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A LANE-EMDEN SYSTEM OF FREE BOUNDARY TYPE:
EXISTENCE, UNIQUENESS AND MONOTONICITY OF SOLUTIONS

DANIELE BARTOLUCCI, YEYAO HU, ALEKS JEVNIKAR, JUNCHENG WEI, AND WEN YANG

ABSTRACT. We consider a Hamiltonian system of free boundary type, showing first uniform
bounds and existence of solutions and of the free boundary. Then, for any smooth and bounded
domain, we prove uniqueness of positive solutions in a suitable interval and show that the
associated energies and boundary values have a monotonic behavior. Some consequences are
discussed about the parametrization of the unbounded Rabinowitz continuum for a class of
superlinear strongly coupled elliptic systems.
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Let @ ¢ RY, N > 2, be an open and bounded domain of class C®, we are concerned with the

following constrained Hamiltonian system of free boundary type,

(

—Avy = ANv2)®? in Q
—Avy = Av)% in Q

| %u = | O
ov — T ov
o0 o0

v1 =1, Vg =ay on 0N
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for the unknowns «; € R, and v; € C?*"(Q), i = 1,2, for some fixed r € (0,1). Here, (v), is the
positive part of v, v is the exterior unit normal, A > 0 and

1 n 1 S N -2

p1+1 pa+1 N -1’

The relevance of the limiting hyperbola in (1.1) for classical Hamiltonian elliptic systems of
Lane-Emden type was first noticed in [34], see [20] for more details. Putting,

400, N =2
PN = N

pi € (0,+00),i=1,2. (1.1)

~—3, N =3,
we remark that, as far as N > 3, p1 = py = po satisfy p11+1 + p21+1 = %:?
To simplify the exposition, by a suitable scaling of A\ we assume that |Q| = 1.

The system (F)) is a vectorial generalization of the classical ([35, 36, 9]) ”scalar” free boundary
problem which is obtained in the particular case p;1 = po, a1 = a9, v1 = vo, whose study is
motivated by Tokamak’s plasma physics ([23, 39]). In the scalar case py turns out to be a
natural critical exponent see [9, 28].

Another motivation to purse the analysis of (F), is to find a parametrization of solutions of the
Hamiltonian strongly coupled elliptic system,

—Aup = ILLQ(l + Ug)pQ in Q
—Aug = [Ll(l + ul)pl in Q
up >0, wuy >0 in Q

u; =0, wup=0 on 0.

(H)

For p11 = po the existence of an unbounded continuum of ”scalar” (u; = ug) solutions of (H)
follows from the classical result in [31]. The analysis of Hamiltonian elliptic systems is a classical
subject and we refer to [20] for a comprehensive introduction about this topic, see also [33] and
references therein. Minimal solutions branches (in the sense of Crandall-Rabinowitz ([18])) and
multiplicity results for general systems including (H) has been described in [12, 13], see also [29]
and references therein.

However our main motivation comes from the fact that we are not aware of any result either
about uniqueness and qualitative behavior of branches of solutions of (F), or just about the
qualitative behavior of non minimal solutions of (H). Remark that if p; # p2 then (F), has no
scalar solutions. In particular concerning (H), inspired by recent results in [3], [4], [5], we look
for integral quantities naturally arising from (P), to describe the monotonic behavior of the
solutions.

First of all let us consider the auxiliary problem,

—Ay = (042 + )\1/12)2_2 in Q

~Agy = (a1 + MY in ©

Szt a2 =1= [ +x0t (),
Q

Q

Yi=0 on 89, i=1,2,

o ER, i=1,2,

for the unknowns «; € R and v; € Cg’r(ﬁ), i =1,2. Here A > 0, (p1,p2) satisfy (1.1) and, for
some fixed r € (0,1), we set,

Cor(Q)={Y e C*(Q) 1 =00n0Q}, C;(Q) ={Y e C;"(Q) : ¥>0in Q}.
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Here and in the rest of this paper we refer to solutions of (P), of this sort as classical solutions.
Interestingly enough, problem (P), seems to be of independent interest as it defines the station-
ary solutions in the study of two species chemiotaxis models with nonlinear diffusion recently
pursued in [14], see also Remark 1.1 below.

For A > 0 fixed it is useful to denote a solution of (P), by a, = (a1, a2,1), ¥\ = (Y12, ¥2,1),
and define positive/non negative solutions as follows,

Definition. We say that (ouy,1,) is a positive/non negative solution of (P), if o > 0/0; \ >
0, i = 1,2, respectively.

Clearly, if (e, 7, ) is a positive solution, then by the strong maximum principle ¢; , > 0in Q, i =
1,2. Remark that for A > 0, (., 9,) is a solution of (P), if and only if ((c, a2,1), (v1,3,v2,1))
solves (F)y, with v; y = o\ + Ay, 1 =1,2.

We point out that, since |2] = 1 and A > 0 by assumption, then if (e, ,) is a non negative
solution of (P), then necessarily,

i <1,i=1,2,

and the equality o1, = 1 = g, holds if and only if A = 0. We will frequently use this fact
without further comments. Actually, if A = 0, then (P), takes the form

_Awl,(] =1 in
—Awg’o =1 in Q

YP10=0=1109 on 0N
and admits a unique (in fact scalar) solution (av, ) = ((1,1), (G[1], G[1])), where we define,

Glel(z) = /QGQ(J?,y)p(y) dy, = € Q.

Here Gg is the Green function of —A with Dirichlet boundary conditions on 2. Obviously, to
say that (a,,,) is a solution of (P), is the same as to say that ¥, = (G[p,,],G[p, ,]) and

fQ Cin= 1= fQ Oy where, unless otherwise specified, we set
Pir= (in+ Mo )8, i=1,2.

By a standard fixed point argument (see Appendix A) it can be shown that, for any A > 0 small
enough, there exists at least one solution of (P), and in particular that o; > %, 1= 1,2 for any
such solution of (P),. Also, by a well known argument in [9], one could prove the existence of
at least one solution for any A > 0 as far as p; < pn, ¢ = 1,2.

By using the weak Young inequality ([25]), we refine here the variational argument in [9], see
section 4, to come up with at least one solution of (P), whenever (pi, p2) satisfy (1.1). Remark
that, still as far as (1.1) is satisfied, we can prove that if (¢1,12.) € WeP2(Q) x WP ()
is just assumed to be a strong solution of (P),, then (11.,%9,) € Co™(Q) x Ca™(§2) and
satisfy to some uniform bound for bounded )\, see Lemma 2.1 below. These uniform estimates
seems to be new and in particular are crucial for our purposes. Also, at least in the scalar case
p1 = p = p2, Y1 = g, they are sharp since in fact, if p > py, it is well known ([37],[38]) that
solutions may blow up for A large enough. It is also not too difficult to prove that our variational
functional (see (4.3) below) is in fact not anymore coercive as far as p; = p = py and p > py.

Remark 1.1. After the completion of this work, we came to learn about the recent reference
[14] where essentially the same variational functional is analyzed (see (4.3) below) on the whole



4 D. BARTOLUCCI, Y. HU, A. JEVNIKAR, J. WEI, AND W. YANG

space RN, It seems to be an interesting open problem to extend our uniform estimates (Lemma
2.1 below) to the larger region defined as follows,

2 2
P <p2_N—2) <pN oOr D2 (P1—N2> < PN,

as far as N > 3. Although not explicitly used in [14], these inequalities follow just by considering
the range of parameters pursued therein. Also, we do not exclude that some arguments in [14]
could be used to come up with the existence of solutions of (P), in this larger region. Remark
that the intersection point of these two hyperbolas is the symmetric boundary point (pn,pnN) in
(1.1).

More in general, it could be interesting to investigate the relevance of the well known critical
hyperbolas pushed forward in [16] and [17] for problem (P),.

However, our main concern is about uniqueness and qualitative behavior of (a,,,) depending
on A. This is not trivial for two reasons. First of all we have in principle four unknowns to control,
which are «;  and 9; », @ = 1,2. On the other side, due to the constraints in (P),, as recently
proved in ([5]) in the scalar case 1, = ¥1,, = 2.\, \ = a1, = ag,, for A > 0 small enough
a, is strictly decreasing while, by standard arguments ([18]), for fixed o, = « and disregarding
the constraints in (P),, then 1, is strictly increasing for any A small enough. Actually the same
monotonicity property holds, of course at fixed (a1, a2) and for A small enough, for ¢ , and 13 ,,
due to well known results about the maximum principle for cooperative elliptic systems ([22]).
Therefore, unlike classical scalar problems ([18]) there is a competition between the monotonic
behavior of (a; x + A); \) as a function of .

This is why we do not adopt classical maximum principles based argument but rather rely on
ideas recently pursued in [5, 7], see also [2, 4, 8] where different class of problems are considered.
We will prove existence, uniqueness and monotonicity via a refined dual spectral formulation
suitable to analyze positive solutions of the constrained problem (P),. The first eigenvalue in
this spectral setting is denoted by o1(a,,?,), see section 3. In particular, we will prove the
monotonicity of two naturally defined variational quantities associated to (P), (see section 4),
which are the energy,

E, = /QpLAG[pm] = /Qpi,ﬂ/’w = /wal,x,vwm,i: 1,2,

and the free energy,
1
_7-1/9(91%7‘1—’_ pz/\ /plA p?z\

where r; = 1+ 1%’ 1 = 1, 2. Furthermore, we can prove the monotonicity of the linear combination

D1 x| P2Qe2 x
p+1 pa+1°

Set p = (p1,p2) and
A (Q,p) =sup{A >0 : o1(ay, ;) >0, @, >0, ¢ = 1,2, for any solution of (P) ,, Vu < A}.

