 4+ M~YW. If \; > Ay and (z;) < M, then (4.13) and (4.14) imply that
Aln, o+ A0S < (MAR™ + M~2)W + MW

0

4.2. Configuration of bubbles tree.
oo

Denote I = {1,...,v}. Suppose that {Ui(k) = U[zl-(k),)\gk)] RS I}k isa
=1
sequence of v bubbles with the interaction Qk) = max{qgﬁc) 2 Vi,j € 1,i #

j} — 0as k — oo, or equivalently,

RO = Smin{RY VijeLizj) voo as koo (@420)
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By reordering them and taking subsequences (for finitely many times), we can
always assume

AR << (4.21)

either lim 2"

Jim z;; exists or klggo \zl(Jk)| = 00 (4.22)

where z(k) = A(k)( k) _ (k)) forj e I\ {i}.
(k)
'lj ‘
dinates y; = A\i(z — z;), we see that U;(z) = /\Z(n_z)/zU(yi), where U(y) =
U|0, 1](y). Here we omit the superscript (k) to ease the notation. That is, U; is the
)\fgnd)/ 2 multiple of the standard bubble. Under y;-coordinates, the other bubbles
become new ones with

There is a geometric interpretation of z; In the rescaled z;-centered coor-

n—2

I N ) ) Y W N
Ujlz) = (1 + (Aj/Ni)?yi — Zz’j|2> = A ? Ulzig, A/ Ail (i)

Then z;; is the new center of Uj, j € I\ {i}. Under y;-coordinates and omitting
A"=2/2 factor, we obtain a new set of v bubbles {U[0,1], Ulzij, Aj/ M) = J €

K]
I'\ {i}}. Itis easy to check that R;;; remains unchanged in this rescaling for all
i',j el

We define a partial order <on [ = {1,--- ,v} as

i<j <= i<jand lim 2" exists, (4.23)
k—oo Y
1Xj] <= i1<jori=j.
Lemma 4.4. < is a strict partial order.

Proof. We can see that it is irreflexive and asymmetry. We only need to check the
transitivity. Suppose that ¢ < j and j < [. It follows from the definition that

i < j<land z(k) )\( )( (k) Z(k)) and z( ) = )\g-k)(zl(k) - z](k)) are both

uniformly bounded as k& — co. Then, using interpolation and )\l(-k) < )\gk), we get

- Z

\zz(lk )] is also uniformly bounded. That is
k k k
2371 < APL® = 20 1 AP0 -2 < 104D
Then by assumption (4.22), we know limy_, sz ) exists. Thus ¢z < . O

Lemma 4.5. Suppose that {Ui(k) : i = 1,--- v} is a sequence of v bubbles
satisfying (4.20), (4.21) and (4.22). Then

=1 k) 4.24
C* —|—’Jr€n]alz<> {|z |11 <7} < oo (4.24)

Moreover,

i< VAP < RE < o\ A AP vk >0, @25)
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iAjandj Ai < \/A§k>/A§k>+\/Ag’“)/Ag’“):o(l)REf). (4.26)

Here o(1) denotes some quantity that goes to 0 as k — oo. We will call i and j
incomparable in the case (4.26).

Proof. Tt is easy to see that C* is finite by the definition of < relation (4.23). Sup-
pose that ¢ < j. Then AR < )\g-k) and thus

7

k k k k) (k k k
R = max{y A1 /230 AIAD O -0y

= AP A max(1, 207} < o /AP A,

Conversely, by Rg?) §k) > )\Ek)

enough. Thus ¢ < j. The above inequality shows that |zz(f)] is uniformly bounded.

Thus by (4.22) and (4.23), we have ¢ < j.
If i £ jand j 4 i, WLOG, assume )\Z(k) < A§k), then zl-(f) must be unbounded,
thus

VA A < o(1)REY.

Recall that a free is a partially ordered set, say (T, <), such that for any ¢ € T,
the set {s € T : s < t} is well-ordered by the relation <. The following lemma
shows that I can be decomposed into several trees.

— oo as k — o0, we have A when £ is large

O

Lemma 4.6. For any sequences of{Ui(k) 21 =1,--- v} satisfying (4.20), (4.21)
and (4.22), there exists o (depends on the sequences) such that I = {1,--- v}
can be partitioned into T, o = 1, - -+, a*, where each T, is a tree.

Proof. Fixing any 1, let us prove the set {s € I : s < i¢} is a well-ordered set.
That is, if s < 4g, t < 49, and s # ¢, then either s < ¢ or t < s. In fact, by the
assumption and the definition of < relation in (4.23), we obtain

lim zéfg and klim ngz ) both exist.
—00

k—o00
WLOG, assume s > t, then )\gk) > )\Ek). Since zgf) = Agk)(zgk) - zﬁk)), then

k k k k k k k k
ot T A1) = 71+ A0 — 20 < a1+ 12 < o0

Si0

as k — oo. This implies that ¢ < s.

Suppose that the partially ordered set (I, <) has o* minimal elements, say they
r1, - ,Tq+. Define T, = {i € I : 7, < i}. The above proof shows that each T,,
is a tree with root r,,.

Moreover, these T, are mutually disjoint sets. Forifi € T,NTy/, a # ¢/, then
the above proof shows that either r,, < 7o/ or 7 < 74, Which contradicts the fact
that r,, and ., are minimal elements. Thus {T, : @« = 1,--- ,a*} is a partition of
1. This completes the proof.

([l
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For each i € I, define the set S(i) = {j € I : i < j} (which means the
successor of ), that is
S(i)={j€I:i<j lim 2" exists}. (4.27)
k—oo Y
: : k) _ K ()
One can have a clear picture of the sequence in each y,' = A"/ (z — z; )
coordinates.
On the one hand, for any j € S(7), it is clear that U j(k) are bubbles “higher”(i.e.

)\(k) > )\ ) than U, (*) and becomes higher and higher than it and eventually “sin-
k)

gular” at limg_, z(] as k — oo, since the interaction of them must become

smaller and smaller as k — oco. Moreover, if |z | < 1, then U, *) and Uj(k) form
a bubbling tower, otherwise they form a bubbhng cluster. In both cases, one must

have )\;k) / )\Ek) — oo for such j, because the interaction of all bubbles is vanishing
as k — oo.

On the other hand, for any j ¢ S(i), either U ](k) is “lower” than Ui(k) or U ;k)
(%)

escapes to infinity in y;

process. More precisely,

coordinates. These bubbles are benign in the limiting

, then as k — oo,
(@) = omU (@), (4.28)
wy'() + “’(x: o(L)wy",
i (x) + v (2) = o(1)v]",

uniformly on {x : \ygk)\ < M?}. Here o(1) denotes some quantity that goes to 0 as
k — oco. Consequently,

ZU](’“ ST UM+ 1+ o1)u®,

Lemma 4.7. Fixany M > 0. If j §Z S(z

~

~— ~— ~—

T

J=1 MISM©)
W(z)= > (wi(x)+w(x)) + (1 + o(1)w(x), (4.29)
VIS ©)
Viz)= Y (') +v§(x) + (1 + o(1)v"(x),
Jjes ()

uniformly on {z : ]yl(k)| < M} ask — oo
The above statements also hold replacing winlow) gpd yintour) by wnon) gnd
pin(our) respectively in dimension n = 6.

