Existence and Stability of Localized Patterns in the
Population Models with Large Advection and Strong
Allee Effect

Fanze Kong *and Jun-cheng Wei
January 28, 2022

Abstract

The strong Allee effect plays an important role on the evolution of population in ecological
systems. One important concept is the Allee threshold that determines the persistence or extinc-
tion of the population in a long time. In general, a small initial population size is harmful to the
survival of a species since when the initial data is below the Allee threshold the population tends
to extinction, rather than persistence. Another interesting feature of population evolution is that
a species whose movement strategy follows a conditional dispersal strategy is more likely to per-
sist. In other words, the biased movement can be a benefit for the persistence of the population.
The coexistence of the above two conflicting mechanisms makes the dynamics rather intricate.
However, some numerical results obtained by Cosner et. al. (SIAM J. Appl. Math., Vol. 81,
No. 2, 2021) show that the directed movement can invalidate the strong Allee effect and help the
population survive. To study this intriguing phenomenon, we consider the pattern formation and
local dynamics for a class of single species population models of that is subject to the strong Allee
effect. We first rigorously show the existence of multiple localized solutions when the directed
movement is strong enough. Next, the spectrum analysis of the associated linear eigenvalue prob-
lem is established and used to investigate the stability properties of these interior spikes. This
analysis proves that there exists not only unstable but also linear stable steady states. Then, we
extend results of the single equation to coupled systems, and also construct several non-constant
steady states and analyze their stability. Finally, numerical simulations are performed to illustrate
the theoretical results.
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1 Introduction

In this paper, we mainly investigate the aggregation phenomena and dynamics of the following single
reaction-diffusion equation for u = u(x, tr) with the no-flux boundary condition:

u, = V- (d\Vu — yuVA) + uu(1 —u)(u - 6), xeQ,t>0,
(d\Vu — yuVA) -n =0, x€0Q,t>0, (1.1)
u(x,0) = up(x) > 0, x €.
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Here x and 7 are space and time variables, d;, y and u are arbitrary positive constants, and n is the unit
outer normal on the boundary dQ. To construct the non-constant steady states, we also focus on the
stationary problem of (1.1), which is:

{ 0=V-(dVu—-xuVA) + uu(l —u)(u - 0), x e Q, (12)

(d\Vu — yuVA) -n =0, x € 0QL

Equation (1.1) serves as a paradigm to describe the dynamics of one population with the effect of
some known signal subject to the Allee Principle [ 1, 30], where u : Q X [0, o) [0, c0) denotes the
density of a population and A is a known stimulus that governs the directed movement; the constant
d; represents the population diffusion rate, y reflects the strength of the biased movement, while the
source f(u) := u(1 — u)(u — 6) models the Allee effect and 6 € (0, 1) is the Allee threshold.

The general form of system (1.1) was proposed by Cosner and Rodriguez [ | ], which reads:

random (flux)  drift (flux) Allee Effect Source
— —
u,=V-( diVu — yuVA)+uu(l —u)(u—-=0), xeQ,t>0, (1.3)
Blu] =0, x€0Q,t>0, )
u(x,0) = up(x) >0, x € Q,

where B[u] = 0 represents either homogeneous Dirichlet or no-flux boundary conditions. In partic-
ular, they obtain a set of qualitative and numerical results concerning the short time dynamics and
steady states of system (1.3). Moreover, to study the interaction between two species, they extended
equation (1.3) to the following system:

{ u; = M”M + ug(x, u + V), (1 4)

vi= My +vg(x,u+v),
where (u, v) are the population densities of two species and the dispersal operators are defined by
M =V - (Vu -y uVA), x>0,

and
My :=V.-(Vv—xwVA), x,>0;

while the growth pattern is g(u + v) := (r — u — v)(u — v — 0) and where r is the given resources.
Some numerical results for (1.4) presented in [I 1] demonstrated that two populations cooperate at
low densities and compete at high densities.

To study this phenomenon, we consider the coupled system (1.4) in the following two cases of y
and y»:

(1). x1 =X, X2 = 1, where y > 0 represents the speed of the intra-species;
(i1). x1 = X, X2 = cx, where constant ¢ > 1 implies the inter-species is faster.

In particular, we prove the existence of non-constant steady states for system (1.4) in case (i) and case
(ii), then study their stability properties.

1.1 Allee Effect

The well-accepted definition of Allee effect is the positive relationship between population density and
individual fitness. This effect often occurs under situations involving the survival and reproduction of
animals, such as habitat alteration, mate-finding [ 13, 16], etc.



In terms of the scale, the Allee principle is typically decomposed into the component Allee effect
and the demographic Allee effect. The former emphasizes the relationship between any measurable
component of survival rates and density size [3], while the latter highlights the overall correlation
between them [23]. Many researchers tend to consider macro-population problems, and thereby the
demographic Allee effect is more popular. Some significant concept therein is the critical population
size. When a population threshold exists, the demographic Allee effect is the so-called strong Allee
effect; otherwise it is named the weak Allee effect. In general, when the initial density is below
(above) the critical threshold, the population tends to be extinct (persistent). The critical population
size is called the Allee threshold and the relevant models have been intensively studied, see [25, 31—

].

The most popular and simplest equation used to model the population dynamics subject to the

strong Allee effect is

u, = u(r —u)(u—20),

where r represents the environmental resources and 6 € (0, 1) is the Allee threshold. Here we define
g(u) := (r—u)(u—6) which admits the bistable growth pattern. It can be seen that when the environment
i1s homogeneous, # = 6 and u = r are two constant equilibria. In particular, # = 6 is unstable and u = r
is stable.