It can be shown, see Lemma A.1 in Appendix A and Proposition 3.4 in section 3, that \*(£2, p)
is well defined and strictly positive and our first task is to prove that A*(Q2,p) < 4o0o0. More
exactly our first result is about the existence of a free boundary in the interior of € for solutions
of (F)x with (p1,p2) satisfying (1.1). The point here is that one would like to know whether
or not, for a fixed A\, min{aq ,, a2} is negative, which implies in particular that at least one
among ; _ = {x € Q : v; <0}, i =1,2 is not empty. In the scalar case this problem for p =1
is fully understood, see [9, 30, 36], while, for p > 1, the existence of a multiply connected free
boundary has been proved in [38] for A large and under some assumptions about the existence
of non degenerate critical points of a suitably defined Kirchoff-Routh type functional. Still for
A large, but only for NV = 2 and for domains with non trivial topology, a similar result has been
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obtained in [27]. Other sufficient conditions for the existence of solutions with & < 0 has been
found in [1], which however assume the nonlinearity v to be replaced by g (z,v) satisfying
g(x,t) > ct, for some ¢ > 0, which therefore does not fit our scalar problem. More recently it
has been shown in [3] that there are no scalar solutions with a, > 0 for A large. We generalize
that result here to the case of the cooperative and strongly coupled systems of free boundary
type (F)ax.

Theorem 1.2. Let (p1,p2) satisfy (1.1). Then we have:

(a) (Existence) For any A > 0 there exists at least one solution of (F).

(b) (Existence of free boundary) Suppose either N = 2 or N > 3 and Q convex. Then,
there exists X = A, p,N) > 0 depending only on p, N and Q such that if (cs,,)
is a non negative solution of (P),, then A < . In particular, for any X > X\ we have
min{a; »,a2,} <0 for any solution of (F).

As mentioned above the existence part in (a) follows by a refinement of the variational argu-
ment for the scalar case about (P), provided in [9]. We prove (b) by a blow up argument, which
is a well known tool in the study of a priori estimates for Lane-Emden systems, see [20] and
references therein. However the situation here is slightly different from standard models, which
is why we provide a self contained proof.

We denote by G(Q2) the set of solutions of (P), for A € [0,A*(€2,p)). Our next aim is to show
uniqueness of these solutions, see Theorem 1.3 below. Observe that, under the assumption of
Theorem 1.2-(b), we have A*(2,p) < 400. Actually, since we do not expect uniqueness for any
A € (0,400), we believe Theorem 1.2-(b) holds true also for non-convex domains with N > 3.
Let B, = {z € RY : |z| < r} with volume |B,|, Dy be the N-dimensional ball of unit volume
and let us denote by,

\V4 2
A= e delVel
wEHS(Q),w#0 (fQ |w|t)?
which provides the best constant in the Sobolev embedding ||w|, < S,(Q)||Vwl2, Sp(2) =
A=2(Q,p), p € [1,2pN). Let us set

(1.2)

o1 = liminf o1(a,,%,), o= liminf o;,,i=1,2.
A=A (Q,p)~ A=A (Q,p)~

For the sake of clarity, we point out that if a map M from an interval [a,b] C R to a Banach
space X is said to be real analytic, then it is understood that M can be extended in an open
neighborhood of ¢ and b where it admits a power series expansion, totally convergent in the
X-norm.

Here || - ||;,» stands for the weighted norms naturally associated to the problem, see section 3 for
definitions.

Theorem 1.3. Let (p1,p2) satisfy (1.1). Then we have:

1. (Uniqueness) For any A € [0,\*(2,p)) there exists a unique solution (o, ) of (P),
and G() is a real analytic simple curve of positive solutions [0,\*(Q,p)) > A —
(ax,,). As X — 0T we have,

a, = (1,1) + O(N), ¥, = (Y1,0,%20) + O\), Ex = En(Q) + O(A), where,

Bl = [ [ Galy) dody < Bo(y) = 2L

2. (Monotonicity) For any A € [0, \*(Q, p)) it holds,

dF\ <0, dEy >0, A (prons | paoas)
X By D\l il

(1.3)

Moreover,

dFE
d; > pill[Yialialli s + p2ll2al2all3a-
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3. (Spectral estimates) If either o1, =0 or if o« =0, i = 1,2, then

1
P2

Clearly Ep(€2) is just the torsional rigidity of €. The above theorem holds for any smooth
and bounded domain, in any dimension and for any subcritical (in the sense of (1.1)) exponent.
Remark that the result is sharp in the scalar case p = p1 = pa, ay = a1\ = a2\, Yy = Y1\ = P25,
where we have that «, > 0 and o1(ay, %) > 0 for any A < %A(Q,2p), see [5]. In particular, it

has been shown in [5] that if p < px there exists a positive solution for any A < %A(Q, 2p), then
by Theorem 1.3 we immediately deduce the following corollary about the case 1 < p; = ps < pn.

Corollary 1.4. Let 1 < p; =ps < pn. For any X € [0, \*(2, p)) the unique solution of (P), is
the scalar solution a, = a1\ = a ), ¥y = P1\ = P2 .

We still do not know whether or not oy » = 0. However, as far as p; # po, it seems that a; . = 0,
i = 1,2 is not a natural assumption, actually a more reasonable guess is that, in general, if
o1« > 0, then either a1+ = 0,24 > 0 or a4« > 0,2+ = 0. This is interesting since in this case
we come up with the parametrization of an unbounded branch of solutions of (H).

For any classical solution u = (u, us) of (H) for some p = (1, p2) € ([0, +00))? we define,

() = 2 ! + 2 !
’ AT +ullp,  p2+ 114wz,
1 pi(1 +un)Prug + po(l 4 ug)Pug
E(l‘l’ﬂ u) = 2 / 1 P1 1 P2 Y
pip2 Jo 11+ url[py |1+ uz(lps

pip2 — 1
(p, )

Flaw) =)+ o S o7 D

Then we have,

Theorem 1.5. Let (p1,p2) satisfy (1.1) and G(Q) be the set of unique solutions (o, ) of
(P), for X € [0,\*(2,p)). Then

A A
u, = (UI,A7U2,A) = < ¢1,)\> - ¢2,>\> ,

Q1 \ Q2

is a solution of (H) with,

apl ap2
By = (Nl,ml@,k) = (A 1’)\>>‘ 2’)\> 5
Q2 (€319Y
and for any A € [0, \*(Q, p)) it holds,
dF dE dy
a(ﬂmux) <0, a(ﬂmux) >0, —(py,uy) <0. (1.4)

In particular, if oq« = 0,2 > 0 then (p,,u,) is a real analytic and unbounded curve and,
possibly along a subsequence, we have that

1y — 0, pox — +00, T+ “l,AHm — +00.

UL\ * U2 N\
—_— % —_—
sl N YL Ty ol

Nt i, with convergence in C? () where (1,4, ¥2.+) is a solution of (P), with A = X\* = A\*(Q, p),
a1 =0 for some ag > 0. The conclusion is analogous in the case o« > 0,24 = 0.

Moreover, under the assumption of Theorem 1.2-(b), we have
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Concerning Theorem 1.3, due to the competition between the monotonic behavior of «; , and
;.5 it seems difficult to attack the problem by arguments based on the standard maximum
principle. On the other side, the fact that F,, F, are monotonic increasing could be deduced
for variational solutions of (P), once we know the uniqueness of solutions. However this is not

P1aq A 4 P22
p1+1 p2+1 J°
The problem is more subtle for E, since it seems that variational arguments do not yield any

information in this case.

enough to claim the smoothness of E, or the monotonicity /smoothness of (

Therefore, the proof of Theorem 1.3 relies on the interplay between a refined bifurcation analysis
and the variational formulation of (P),.

The crucial point is the set up of a sort of dual ”Hamiltonian” spectral theory for the linearized
operator of (P),, see the definition (3.9) of Ly = (L1, L2,,) and the related eigenvalues equation
(3.10) in section 3. Remark that the eigenvalue equation is a non standard one, which is why we
refer to it as an ”Hamiltonian” eigenvalue problem. The use of the operator L, is rather delicate
also because it arises as the linearization of a vectorial constrained problem ( fQ Cir= 1,1=1,2)

with respect to (e, ), ), which yields a non-local problem. As a consequence it is not true in
general, neither for scalar solutions, that its first eigenvalue, which we denote by o1 (e, ), ), is
simple and neither that if o1 (e, %, ) is positive then the maximum principle holds. For example
this is exactly what happens in the scalar case for A = 0 on D,, where o1 (ay, ¥,) can be evaluated
explicitly (see [4]) and one finds that oy (v, 1) = A0 (D,) ~ 7(3,83)? has three eigenfunctions,
two of which indeed change sign. Here /\(2’0)(9) is the first non vanishing eigenvalue of —A on
Q on the space of H!(Q) vanishing mean functions with constant boundary trace. See also [6]
for a related results.

However, if for a positive solution (e, %, ) with A > 0 it holds 0 ¢ o(L,), where o(L,) stands for
the spectrum of Ly, then by the real analytic implicit function theorem ([10]) the set of solutions
of (P), is locally a real analytic curve of positive solutions. In particular a real analytic curve
of positive solutions exists around (o, ¥). Since solutions of (P), are uniformly bounded (see
Lemma 2.1) then for any A < A*(Q, p) there exists a unique solution and these solutions form
a real analytic curve which we denoted by G(€2). An a priori bound from below far away from
zero for o1(a,,1p,) for positive solutions can be derived at this stage, see Proposition 3.4. An
estimate about the range where the «; ,, i = 1,2 may possibly vanish at the same time follows
as well, see Proposition 3.5. At this point, since we know that F\, E, and «;  are real analytic
as functions of \ as far as A < A*(Q2, p), then, by the variational characterization of (a,, v, ), we
deduce the monotonicity properties of F\, F\ and «; . The estimate about the derivative of F,
requires a more careful analysis of the Fourier expansion of dd% in terms of the ”Hamiltonian”
Fourier basis, see section 4.

It would be interesting to find a fourth monotonic quantity naturally associated to the problem,
for example the self-interaction energy

1 1
Ey = QAPQ,AG[927A] + 2/991,AG[91,A]'

However, it seems not easy to catch the qualitative behavior of F, , and we postpone this problem
to a future work.

This paper is organized as follows. In section 2 we discuss about the existence of the free boundary
and prove Theorem 1.2. In section 3 we set up the spectral and bifurcation analysis with the
needed spectral estimates. In section 4 we prove existence of variational solutions, uniqueness
and monotonicity, which yield the proof of Theorem 1.3 and, as a corollary, that of Theorem
1.5. The proof of the existence of solutions and of the positivity of o , for A small is discussed
in Appendix A.
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2. Existence of the free boundary

For later purposes, see either Theorem 4.2 below, we prove a regularity result of independent
interest, showing that if (a,,p,) is a solution of (P), such that (i1,12,\) € Woz’pQ(Q) X
Wg’pl(Q) is just assumed to be a strong solution of (P),, then (¢, 4¢2,,) € C’2 "0(Q) x CS’TO(Q)
and is uniformly bounded in 02 () x Cg "0(Q), as far as A is bounded as well. Indeed we have,

Lemma 2.1. Let p = (p1,p2) satisfy (1.1). For any X > 0 there exists a positive constant
Cy = Ci(r,Q, N\, p, N) depending only on Q, A, p, N andr € (0,1) such that H@ZJMHCQ,TO@) < (1,
0

i =1,2 for any strong solution (cey,v,) of (P), with A € [0, ], where ro = min{py,p2, r}.