Proof. In fact, j ¢ S(i) means either j < ¢ or j and ¢ are incomparable. We
shall prove two cases respectively. We will omit the superscript (k) for various

notations, like )\l(- ) yz(k) U( ) , R and R( )
e In the case j < ¢, one must have )\; //\ — oo as k — oo. Recall that

U)o X T ()27 ~ \(=2)/2, oy <\
i(x) = A2 ()" " and Uj(z) = A; (y;)°7". Thus Uj(z) < A;° =
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n—2
o(1)X\; 2 < o(1){M)"2U;(z) on the set {y; < M} as k — oo. The support of
w? does not intersect {|y;| < M}, thus we only need to consider w;". We have

Wi A\ (i) A T
i (N Yil_ < pp2 (24 0. (4.30)
AR (y;)* ~ Ai

wl
The proof for v-weights is completely analogous and we omit it.
e If 7 and j are incomparable, clearly we have R;; = /A;/\;i|2i;| and |25 —
oo as k — oo. Recall that Yj = )\j/)\i(yi — Zij), then |yj| > %)\j/)\2|zz]| =
3/ Aj/AiR;j on the set {|y;| < M} when k is large enough. Then

n-2 n=2
Uj(a) <A1+M> T < (1 +Mj> T o
Ui(z) ~ \ N (Rij)2Aj/ A (Rij)

If A\j/A; > 1, then the support of w}“(a:) does not intersect {z : |y;| < M}. If
)\]/)\Z < 1, then

. n—2 n—~6
w (N W) e (N T
5o (N M2 (2 ) = 0.
w0 W N B

For w;?“t, by (4.26) we have

n—2

out -
wjin _ (f\v) * pn—t <yi>i4 < MQﬁRi—g 0,
w} i (yj)™ A Y
This finishes the proof of the statement about w-weights in (4.29). The proof for
v-weights is completely analogous and we omit it.

By the same argument, it is easy to see that all the above assertions hold for
n = 6 after some minor modifications.

0

5. POINT-WISE ESTIMATE FOR THE MAIN PART OF ERROR FUNCTION

This section is the central part of this paper. We shall establish the C? estimates
for the main part of p, i.e., pg, see Proposition 5.4, which comes from the inter-
action between bubbles. The crucial part is to obtain a priori estimate in Lemma
5.1.

5.1. A priori estimate. Suppose that {Ui(k) :4 =1,---,v} is a sequence of v
bubbles satisfying (4.20), (4.21), and (4.22). Recall the definition of S(i) = {j €

I:i<j},see(4.27). Recall that ygk) = /\gk) (x — zl(k)), zg?) = /\Z(.k)(zj(-k) — zl(k))
and the definition of C*, see (4.24). Let us define

o® = (J{o: w1 <L},
il (5.1)
o = {a P < L =201 2 e,vj € 50}

)
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with a large constant L. = L(n, v, C*) and a small constant ¢ = €;(n, v, C*) to

be determined later. The domain ng) is where U. (k) dominates over other bubbles,

(k) :
(1) For all j € S(i), {|y2-(k) — zgf)] < €} CC {|yz(k)| < L}. Moreover,
k k k
{1 < LYy e g = =] < far).
(2) If i and j are incomparable (that is, 7 £ j and j £ 1), then ng) and ng)
are disjoint.

and there is no “singular bubble” in €2;"’. When £ is large enough, one can see that

(%)

See Figure 3 for an illustration of {2, in a simple case.

Lemma 5.1. There exist positive constants dg and C, independent of 9, such that
for all 6 < oo, if {Uiti<i<y is a d-interacting bubble family and ¢ solves the
equation

A¢ +poP~to = h,
p—1 a : (52)
JUPF " ¢ze =0, i=1,---,v;a=1,---,n+1,
for some h with ||k« < 0o. Then
18]l < CllAl - (5.3)

Proof. We use contradiction arguments to prove (5.3). Suppose that there exist a
oo
sequence of bubbles {Ui(k) =U [z(k) )\(k)] iel } with interaction no more

)

than 1/k, and a sequence of functions hy(z) and ¢y (z) satisfying (5.2) such that

[@rll« = Kl ]|+« Replacing ¢y (x) by ¢ () /[ Pk ||« and hy.(z) by hi () /|| Pk«
we can assume ||¢g ||« = 1 and ||hg|| < 1/k — 0as k — oc.

Going to a subsequence if necessary, we assume that {Ui(k) :4 € I}32 satisfies
(4.20), (4.21), and (4.22). Thus Lemma 4.7 holds for such sequence. We can
associate a sequence of weight functions V' (z) and W (z) to this sequence. We
shall prove that for this sequence there holds ¢ (z) < W(z) on R™ when k is
large enough. This contradicts the fact |||« = 1 for any k. We first assume
n > 7. We divide R" into the following three regions: core, neck, and exterior.

Case 1: Exterior region R™ \ Q). Applying Proposition 4.3, there exists
C'(n,v) such that for any M > 1 the following holds:

|5 ()] W (z)
W (z) W (z)
Now choose M = M (n, v) sufficiently large such that C'(n, )M ~! < (100v)~1.

Note that w!" and w{"" decay faster than wi" and w™. More precisely, on R" \Q(’“) ,

< C(n,v) <||hk||** + M3 + M*R™2 +M1).

@it < 2L 2l @ < 2L %(log L) wi™.
Taking L = L(n, v, C*) sufficiently large such that
2C(n,v)M*"L2(1 +log L) < (100v) ™!, (5.4)
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we shall have C(n, v) M3 W (z) < =W (x) for z ¢ Q*). Since we assume
||hg||«x — 0O, then as k — oo we have

k(@) _
W(z) —

1
el n\ k)
(1)—i—50 on R™\ ©2

Case 2: Core region Uie[ﬂgk). We shall prove |¢x|(z) = o(1)W () as k — oo
on this region.

Suppose not. Then there exist €, > 0 and a sequence x; € U;e [ng) such
that ¢ (z) > €W (zg). Going to a subsequence if necessary, we assume that
TE € ng) for some fixed ig € I when k is large enough. As explained before,
ng) is the domain where U,L»(Ok)
to reach a contradiction. Define

has domination. One can use a blow-up argument

S(y) = W) drly/ A + =) with y = AP (@ — 20,
hu(y) = A 21 (m)hk(y/A(’“ + 20, (5.5)
Gry) = U0 1)+ ¥ Ul ff},Ag’“)/A(“]()

Je\{io}

Then gzNSk satisfies
Adw(y) + oy (W)n(y) = huly) iR,
JUP1Z%dy = 0, 1<a<n+1.
Here U = UJ0,1](y) and Z* = Z%(y) = Z%(y) defined in (2.1) for z = 0 and

Ai = 1. Denote z; = lim_, szj) and define

Ki={y:lyl <l ly—2|>1/1,Vj € S(io)} (5.6)
Suppose | > 2max{L,¢; '}, it is easy to see that

k k k k k
AP @ — 2 =y y = AP @ 2w e 0P} cc kg
when £ is large enough.
Claim 1. In each IC;, it holds that, as k — o0,

or(y) = U0,1](y), |hl(y) = 0,
uniformly y € K;. Moreover, we have

B L n—4
s ¥ (o25) +8 wek 57)

JE€S(io) lv - Zj’

We postpone the proof of Claim 1 to the end of this subsection and finish the
blow-up argument in Case 2. By the standard elliptic regularity theorem, the Claim
1 shows a subsequence of ¢, uniformly converges in each X;. Furthermore, by the
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diagonal argument, let [ — oo, we have a subsequence of b converges to ) locally
uniformly on R" \ {Z; : j € S(ip)} which satisfies that

A¢+pUr"6 =0, inR™\ {%; : j € S(io)}.
~ n—4

9l(y) S ngs(io) (ﬁ) + L2, inR"\ {z; : j € S(io)},
JUP1Z%dy = 0, 1<a<n+1.

Notice that each singular Z; is removable since the singularity near z; is strictly
“less” than that of Green’s function. Therefore qg satisfies the equation on the whole
R™. By the orthogonality condition and non-degeneracy of Aubin-Talenti bubbles,
we get ¢ = 0. However, since || := |)\Z(-f) (r — zz(f))\ < Land [§ — zl(f])| > €,
going to a subsequence if necessary, then limy_,o & = &0 & {Z; 1 § € S(i0)}
and consequently ¢(€.0) > €, > 0. This is a contradiction.