1.2 Directed Movement: Taxis and Advection

A taxis is the mechanism by which organisms direct their movements in response to the environmental
stimulus gradient. In terms of stimulus such as wind, light, chemical signal, etc., taxis can be identified
as Anemotaxis, Phototaxis, Chemotaxis and so on. In particular, the effect of taxis on population
dynamics is often interpreted as the conditional dispersal of species [26] and from the viewpoint of
mathematical modelling, the advection term presents a paradigm to model it.

Combining the biased and unbiased dispersal, many reaction-diffusion-advection models have
been proposed in the literature to analyze biological problems involving population dynamics. The
survey paper [9] summarizes a class of such systems and their applications. The conditional dispersal
in general is a benefit for the persistence of a species [2], with the sensible explanation that individuals
can perceive the favorable environmental signals such as the presence of food, and then move towards
the stimulus and finally aggregate.

There have been many previous results for the case where the population dynamics follows a
logistic growth [2, 4, 6, 10, 19]. In particular, Belgacem and Cosner [2] considered the following
reaction-diffusion-advection model:

u; = V- (diVu — yuVA) + uu(A —u), xe€ Q,t>0,
(di\Vu — yuVA) -n =0, xe€eoQ,t>0, (1.5)
u(x,0) = ug(x) > 0, xe€Q,

where the environment is spatially heterogeneous and the boundary acts as a reflecting barrier. They
proved the population tends to be persistent if y is large, which implies that the strong advection effect
is beneficial. Moreover, they shew that there exists some unique non-negative constant j. depending
on y such that when y > i, (1.5) admits a unique positive global attractor. Cosner and Lou [10]
further showed that the effect of the biased movement is not always beneficial and depends crucially
on the shape of the domain, where it was established that non-convex domains can be harmful to the
persistence of the population. (See also interesting related results in Chen and Lou [8].) There are
also many different results when the boundary condition is assumed to be Dirichlet:

ulx,n) =0, xedQ,t>0,



which is the so-called lethal boundary. For instance, a strong drift term may be harmful rather than

helpful [2], and more interesting results were shown in [4, 20]. Similar to the logistic growth, Allee
effects also have rich applications in modelling population dynamics. There are a few references
focused on discussing the models subject to Allee effects [5, 27, 37].

1.3 Ideal Free Distribution Strategy

The ideal free distribution (IFD) was introduced by Fretwell [15] in 1969 to describe how one species
distribute individuals to minimize competition and maximize fitness. The theory states that under the
following assumptions:

(i). Individuals in the species are homogeneous and equally able to access resources;
(i1). Individuals are free to move in the environment;
(iii). Organisms understand how to acquire the largest amount of resources and maximize fitness,

the arrangement of individuals exactly matches the distribution of resources in the environment. In
general, the external resources are supposed to be located at several sites and form various aggregates,
then homogeneous individuals will move towards sites and distribute themselves among these patches
of resources. More specifically, the number of individuals aggregated in each patch is proportional to
the amount of available resources.

The IFD strategy can be modelled by the following equation:

vi=V-(Vv=vVinr)+v(ir—v)(v—16),

where the external resources, modelled by r, are fixed. In this equation, one finds that v = r is
an equilibrium, which implies the distribution of the species is the same as that of resources. In
this article, we study how the strategies including IFD strategy and aggressive strategy, influence the
persistence of species.

1.4 Motivations and Main Results

Cosner and Rodriguez [! 1] combined the free and conditional dispersal to model the movement of
a population with the assumption that its dynamics is governed by the strong Allee Principle. They
proposed (1.3) and studied the existence of equilibrium subject to the lethal boundary and reflecting
barrier. Furthermore, some numerical simulations were presented to illustrate that the biased move-
ment plays a vital role on overcoming a strong Allee effect. The figures in [ 1] show if y is large, i.e.
the advection effect is strong, the population will persist rather than disappear even though the initial
size is below the Allee threshold 6.

To confirm this numerical experimental finding, we perform theoretical studies by considering
system (1.1) and (1.2). Our main goal is to rigorously construct non-constant solutions of (1.2), and
then investigate their stability properties within (1.1). In particular, since we focus in understanding
the influence of the conditional dispersal rate y on the strong Allee effect, we set the remaining
parameters d; and y to one.

An immediate consequence of the no-flux boundary condition is the following integral constraint
satisfied by all classical solutions of (1.2):

f u(l —u)(u—0)dx = 0. (1.6)
Q
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It can be observed from (1.6) that system (1.1) can admit different nontrivial patterns. Indeed, some
formal analysis implies this integral constraint determines the height of each local interior spike. We
suppose A is smooth and radial with only one non-degenerate local maximum point at 0. Then we
expand A as A = A — %|x* + O(|x]), where A, := A(0) is the local maximum of A and a := A,,(0) > 0.
Set U =Uy+ €U, +--- and let y := Eiz, y =%, U(y) := u(x), F(U) := f(u) to obtain the following
leading order equation:

0=V,-(\yUp+aU,-y), yeR",
UO(y) - 0’ as |)’| — 09, (17)
f. FUo)dy = 0.