Proof. To simplify the notations we set (cv, ;) = (v, ;). Since  is of class C3, by standard
elliptic estimates and a bootstrap argument it is enough to prove that either ¢; or 1, is bounded.
We prove only the case N > 3 which is more delicate.

Let (p1,p2) satisfy(1.1) and assume w.l.o.g. that p1 < pn. Since [o(e + Mp) = 1,0 = 1,2,

then it is well known ([26]) that for any ¢ € [1, %) there exists C = C(¢, N, Q) such that

||1/)i||W1,t(Q) < C(t,N,Q), i = 1,2 for any solution of (P),. Thus, by the Sobolev inequality,
0

for any 1 < s < % we have |Villps(q) < C(s,N,Q), i = 1,2 for some C(s, N,2). By the
maximum principle ¢; > 0, i = 1,2. Thus, either oy; > 0 and then [, (a; + Ap;) = 1 and (recall
|2/ =1) a; <1, or a; < 0 and then (o + ;)4 < ;. Since p; < pn, then for any 1 < m < %V,
[(1 + Ap1)PH Loy < C(p1, N, A, 5,9).

From now on we Suppress the indications of the properties of the various constants involved in
the estimates, being understood that C' is just a suitable uniform constant which do not depend

by the solutions.

By standard elliptic theory we have that |[|¢2]];;2.m @ < C, for any m < 1;—];’ and by the Sobolev
0

embedding either p; < ﬁ and then ||t rr) < C for any r > 1 and then the desired

conclusion follows in a standard way by a bootstrap argument, or N2_2 < p1 < py and then

. By (1.1) we have

[2llpr @) < C for any r <3

N—2
p1+ N
pl(N—Q) -1’

and observe that, putting p; = %5,z € (2, N),

P2 <

N

_N_
PN NN =2)pi(N—-2)-1
MNpy = N o\ _ o (N — Q)fN(x)7
where f, (x) = m, ay = m Therefore, since f is decreasing, we see that my ,, is

_l’_
monotonic decreasing, with my ,, — +ooasp; — (ﬁ) MmN, — (N=2)T asp; — (%)
In particular |[(az + Mp2)P?[|pnq) < C for any n < my N whence by standard elliptic theory
”wl”WS’"(Q) < C, for any n < mNp1 and either my,, > & and then V1]l L) < C for any

r>1 and then the desired conclusion follows in a standard way by a bootstrap argument, or

MNp, < 5 N and then l1llLr @) < C for any r < # On the other side, as deduced above,

as far N > 4 and we are just

we have that my,, > (N — 2) whence in particular my,, > %,

left with the case N = 3 which requires a different argument.

With the notations adopted above, we have that |[(az + Ah2)P?||pn(q) < C for any n < mglz),l,
where

W _ 1 p-1 w _3
m?”pl_l—l——pl 5 and 1<m3,p1<§.
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Here the assumption about p; is that p; € (p,3) where mél% = % (actually p > %), where we

(1)

recall that ms 7 is decreasing in p; and mg3 3 = 1. In particular, as mentioned above, by standard

371’1
elliptic theory ||w1||W2,n(Q) < C for any n < méll),l and by the Sobolev embedding ||¢1]|s(q) < C
0 9.
for any s < s9 := % We define
3—2m3,p1
1
01:28—2:7(1)>1, d:=01—1,
3 3—2my

whence [|(a2 + A1 )Pt || m(q) < C for any m < 22 = 1%01 Therefore, assuming w.l.o.g. that

o1 < %

by standard elliptic theory ||¢2\|W2,m @ < C for any m < i01 and by the Sobolev embedding
(2)

3,p1

||7/’2||Lr(g) < C for any r < p13_0210

where, by using (1.1) once more, we define,

As a consequence ||(ag + A2)P?||1n () < C for any n < m

(1)

(2) 301 p1—1 PL—2 (1) (1) m3 b,
= =0 m >om - -
3,p1 p1L—201p1+3 1p1 — 20y 3,p1 L%3,m1 3_ 2m;(z,11),1

(2)

3 < %, that is, using the last equality,

Obviously we can assume w.l.o.g. that m

9 4
1< mg};l < 3 and consequently 1 < o1 < 3
Therefore, as above |[11]|rs(q) < C for any s < s3: ﬁ and we define
—2m)
1
_ 53 _ 38— ng,;l
g9 = ; = 7(2)

2 3-2mg,

At this point, since m( ) L > Ulméll)) , elementary arguments show that

3 — 2m! , 2mi) (o — 1)

o9 > 3’5711) =1+ 31 0 >146=o0.
3—201m3p1 3—201m3p1
Consequently [|(a2+A)1)P || m(q) < C for any m < 22 = }%0102 > —01 and by standard elliptic
theory and the Sobolev embedding we have that [[(aa + Ap2)P?||pn(q) < C for any n < m:gg;l
where, by using (1.1) once more, we define,
2
3) 30i p1—1 301 p1—1 (2)
= =0 >o1m ,
3.1 p1—20%p1+3 1p1—20%p1+3 13,1
where we can assume w.l.o.g. that,
p1
< ju—
of 2
At this point, by induction, it is not too difficult to prove that after a finite number of iterations,
: k—1 (k) 30ty
either p; — 207" < 0 or my, = mm —3 will become larger than 2 and the desired
conclusion follows, in this case as well. O

Next we present the proof of Theorem 1.2 about a priori estimates and the existence of a free
boundary.
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Proof. We postpone the proof of (a), i.e. the existence of at least one solution of (P), for any

A > 0, to Theorem 4.2 in section 4.

Therefore we are going to prove (b). We argue by contradiction and assume that there exists a

sequence of non negative solutions ((a1,p, @21), (¥1.n, Y2n)) of (P))\])\:)\n such that \,, = +o0.

By Lemma 2.1, for any fixed n it holds |9 n|lec < Cp, @ = 1,2. Let m; , = sup(®in + Atin),
Q

i =1,2. We split the proof in various steps.

STEP 1. Along a subsequence we have max{m; n,ma,} — 400, as n — +o0.
We will need the following lemma whose proof can be found in [3].

Lemma 2.2. Let v be any solution of

—Ay=f in Q
=0 on 00

where [ f =1 and [, |f|N < C. Then,
/|v¢|2zc>o,
Q

for some positive constant ¢ > 0 depending only by C', N and ).

At this point we argue by contradiction and assume that there exists C' > 0 such that

sup max{mj n,ma,} < C,
n

so that sup max{||¥1 n|lec, [|¥2,n e } < % Therefore, along a subsequence we have,
n

C
/ |V¢1,n|2 = / (ozz,n + Anqu’n)men < " — 0, as n — o0,
Q Q

n
which contradicts Lemma 2.2 since f;,, = (in + Apin)P* obviously satisfies the needed as-
sumptions for any i = 1, 2.
Therefore, along a subsequence we have max{m; ,, ma,} — +00, as n — +oo.

STEP 2. Let z; , be any maximum point of v; ,, 7 = 1,2, we prove that
diSt(.%Lm 8Q) Z do,

for some positive constant dg > 0.

Suppose first N = 2. We argue as in [24] p.223. Let z¢ € 9€2, 1 be the outer unit normal at z
and B,(z1) C RNV \Q such that B,(z1)NJdQ = {xo}. This is always possible since 2 is of class C3.
After a translation and a rotation we can assume w.l.o.g. that 1 =0, vy = (—1,0,---,0). Also,
after a dilation and a suitable scaling of A, we can assume that » = 1, whence xg = (1,0,--- ,0).
At this point if N = 2 we define (see [24] p.223) y = # and u; ,(y) = ¢Yin(x), 1 = 1,2. The

image of € under this Kelvin transform, say Q, lies inside B, (0) and its closure touches the
boundary only at zg. Also (u1,,(y), u2n(y)) satisfies

([ —Auy, = h(y)(agn + Apuzp)P? in Q

—Augy = h(y)(ain + Aurp)?' in Q

Uin =0 on 6?2, 1=1,2,

QG n > 07 1= 1727
where h(y) = ﬁ. Let y = (y1,y2), clearly a%lh(y) < 0 as far as y; > 0, whence we can apply

the argument of Theorem 2.1" in [24], just replacing the classical strong maximum principle and
Hopf lemma used there (see Lemma H in [24]) with the corresponding results for cooperative
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and strongly coupled linear elliptic systems, see Theorem 2.2 in [19]. Therefore, if N = 2, as in
[24] p.223 we deduce that in a neighborhood of x( depending only by the geometry of € there
are no critical points of 1; ,, i = 1,2. Since 02 is compact the desired conclusion follows by a
covering argument.

Suppose now N > 3 and ) convex. As above, using the results for cooperative and strongly
coupled linear elliptic systems we can exploit the argument of Theorem 2.1" in [24]. Tt is well
known that the convexity condition ensures then that there are no critical points of ¢; ,, i = 1,2
in a sufficiently small uniform neighborhood of the boundary, see [21] for further details in the
scalar case.

STEP 3. We obtain a contradiction assuming that mso, < mi, — 400, as n — +oo. We will
never use the fact that p; < po, whence a contradiction arises in the same way in the case where,
along a subsequence, my , < mo, — +00, as n — +oo.

Let 1, be such that ¢ ,(x1,) = mi,. Then by step 2 we have z;, — T € Q and after a
translation we can assume w.l.o.g. that x1, = 0, Vn € N. There are only two possibilities:

either,
pa+1

(j) sup mp - < C, or, passing to a further subsequence if necessary,
m g
. mPl'F%

(49) mgznﬂ — 0, as n — +oo.