FIGURE 3. Illustration for the blow-up regions of a simple bubble
configuration. The solid circles denote {y; = L} fori =1,--- ,4.
The dashed circles mean {|y; — 21;| = €1}. The shaded regions
constitute A;.

Case 3: Neck region Q%) \ (Uielﬁgk)) In this case, we can not use a blow-up

argument directly, because we do not know which bubble will dominate others.

Fortunately, this set is a narrow domain (see the following Agk) in y;-coordinates),

we will construct some barrier functions and use the maximum principle to prove
|pr(z)| < W(z)/2as k — oc.

Note that Q*) \ (UieIQEk)> = UZ-GIAZ(k) where Agk) is defined by

AP = Ujesla 0l - =1 < e} \Vjesofa : Pl < L} 58)
(k)

One can interpret A" as the union of the neck regions of U ;k) with j € S(7). See

(®)

Figure 3 for A;" in a simple case. We have the following observations.
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(1) z € 6A§k) implies that either x satisfies ]yl(k) — zz(f)\ =€ or |yj(-k)\ =1L
(k)

for some j € S(i). In the first case, x € 012, , and in the second case,

T € 8Q§-k) .

2) Agk) are disjoint from Aék) for any j # i.
To construct a barrier function, we need to modify the weight functions W and
V' in two steps. First, we need to smooth functions W and V' to derive some differ-

ential inequality because they are piece-wise defined. We introduce the following

function
a+b a—b\? 1
F(a,b) = — —ab. 59
GO 55)
It can be considered as a smooth 1/4-approximation of min{a, b}. It satisfies that
min{a,b}/2 < F(a,b) < min{a, b}. (5.10)

Moreover, it is symmetric, 1-homogeneous, and concave (see [33]).

Second, on Agk), wi is not a good candidate for barrier because it does not

satisfy Axw%“ + pU? _1w;“ < —v%“. We need to replace the weight w;“ by u?;n

which is defined by
‘ n-2 -1
@)= Y AT BT (1P P PP s
jeS (@)

Claim 2. On AW, it holds that

1 . . .
Wi S W < vwy’ (5.12)
. _4 .
A (z) < —”862 Vi (). (5.13)
1

Note that u?;“ is comparable to w%n but has negatively large second-order deriva-
(k)

7 .

tives. This is exactly where we need to use the narrow property of A

)

Now let us work on a particular Az((lf . Define the barrier function 1V by

- n—2 2—n —4 )
W)= > XNZF <1<Q>2<R>n4> +wih. (5.14)
jeN{io} Yirt N

. n—2
Using w}! +w$" = (1 —|—0(R_1)))\j 2 min{R*"(y;)~2, R~*(y;)> "} and the

above claim, we have W (x) ~ W (z). Moreover, combining with (4.29), (5.10)
and (5.12), we have
10

iW(x) <W(z) <3uW(z) onAP. (5.15)

More importantly, we have the following estimate of AxW(x)



SHARP QUANTITATIVE ESTIMATES 37
; (k)
Claim 3. On A;~, we have

AW () < —(n=4)(L+o(1) Y (vf(z) +v"(z)) -

J€S(io)

n—4

86% vé’; ().

We also postpone the proofs of Claim 2 and Claim 3 to the end of this subsection.
)

We will show that W( ) is a super-solution to our problem in the region A( .
That is, for o, = > 7, Ui k),

AW+ pot W < v, on AP, (5.16)

In the reglonA C {\yzo | < L}, by (4.28), 3~ icns(io) U —( + o(1))U;,

for k large. Since p € (1,2], we have (327, a;)P~' < 327, a?~! for any a; > 0.
Thus, for k large,

L < Z Urtt< > UM+ (14 o) URT
j€S(io)
Consequently, thanks to (4.29) and (5.15), we have

1T s —1 ¢ 1~
3—VJ£ W < Z u? (w + wou Z Up i
4,j€S(i0) J€S(i0)

(5.17)
+ (1 +o@) [ UPTH DT (wih+wd™) + U il
J€S(io)
For the first term on the RHS of (5.17), if A; > A;, then we apply (4.1) and (4.2) in
Lemma 4.1. If \; < )\, then we apply (4.3) and (4.7), since |y;| > L > 2C* for

i€ S(ig)and x € A(k). Combining these two results, we have
Ufo_1 (w + wout) (L2 + 0(1))[1}}-“ + v}’m + ol 4 91,
For the second term on the RHS of (5.17), using (4.1), for j € S(ig), we have
UP it ~ UP o = o(1)[of + v + vjn].
For the third term, using (4.3) and (4.8), for j € S(ig), we have

2(n—6) n—4

Uf;_l (w +wi) < 0(1)1}}“ + (C*)n—2 [E_TU'“ + evg™]
for any ¢ € (0, 1). For the fourth term, using (5.12), we have
—1 ~j
UZI()) wigz)\220< > —4 ~ 1n<)\2< > 4wm<,01n

”L(] ~ w0 ~ 710"

Plugging in the above four inequalities into (5.17), we have

—1y% 0y 226 1 in in
NS () e gy o) 3 o)+ (G o)) ol

. . 3
j€S(io)

Combining this with Claim 3, we have

N 1
AW + pot ™ W
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2(

<[-n—4) +C(C) T e+ L2 +o(1)] 3 (0 + o3
JES(io)

4 <C(C*)25‘"24 +o(1) - "= 4) pin

2 10
8¢t

for some C = C(n,v). Then we choose L = L(n,v,C*) large enough, ¢ =
g(n,v,C*) small, and k large enough such that

(n=6)
[(n—4)+ C(C*) "2 e+ L) +o(1)] < —L. (5.18)
Then we choose €; = €1(n, v, C*) small such that
n— —4
(C(C*)2524 +o(1) — ”8 5 ) < -1 (5.19)
€1

This finishes the proof of (5.16). In the following, we will use the maximum prin-
ciple to prove | ¢y ()| < G%W(x) on Agf).

Denote fy(z) = éW + ¢r(x). Recall that A, ¢ + po",f1 = hy. Then, for k
large enough, we have

_ 1
Apfe+pol e < ~ooVE V<0 on AP (5.20)

0
. (k) (k) s ()
By the observation after (5.8), we see that 9A; ” C 09, * U { Ujes(i,) 0, ).
It follows from the conclusion of Case 2 and (5.15) that f1 (x) > 0 on OAZ(-(}:) for k

large. Let us show fi(x) > 0in Al(-(]f) by the maximum principle.
Consider g(z) = f+(z)/W (z). Then

mmwz—ﬂwm-¥%?+ﬁiﬁG&n—Agg?H@O.