By solving (1.7), we have
Up = coe 3. (1.8)

Upon Substituting Uy into (1.6), we find ¢, satisfies

f e,—|y|2(c()e—|yl2 — )1 - coe_lylz)dy = 0. (1.9)

By a straightforward calculation, we readily find that (1.9) is equivalent to the following quadratic
algebraic equation:

22¢2 = (1+6)32¢y + 620 =0. (1.10)
It is easy to check that there exists

A A/ TR T Rt

. - € (0,1) (1.11)
32
such that for 6 € (0, 6,), there are two values for ¢( given by
_(1+032+ V6 _(1+0)32 -5
Co1 = S+l > Co2 = 31 > (1.12)

where ¢ := 3"6> +2-3"0 — 4 - 1226 + 3". Thanks to (1.12) and (1.8), the asymptotic profiles of single
interior spikes can be expressed explicitly and are shown in Figure 1.

We would like to point out that when 6 € (6, 1), (1.7) only admits the solution U, = 0 since the
quadratic equation (1.10) does not have any real solution. As a consequence, when 6 € (6;, 1), there
only exists a trivial pattern or the only one non-trivial spatially homogeneous pattern to (1.1) what
we are not interested in. Therefore, we only focus on the case 8 € (0, ;) rather than 6 € [0, 1). The
above formal argument supports our claim that the height of a spike, given by cy, is determined by the
integral constraint (1.6) and given by (1.12). Moreover, our forthcoming rigorous analysis will prove
that this statement holds for not only this special form for A but also for a more general class of A.

Before stating our main results for the pattern formation of (1.1), we discuss the properties of the
signal A. Indeed, it plays the vital role for the formation of nontrivial patterns within (1.1). Numerical
simulations exhibited in [ | | ] show that the non-constant steady states to (1.1) tend to be concentrated
at the local non-degenerate maximum points of A. The formal asymptotic analysis given above also
confirms this fact. Now, we recall the assumptions satisfied by the admissible signal A in [1 1], which
are as follows:

(Al). A € C*(Q) is time independent and spatially heterogeneous;

5
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Figure 1: For a I-D domain with given potential A = 1 — x?, Allee threshold 6 = 0.3 and conditional dispersal rate y = 10, we
show the leading order profiles of single interior spikes defined by (1.8) with ¢y = co1 = 1.1339 (left) and cy = coa = 0.4582
(right). We shall prove that the left single interior spike is stable but the right one is unstable.

(A2). ||AA|| =y < M for some constant M > 0.

Assumption (A1) and (A2) are technical assumptions needed for the analysis. For our analysis below,
we also propose several new hypotheses on A:

(H1). all critical points of A are either local non-degenerate maximum points, or critical points with
AA > 0;

(H2). 2 <0 holds for all x € 9Q.

After supposing A admits exactly k non-degenerate local maximum points xy, - - - , x;, where x,, :=
(xﬁ,l), e x,(ﬁ))T, m = 1,--- k. we have from assumption (A1), (A2) and hypothesis (H1), (H2) that A
can be expanded at x,, as

m

1« . o ,
A=A, - 3 Z (x@ — xin)Th(”)(x(’) — XD+ o(|x = xul),

ij=1

where A,, := A(x,,) and —hﬁ,{ is the i j-th entry of the Hessian matrix of A at x,,. It is necessary to point
out that the Hessian matrix of A at every local non-degenerate maximum point x,, is negative definite.
To simplify our subsequent analysis, one can utilize the rotation transform to write the expansion of
A as

| I .
A=An—3 ; ADED = 29V 4 o(lx = %), (1.13)

where —/:L,(?? < 0 is the i-th eigenvalue of the Hessian matrix of A at X,, and X, X,, are rotated vectors.
We further rewrite (1.13) as the following form
1< @, ()2 2
A:Am—Eth(x —x))" + o(lx — x,/°), (1.14)
i=1
where the notations A\, x? and x' are used to substitute 2\, 29 and £ in (1.14), respectively without
confusing readers.
With the help of the above discussion, now we summarize the first set of our results regarding the

stationary problem in the following theorem:



Theorem 1.1. Under the assumptions (Al)-(A2) and hypotheses (HI)-(H2), for each fixed positive
integer [ satisfying 1 < | < k, we have that there exists y, such that when y > xo, (1.2) admits a
solution having the following form:

k
ug(x; x) = Z cm,)(e_ i=1 + o(1), (1.15)

m=1

where o(1) — 0 uniformly as x — 0, ¢,y = co + 0($)form =1,2,---,land ¢,y = 0(%)]‘0;’
m=1+1,---,k; moreover, cy > 0 is either cy, or cy, defined in (1.12).

Remark 1.1. As is shown in Theorem (1.1), in contrast to many reaction-diffusion-advection models
such as the minimal Keller—Segel model [? ] ] where the single interior spiky solution is unique [7],
(1.2) has a variety of single interior spikes located at each local non-degenerate maximum point of A.

0s ) ) i 0 05 |

(L-1). Potential A (C-1). Single interior spike with ¢ = 1.2 (R-1). Single interior spike with cp = 0.75

(L-2). Potential A (C-2). Single interior spike with ¢ = 1.2 (R-2). Single interior spike with ¢y = 0.75

Figure 2: Top: Given signal A := 2¢ 2 witho = 0.2, the leading order profiles of single spikes defined in Theorem 1.1
presented on the middle and the right with 6 = 0.3 and y = 10. Bottom: Profiles of the signal and single interior spikes with the

(VZn2-0s)’
WV 05)
o

same condition except A := 2e . We find that the shapes of spiky solutions follow those of signals A.