We discuss (j) first and define 62 = ;n 2,,’1‘ and, for i = 1,2,
1

vi,n(y) = m (ai,n + )\wi,n<5ny))a Y€ Q, = {y € RN : 6ny € Q}

i,n

which satisfy
po+1
_ Man P2 :
—Avin = ST vy, iy,

1,n
—Avyy, = vlfln in Q,

Vin(y) <vip(0)=1 in Q,, i=1,2,

Vin(y) > >0 in Q,, i=1,2.

\ — Myn
Since 0 € €, then for any R > 1 we have that for any n large enough it holds Br(0) C Q,.
po+1
Along a subsequence we can assume that mpﬁl — p € [0, +00). Since [|vin|lro(q,) < C, then
my ,n

by standard elliptic estimates there exists a subsequence such that v;,, 7 = 1,2 converge in
C2 (RY) to v;, i = 1,2 which are classical solutions of

—Avy = pvh? in RV
—Avy =o' in RV (2.1)

0<wi(y) <w(0)=1 in RY, i=12
At this point observe that if u = 0 then necessarily v; = 1 in RY and then v, would solve,
—Avy =1 in RV

0<w(y) <1 in RV, i=1,2.

By the maximum principle we would have va(y) > 5% (R%—|y[?), for any R > 0 and in particular

v2(0) > ﬁRa for any R > 0, which is impossible. Therefore u € (0, +00) which however is also
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impossible since it is well known by the result in [34] that (1.1) implies that the unique solution
of (21)isv; =0,i=1,2.

.. . . m :
Therefore (j;) holds and in this case we choose §2 = mlgg so that (v1p,ve,,) satisfies
n
( —A _ P2 : [¢)
Vin = U2,n m n
p1+1
— M P1
—Avyn = oy, i Oy
m2,n

Vin(y) Svin(0) =1 in Q,, i=12,

Q4 n . .
\ vin(y) > T >0 in Q,, i=12.

This case is easily seen to lead to the same situation described above for p = 0, whence a
contradiction arise in this case as well.

As mentioned above, by symmetry, the discussion of the case in which along a subsequence
mi, < moy, — +00, as n — +00, is exactly the same. O

3. Spectral and bifurcation analysis

In this section we develop the spectral and bifurcation analysis for positive solutions of (P),
with A > 0 and (p1, p2) satisfying (1.1). From now on and unless otherwise specified, (i, ,)
is assumed to be a positive solution of (P),.

By the maximum principle ¢; , > 0, ¢ = 1,2 in € for any solution, whence for non negative
solutions (c;,, > 0) we have o\ + ¥;» = (ai» + ¥i»)+. Therefore from now on and unless
otherwise specified we will denote by,

Ti,)\ = )\p’w . (w’b) = (ai + )‘szi)pi7 p = (ai,A + )\1/}7;7/\)%;7 v = 17 27
p’L,A,a,L 9\

V;M,ai (1/}1) = (ai + )‘wi)piil a‘nd V;M = (aiM + )\wi,/\)piila
where ;5,1 , 1 = 1,2 denote the components of a non negative solution (e, ,) of (P), and
¢; denotes the conjugate exponent of p;, that is,

1 1
S+ =1, i=12
p; 4
For (a,,) a non negative solution of (P), we denote,
_ JaVin

< n >i,/\ and [U]z‘,x =n- < n >i,%7 1= 17 27

g Via
and define,

< >i,A:=/Vi,m¢ and ]2, =< &, ¢ >¢,A:/V;,A¢2,i:1,2,
Q Q

where {n,¢} C L?*(Q). For non negative solutions (a,,,) of (P),, by the strong maximum
principle we have that O, , ¢ = 1,2, is strictly positive in 2, whence < -,- >;, i = 1,2 define
in = 1,2. We will also adopt the

scalar products on L?(£) whose norms are denoted by || -
useful shorthand notation,

mi,A:/Vi,A,z‘:l,z
Q

In the sequel we aim to describe possible branches of solutions of (P), around a positive solution,
i.e. with a;, > 0,7 = 1,2. To this end, it is not difficult to construct an open subset A, of
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the Banach space of triples (\, ¢, %) € R x R? x (C’g’r0 (£2))? such that, on Agq, the densities
Cinn =iy (i) = (i + Aip;)Pt are well defined and

Qi + M x> a;“ nQ, i=1,2 (3.1)

in a sufficiently small open neighborhood in Ag, of any triple of the form (A, a,,,) whenever
(auy, ) is a positive (o, > 0) solution of (P),. At this point we introduce the maps,

—A¢r =0, (¥2)
F: AQ - (Cr(ﬁ))Z’ F()‘vaa’lp) = (32)
_Ad]Q - pl7>\,a1 (¢1)

nd
‘ F\ a,v)
DA - R2x (CT(Q))?, N a,p):= | —1+ [oPr,., (1) |, (3.3)
-1+ fﬂ pQ,A,aQ (¢2)

and, for positive solutions and for a fixed (A, a, ) € Ag, their differentials with respect to
(at, 1), that is the linear operators,

Deyp®(A, 0, 99) - R? x (C57(2))" = R x (C"(@))?,
which acts as follows on (s, @) = (s1, 52, ¢1, ¢2) € R2 x (C27(Q1))2,
DyF(A o, 9)[] + daF (A, o, 9)]s]

Day®\ o, ¥)fs, ¢ = | Ja (lepl,k,al(wl)[%]+dalplml(w1)[sl]> , (3.4)

Jor (s, (92)[62] + daspy . (2)]52])
where we have introduced the differential operators,

— A1 — T2\Va 0, (V2) P2

DyF(\, o, )[¢)] = . ¢=(d1,2) €(CT(Q)), (35)
—Apo — T1\Vi e, (V1)P1
D¢ipi,k,ai [¢1] = Ti»)\‘/;7>\7@i (wl)¢l’ ¢l € Cg’r(ﬁ)v I = 1’ 2’ (36)
and
—D2V2 5 0, (12) 52
doF (N, o, Y)[s] = s = (s1,82) € R?, (3.7)
=1 V10, (¥1)51
doi@; 5 o 181 = PiVina,(Vi)si,  si €R,1=1,2, (3.8)

where we recall 7; , = Ap;.

By the construction of Ag, see in particular (3.1), relying on known techniques about real ana-
lytic functions on Banach spaces ([10]), it can be shown that ®(\, o, %) is jointly real analytic
in an open neighborhood of A, around any triple of the form (A, a,,%,) whenever (a,,,) is
a positive solution of (P),.

For fixed A > 0 the pair (a,,,) is a non negative solution of (P), in the classical sense as
defined in the introduction if and only if ®(A, ay,%,) = (0,0,0,0), and, for positive solutions,
we define the linearized operator,

Ly, [¢] —Ap1 — 12,3 Va[02]2,1,
L\[¢] = = : (3.9)
Lo\ [¢] —A¢y — T \Viad1]ia
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We say that 0 = o(a,, 1, ) € R is an eigenvalue of L, if the "Hamiltonian” eigenvalue equation,

—Ap1 — 12\ Var[d2]2., = op2Va i [d2]21,
—Aps — T1,\Via[o1]i, = opiVia[éi]ia,

admits a non-trivial weak solution (¢1,¢2) € Hg(Q) x H}(£2), which is by definition an eigen-
function of o.

We show that, with this particular definition, the eigenvalues of L, share the usual properties
of a general self-adjoint elliptic operator.

Let us define the Hilbert space,

Yoi= {p = (pr.02) € (AP, <, >} i< i >in=0,i= 1,2}, (3.11)

(3.10)

where
<@,m >v=p1 < Q1M1 >0 P2 < 92,12 >0,V (@, M) € (Yo)2
and the linear operator T : Yo — Y, which acts on ¢ = (91, p2) € Yo as follows

To\G[Vo o] — < o, G[Va ] >1,5 T [G[V2,rp2]]1.
To(p) := = . (3.12)
TING[Vipp1]— < T GVipnet] >20 TIAG[Viae1]]2.

By standard elliptic theory G[V; ;] C W2(Q2), i = 1,2, whence Ty is compact by the Sobolev
embedding. Also for any (¢,n) € (Yo)?2, we have,

<n, To(p) >\=p1 <1, [ nG[Varp2]lin >10 +02 < 02, [TIaG[Viapi]]on >2n=

)\plpz/ ‘/1,)\771[G[V2,A802]]1,)\+)\p2p1/ Vo 2 [GIViapil2h =
Q Q
Aplp?/gvl,Aan[‘/Q,ASOQ] +)\p1p2/ﬂv2,ﬂ72@[vl,w1] =

)\plp2/ G[VI,AUI]VQ,A(P2+)\]71P2/ G[V2,>\772]V1,A4,01 =
Q Q

p2/[Tl,AG[Vl,)\nl]]Q,/\VQ,ASDQ +p1/[TZ,AG[VQ,AHQHLA‘/Lksol =
Q Q

1 < [ nG[Va )i, o1 >10 +02 < [TiaGViamllen, 2 >2,.=< To(n), ¢ >,
which shows that Ty is also self-adjoint. Remark also that < ¢, To(¢) >,> 0 if ¢ # (0,0), as is
readily verified observing that 1; = G[Vj \¢;| satisfies fQ V]2 =< o, GVirgi] >in, i =1,2.

As a consequence, by the spectral Theorem for self-adjoint, compact, linear operators on Hilbert
spaces, we have that Y is the Hilbertian direct sum of the eigenfunctions of Ty, which can be
represented as follows,

Pr = (Qol,ka SOQ,k)a Pik = [¢i,k]i,>\, 1= 172a keN= {1)2, T }a

Yo = Span {([¢1.x]1,x, [P2,k]2,1), k € N},

for some (¢1k, d2x) € (HF(Q))?, k € N = {1,2,---}. In fact, any eigenfunction ¢, whose
eigenvalue is p € R\ {0}, satisfies, urp;, = To(ps) and, by defining,

= € (0, , 0> > > > — 0,
Yo M (0, +00) p1 > o 1
O1k = (T2 + p20k)G[Varpail, b2k = (Tix + P10k) G[Vixe1.4],

it is easy to see that ¢, is an eigenfunction of Ty with eigenvalue py if and only if ¢, =
(1.1, P2.k) € (HF(2))? weakly solves,

{ —Ad1 1 = (20 + oxp2) Vo [02.1]2,,

3.13
—A¢o i = (Tix + kD) Vip[d1 k)12 (3.13)
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In particular the first eigenvalue o1 = o1(a,,®,) is uniquely defined by the spectral radius of
To, 7(To) = 1 = ﬁ where
< ¢, T >
m=r(To) = sup 2 OFI7 o) >,
peY\{0} < ¥, P >a
Since o1 + A = ﬁ and since pp is positive, then
A+o1 > 0. (3.14)

By the Fredholm alternative, if 0 ¢ {0;};en, then I — Ty is an isomorphism of Y onto itself.
Clearly, we can construct an orthonormal base of eigenfunctions {¢; }ren with respect to the
scalar product < -,- >,. However we need a refined property which is the following,

Lemma 3.1. There ezists a complete orthonormal base {p;}ren of Yo, with the property that
ok = ([P1,k]1,; [P2,6]2,0) satisfies,
< [Prkl10 [D15]10 >10= 0 =< [2k]2: [P25]20 >2, VE# ] (3.15)
In particular {[¢; k] tren, @ = 1,2 is a complete orthonormal base of
Vio = {pi € {L*(Q), <, >i\} 1< ¢ >i,=0},i=1,2.