Suppose g(x) takes its minimum in Agf) at xp and g(zp) < 0. Then Vg(zp) = 0

and A, g(xg) > 0. Then using f () < 0and —AW > paZ_IW—I—V and (5.20),
we have

Ay fx(w0) — A%/Wfi(xo) < Ag fi (o) +

paiilﬁ/ +V

W f+(x0) <0,

which is a contradiction. This shows that g(x) > 0 for z € AZ(.(])C). Thanks to (5.15),
we obtain
@) < W (@) < W) on AL
@)l < o Wix) < gWi(z) on A7,
when £ is large enough. This finishes the proof of Case 3.
Combining all three cases above, we always have |¢r(z)| < W(x)/2 for k
large. It is a contradiction because ||¢||« = 1. Thus we prove (5.3).
To complete the whole proof, it suffices to prove the three claims we have used.
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Proof of Claim 1. By (4.28) in Lemma 4.7,
Gr(y) = (L +o()U0, 1(y) + Y Ulzigjs Ai/Niol (W), vy € K.
J€S(io)

We shall show the sum of the right-hand side is also o(1)U|0, 1](y) on ;. Invoking
the definition of ; in (5.6), we see that |y — z;,;| > |y; — Z;|/2 > 1/2] when k is
large enough. On the other hand, j € S(ig) implies that \;/\;, — oo as k — oo.
Thus,

n—2 n—2 2—n
Ulziggs Aj/ o) (Ni/Aig) = (14 [yl?) * < <>\]> i
VO g /ey -5\

as k — oco. Hence

10

ak(y) = (L +o()U0,1](y), y € K.
By Lemma 4.7, for k large enough, we have
()] . wis(®) + Fjesiio) (W) + w§™) (@)
W (k) ™ wif (zn) + 2 jesi) (W) + w§™) (@)
(@)~ (@) + Yiesun) (O T M) @)
MW (k) ™ N3 [wih () + 3 jes(io) (W] + w™) ()]

when z = y/\;, + 2, and y € K;. To prove the rest of the claim, we need to use
a simple inequality

1P e

2.
> b
which holds for any positive a;, b;. It suffices to establish the following estimates
for each ratio on ;.
e For the inner weight functions of U, let y = A\ (x — z;,) and & = \j, (zx —
Ziy ), we have

(5.21)

w%ﬁ(x) 1+ |&?

. = <1417
w;g(xk) 1+ |y|?
A7 wih () (1+!|)2—

o If iy < j, then \;;/\; — 0 as k — oo. In this case, K; is contained in the
support of w$"* when k is large enough. Using |2;,;| < C* and |¢,| < L, we have

n—4 n—
w(z) <<Am/Aj>2+\sk—zm2> g << L ) !
wi™ (k) (Nio/A)% + [y = zigs? ~\ly -zl ’

ul n—4
’U;) t(x) o (()‘ZO/)‘])z =+ ’fk - ZinP) 2 5 lanLnfll.

AW @) (Mg /A2 + [y — 2igs|2) T
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Combining the above two cases and using (5.21), we have

n—4
\ék@)rSL%( L) ,

ly — ]

|;lk:(y)’ S Hth** (L2 + lniQLniél) —0 ask — oo.

From this, the assertion follows.

Proof of Claim 2. e To prove (5.12), using (5.11), we obtain that
1
_ Z + ’yl’ , (5.22)

G50 1 |2l + 6%y — 252

\g‘

Here we have omitted the superscript (k) for y and .
Pick any j € S(i). On the set {|y; — 2;;| < €1}, it holds that

lJrI%I2 §1+26%+2|22'ij|2 <9
L2452 4 € "lyi — 252 1+ |21
5 9 5 (5.23)
L+ |yl J1 =26 4207 1
Lz e ?ly — 2zl — 2+ 1P T3
Let us consider any other [ € S(¢). There are the following two cases:
Case 1: |z;j — 2| < 2€;. In this case, for |y; — z;;| < €1 we have
-2
Lt [2i% + " lyi — 23 _ 2+ 8€f + 2|z <3 (5.24)

1+‘Zil|2+61_2‘yi—zil‘2 - 1+|Zil|2
Case 2: |zjj — zy| > 2¢e1. Note |y; — z| > |zij — za| — |yi — 2i5] > 215 — za| /2-
Then |2;1|% + €, |y — zal® > |zl + |2i; — zal® > |2i;]%/2. We have

Lt lzigl® + €% lys — 2F 2+ |z <9 (5.25)
L+ zal? + ey — zal® — 1+ 2502/2 ~
Plugging in (5.23)-(5.25) to (5.22), we have
1 ~in
SSot<24 Y 33 on{lyi— syl <al
i’ 1€S(0).1#i

Since j € S(7) is arbitrary, then the above inequalities hold on Agk).
e Towards proving (5.13), we denote f;(x) = (1 + |2;;|® + 72|y — 2ij>) "
temporarily. Recall that y; = \;(z — 2;). By direct calculation, we have

AL fj = )\2[—2(71 — e % f7 = 82 (1+ |24 °) £

Since @M (r) = 2ies( l) R2 " f1, then on the set {|y; — 2;j| < €1}, we have
n_< n+2 —4 .
Ap@i(x) < AT RETALL < —2(n - AT RET < e
€1

We use (5.23) to get f; > 1(y;) 2 in the last step.
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By the arbitrariness of j, we can prove Claim 2 on Agk). ([

Proof of Claim 3. Itis easy to verify that F'is a smooth function except a = b = 0.

Also, F'is homogeneous and increasing on a, b with 0 < aF <land0 < 9F § 1.

Moreover, I is concave on a, b (see [33]). Denote a; = R2 "/(y]> nd b;
R~%/(y;)"~%. Therefore,

@‘

- vz [ OF
AW <) A7 <8a(aj,bj)Axaj + 5 (@ bj)Aa:bj> + A ().

We have
R2n MNR?m 8A2RZTM Ma;
Agaj =Ny —5 = —2(n —4)-2 — < —2(n—4)1,
’ (y;)? (y;)* (y;)° (y;)?
Ay = =20~ ) S (= 2)0 - ) < a4y
bj = —2(n — —(n n— < —2(n—
’ (y;)n 2 (ys) (ys)
Since I’ is homogeneous degree 1, we get a —|— b = F'(a,b). Moreover, it also

implies %5, %’Z are homogeneous 0, that is 3 (a],b]) = %—g(aj/@j)z,bj/(yj)Q).

Applying the above facts to A W, we get

AW (2) < =2(n—4) Y A;?F<<aj b >+A$w (x)

27
€500 Z/]> <yj>
2 2 \—4 n—4 —4 i
<—(n—4) 3 AT min{RE ) R4y, - Bl
JE€S(io) 1
. —4 .
< (- +o(1) S [l + v~ ”8 ol
JE€S(io) ‘1

We have used (5.10) and (5.13) in the second step. The proof of Claim 3 is com-
plete. O

The proof of Lemma 5.1 is complete when the dimension n > 7.
Replacing wm(out) by w,iin(om) and vm(out) by @;n(om), one can prove Lemma 5.1
when the d1mens10n n = 6 by followmg the above one verbatim. We point out
some necessary modifications.

When n = 6, on R" \ Q%) we have
o < 2L Ylog L)wl", @™ < 2L~ (log L)d™.

Therefore, Case 1 can be established by chgosing L large enough.
For Case 2, in the statement of claim 1, ¢, should be modified to

- L 3
okl (W) S ( > +L%, Vyek (5.26)

€S ’y_Z]|

Using this upper bound, the other parts of Case 2 still hold in n = 6.
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For Case 3, the barrier function is
~ _4 _2 .
W)= > XF <<R'>2, <P”'>3) + P, (5.27)
jel{io} Yir= \Yi

where ﬁ);g is again (5.11). Since A (y;)™2 < —3A2(y;)~>, Claim 3 must be
modified to

T 3 ~in ~ 1 in
AW (x) < —5(1 +0(1)) Z (o7 + U;-’”t) - @vio(:n).
JES(io) !

To estimate Ui_lw, one should use Lemma 4.2. The other parts of the proof still
hold. ([

5.2. Existence and point-wise estimate. In this subsection, we shall use the a
priori estimate we have derived to prove the existence of po.
First, we estimate the coefficients cé in (3.1). See the definition of ,,(z) in (1.8).