Theorem 1.1 states that there are many single and multiple interior spikes to (1.2), and the asymp-
totic profiles of some one-spike solutions given by (1.15) are shown in the unit ball in 2-D in Figure
2. Moreover, one can find from (1.15) that as y — oo, the “inner regions” will shrink to zero exponen-
tially. It is natural to further study the large time behavior of the nontrivial steady states established
by Theorem 1.1. Our next results are devoted to investigate the linearized eigenvalue problem of (1.1)
around the spiky solutions in (1.15), which are summarized as:

Theorem 1.2. There exists xo such that when y > x, the following alternatives hold:

cor + O(—=) for all 1 < m < |, the steady state uy(x; x) is linearly stable;

(). if Cy )

(ii). if Cpy = Co2 + 0(%) for some m, the steady state uy(x; x) is unstable.

7



Theorem 1.2 shows that single and multiple interior spikes to (1.2) can be stable in some cases.
This is an intriguing phenomenon that is not discovered while studying the reaction-diffusion-advection
systems without the source term such as for the minimal Keller—Segel model. It is well known that the
classical minimal chemotaxis model only admits the linearly stable single boundary spike solution,
and whatever multiple boundary spikes or interior spikes are always unstable. The main reason why
our results are different is that the strong Allee effect term can help stabilize interior spikes in some
cases.

Besides investigating the single equation, Cosner and Rodriguez [ ! 1] also discussed the dynamics
of some coupled systems. We are further motivated by their work and analyze the effect of strategies
on the survival of interacting species. More specifically, we consider the two specific forms of (1.4)
and study the existence and stability of spiky steady states. Our results are summarized as Theorem
1.3 and Theorem 1.4:

Theorem 1.3. Assume all conditions in Theorem 1.1 hold. If x1 = x, x» = 1 and the boundary
condition is no-flux in (1.4), then when y > 1, we have that there only exist two types of steady states
for 6 small, which are

(i). (us,v5) = (0,7(x)) or (0,80r(x)), where 8 := %: 2;’ and 6 € (0, 5);

(ii). (ug,vy) = (u*,0), where u* is given by (4.7).

Moreover, if 6 is independent of x, then (0,r) is stable and (0,[50r) is unstable. In addition, the
Jfollowing alternatives hold for the stability properties of (u*,0):

(i). if Ty = Co1 + O(%)for all 1 < m < I, the solution will be linearly stable;
(ii). if Ty = Cop + 0(%) for some m, the solution will be unstable,

where ¢, are given by (4.6). However, if 0 depends on y and satisfies 6 € (0, &, /x?) with &, defined by
(4.22), (u*,0) will be always unstable.

Theorem 1.4. Assume all conditions in Theorem 1.3 hold except that now x| = x, x2 = ¢y withc > 1.
Then, when y > 1, we have that there exist the steady states (ii*, V") and (it*,V") to (4.2) defined by
(4.24) and (4.25), respectively.

Regarding the stability of the steady states (ii*, V"), we have that if there exists m such that S f,g( =
Cop + 0(\/%?), the spiky solutions will be unstable; otherwise they will be linear stable. However, the

possible steady states (it*, V") defined in Proposition 4.3 are always unstable.

Theorem 1.3 and Theorem 1.4 demonstrate that interacting species who are concentrated at some
patch of resources tend to occupy all resources rather than share with each other. A further interesting
phenomenon is that the species who follows the IFD strategy is likely to be better off in the long term.
This implies that the high speed is not always helpful for survival.

The remaining part of this paper is organized as follows. In section 2, we utilize the finite dimen-
sional Lyapunov-Schmidt reduction method to derive the stationary solutions (1.15) rigorously. Our
argument is divided into four steps. The first one is to construct a good ansatz of u. Next, we study
the linearized problem to establish a priori estimate of the error term. The last two steps concern the
nonlinear projected problem and the reduced problem. In section 3, we perform a theoretical analysis
of linearized eigenvalue problem around (1.15). We next qualitatively study the interaction of com-
peting species modelled by the coupled systems in Section 4. Section 5 is devoted to some numerical
simulations of the pattern formation within (1.1) and (1.4), where the dynamics of single and some
multiple interior spikes are presented.



2 Construction of Interior Spikes

In section 2, we proceed to prove the existence of spiky solutions to system (1.2). The study of
boundary-layer and interior spikes arising from reaction-diffusion systems can be traced back to [24,

, 29]. These pioneering researches have attracted intensive studies in the last two decades, see the
references [17, 18] and therein. For the Lyapunov-Schmidt reduction method, we refer to [34, 35]
and the lecture notes [12]. There are rich applications of this reduction method in various reaction-
diffusion system (see the book [36]). To help readers understand our argument comprehensively, we
shall present our main idea for the selection of the ansatz in the following subsection.

2.1 Approximate Solution of u

Recall the asymptotic form of A:

1 . .
A=Ay -3 Z‘ AO(xD = ¥V 4 o(lx = x?), 2.1
where x,,, m = 1,2,--- , k are non-degenerate local maximum points and h,(q? >(0foranyi=1,---,n.