Proof. 1If oy, 0; denote the eigenvalues of ¢, @; respectively, and if o}, # o, then for fixed k
we can multiply the first equation in (3.13) by ¢3 ;, the second by ¢1,; and integrate by parts to
conclude that

{ (T10 + 0501) Jo Vialorslialdiria = (T2 + 0kp2) [ V@252, 02,5121,
(12,0 + 0j02) Jo Vauld2,jlond2k)2a = (Tix + 0kp1) Jo Vialdrelia[d1]1

Putting
x :pl/Qvl,A[le,j]l,AWI,k]l,Aa Y :p2/Q‘/2,/\[¢2,k]27/\[¢2,j]27m
this is equivalent to the system
{ A+oj)z—A+ok)y=0
—A+op)r+AN+o5)y=0 "~

whose determinant is not zero as far as o3, # 0. Therefore in particular

< i jlialtiklin >in= /Q‘/;,A[(ﬁi,j]l,A[(bi,k]i,A =0,i=1,2,

whenever o; # o}. If 0, = 0, since the eigenspace is of finite dimension, a standard componen-
twise orthonormalization argument shows that in fact the basis can be chosen to satisfy (3.15).
At this point, since {¢y }ren is a complete orthonormal base then also {[¢; x]i» }ren must be a
complete orthonormal base of Y; o for any ¢ = 1, 2. O

Concerning Dq 4 ®(\, o, 1) we have,
Proposition 3.2. For any positive solution (cy,,) of (P), with A > 0, the kernel of Do 4 ®(\, oy, 1)
is empty if and only if the system,

_A¢1 - TQ,AVQ,A[¢2]2,A = 0, 2 =2
{ —A¢py — T \Via[d1]in =0, (91, 02) € (Cp™ (2)) (3.16)

admits only the trivial solution, or equivalently, if and only if 0 is not an eigenvalue of L.

Proof. If (¢1,$2) € (HE(Q))? solves (3.16) and since  is of class C3, then by standard elliptic
regularity theory and a bootstrap argument we have (¢1, ¢2) € (Cg "(€2))2. Therefore, in partic-
ular 0 is not an eigenvalue of L, if and only if (3.16) admits only the trivial solution.

Suppose first that there exists a non-vanishing pair (s, ¢) € R2 x (C2"(€2))? such that

Da;(,bq)()\a Oy, ¢>\)[Sv ¢] = (07 O)'
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Then the second pair of equations in (3.4), that is [, (pr. @il + da,p; A[sﬂ) ‘ =0,
b b (aﬂl’):(awﬁx)
take the form,

pi/ (AVipgi +Viysi) =0,i=1,2
0

which is equivalent to
5= 8iy =A< @i > -

Substituting this relations into the first pair of equations,

LA[¢] = D,,/,F()\,am'(p/\)[d)] + daF()\y a>\7¢)\)[s>\:| =0,

we conclude that ¢ = (¢1, ¢2) is a non-trivial, classical solution of (3.16).

This shows one part of the claim, while on the other side, if a non-trivial, classical solution of
(3.16) exists, then by arguing the other way around, obviously we can find some (s, ¢) # (0,0)
such that Dq 4 ®(A, s, 7,)[s, @] = (0,0), as claimed. O

We state now the result needed to describe branches of solutions of (P), at regular points.

Lemma 3.3. Let (a,,, 9, ) be a positive solution of (P), with A= Xg > 0.

If 0 is not an eigenvalue of Ly, then:

(1) Doy ®(No, arg, ¥, is an isomorphism,

(i) There exists an open neighborhood U C Aq of (Mo, @rg, ¥,,) such that the set of solutions
of (P), in U is a real analytic curve of positive solutions J > X — (o, v,) € B, for suitable
neighborhoods J of Ao and B of (cu\y,1,,) in (0, +00)? x (C’gi(ﬁ))g.

(4ii) In particular if (ay,,,,) = (@0, %), then (ay,,) = (a0, ¥y) + O(A) as A — 0.

Proof. By the construction of Ag, the map F' as defined in (3.2) is jointly analytic in a suitable
neighborhood of (A, ay,%,). As a consequence, whenever (i) holds, then (i) is an immediate
consequence of the real analytic implicit function theorem, see for example Theorem 4.5.4 in
[10]. In particular (ii7) is a straightforward consequence of (ii). Therefore, we are just left with
the proof of (7).

Concerning (i) we observe that, although the differential of the constrained equations (which
are the last two differentials in (3.4)), do not define a Fredholm operator (since obviously the
dimension of their kernel is not finite dimensional), however a simple inspection shows that
in fact Dayp®(No, @rys1,,) is a Fredholm operator, see for example Lemma 2.4 in [5]. As a
consequence (i) follows from Proposition 3.2 and the Fredholm alternative. g

We conclude this section with some spectral estimates about o} (exy, 4, ) and A*(2, p).

Proposition 3.4. Let (p1,p2) satisfy (1.1), assume without loss of generality py < p2 and
suppose that (o, v,) is a positive solution of (P), with A < p%A(Q, 2p2). Then o1(ay, v,) > 0.

Proof. For k = 1 and to ease the notations, in this proof we set (¢1,¢2) = (¢11,¢2,1), where
(¢1,1,¢2,1) is any eigenvector of op. Clearly we can just consider A > 0. We multiply the first
equation in (3.13) by ¢1, the second by ¢ and deduce that

/ IVi|* = (A+ 01)p2/ Vaalp2]2.x[01]1,1,
Q Q
and,

/ [Véa|* = (A + Ul)pl/ Vialo1]ialg2]2,
Q Q
which in view of (3.14) shows that

[ Vasgslenloilin >0, [ Vislorliafgalen >0 (3.17)
Q Q
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In particular we readily deduce that

N(¢17 ¢2)
fﬂ(pl‘/l,A +p2‘/2,/\)[¢1h,>\[¢2]2,>\’

g1 =

where
N(¢1,92) —/Q\V¢1!2+/Q!V¢2\2—)\p2/QV2,A[¢2]2,A[¢1]1,A—Apl/ﬂvl,x[@]m[%h,»

By using ab < (a® + b®) we see that,

Iy 2 12 )
Nowo 2 33 ([ e —amn [ Vbl ) + (3.19

Iy o )
2;(/{)‘v¢z| )\p2/QV27A[¢Z]m >
1 2 12 ‘ 1 2 . |
2;</Q|V¢z| —Apl/g‘/lmz) +2;</QIV¢ZI —/\pz/QVQ,wsZ»

where the last inequality is an equality if and only if < ¢1 >1,=0=< ¢2 >2,,.
Next observe that for any ¢ € H(Q) \ {0} and for any {i,j} € {1,2}, by the Holder inequality
and (1.2) we have,

/lecb\Q—Api/Q%,@? Z/QWW—ApZ- (/QpiA)ql" (/Q ¢2pi>’}i = (3.19)
/Q|V¢\2 — Ap; </Q ¢2pi>pli > (/Q ¢2Pi>pl" (A(Q,2p:) — Api), i =1,2. (3.20)

Since || = 1 and p; < po, it is well known (see Theorem 3 in [15]) that A(€2, 2pa) < A(£2,2p;) and
that the inequality is strict as far as p; < p2. Therefore we have proved that if A < p%A(Q, 2p2)
then o1 > 0.

At this point we argue by contradiction and assume that o1 = 0 for some A < I%A(Q,ng).
Following the equality sign in all the inequalities used so far we see that if o; = 0 then we would
necessarily have A = p%A(Q, 2p2), p1 = D2, < ¢1 >1,= 0 =< ¢2 >2,, and in particular ¢; = ¢
a.e. in Q. By (3.16) this implies also V; , = V5, a.e. in 2. As a consequence we would also have,

0:p1012f9| b1 plfQ 1,A¢1>V1 — inf fQ| o] plfQ 1P

Jo Vinot SEHL(Q) Jo Vipd? ’

where the strict inequality is due to the fact that any function which attains the inf is a first
eigenfunction and consequently does not change sign. On the other side if ¢ € C3(Q2), ¢ #0,
then, once more by the Holder inequality and (1.2), we have,

lVoP 1 JolVeP _ Ve

Vo 2 = T T T
fQ 2,A¢ (fQ 927,\> a2 (fQ ¢2p2) P2 (fQ ¢2p1) P1
which immediately implies that,

v1 > A(2,2p1) — Ap1 > 0, VApr < A(Q,2py),

(Q, 2p1)

which is a contradiction to 1 < 0. O

Proposition 3.5. Let (p1,p2) satisfy (1.1), assume without loss of generality py < p2 and
suppose that o, =0, i =1,2. Then \*(Q,p) > p%A(Q, 2p3).
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Proof. We can assume w.l.o.g. \*(2,p) € (0,+00). By definition there exists a sequence \,, —
(A*(Q,p))~, such that «;,, — 07. By Lemma 2.1 and passing to a further subsequence if
necessary we can assume that u; , = Ay, ¢ = 1,2, converge smoothly to w;, ¢ = 1,2, which
are classical solutions of

—Aul—)\* b2 in €
—AUQ = \u p1 in

w>0 in Q i=1,2

u; =0 on 00, i=1,2.