Lemma 5.2. Suppose o is the sum of a family of d-interacting bubbles. If ¢, h and
c{) satisfy (3.1), then

] S QlBlls + a(@?]]ls, 1<j<v, 1<b<n+1

Proof. Multiplying (3.1) by Z ]l-’ and integrating we get

[rrtoz= [nzis S [avraz, e

forany 1 < j < v, 1 <b<n+1. Here we used the orthogonal condition in (3.1).
By the Lemma A.5, for a,b < n + 1, there exist some constants 7b > (0 such
that

n+1
S [z - dr + 33 0t
,a i#j a=1

Plugging in the above estimates to (5.28), we see that {c{)} satisfies the linear sys-
tem

n+1
A+ 33 d0(gy) = /paplqsz;?— /hZJl-’.
i#£j a=1
Denote ¢7 := (C{ ,CZL_H) € R*"! for j = 1,---,v. We concatenate these
vectors to @ = (€1, --- ,&¥) € R¥("*+1) and think of the above equations as a linear

system on €. Since ¢;; < () < J, the coefficient matrix is diagonally dominant and
hence solvable. It remains to estimate the terms on the right-hand side.
For each j and b, by the orthogonal condition in (3.1) and ]Zjl-’| < Uj, we have

ooz =| [o(e - ur) Zho| <ol [ (ot - up ) oy
(5.29)
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Thanks to the fact that (¢?~! — U? “1U; > 0 for each 4, we have

(0" Uy < S0P - U = o? — SR,

By Proposition 3.4, we have |o? — >, UP| < V. Then by Lemma 3.7 and Holder’s
inequality, (5.29) can be bounded by

‘/ng1¢Zb < HqSH*/VWS IVl sy (W 2

By Lemma B.1, we also have

b
I

With the above two inequalities, the Lemma 5.2 is proved.

Ollx S Gul(Q)?]|s-

S Il [ VU S 2 e QU

O

From Lemma 5.1 and Lemma 5.2, using a standard argument as in the proof of
Proposition 4.1 in [17], we can prove the following result.

Proposition 5.3. There exist positive constants 6o and C, independent of §, such
that for all § < 6g and all h with ||h|«« < oo, problem (3.1) has a unique solution
¢ = L(h). Besides,

1L, < Cllhllss  |eg] < COll] .
Proof. Let {U; : 1 <i < v} be a family of bubbles with J-interaction, i.e., Q) < J.
Let us consider the space

H::{quHl(]R”):/gbeUZP1:O,1§i§1/,1§a§n—|—1}

endowed with the inner product (¢, 1) = [ V¢ - V. Problem (3.1) expressed in
a weak form is equivalent to that of finding a ¢ € H such that

(¢, p) = / (poe?'¢ —h) Y, Vo € H. (5.30)

With the aid of Riesz’s representation theorem, we can rewrite this equation in the
operational form

¢ =T(¢)+h (5.31)

with certain 4 which depends linearly in h and where T is a compact operator in
H. Fredholm’s alternative guarantees the unique solvability of this problem for
any h provided that the homogeneous equation

¢ =T() (5.32)
has only the zero solution in /. Observe that this equation (5.32) is equivalent to

{A¢ +poPle =0 St U Z8, inR™

5.33
[urteze =0, i=1,---,v;a=1,--- ,n+1, 5:33)
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for certain constants ¢!. Assume it has a nontrivial solution ¢ = ¢, which with no
loss of generality may be taken so that |||/« = 1. But with the aid of Lemma 5.1
and Lemma 5.2, we have

1
%ol < CGu(@)*lg0ll- < 5 lIgoll.

This is certainly a contradiction that proves this equation only has the zero solution
in H. We conclude then that for each h, problem (3.1) admits a unique solution.
Denote this solution as ¢ = £(h). Note that |[UP ™' Z¢| < UP < R*2(vi 4 v9™)
or RA (0™ + ¢ in dimension n = 6. Thus ||[UP ' Z%|.. < R" 2~ Q' It
follows from Lemma 5.1 and Lemma 5.2 that
1Ll < Cllhlls + C [QIIAllsx + Ca(@)PIL(R)]]:] Q7
< Cllhllex + o(@)ILR) |+

Thus ||£(R)]|« < C||h||+« when § is small enough. Consequently, |c| < Q|||+
o(Q)[[L(A) ]|+ < CO|A]lx- O

With the aid of the above linear theory, we can solve the following nonlinear
equation of py,

Apo+ (0 + po)lo +po[P~t = S UP =S UPT' Z¢ inR™,
i=1 ia (5.34)

fo_lpron, i=1,---,v;a=1,--- ,n+1.

Proposition 5.4. Suppose that ¢ is small enough. There exist a solution py and a
family of scalars (c.,) which solve (5.34). Moreover,

Ipol(z) < CW (z). (5.35)
Proof. Let us consider the following equation

{A¢ +(o+9)lo+ ot =S UP = X, UP T 28 iR,

(2
fUipilz'quSZO? izlv"'vlj;azlf"an_"l-
Recall that N, (¢) = (o + ¢)|o + ¢[P~ — 0P — poP~lpand h = o? — Y"1 U?.
Then, (5.36) is equivalent to
¢ = A(¢) = _ﬁ(NU(QS)) - E(h)v (5.37)
where L is defined in Proposition 5.3. We will show that A is a contraction map-

ping.
First, we claim that | N, (¢)||lss < C1R=4®=D||¢||,. In fact, since [N, ()| <
C|oP < C||¢||EWP, then

[N (@)l < Cllllsup WP (@)V ™" (). (5.38)

(5.36)

For the inner weight functions, if |y;| < R, we have

. n-2 P
(w;")P AR (yi)* 4 \4—2 )
o\ T | | T WS

(Y
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For the outer weight functions, if R < |y;|, we have

out\p )\%Riél P An—2
(wz ) _ 1 <yl>

;)ut < ,>n—4 A%R_‘l

= RAI=P) (g \n=2p(n=4d) < RAI-P),
(%

since n — 2 — p(n —4) < 0 when n > 7. One can also prove (@")%/5i* +
(w9")? /959" < R~ in dimension n = 6. Thanks to the inequality (5.21), we have
wry—t < g,

Thus, there exists C; = C1(n, v) such that
IN()l+x < CLR™®D @] (5.39)

Making C possibly larger, we also have || £(h)||« < C1||h||«« in Proposition 5.3.
Second, it follows from Proposition 3.4 that there exists Co = Ca(n,v) such
that || h|+«x < Co.
Now we define the space

E={u: ue CR"),|ul.<CiCy+ 1}.

We will show that A is a contraction mapping from E to F. Choosing ¢ small, then
R large such that R=*P~1)C?(C,Cy + 1) < 1, we have

[A(@)ll« < C1lINo ()| xx + CullR]|1
< RPN C2(C1Cy 4+ 1) 4+ C1Cy < C1C + 1.
Thus, A(E) C E. Furthermore,

[A(61) = A(@2) [l < IL(No(h1)) = LINo(92))[]
< ClHNO'(qbl) - No‘(¢2)”**

If n > 6, then we have the | Ny (¢1) — Ny(¢2)| < b1 — d2|(Jo1|P~t + |d2P71)
(see [14, Appendix D]). As a result,

INo(¢1) = No(¢2)| < C ([lonll2" + g2ll21) llor — ol WP
Since WPV ! < R=4~1) « 1 if § small, we get

14(61) = A2l < 3llén — ball

Thus, A is a contraction mapping. It follows from the contraction mapping theorem
that there exists a unique pg € E, such that py = A(pg). Moreover, it follows from
Proposition 5.3 that || po||« < C. O

6. GRADIENT ESTIMATE OF THE ERROR FUNCTION

In this section, we will establish L? estimates for the Vp, based on the point-
wise estimates from the previous section 5.