In addition, when d; = 1, the stationary problem (1.2) can be rewritten as

V - (eXAAnV (e XA Amy)) + pu(l —u)(u—0) =0, x € Q,
—x(A=A,) (22)
V(e *“*my) . n =0, x € 0Q.
Letting y := fiz, y := % and u(x) := U(y), the u-equation in (2.2) becomes
V(£ HY)) 4 urwr =0, veQ. 23)

where Q, := {y € R"|ey € Q}. In light of (2.1), e¥*~4) has the following form near x,,:

n . A .
eX(A_Am) = e_% igll hi:l)X(X(l)_x;’l))z*—O(Xlx_xm‘2)

€2 :

i=

. . . n A (D Dy2 no .
Let the m-th centre of the interior spike be P,, := * and a,,(y) := —3 ARG R = RO (D —
i=1 1

P2 One can rewrite ¥4 to obtain
XA = @O 4 o(|y[Pe™ ). (2.4)
Substituting (2.4) into (2.3), we find
v, - [(e”’”@) + o(lylzea’”(y)))vy[(e_”’”(y) + 0(|y|2e“’”(y)))U]] +uetf(U)=0, yeQ, (2.5)
The limiting equation of (2.5) becomes the following equation
V, - (e"VV (e "PU) =0, yeR" (2.6)
We can see that there exists a non-constant solution U,,(y) = ¢,,e™® to system (2.6), where c,, > 0

is constant. Note that our argument holds for every non-degenerate local maximum point x,,. So it is
natural to consider the linear combination of U,, as the approximate solution to (1.2). To achieve our
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idea, we shall extract all local regions that only includes one of x,, from €, then truncate U, in every
region and linearly combine them eventually.

Under the hypothesis (H1), we first have the fact that there exist exactly k mutually disjoint Q,, :=
{x € QAA < ¢} such that x,, € Q,,. Next, the following cut-off functions n,, € C;°(€2) are introduced:

1, xeq,,
=00, x€Q\By,(0),
where Q,, C Bg, (0) and Bg, (0) are mutually disjoint. Now, we give the ansatz of u which has the

following form:

k
o= cpet @, 2.7)

m=1

where c¢,, > 0 need to be determined. Define uy(x) := Uy(y) and ¢(y) := U(y) — Up(y). Next we
discuss the property of the error term ¢(y) in the following subsection.

2.2 Linearized Projected Problem

After deriving the approximate solution of u, we are going to establish and analyze the linearized
problem satisfied by ¢ in order to prove its existence rigorously. It is necessary to introduce the
following Hilbert space:

1
H(Q) = {U € HA(Q,) (VyU - gUVyA) ‘n=0on aQE}.

Then, define
1
S(U) =V, - (V,U - ZUV,A) + E€£(U) (2.8)
€
for U € HIZV* (Q¢). We have the fact that solving (1.2) is equivalent to find the solution of
S«U) =0, YU € Hy, (Q).
The linearized operator of (2.8) is defined by
1
Ld@) =V, - (V,0 - gqﬁVyA). (2.9)
We denote Z,, form =1,--- ,k as

1 & D) ply2
_Ly O _p
2 igl m (} m) — eam(y)

Zn=ce (2.10)
Before stating that Z,, are the approximate kernels of L., one needs to analyze the property of the
operator L.(¢) near every x,, for € small. In fact, define y,, := % and

L6”(¢) = Vym * (eam(ym)vym(e_“n1(y”1)¢))’

then we have the following classification result on the kernel of L{j(¢):
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Proposition 2.1. For eachm = 1,2, --- ,k, the bounded solution to the following problem

{ e HARD, < Ot @1
is unique and given by (2.10), where o > 0 is a small constant.
Proof. Define ¢(y,,) := e "0 ¢ The ¢p—equation becomes

V- (e"V$) =0, 18] = o(1) at oo. (2.12)

Define ¢, and 7 as

O, A 1, ym € BR(O)’
o, d 7= { 0, ¥ € R"\Bx(0),

S o
RSSRSHY

NV

‘$+:{

where R > 0 is a constant. For any N > 0, multiply (2.12) by (¢,)"#?, then integrate it over R” to get

b
b

0= [ V@ Th@ T == [ @) V@ T
which implies
0=- fR VG- V(@) dym — fR (V) () VT )y
moreover, since the support of 77 is Boz(0), one has
f eV - V()P dym = - f (€ VP) - ($) VA )Y
Bar(0) R”

By using integration by parts, we can obtain

N+1

4N f NN 1 A Nl )
(@0 )y = f BV - (V)
N+ 12 Jp.0 * N+1Jg0
Therefore,
A N+1(12 A a ~
f e |V(($)'F ) dyn < C f 3.1V IV - (e Vi), (2.13)
Bar(0) Bar(0)

where C > 0 is some large constant. In light of || = o(1) and satisfies
k;sl S Cle_am(}’m)e_o'ly”zlz’

for small o0 > 0 and some constant C; > 0, one finds from (2.13) that there exists some constant
C, > 0 such that

f eam
Bar(0)

where o and N can be chosen small enough. Thus, we have $, = Cs for y,, € R", where C; > 0
is a constant. It is similar to multiply (2.12) by ¢_#* to obtain ¢_ = C, for some constant C; > 0.
Therefore, we prove there exists a unique bounded solution to (2.11) for each m. O

Vym(@;l)%)rd)’m < C2(2R)"(6_Na’”(ym)|ym:2R)€_‘T(N+D(2R)2 —>0asR — o,
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Proposition 2.1 implies that when € is small, the linear combination of Z,,, m = 1,2, - - - , k defined
by (2.10) consists of the kernel space to L.(¢). Now, we establish the linearized projected problem
satisfied by ¢:

k
Le(¢) = Vy : (Vy¢ - 61_2¢VyA) =8- Z dmZm’ yE€ QE’
m=1 (2.14)
Jo, #Zudy =0, m=12- .k

¢ € Hy (Qo).