By the monotonicity of the energy EA we have Ey+ > FEyp(£2), whence both u; and wuz cannot

vanish identically. Let us set V; = ul*™ ", qbi = u;, © = 1,2, then we have,

—A¢y = N*Vagy in )
—A¢py = A"V in

¢; >0 on Q, =1,2

¢;=0 on 09, i=1,2.

\

By the strong maximum principle for cooperative and strongly coupled linear elliptic systems
(see Theorem 2.2 in [19]) we have ¢; > 0 in €2, ¢ = 1,2 and we deduce that,

—A¢r < NpaVage  in
—A¢py < XN*'p1Vigp in Q
¢;=0 on 00, i=1,2,

where the equality holds if and only if p; = 1 = ps. Multiplying the first equation by ¢, the
second by ¢2 and integrating by parts we deduce that

02> Q(¢1,¢2) == /Q V| +/Q!V<Z52!2 — )\*pQ/QV2¢2¢1 —)\*P1/QV1¢2¢1~ (3.21)

By using ab < 3(a® 4 b%) we see that,

1< . 1< .
Q(é1,¢2) > Z(/Q|V¢i|2—>\ pl/QVMb?)+QZ(/Q|V¢1'|2—)\P2/QV2¢?>,

=1 =1

and then by using (3.19), (3.20), || =1, p1 < p2 and A(Q, 2p2) < A(92,2p;) (this is well known,
see for example [15]) as above we deduce that that

Q1. 60) > ( Z//w 2 Z//vm) (2,2p2) = X'pa),

and we see from (3.21) that A*pa > A(£2, 2p2), as claimed. O
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4. Existence, uniqueness and monotonicity
Let G(£2) denote the set of solutions of (P), for A € [0, \*(Q2, p)).

Lemma 4.1. Let (p1,p2) satisfy (1.1). For any A € [0, \*(Q, p)) there exists one and only one
solution (ay,,) of (P),. In particular G(2) is a real analytic simple curve of positive solutions

0, A(2,p)) 2 A = (s, 9,).

Proof. By Lemma A.1 and Proposition 3.4 we have that A*(2, p) > 0 and there exists a unique
solution of (P), for A < Xg for some Ao small enough. In particular these unique solutions
are positive and we can assume, possibly taking a smaller )\, that A*(Q2, p) > A\g. However by
definition we have o1 (a,,1,) > 0 for any A € [0, \*(€2, p)) and then by Lemma 2.1 and Lemma
3.3 any solution whose A is less than Ag generates a real analytic curve of positive solutions
which can be continued to a real analytic curve of positive solutions defined in [(—J, A*(2, p))
for some small ¢ > 0.

If at any point in (Mg, \*(£2,p)) there exist two solutions, then by definition of A*(€2, p) they
would be both positive and each one would generate in the same way another curve of positive
solutions in (—dJ, \*(£2, p)), for some small 6 > 0. Obviously for both curves at A = 0 we have
(ax, ) = (v, %) which is the unique solution of (P), for A = 0. This is obviously impossible
since then (ay, 1)) would be a bifurcation point, in contradiction with Lemma 3.3. O

Problem (P), is the Euler-Lagrange equation of the constrained minimization principle (VP)
below for the densities (pl,pz). As far as 1 < p; < p2 < pn, existence of solutions could be
proved by an adaptation of an argument in [9], worked out there for a more general ”scalar”
problem, based on the theory of conjugate convex function. We adopt here a different argument
based on the weak Young inequality ([25]), which yields existence for (pi,p2) satisfying (1.1),
that is,

1 n 1 >N—2
p1—|—1 p2+1 N -1’

whose relevance for elliptic systems of Lane-Emden type was first noticed in [34].

pi € (0,400), i =1,2, (4.1)

Theorem 4.2. Let (p1,p2) satisfy (1.1). For any X > 0 there exists a solution (cu,,,) of (P),.

Proof. We discuss only the case N > 3, the case NV = 2 is easier. Here [|Q[|, denotes the stan-
dard LP(£2) norm. We will denote with C' various constants depending only by (p1, p2), 2 and N.

Let us define r; = 1 + p%_, 1=1,2 and

Pq. = {pGLT"(QHpZOa.e. in Q, /pzl},izl,Q.
Q

It is readily seen that (1.1) is equivalent to
1 1 N
—t —< = ; 1 =1,2 4.2
’]"1+T2<N—1, TZ€(7+m)7Z Y Y ( )
and for any (r1,r2) satisfying (4.2), for any A > 0 and
(Pp PQ) € Pa = Paa X Paa,

we define the free energy,

Meue) =4 [o0 o3 @ -2 [ piclp) (43

We split the proof in several steps.
STEP 1. We prove that if (r1,72) satisfies (4.2), then J, is coercive for any A > 0, that is, if A > 0
and (pl’n,pZn) € Pa. X Pq, and max{HanH,«l, HpZnHW} — +00, then JA(an,me) — +00,
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as n — +00.
Let us recall the weak Young inequality ([25]),

1 1 N +2
| oGl < Cleilalplle, o+ =5 s€ (0,4c0). (4.4

Assume for the time being that for any (r1,72) which satisfies (4.2), there exists (s1, s2) which
satisfies (4.4) and

si€(1,r), i=1,2. (4.5)
Then by the (4.4) and standard interpolation inequalities (recall [, e, = 1,i=1.2) we would
have that,

AﬁaG@ﬂéCmpﬁﬂM%MQSCW&WFW@AE”, (4.6)
where
1 1
P = 1—* 3 :1,2
v ( Si)’l“ifl ¢

Based on (4.6), elementary arguments show that .J, is coercive for any A > 0 as far as v +7y2 < 1.
Therefore we are left with showing that for any (r1,72) which satisfies (4.2), there exists (s1, s2)
which satisfies (4.4), (4.5) and in particular,

1 1 1 1
) +

< 1. (4.7)

Obviously there is no loss of generality in assuming
T9 > T1.

Observe that, as far as,

N N N N

S x o0l 2 1+ [ 4+00) x [, +00)),

then putting é = % + ¢ for some small enough € > 0, from (4.4) we would have i =1—c¢ and
then

(r1,7m2) € (1,

N 1
1<82<5§7“2, 1<81:17<7"1.

Thus (4.5) is satisfied. On the other side, since here ro > %, we also have that,

1 1 1 1 € 2 1
1—— 1—— = 1— = — =
( S1 T1—1+( 82)7’2—1 7"1—1+( N 5)7’2—1
( 1 1 )+N—2 1 <« 1 1 )+2<1
€ — € - — ,
ry—1 ro — 1 N ro—-1"7 "r-1 rog — 1 N

for any € > 0 small enough, showing that (4.7) is satisfied as well.
Therefore we are left with showing that (s, s2) which satisfies (4.4), (4.5) and (4.7) exists in the
region

1 1 N N N

—F—<——, e, =), r<rg<—, 4.8
g N-—1 1€, 5) msnsg (48)
]@g(i\;}ré is the intersection of % + % < % with the line ry = % Remark that the
lowest possible value of 79 in this region is the one at the corner point where ro = ry = 2%.

Put

[ R
where =

which in view of (4.4) implies that
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Then, in view of (4.2), and since ro — 1 >y — 1 > 2821 — 1 = 822 concerning (4.7) we have,
1 1 1 1
1-— 1—— =
( 81)T1—1+( 59 7’2—1
1 1 1 1 2 1
O S T SR S T
ro—1 rm—1 1 rt N'ro—1
1 1 1 1 2) 1 1) r
ri T T2 N'rg—1 ro're —1
1+1+(1+1 2) 1
1 T2 1 T2 NT‘Q*l
1 1 1 2 1

1 1

T * 9 N -1
Therefore we are left with showing that if (1, r2) satisﬁes (4.8), then we can find (si, s2) which
satisfies (4.5) as well as % = % +e,1— é = % — % +¢ for some & > 0. We split the discussion
in three regions which could be possibly empty for some N > 3.
We recall that the symmetric point of the critical hyperbola in (4.4) is just s; = ]3—52 = s and
that

<1

1 1 N N +2
—+ — . 4.9
T‘1+T2<N—1< N ( )

We start with the domain,

N—-1N N

Ta?]a ry Srg < E}

If (rq,r2) € Qq, since r; € [2%,%], then for some 0. — 0, as ¢ — 07, we have that if
L — % + ¢ then r1 > s1 > 2% —0: > ]\2,—];72, whence in particular

o
< 2N <2N_1<
N+2 N =

where we use (4.9). Therefore (4.5) is satisfied and then we are done with ;. Next we consider
the case,

le{T1€[2

Q_{1+1< N 2N Nob N
2= m ON-1 'S Nyt N e
If (r1,72) € Q9, since ] € []\27_]\1:2, o1 1) then for some 0. — 0, hy — 0, as € — 0T, we have that
if i = % + e thenry > 81 >7r — 2]\2[+2 o, whence in particular
2N N-1
< he < 2 <79,

SNy ="

where we use again (4.9). Therefore (4.5) is satisfied and then we are done with 2y as well. At

last we discuss the case,

0= (- +1 N e 2N) _N,
8= m N1 e N s g

If (ri,r2) € Q3, since r1 € [r j‘v, N+2) then for some 0. — 0, h. — 0, as € — 0", we have that if
1

_ 1
s~ TE then r; > s1 > 2N+2 o, whence in particular

N -1
52<QT+hE<Tj‘V*§r2,

where 77* is the intersection of % + % < 2 with the line 7y = & Therefore (4.5) is satisfied
in this case as well, which concludes the proof of the claim of STEP 1.
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STEP 2. We prove the existence of the minimum of J, by the direct method.