Proposition 6.1. Suppose 0 is small enough. We have the gradient estimate
IVpoll2 S Gn(Q)- (6.1)



46 BIN DENG, LIMING SUN, AND JUN-CHENG WEI

Proof. By (5.34), we have pg satisfies that

Apo+po?~po + (o ZUP + No(po) = > Ul z¢.

i=1 i,a

Multiplying the above equation by pg and using the orthogonal condition in (5.34),
we get

/pro\Qg/ Plpg + /yN Po ,00|+/ =Y " UP)po (6.2)

It follows from Proposition 3.4 and Proposition 5.4 that |o? — >~ UP| < V(z) and
lpo(x)] < W (x). By Lemma 3.7 and R?>™™ =~ @, we have ||[W||;2+ < (.(Q) and
Wl 2= IV [l vy S €n(@Q)?. Therefore

/ i [or W Sl W £ 6@
e ZUppo JVW S IW e IVl £ Ga(@P,

/ Ny (p0)p0] / ol < / WP < Q).

Plugging in the above inequalities to (6.2), the proof is complete. O

Now consider p; = p — pg. Recall p satisfies (2.4) and pg satisfies (5.34). Thus
p1 solves
Apr+ [0+ po+p1)" = (0 + po)’] + 3, AU 28 + f =0, ©3)
fUipAprl:O t=1,---,v;a=1,--- ,n+1. '
Here the notation 2P means x|z |[P~! for any 2. We do not know whether o + pg+ p1
is positive everywhere or not. For rigorous reasons, one needs to write (o + pg +
p1)|o + po + p1/P~L. However, we abuse the notation here and adopt it for the rest
of this paper to save some space.
Since (1.14) and [ Vpg - VZ& = p [ UP" ' poZ8 = 0, we see that py = p — po

is also orthogonal to Z" in H* for anyl <i:<vanda=1,---,n+ 1. Now we
decompose
v
pr=>_BiUi+ pa, (6.4)
i=1
with
5= [ Vo VU (65)

Then po satisfies that

/Vpg -VU; =0 = /Vpg -VZ7, (6.6)
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forallt = 1,---,vand a = 1,--- ;n + 1. The definition of ps is intended to
provide a second variation estimate in the following lemma.

Lemma 6.2. If § is small enough, then po satisfies

IVpallze S D18l + 11f a1

i=1
Vil S 2555 18+ 1l -1
Proof. Multiplying (6.3) by p2 and integrating by parts, we get
/|VP22 2/[(U+Po + p1)? = (0 + po)*lp2 + /sz'

Here we have used the orthogonal condition (6.6). Using the elementary inequality

Consequently,

(o4 po+ p1)P — (o4 po)? —p(o+ po)’ ' p1| S |enlP, (6.7)

we have

[1902<p [lotml ol +C [IoPloal+ [lafl. 69

Let us estimate each term on the RHS. Denote B = )7, |5;|. The second and last
ones are easy to be controlled as follows.

/lmlplpz < lloall o lo2ll o S (B + 11V p2ll12)PIV o2 2,
(6.9)

/ 12 f1 < ol L.

The first one on the RHS of (6.8) is a bit more difficult to estimate. First, notice
the decomposition of py in (6.4), we have |p1| < CBo + |p2,

p [ 1ot ml oipal < CB [lo -+ mPtalpal 4 [ lo+ o3
By Holder’s inequality and Sobolev inequality,

_ —1
/ o+ polP "o lpal S llo + pol52 1ol o el

-1
SIVe+Voolfz IVe2llre S 11Ve2llze.

(6.10)

We used (6.1) and the fact that ||U;|| ;1 and ||U;]| 72+ are some dimensional con-
stants forall 1 <7 < v.

Second, it follows from the second variation estimate (for instance, see [4, Prop
3.1] and [22, Prop 3.10]) and the orthogonal condition (6.6) of py that there exists
a constant ¢ < 1 such that

p/U’“ﬂ% < 5/|sz!2-
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Recall a simple inequality thatif z > 0 and p € (1,2] then ||z +y [P~ — |z[P7!| <
C||y|P~! for any y. Consequently,

‘/b+mP12<{/WmF+0/ﬁmp12 e+ CIVpolZ3Y) IV 2l 2.

Combining the above inequality with (6.10), we obtain

p [ 1o+ ol orpa] < 6+ IVl IVpale + CBI Ve 611)

By Proposition 6.1, we can make ||Vpgl||r2 < 1. Plugging in (6.9) and (6.11) to
(6.8), we obtain

IVp2ll72 S BlVozlze + (B+ Vo2l 12)? Vo2l 2 + 1l -2 [V 2| 2.

Dividing ||V p2|| 72 on both sides (unless po = 0, when there is nothing to prove),
we have

IVpall> S B+ (B+[[Vpalr2)” + [ fll -1

By (6.5) and Holder’s inequality, |5;| < [|[Vpillre < IVpllrz + [[Vpollrz. Since
o =Y, U; is the best approximation of u, then p = u — o satisfies ||Vp|| 2 < 4.
Taking § small and using (6.1), we can obtain B < 1 and ||V psz||;2 < 1. Thus,
the above inequality proves the lemma. O

Lemma 6.3. If§ is small enough, then
Bil S Q%+ I fla—, 1<i<w.

Proof. We shall multiply (6.3) by U, and integrate it. Before that, let us make some
preparations. It follows from (6.7) and |(o + po)P~! — U,f*1| < Z#k Ulpfl +
|po[P~! that

[ito et (o + g0 - [ U201

<> [orvdnl+ [1nbves [ 1o

i#k

Denote B = ., |3i|. It follows from Sobolev inequality and Lemma 6.2 that
lpillpe S IVorlle S B+ [[Vp2lle S B+ [ fllg-1. By Holder’s inequality,
Sobolev inequality, Lemma 6.2 and Lemma A.3, we have

/!m!”Uk ol SNVorlTe S B+ 1 fIl-1s

— -1
/|p0|p HotlU S 11V poll 72 llonll v 10l 2 S 0(1) (B+ (1 £l 1)

J U Ol < 10 Ul ol o0) (B4 7). i £k
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Here o(1) denotes a quantity that goes to 0 when § — 0. Multiplying (6.3) by Uy,

and integrating it, the above estimates give
/ ApUs +pUppr S o(1) B+ | fll-) + Y Il / U;-’lz;Uk] + / |fUkl.
For the LHS, we use integration by parts and (6.4) to get

J,a
/APIUk +pUp1 = (p— 1)/U/fpl

= —(p— 1)/VUk Vpr=—(p—1)bk.

For the RHS, we see that ijp_lZ;-‘Uk = 0if j = k and ijp_lZ;-‘U;€ <

JUPU, =~ Qif j # k by Lemma A.3. It follows from Proposition 3.4 and Lemma
5.2 that |c}| < Q. Putting these estimates together, we obtain

1Bkl S o(1)B+ Q% + || f|| -1

Summing over k, we obtain B < Q2 + || f|| -1 when § is small. This completes
the proof.

O
Proposition 6.4. Suppose § is small enough. We have
Vol S Q%+ 1l
Proof. This just follows from Lemma 6.3 and Lemma 6.2 with
IVorllce S D18+ Vo2l e
i
O

Finally, we can prove the estimates which are used in the proof of the main
theorem.

Lemma 6.5. Suppose 6 is small enough. We have
[z =@ it | [1pz
Proof. Notice p = pg + p1. Then
/ap—lpz,’;“ = /ap—lpozg“ +/ap—1plz;g+1. (6.12)
By Holder’s inequality, Sobolev inequality and Proposition 6.4, we have

‘/O_p—lplzg—kl

It remains to consider the first term on the RHS of (6.12). By the orthogonality
condition of pg, similar to (5.29), one has

[ imzt| = | [ - om0

=0(Q) + -1

—1
<ol ol 125 e S UVPLllze S Q% + 11 Fllz-1
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Finally, by Holder’s inequality and Sobolev inequality, it follows from Proposition
6.1 and Proposition 6.4 that

+1
\ [z

< lolfes S IVellze S 1Veolfz + IVorll7e S o(Q) + [[f 111

O

7. A SHARP EXAMPLE

In this section, we shall construct an example showing that our quantitative es-
timate is sharp, i.e., Theorem 1.5. The example is built on two widely separated
bubbles with the same height, which is the same as the one in [22]. We obtain
refined estimates using the point-wise estimate developed in Proposition 5.4.