Given o € (0, 1), consider the *-norm

k

(1) g0

m=1

llgll.. = sup
YEQ,

b

then we shall estimate ¢ and prove its existence, and the result is summarized as the following propo-
sition:

Proposition 2.2. Assume g € L*(Q,) and ||gl|. is bounded. Then there exist positive constant o €
(0, 1), € and C such that for any € € (0, &), (2.14) admits the unique solution (¢, {d,,}). Moreover, ¢
satisfies the following a priori estimate:

llgll. < Cligll.. (2.15)

Proof. We divide our proof into two steps. First of all, one estimates the error term ¢ with the as-
sumption that (¢, {d,,}) exists. Then we show the well-posedness of system (2.14) including existence
and uniqueness by invoking Fredholm alternative theorem.

Step A-a priori estimates:
To this end, we define Q,, = {y € QJAA < €26} and #,, which has the following form:

. 1, yeQ,,
=00, yeQ\Bg, (P

where Q,, C By, (P,,) for some constant R, > 0 depending on €. Then, multiply the ¢-equation in
(2.14) by 1,, and integrate it over ) to find

f (Le(¢) - g)ﬁmdy = _dmf Zmﬁmdy - Zdjf Zlﬁmdy (216)
Q. Q,

JjEm Q.
We simplify the left hand side to obtain

fg E V- (Vo - équA)]ﬁmdy - f

Q.

gindy = fﬂ V- (¢"OV(eg) )y fg gimdy,

€

which, after we apply the integration by parts, becomes

1
f |V (V¢ — <¢VA) [fdy - f gimdy = — f (e V(e $)) - Vijudy — f ghmdy,
Q. € Q. Q Q

€ €

= f ¢Aﬁm + ¢Vam ' Vﬁmdy - f gﬁmdy’
BR”",g(Plﬂ)

Q.

12



where the last equality holds since the support of #,, is Bg _(P,,). Hence, we have from (2.16) that

m,e

LR;;1,6(P771) gdy a BRm,e(PW)\Qme (¢Anm + ¢Vam ‘ Vnm)dy + ];m dJ LRm,e(Pm) Zjdy

dpy = . 2.17
7 (2.17)

fBRm,E (Pm)

In addition, when j # m, we find that
1 ih(f)(y(i)_P(f))Z T
f Zdy = f e iE 7 dy < Cem2TPnPit (2.18)
BRye(Pm) BRy,e(Pm)

where & > 0 is small and C > 0 is a constant. Since |P,, — P;| = 0(%) for m # j, one can conclude
from (2.17) and (2.18) that

_lsp _p.
ldl < Cillgll. + €Callgll. + C Y ldjle™ 3P (2.19)
JEmM
With the help of (2.19), we now discuss the estimates on the “inner” and “outer” region of every P,,,
m=12---,k.
First of all, we study the property of ¢ in the outer region Q.\ U* _, Br(P,,) ‘where R is a large

A

constant independent of €. To this end, we construct the barrier function w = jie”*>&, where i > 0 will
be chosen later, o, > 0 is a constant and

k
A= (A= Ay = C(1 =)= (1= ).
m=1
It is straightforward to verify that when € is small,

1
Low =Y, - (Vyw _ ?WV},A)
o _ _
:w[—ZZIVyAIZ _ U_;V},A VA + 0 AVA — AyA] + O(ez)w.
€ €

Now, we claim that there exists a constant C > 0 such that L.w < —Cw holds in Q.\ U,, Bg(P,,) for
small e. Indeed, if y € ©,,_ for some m, then there exists some constant C, > 0 such that [y — P, | > C,,
which implies

1
Y, (Vo = 5w9,4) = w o - DIV,AP + (2 - DAA| < ~Cow,
€ €

where C; > 0 is a constant; if y ¢ Q,, forallm = 1,2,--- ,k, then we have AA > ¢ > 0. It follows
that

T O iy iy
W ZIVAP = 9,4 V,4 + 000 A - AyA] < —Cyw,

where C4 > 0 is a constant. We collect the above arguments and hence finish the proof of our claim.
We further define ¢, := ¢ — Cw for a large constant C > 0 and obtain from the claim that

1
Le(¢l) = Vy : (Vy¢l - ZQSIV)}A) >0,

13



where y € Q.\ U,’; _; Br(P,,). In addition, due to the hypothesis (H2), we have that the boundary
condition of ¢, satisfies

Ot — %a,,A = C’gVyA -n < 0ondQ,,
where C > 0 is a constant. Moreover, one lets £ = sup,,_; .. ¢ 1llz=se,on0.) + 18l + St 1dil - 1Z,ll.
and applies the maximum principle to % to get ¢; < O pointwisely on Q.\ U; _; Br(Pp). As a
consequence, ¢ < Cw on Q\ UK _ | Br(P,,). Similarly, we can show —¢ < Cw. Combining the above
two estimates, we have |¢| < Cw for some constant C > 0 on Q.\ Ufn _1 Br(Py,).
We are going to prove (2.15) via the contradiction argument. Assume that there exist a sequence
€, — 0 such that the corresponding sequence ¢, and g, satisfy

”gn”* - 07 ||¢n||* = 1.