Let <pl,n’p2,n) be a minimizing sequence, by STEP 1 HanHrl and lenHm are bounded and
we assume that O, ~weakly converges in L"™(Q) and p, = weakly converges in L™ (£2) to some
(pm, pm). Clearly L [o(P)™ + & Jo(P,)" is convex whence lowersemicontinuous with respect

to the weak topology in L™ () x L™(€Q). We will conclude the proof showing that, possibly
along a subsequence, we have

nli)r_il_loo/gpl,nG[pZ,n} :/Qpl,)\G[pZ,)\]'

Indeed, writing

/Qpl,nG[pZ,n] - pl,AG[pZA] = /Qpl,n(G[PQ,n - pz,x]) + /Q(pl,n - Pl,)\)G[PQ,)\] =

/Qpl,n(G[pQ,n o pm]) + /Q p%(G[an o pl,x])’

it is enough to prove that the embeddings of W?272(Q) in LT;(Q) and of W271(Q) in L”;(Q) are
compact, where r; is the exponent conjugate to r;. Clearly it is just enough to prove the former.
By (1.1) we readily deduce that,

N — r — 1
N(Tl — 1) + 1’
whence by the Sobolev embedding we find that W272(12) is compactly embedded in W () for
any

ro >

/
/ NQ_N !’ 7“1

t<ty=ry——— =y L
PTUINZON 4T Y N2 N+

where we remark that N2 — N + T‘Il > T‘Il > 0. Thus, again by the Sobolev embedding, we find
that W272(Q) is compactly embedded in L¥(f2) for any

! 1
er (1 o N2N+r;>

)
N—r(1-—2~1—
1 N2—N+r}

where we assume without loss of generality that N — rll (1 — N21N+T,> > 0. Therefore it is
- 1

k<ky=

enough to prove that,
! 1
er (1 o N2N+r/1> ’

> 71,
— 1
N —r <1 N2N+r’1>

which, after a straightforward evaluation, takes the form,

1 1
N? - =N+ > 0.
1 ry—1

The determinant of this polynomial is %2 — T;%l which is readily seen to be always negative.
1
Thus we have proved the existence of at least one minimizer of J,.

STEP 3 We prove that any minimizer (0, ,,Q, ,) defines a solution of (P),.
Let Qp = {z €Q :p, >0, ae}and Q = {z € Q :p,, =0, ae}. Since [,p,, = 1,
then 0 < [Q4| < []. For any n € N and for any variation of the form (0, ,,Q,, + n), with
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supp(n) € {z € Q4 : 0, > 1 ae}, n e L®(Q) and [,n = 0, by using the minimality of

(pm, pb) we have,

/ ((pb)é - )‘G[PLJ) n>o(l), ase — 0.

. 1
{er+.p2’A>n}

Since this is true for any such n with fQ n =0 and any n € N, then we have that,

(05, (®))7 — AGlp, J(x) = a2 ae. in Q. (4.10)

for a suitable constant as € R. Next, let x4 denote the characteristic function of the set A, and
assume that [Qp| > 0. For any variation of the form (@, ,,Q,, +¢€n), with

XQ
n=PXQ — /so ﬁ n € L>(Q), ¢ >0,
Qo +

we have,

/ (—ag - AGp, A]) ¢ >o0(1), ase — 0.
Qo
Therefore we conclude that,

ag + AG[P, J(z) <0 ae. in Qo, (4.11)

and in particular that ¢\ = G[p, ] € VVO2 () is a strong solution of the first equation in

(P), with ¥ \ = G[pm] IS VVOQ’T2 (), where (a2 + Mpan)E = (a2 + AP 2)P2 as far as [Q] = 0.
The same argument shows that v ) is a strong solution of the second equation in (P),.

At last, by Lemma 2.1 any strong solution determined in STEP 3 is a classical solution. This
fact concludes the proof. O

Theorem 4.3. For any A € [0,\*(Q,p)) F. is real analytic, decreasing with % < 0, and

r_ . dFE> d [ P1a1 P20 \
concave and we have F\, = —E,. In particular =0 and ax (p1+1 + ot

A€ [0, (2, p)).

) < 0 for any

Proof. We first observe that, by the uniqueness in Lemma 4.1, we have that F) is the same as
F(X) in (VP). It is useful at this stage to introduce the vectorial density,

p=(@P,)

and the corresponding entropy,

and energy

whence Jy(p) =S(p) — A(p).

By Lemma 4.1 F, is real analytic. If Ay > A; > 0, then Jy,(p) < Jy(p), whence F\, < F,.
Thus F, is decreasing for A > 0. Moreover, setting A = tA; + (1 — t)\o, t € [0,1], and letting P,
be any minimizer of J,, we find that,

Ey=8(p,) —A(p,) =—=S(p, )t + (L =1)) = (A + (1 = t)A2)E(p, ) =
ty (p,) + (L — ) T3, (p,) = tFa; + (1 — ) F,.
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. . 2
Therefore F), is concave with dd/@ <0.

At this point we use a well known trick about canonical variational principles (see for example
[11]). Let A1 # A2 in [0, A*(€2, p)) and let p , p, be the minimizers of J,,, J,, respectively. Clearly
we have
F\, < S(Bg) — /\18(32) =F, - (A — /\2)5(£2 ), (4.12)
F,, < S(B1 ) — /\25(31) =F, — (A — /\1)5(31 ). (4.13)
and we deduce from (4.12), (4.13) that

F,, — F, .
— < 72 fA A
E(p) < My Elpy) 1AL > A,
F,, — F\

- <2 Moo if Ao > Ay
Eo) s 75, —x ) >
By Lemma 4.1, as Ao — A1 we have Py = Py smoothly, whence

dF,
d)\l =—E(p,) =~ Eily=y, -

Remark that E\, > 0in [0, \*(2, p)), whence dd% < 0. In particular, since F) is real analytic and

concave, then % = —d;gk > 0, for any A € [0, \*(2, p)).

At this point observe that,

o= o)+ o o)™ = [ 01,60y -

1/ PM(OQ,A + Mp1y) + / pm(az + Aatha ) — )‘/Qpl,,\G[pZA] =

Uy 2 0,60+ %2+ 2 [ 0, Gloy )= [ 01,60y, ) -

P1a1y | P22y pip2 — 1
pr+t1l pr+1l (p2+1)(p1+1)
By Lemma 4.1, o, @ = 1,2 are real analytic, and then we deduce that,

A

d (pmu pzaz,x> _db ppp -1 dE,
AN \p1+1 p+1 dx  (p2+1)(p1+1) dx 7
where the strict inequality follows from d—* < 0. O

Finally we prove the estimate about the derivative of F,.

Proposition 4.4. Let (ay,v,) € G(Q) be the unique positive solutions of (P), for X\ €
[0, (22, p)). Then,
dE,
ax —
Proof. By Lemma 4.1 (a,,,) is a real analytic function of A\ and then, by standard elliptic
estimates, we have that n, € (CZ(Q))? where

_ _ ddj)\ _ dwl,,\ d¢2,>\
n, = (771,/\7772,>\) — X\ - A\ ) X\ )

> prl[aalialli s+ p2l 22413 - (4.14)

is a classical solution of,

d
—Ani = 1o\ Vaamea + p2Vo o s + p2Va adf\Av

&
AU2 A =T1 AVI AT T plvl ﬂ/fl At plvl A d)\ )
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that is
dOéQ dal
b2 d)\’A = —Tox < M2 225 P2 < ¢2,A >2.: P1 d)\’A =T <M >10 D1 < zpm > -
Therefore, we conclude that n, is a solution of,
—An, = TQ,AVQ,A[W,A]QV\ + pQVQ,A[wQ,/\]Q,Ay (4.15)
_A772,A = Tl,AVL)\[T]L/\]l,A + plvl,x[wl,x]l,,\- '

Since E, = fg(vwl,m Vi3 ,), then by using (P), and (4.15) we also have,
d

JEA _/<V771,A7V¢2,,\)+/(lemvnzx) =
ZTZX 7h>\z>\[¢1/\zA>ZA+sz|’¢z/\1A|’z>\

Let us denote, for i = 1, 2,
+oo +o0
[Winlin =Y &Grlbiklineg  Minlin =D Bikldiklin
k=1 k=1

Sike =< [Binlin[inlin >in,  Bik =< I[Piglinlminlin >in
the Fourier expansions of [¢;,];y and [7;,]i» in Y;o (see Lemma 3.1), with respect to the
normalized eigenfunctions [¢; k)i, satisfying ||[¢; k], Lemma 3.1, we
have,

dd)\ 7—2)\2621@52]6+7_1A261k£1k+p2Z§2k+pIZ£1k (4.16)

k=1 k=1 k=1
We can now consider A > O. On the other side, multiplying the first equation in (4.15) by ¢2 ,
the second by ¢1 1, using (3.13) and integrating by parts, we have,

(Tin + P10k) Bk = T2 Bk + D28k, (4.17)

(To,x + P20k) Bk = Ti Bk + P1&uk, '
where o, = o (i, 1, ). Since by (3.14) we also have 2A 4+ o} > A, then (4.17) admits the unique
solution,

A1k + p2bok) + oupi&ie
P20k (2N + o)

A€k p2bok) + okp26on B
Bk = , Pok =
P10k(2A + o)

which we can substitute in (4.16) to deduce that

AP1&1x + p2&or) (§1k + Eo ) + 20181 12k =, =
7E =A ’ O o) == L1
’ Z op(2\ + o) TP kz & T 11 kzl g (418)

Y

At this point observe that the equations in (P), can be written in the following form,
( _A¢1,A = V2,A(052,A + )‘QZ)Q,A) in Q

—Atpo, =Vin(arn+AP1,) in Q

f Vialain+ i) =1 i=1,2.
Q

Therefore we can evaluate

ai,A - A< wi,k >’i,/\7 1= 1727

(7N
and deduce that
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_AT/)LA = (m2,A)_1V2,A + )\VZ,AW&,A]Z,A in Q
—At)g, = (ml,x)_lvl,x + AVia[Y1a]1, in Q (4.19)

hin=0 on 09, i=1,2.
Multiplying the first equation in (4.19) by ¢2 1, the second by ¢y , using (3.13) and integrating
by parts, we have,

{ (710 +P108)E1k =< P2k >2.5 A2k,
(T2,x + P20k) &2k =< D1k >10 +A&1L k-
Since p; > 1, i = 1,2 and since by (3.14) we also have 2\ + o > A, then (4.20) admits the
unique solution,

(4.20)

(Ton +D20k) < o >0 A < 1 g >1,0
p1p2( A+ o)? — N2 ’
fop = (Tix +P10k) < P1p >10 A < Do >a.,
’ pip2(X + op)? — A2
and since of course we can assume that < ¢; >;,> 0, i = 1,2, for any k¥ € N, then we deduce
that

1k =

)

€1, >0,i=12vkeN. (4.21)
Remark that all the relations above, including (4.18), (4.21), hold just by assuming that 0 ¢
o(L,). However at this point we use the fact that for any A < A*(€, p) it holds o > o1 > 0,
Vk € N, which, together with (4.18) and (4.21) implies that

"‘leW’l A}

d
ﬁE* p2252k+plz§1k = pa||[i2,:]2,

which is (4.14). O

At last we present the proofs of Theorems 1.3 and 1.5.