Let us consider the two functions Uy := U [—Re;y; 1], Uy := U [Rey; 1] where
er = (1,0,---,0) € R" and R > 1. Then the interaction between U; and Us
satisties that Q ~ R?>~™ < 1. One can define ¢ = U; + U, and construct norms
| ||« and || - [|sx as (3.4) with y; = 2 — (—1)"Rey, i = 1,2.

By Proposition 5.4, choosing R large enough, we can find a solution p and a
family of scalars (c%) such that

_ j -1
Ap + (J—|—p)‘0+p‘p ! —Uf—UngZj,aCZsz Z](‘l =0, (7.1
fo_lz}zP:Oa Jj=L2%a=1---,n+1L

Here 0 = U1 +Uo, ZJ‘? are the corresponding ones in (2.1) for Uy and Us. It follows
from Lemma 5.2, Proposition 5.4 and Proposition 6.1 that

YolalsQ ol <Cmv), (1Yol S 6(Q). (7.2)
7,0
Now let u := Uy + Uz + p. Then
Au + |ulP7lu = — ZCQU;’_IZ? =—f.

a7j
By the Sobolev embedding, \Z]“\ < Uj and (7.2), it is easy to see that
Al S A 2ny S Z A U1, 20, S Q- (7.3)
]70/

Lemma 7.1. For R large enough, one has
IVolle 2 Galllfllz-1)-
Proof. Tt follows from (7.1) that
Ap+poPlp+h+ Ny(p)+f=0, (7.4)
where
Ny (p) = (04 p)lo +p|P~ — ¥ — pa®~p,
h=ol—-UY-US.
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Using Green’s representation, we have

pla) = ) [ o= 67" (o™ p(6) + h(E) + Nolp(€)) + F(€))s.

Using (5.39) and Lemma 3.6, we have

/ N 5!2‘”Na(p(€))d€‘ S lloll B0 ().

Using the estimate of P in Proposition 4.3, we have

\ [ - erroroterae
Rn

In fact, in this case of two bubbles, the estimate of P; is much simpler than that
of Proposition 4.3. We just highlight some details for dimension n > 7, and omit
those of dimension n = 6. We still adopt the notation A, and A% (i, € {1,2})
in (4.19). It follows from the proof of Proposition 4.3 that A;‘; S W and A2 < W.
For the terms when ¢’ # i, we note 215 = 291 ~ 2R, then A;IZ‘ + AN < R 2W

Note that | f| < 3., |ch|UT < R¥™((31) ™ 2 + (y2)~"~2). Thus, by Lemma
A.7, we have

<SW(z) + R72W (z).

[ o= 6] S B ) )

Combining the above three estimates and using the fact that W (z) decays faster
than W (z), we have

Pla): = C(m) [ o= 6" (Noo) + po?~! o+ )¢

S R (<) + Xgal<ny) + LT W @)X o>y (75

for some fixed L large enough to be determined.
We multiply (7.4) by p and integrate it by parts to get

/R IVol* = /R (po” ' p+ b+ Ny (p))p. (7.6)

Here the term that involves f vanishes because of the orthogonality condition in
(7.1). To get a lower bound of ||V p|| 2, we shall throw away the term [ oP~!p? >
0 and estimate the other two terms in the above identity.

First, since |p| < ||p||«W (x) and by (5.39), we have

L. Na(p)p‘ S IR0 [ V@@ s R00G,QP,

Second, we notice that p(z) = [p, [z — &[> "h(£)dE + P(x), then

/nhp // P mh(a)h (§)dﬂcd§+/nh(:v)P(x)da:

= J1+ Jo.
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For Jy, denoting &1 = £ + Rey, we use (3.21) to get
Jp > R // lyr — &2 ) ") T dyidé
[y1|<R,61|<SR
2 [ (6)70e 2 6@
[€1I<R
For .Jo, we use h(z) < R>™™(y;)~* on the set {|y;| < L} and (7.5) to get

[ P < R [
n y1|<

ly2|<L

2

+L—1/ V(z)W(z)
ly1|>L,|y2|>L

4—2n rn—4 -1 2 L=t 1 2
SR LGQP < [ | Gl@”

logR L

Plugging in the above three facts to (7.6), we get that there exists a constant C' =
C(n,v) such that

Lnf4
Vol 2 @ [1 - CR0) — 01 - L]

log R
Now we choose L = L(n,v) large and fix it. Using (7.3) and monotonicity of

Cn(x), we have C (|| fllg-1) S ¢n(@). Taking R large enough, the proof is com-
plete. ([

Proof of Theorem 1.5. According to Lemma 7.1, it suffices to show that

inf IV u= > UlziA] 2 IVl >
z1,22€R™ .
A1>0,00>0 J=12 L2

It is well-known that the minimization problem on the left-hand side can be attained
(cf. [4], Lemma A.1) by some

[71 =U [2:1; /\1] N UQ =U [2’2; )\2] .

Denote & = U} + Us and p = u — &. We need to show || V| 12 = ||V pl| 2. Since
o is the minimizer, then

IV (u—=0)llL2 <[[V(u—0)lle = IVollL2 < ¢a(Q)-

Recall that (v, w) ;1 = [ Vv - Vw. Hence |0 — ¢l ;1 S ¢o(Q). This implies that
(up to some reordering of z; and z9)

Aj =1+ or(l), z1=—(R+ogr(l))e1, z2=(R+or(1))e;. (7.7)

Here or(1) means a quantity that goes to 0 when R — oo. Denote

e= Y [\i—1+]z— (1) Rei].
i=1,2
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It is easy to see that (z, \) — U[z, A] is a smooth map from R™ x (0, oc) to H' (R™).
Using the Taylor expansion, there exist A1, 4> € H' and |41 ;1 = O(e?),
| Azl ;1 = O(e?) such that

01 —-U; = ZZf(Zl +R€1)a —l—ZiH_l(/\l — 1) + Aq,

a=1
UQ - Uy = ZZS(ZQ — Rel)a + Z;H—l(/\g — 1) + Ao,
a=1

where Z{, Z¢ are defined in (2.1) with respect to U; and Us. Consequently, | Uy —

Ulqu ~e¢, ||Uy— UgHHl ~ ¢, and using Lemma A.5 we get
_ _ n+1
(U1 — U1, Uz = Us) g, | = o(e?) + & Z (2T, 25) | = o(®).
a=1

Combining the above estimates, we have ||V (o0 — &)|| 2 ~ € because
V(o =8)l72 =1V (U = U2 + V(U2 = T2) |72
+ 2<U1 —U;,Us — U2>H1‘

By the orthogonality condition in (7.1), we have p is orthogonal to Z{ and Z§ in
H'fora=1,---,n+ 1. Thus

(0 —0,p)p = /V(A1 + A2) - Vp S 0(1)[[V(e =)l 2| Vol L2
Since p = p + 0 — &, the above inequality implies that
IVAlZ2 = IVpll72 + V(o = 6)l172 +2(0 — 7, p)
2 IVplZe +11V(o = 8)l72 = [Voll7a.