Moreover, one obtains from (2.19) that d — 0 forany m = 1,2,--- ,k as n — co. Noting that ||¢,]|.
and ||g|. are bounded, we conclude ¢, € C'7(Bg(P,,)) thanks to the standard elliptic estimate. On the
other hand, note that ¢, satisfies the following equation:

k
1 1 ;
Mgy = 5Vibu VA = S0AA = g, - ; ' Z.

Hence, |A¢,| < C; for some constant C; > 0. It follows that we can extract a sub-sequence Gn; = Poo
as j — oo such that the limit ¢, is a solution of the following equation:

Yy, - (€m0, (0. )) =0, y, € R,
fngbemdy:O, m=1,2,--- .k,

where y,, = =*. Moreover, by invoking Proposition 2.1, we can show ¢, € span{Z;,Z,,-- ,Z;} and
satisfies the orthogonality condition, which imply ¢e, = 0 in U _ Br(P,,).

We next estimate ¢, in the outer region €.\ U’r‘n . Bgr(P,,). To this end, we first find f1, — 0 as
n — oo since ||g,ll«, d}, and ||¢, || ~(B4p, N0, Vanish for any m = 1,2,--- k. Moreover, noting that
there exists Cg > 0 such that |¢,| < Csw, in Q.\ U* _| Bg(P,,), we conclude from fi, — 0 that ¢, — 0
in Q/\ Uﬁlzl Br(P,,).

In summary, [|¢,]l. — 0 in Q. as n — oo, which reaches the contradiction with ||¢,|l. = 1,
Vn =1,2,---. This completes the proof of (2.15).

Step B-Existence of ¢:

Let
X={peHy(Q): f $Zudy =0, m=1,2,--- k}.
Q.
Then the ¢-equation in (2.14) can be rewritten as

¢+ B(@) =% in X, (2.20)

where g is defined by duality and B : X — X is a linear compact operator. With the aid of Fredholm
alternative theorem, it suffices to show that (2.20) admits the unique solution for § = 0 so as to
obtain the existence. This statement follows from the discussion in Step A. Therefore, we conclude
Proposition 2.2 holds. O

Proposition 2.2 implies that there exists an invertible operator A such that ¢ = A(g) and
A, < Cligll.,

where C is a positive constant. Now, we are well-prepared to solve the nonlinear equation satisfied
by ¢.

14



2.3 Nonlinear Projected Problem

In this subsection, the contraction mapping theorem will be employed to show the existence of the
solution ¢ to the following nonlinear projected problem:

L(®) + E+N@) = - 3, duZn,
m=1 (221)

|, $Zudy =0, form=1,--- ,k,
¢ € Hy, (Q),
where E is the error of the approximate solution U, and N(¢) is the nonlinear term, which are defined
by
1
E=V,. (va0 - —ZUOV},A) and N() = ue*f(U). (2.22)
€

In light of Proposition 2.2, the ¢-equation in (2.21) can be rewritten as

¢ =T(p) = —AE + N(9)),

where A is an invertible operator. To prove the existence, it is equivalent to showing that ¢ is a fixed
point of the operator 7. We restrict ¢ into the following Hilbert space:

Hi=[p € 1,00 110l < Ce. [ oz, =0}
Q.
where C > 0 is a large constant. We use the contraction mapping theorem to derive the results which

are summarized as the following proposition.

Proposition 2.3. There exist o3 € (0, 1), € > 0 and large constant C > 0 such that for all € € (0, &,
the following estimates hold:

IE|l, < Ce and |IN(@)Il. < C€. (2.23)
Moreover, (2.21) admits a unique solution ¢ which satisfies
llgll. < Ce. (2.24)

Proof. We first compute the approximate error E defined by (2.22). Since the ansatz of u satisfies
(2.7), we have

k
I )
v, - (vym Us - UOVymA) = YV, (@MY, ) (2.25)

m=1

t
Il

k
) A A _ 2
Cm[eam(}m)e-va . Vymnm + e“m()’rn)Aymnm] — 0(1)62 e BimlYml ,

1 m=1

Ngllingls

3
I

where h,, > 0 are constants. Then, we calculate N(¢) to obtain that

N($) = pe’ f(U) =u€’ f(Uo) + p’ f'(Uo)¢ + o(p)e”
=pe*Up(1 — Ug)(Uy — 6) + o(€”)
=ue* (Ui — U; — U, + 0U3) + o(€%)

k

—0(1)é? Z bl (2.26)

m=1
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We obtain that (2.23) follows from (2.25) and (2.26).
For the operator T, one first shows that it is a mapping from H — . Indeed, for any ¢ € H,

1T (@l <CillE + N(P)|l.
<Ci(Ells + IN(P)I].)
<C,(e + 62) < Cze,

for some constants Cy, C,, C; > 0. As a consequence, T (¢) maps into itself. Moreover, we have

T (1) — T($)ll. <C4lIN(¢1) — N()]s
<Csllue’ f'(Up) (g1 = ¢l + Csll€ (@1 — $o)ll.
<Cs€llpy — pall. = o(Dll¢p — ¢all..,

where Cy, Cs, C > 0 are large constants. It follows that T is a contraction mapping from H into H.
By the contraction mapping theorem we infer that there exists a fixed point ¢ which is a solution to
(2.21) in ‘H and satisfies (2.24). O

2.4 Reduced Problem

After proving the existence of ¢, we solve the reduced problem d,, = O for any m = 1,2,--- ,k by
adjusting the coefficients c,,,. Recall that U is the solution of the following equation:

k
1
v, (VyU - zUVyA) S ufU) == dZo, (2.27)

m=1

where y € Q.. Testing (2.27) against 7,, and integrating it over €., then we find

f [Le(Uo + ¢) + E + N(Uo + §)findy = _dmf Znflmdy. (2.28)
o

Q.