The proof of Theorem 1.3. Uniqueness and regularity follow immediately from Lemma 4.1 and
then a straightforward evaluation yields the behavior in the claim as A — 0. The inequality
about the energy for A\ = 0 is a well known torsional inequality, see [15]. The monotonicity in
the claim follows from Theorem 4.3 and Proposition 4.4. Finally, if either o1+ = 0 or if o; » = 0,
i =1,2, it follows from Propositions 3.4 and 3.5 that A*(Q2,p) > p%A(Q, 2p2). O

The proof of Theorem 1.5. For (p,,u,) as defined in the claim, from the constrains in (P), we
have
r= 1+t i=1,2, (4.22)
which immediately shows that
P1an | P20 )
p+1 pa+1

= 7(”7 u/\)'
Next observe that

_I/PM%A /PQA%A:

which together with (4.22) and

P1+1 p2+1

Oé
/(1+u1)p1u1 2/\ (1+U2)p2u2,
Q

a2 aq
A= H1x p1>\ ;A= K25 p;\v (423)
a1 a9\

yields
a2 aP? P!

o
E, = 1A“/(l + up)Pur + M/(l + u2)Puy = E(py, u,y).
2M2,/\ Q 2M1’A Q
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Moreover, we immediately have F(u,,u,) = F, as well.

Therefore, as far as A < A*(€, p) the monotonicity properties in the claim follow immediately
from Theorem 1.3.

Clearly, as far as A < \*(€, p), by definition we also have o1(a,,%,) > 0 and a; , >0, 1 =1, 2,
whence by Lemma 4.1 we see that (u,,u,) is a continuous real analytic curve.

Finally, assume that a;+ = 0 and as, > 0. By definition there exists a sequence A\, —
(A*(©2,p)) ", such that oy, — 07, az,, — a2 > 0. The curve is obviously unbounded since by
(4.23) we have pg , — +00.

Now, under the assumption of Theorem 1.2-(b), we have \*(2, p) < +oo and then by Lemma
2.1 and passing to a further subsequence if necessary we can assume that v; ,,, ¢ = 1,2 converge
smoothly to 1; ., ¢ = 1,2, which are classical solutions of (P), for A = X\*(Q,p) and a; = 0,
az > 0. Since by definition o, Ui\, = An¥iny,, ¢ = 1,2, then the convergence in the claim
follows from (4.22).

The conclusion in case ag« = 0 and oy, > 0 follows in the same way. O

APPENDIX A. UNIQUENESS OF SOLUTIONS FOR A\ SMALL

The following lemma is proved by a standard application of the contraction mapping principle
and we prove it here just for reader’s convenience. We will denote by C; the constant in Lemma
2.1 and by Cs, C5 other positive constants depending only by rg, {2, p, V.

Lemma A.1. There exists \g > 0 such that:

(7) for any X € [0, Ao] there exist at least one solution (o, ) of (P),.

(47) for any solution of (P), we have o, > %, i=1,2 for any X € [0, Ag].

Proof. (j)

Putting w1 = A1, us = Ao the proof is an immediate consequence of the following lemmas.
Let o = (a1, 2), u = (ug,u2) and let us define,

where Cy(r,€,1,p, N) is the constant obtained in Lemma 2.1 evaluated with X = 1.

Lemma A.2. Let (p1,p2) satisfy (1.1). There exists \g € (0, 1] such that for any A € [ , A0) and
for any a; € (—o0, 1] there exists one and only one solution W = (U] s, U2\ a) € ( T(Q2))? o

the problem

—Au; = Mag + UQ)I_E in €

—Aug = Moy + ul);il in Q
(A1)
up =0=1wuy on 0N

Wi € By i=1,2.

Moreover, for fized A € [0, \o], the maps (—o0,1] 3 a1 — ug[a1] = ugya € Boo, (—00,1]
as = up o] = w1 ra € B, are continuous and uy o = 0 = ugrq if either X = 0 or if
o; < O, 1= 1, 2.

Proof. First of all, if either A = 0 or if o; < 0, i = 1,2, then (u1,u2) = (0,0) is a solution,
whence the last part of the statement will follow immediately from the uniqueness.
For A\g € (0,1] to be fixed later on and for fixed A € [0, \g] and «; € (—o0, 1], i = 1,2, we define

Tra(u) = AG(a2 +u2)?], Gl(ar + ur)t]),  ui € Bo,i=1,2.
Recall that if a; > 0 then a; < 1, while if a; < 0 then (o; + u;)+ < (u;)4, whence we have,
ITx (@) oo () = Amax || G[(ei + ui) ]| oo () < ACo,
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and we readily see that T) o : Boo — B for any A < % Also,

I Ta(w) = Tra(v)llze() < Amax||piGllai +w)y ™ u; — vil]||L=(0) <

A max [[piGl(ai + w7 ooy i = ill Lo (o) < AC3]lu = V]| oo (0

where w; € By, satisfies u; < w; < wv;, 1 =1,2.

Therefore, we also have ||Ty o(u) — Ty o(V)|re@) < Hlu - V|| oo (), for any A < ﬁ As a
consequence putting A\g = min{1, %, ﬁ}, we have that T o is a contraction in Bo, for any
A < Ag. Whence, in particular, for any fixed a € ((—00,1])?, we have that for any A € [0, \o]
there exists a unique solution of u = T o (u). The existence and uniqueness claim follows since,

by standard elliptic estimates, (U1 s ;U2 4) € (C’O2 " (£2))? solves the problem in the statement
of the lemma if and only if u € By satisfies u = T o(u).
Concerning the continuity of (uj x[az], ua z[o1]) = (U1 xas U2 1) for o € (—o0,1], 1 = 1,2, we
observe that if o, = (a1, 01,,) = o = (a1, a2), then
lug A[a1,n] — uzn[a1] [l o) = IG[(arm + urna, )5 ] = Gllar + wina) L Lo @) <
1G[(e1n + u1x60,)5] = Gllarn + uine) P Lo @)+
1G[(e1n + urra)8] — Gllar + wixa) i ]l L) <

ACslug [oon] — wralaz]l| Lo (@) + P1AIG](s + U1,A,a)T71]||Loo(Q)’al,n —ay| <

1
sllualazn] —ui ezl @) + AoCslarn — ail.
Clearly the same argument applies to the other component and then we deduce that

|ugx[o1,n] — uz A[an]l| Lo () + lura[oom] — urala]llLe @) < 4X0Cs(|a1n — ar] + |, — azl),

which readily implies the claim. O

For fixed A € [0, o] we consider the continuous map

((—00,1])* 3 @ = (a1,02) = uq = (uy]az], upalan]) € (Bwo)?,

where u; y[oo] = u1 ) o, U2 r[1] = Uz )\ . Then we have,
Lemma A.3. By taking a smaller Ao if necessary, for any fized \ € [0, \o] we have:
(2) The maps uy x|, uz \[a1] are monotonic increasing,
upafag] <upalfe], V0<az<f2<1, wrloa] <uga[fi], VO<ap <pi <L
(i1) There exists at least one a, = (a1, a2,) € ((3,1])% such that,
/g;(al,)\ +up o))t =1 = /Q(Oém + ug o 5])P2.

Proof. (i) If A = 0 we have uj 0, = 0 for any a and the conclusion is trivial. For any fixed
—00 < ag < B2 <1 let us set,

(wr, w2) = (ur,A[B2] — urlaz], uz a[B1] — uzlaa)) € (CF7 ()2,

then

—Awy = A(B2 + ug \[B1])% — Mag + ug z[oa])? > Moo + ug \[B1])5 — Mag 4+ ug p[oq])? >

Ap2 (0 + ug A [or )2 (ug p[B1] — ugalen]) = Apa(ag + ug afon])22 ™ ws,

by the convexity of f(t) = (a +t)% for t € R. By applying the same argument to ws we deduce
that

—Awy > Vow _ _

{ L= 22 v = (g +ugafao))P T, Vo = Apa(an + ug p[aa])2

—Awy > Viwy
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and then, in view of Lemma 2.1 and possibly taking a smaller Ay, well known results for coop-
erative elliptic systems ([22]) show that w; > 0, i = 1,2, as claimed.

(73) For A = 0 we have u;0q = 0, i = 1,2 and then necessarily o;, = 1, i = 1,2. For fixed
A € (0, Ao], by Lemma A.2 and (¢) the functions

gi(e) = /Q (01 + urfaa)?,  ga(er) = /Q (o + uga[on])?, e € (o0, 1)),

are continuous as a function of (a1, az) and increasing in o and as. Clearly |Jug x[az]|leo < ACq,
lur x[a2]lloo < ACo for any A < Ag, and then, possibly taking Ao small enough to guarantee that

(200Cs)P < % =12, (A.2)
we have,
1
gl(((),OzQ)) = / (UL)\[OQ])M < Z’ Ve (0,)\0], VO&Q S (—OO, 1],
1
g2((01,0)) < /Q (12 afoa])? < 3, VA€ (0, o], Vo € (~o0,1],

while we also have,

91((1,a9)) = /Q(l + up p[o])Pt > 1, VA € (0, Ag], Yoo € (—00,1],

(e, 1)) = /(1 Fugafar])?? > 1, VA € (0, Ag], Veu € (—oo, 1].

Q
As a consequence, for any A € (0, )] there exists at least one a, = (aq,,a2,) such that
gi(ay) = 1,4 = 1,2 which, by the monotonicity of g;, must necessarily satisfy
Qi \ € (07 1), 1= 1,2 (A3)

This concludes the proof of Lemma A.1-(j).

Proof of (j7)

Let (c,%,) be any solution of (P), for A € [0,Ag]. If A = 0 then necessarily a, = (1,1).
Otherwise let A € (0, Ao] and observe that A, = u, where u, is the unique solution of (A.1)
found in (7). As a consequence, by (A.2) and (A.3) we have that,

1
1= [ o+ unalona) <2 (ana)f + (AL < 2l + 7.

|-

1

Lol

whence aq, > (2)711 >
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