From this, the assertion follows.
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APPENDIX A. SOME USEFUL ESTIMATES

This appendix contains some useful estimates involving Aubin-Talenti bubbles
and their derivatives. We always denote U; = U|z;, \;] defined in (1.3). See the
definition of ¢;; in (1.5).
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Lemma A.l. Leta > 3> 1land a+ § = 2%,

[ vtz vg) = 0G5 ogas .
Proof. See the proof in [3, E4]. O

Lemma A.2. For any two bubbles, there exists C,, such that

2 n

__2 M _n_
R" J
Proof. See the proof in [3, F16]. Moreover, if \; < ); then RHS ~ —g;; when
qi; < 1. |

Lemma A.3. Given n > 3, for any fixed € > 0 and any non-negative exponents
such that o + 3 = 2%, it holds

_— qgm(aﬁ) if |o—pB|>e,
UilUy ~ne { = ,
" a1y “|logagis|  if a=4.
Proof. See the proof of proposition B.2 in [22]. O

Lemma A.4. Givenn > 6, let {Ui}g’zl be three bubbles with §-interaction, that is
Q := max{qi2, q13, 23} < d which is small enough.

(1) Forn = 6, we have

/ UiUaUs < Q3[log Q). (A1)
(2) Forn > 7, we have
/ U UsUs < Q7 log Q|5 (A2)

Proof. For n = 6, 2* = 3, by the Holder’s inequality, we get

3 3 é 3 3 % 3 3 %
/U1U2U3§</ UfU;) (/ U12U2> </ U22U32> .
n Rn R R”

By Lemma A.3, we have
1 11 11 1
/ U\02Us < a2yl log qra| 3 g2, Tog au| 024 | log qas

Since the function z2 | log x]% is increasing near 0, choosing ¢ small, we get (A.1).
Forn > 7,2" = %, leta = 5(3712),ﬁ = 5(2’22), s1= 2 and sy = ”T_E’ By
the Holder’s inequality and Lemma A.3, we get

/n s < (vpvf)™ (vpof)” <U22;U§>82

2 2 n—>5

P B Sl n—>5
§Q122Q13QQQ32|10gQQ3| o

Since the function z»-2|logx| = 1is increasing near 0, choosing § small, we get
(A.2). ]
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Lemma A.5. Forthe Z{ defined in (2.1), there exist some constants v* = v*(n) >
0 such that

/UP—lzazb: 0 if a0,
’ Lo ~e ifl1<a=b<n+1.

Ifi#jand1 < a,b <n+1, we have

‘ / urtzezt

Proof. See the proof in [3, F1-F6]. Moreover, it is known that y! = - .. =", O

5 qij -

Lemma A.6. Suppose p € (1,2] and a; > 0, then
v p v
() -3 < Slvar -t )
i=1 i=1 i<j
the equality holds when at most two of a; are non-zero or p = 2.

Proof. 1t is equivalent to prove

v p v
flar,az,--- s a)) = <Zai> + (=2 af =) (ai+a;)” <0.
i=1 i=1

1<J
Denote a; + as = s. Define g(z) = f(x,s — x,as,--- ,a,). Itis easy to see
g”(.’E) _ o p—2 _\P—27 - \p—2 - \p—2
— = = (v —=2)[2P  + (s —z)P 7] Z[(x#—al) + (s —z+a;)P 7.
p(p—1) =
Since p — 2 < 0 and a; > 0, then ¢”(z) > 0 for z € [0, s]. Since g(0) = g(s), we
must have g achieve the maximum at z = 0 or s. Therefore f(a1, a9, - ,a,) <
f(0,a1+ag,--- ,a,). Repeating the above process for any pairs, we obtain f < 0.
If the equality holds, that is, f (a1, ae, - - ,a,) = 0, then the above proof shows

that either x = 0 or s, or g(z) = g(0) = g(s) for = € [0, s]. The first case implies
at most one of a; and ag is non-zero. The second case implies ¢”(z) = 0 for

x € [0, s]. It leads to either ag = --- = a,, = 0 or p = 2. Repeating this process
for any pairs, one can get at most two a; which are non-zero or p = 2. O
Lemma A.7. Denote (y) = /1 + |y|>. We have
()7, if v € (2,n),
/ ly = 2P (2)7dz S 4 (9)* (L + log(y)), if v =n, (A3)
)™, if v >n,

Proof. This follows from a simple modification of the proof in [37, Lemma B.2].
]
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APPENDIX B. INTEGRAL ESTIMATES REQUIRED IN SECTION 5

This appendix is devoted to computing the integral [ VU in Lemma 5.2.

Recall that Uj(x) = (n(n— 2)) "2/ 272027 where y; = \j(z — 2;).
For i # j, see the definition of R;; in (3.2). To compute integrals in this section,
we split the involved integral domain into inner and outer parts where the integrand
has a power-like behavior as in the Lemma 3.3.

Lemma B.1. Suppose n > 6 and 1 < R < R;j/2, we have

i i 2-n
(yi)* (yi)n—2 dr S B B

/ >\(n+2)/2R_4 )\(n72)/2
lyil >R

/ )\(n+2)/2R2—n )\(71_2)/2
lyil[<R

T (@SR (B2

/ )\Z(nJrQ)/QRQ_n )\gn—Q)/Q
wil<r  (i)? (yj)n—2
n+2)/2 5_q y(n—2)/2

wi>r (W) (Y2

Proof. Recall that y; = X\j(x — z;) and dy; = A!'dz. (B.1) and (B.2) follow
from direct computations. To prove (B.3), we consider the following two cases
separately:

Case 1: \; > \;. Obviously, R < \/\;i/AjR;;/2. By (3.9) in Lemma 3.3,

dr <R, (B.3)

de < R*™. (B.4)

)\(.”_2)/2 )\(n+2)/2 du:

2—n ) 2—n p2—n Yi
R / s T e SRR / Vi
lyi| <R <yj> (yi) lyi|[<R (yi)

SRR SR (B.5)
Case 2: )\7; < )\j. Let {|y2| < R} = Dl UDQ, where Dl = {|yz| < R, |yJ| <
\/)\j/AiRiJ’/Q} and D2 = {|y1| < R, |yj| > s/)\j/)\iRij/Z}. By (39) in Lemma

33when7=n—2,

) /\§”_2)/2 )\(n+2)/2
R _”/ L dx
wil<r (U™ (ya)t

n—2)/2
< g2 (M)‘ !/ [ R g [ e
Aj p, 7y D, 7 (y)!
SRR+ RPRET SR (B.6)

Combining with (B.5) and (B.6), we obtain (B.3).
To prove (B.4), as before, we consider the following two cases:
Case 1: \; > )‘j . Let {|yz| > R} = D1 U Dy U D3, where D1 = {R <

lyil < VAi/AjRij/2}, Do = {lyil = /Ai/NjRij/2, lyjl < \/Aj/AiRij/2} and
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D3 = {lyil = VAi/ANjRij/2,lyjl > /Aj/AiRi;/2}. By (3.9) in Lemma 3.3,

choosing 7 =n —2in Dy and 7 = 0 in D3,

(n=2)/2 | (n+2)/2
AT dy;
R / ! L de SR R
lyi| =R

(y;)"=2 (ya)n2 Dy (yi)n—2
A\ 2 dy; 2\ (m6)/2 dy;
o () e ()5
TN Upy (Y Ai Dy ()24
SRR (N/A) S R (B.7)

We have used the fact that R%Q(Ai /A;) < 1in the last step.
Case 2: \; < )\j. Let D, = {|y1| > R,|yj| < \/)\j/)\iRij/Q} and Dy =
{lvil > R, |y;| > /Aj/AiRij/2}. By (3.9) in Lemma 3.3 when 7 = 0,

/\g»n_Q)/Q )\(n+2)/2

R dx

3
wil>r (Y)" 2 (yi)" 2

% dy; A\ R dyi
<R <) / Rz'jSn yrffz +R™ () / éjnf4
Aj D <Z/j> Aj Dy (i)

SRR+ R SR (B.8)
Combining with (B.7) and (B.8), we obtain (B.4). O
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