On the one hand, since E satisfies (2.23), we obtain fQ Ef,dy = O(1)e; on the other hand, ¢ is
determined by the integral constraint (1.9). Therefore, we have from (2.28) that d,, satisfies

dy = Cmy + O(1)e,
where &,,, := €, — Co. It follows that ¢&,,, = O(e) = O(\/i)?) form=1,2,--- ,k.
Combining the results obtained in Subsection 2.1-2.4, we then conclude the proof of Theorem

1.1. This theorem establishes nontrivial localized steady states to (1.1). To further investigate their
qualitative properties, we shall focus on the associated eigenvalue problem of (1.1).

3 Eigenvalue Estimates and Stability Analysis

In this section, we will investigate the local linear stability of the interior spike u; defined in Theorem
1.1. To this end, we linearize (1.1) around u, and choose the solution u in the following form:

u(x, 1) = ug + gey(x),
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where ¢ is a small perturbation and & = 0. The linearized problem becomes

{ L W) =V - (di Vi = xVAY) + pf (uy = W, x € Q,

(d\ Vi — xVAY) -n = 0, x € 0Q. (3.1

Since we concentrate on the effect of y on the dynamics, in the sequel, other parameters ¢, and ¢ can
be setas u = d; = 1. As is shown in [1 1], the function ¢ defined by i := ey plays an important
role in our analysis. It is straightforward to show that i satisfies

L) = V- (V) + fu)e™) = e, xeQ
¥ -0 x € 0Q.

on —

(3.2)

We consider iy € Y where Y is given by
Y =y € H(Q) : 8f/on = 0 on 0Q)}.
In addition, the associated weighted inner product of Y is defined as
<disyi= [ VD Vo b,
Q

and the norm is defined by

11y == \/f e A[|VP P + [ ]dx.
Q

We plan to perform a priori estimate of A so as to prove A is bounded. To achieve our goal, we
multiply the /-equation in (3.2) by ¢ and integrate it over Q to find

- f VI dx + f f(ug)e|g*dx = A f APdx,
Q Q Q
which implies

w<c f SNV Pdx + C, f e f ()i P, (33)
Q Q

where C; > 0 is a constant. Since f(u) € C* with respect to u, one has from (3.3) that there exist
constants C,, Cz > 0 such that
1] < Gallylly < Cs,

where ¢y € Y. With the boundedness of 1, we are able to focus on the formulation of the eigenvalue
problem satisfied by < A4,y >.

3.1 Formulation of the Eigenvalue Problem

Problem (3.1) can be simplified through a change of variable and the stretched variable can be defined

as y = =. To be more general, we assume that in the sequel, u;, is a generic function satisfying the

€’

following transform:
us(x) = Us(y)’ U\()’) = UO(y) + ¢(}’),
where Uy(y) and ¢(y) have the following properties:

-1 3 WGP ;
Uo(y) = ) cmee "= . e < Mee™,

m=1
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where constant M > 0 and & € (0, 1) independent of € and y. Moreover, the old steady states and
eigen-pairs (x, uy(x), A, ¥(x)) are equivalent to the new ones given by (y, Us(y), u, ¥(y)) via the fol-
lowing transforms:

X=ey, VyeQ oy=2 VreQ, ux) = Us(f) & Uyy) = us(ey);
€ €

and
1=E opu=1 wo-= ‘P(E) o W(y) = w(ey).

€2

Therefore, (3.1) is equivalent to the following scaled eigenvalue problem:

{ LW) =V, (V¥ — LVAP) + Ef(UYY = p¥, yeQ, a4)

(V¥ - £V,A¥)-n=0, y € 0Q,.

Similarly, it is useful to analyze the property of ¥ defined by ¥ := ¢ 2W. The equation for ¥ is
shown as

Lo¥) =V, (e2V,9) + Ef (UYed ¥ = pe2 W, yeQ.
Let ¥ € Y with Y being given by
Y ={¥ e H'(Q.): 0¥/dn = 0 0n Q).
Define the weighted inner product and norm as
< ¥ >yim f AV, ¥ V,b + Pbdy
Qe

and

~ A ~ ~
I¥lly = \/f e[|V, + [P ]dy.
Qe

Then we have the following properties of the operator L

Lemma 3.1. Assume that U, is generic. Then the operator LinYis self-adjoint. And the following
conclusions hold for the eigen-pairs {u, P (y)):

(i). all eigenvalues are real and eigenvectors corresponding to different eigenvalues are perpendic-
ular to each other;

(ii). {{w;, ‘i’,-)};’il consist of a complete set of eigen-pairs, and p, > up > - -+, which satisfy

ZcYdimZ=i yez

~ [o, (eF19,¥P)dy + € [, f/(Ue?1¥Pdy }

Wi = max min{ T
Jo e 1Py

Proof. By using the integration by parts, one has for any ® and ¥ in ¥,

TN _f

(e2v, ¥ v,d)dy + & f F(UYeePddy =< 2V, & >y,
Q. Qe

which implies .ZZ is self-adjoint. The conclusions (i) and (ii) follow from the standard results of
self-adjoint operators. O
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3.2 Spectrum Analysis

After formulating the eigenvalue problems and stating the characterization of eigen-pairs < u, ¥(y) >,
our focus is then on the study of the spectrum of the operator .7, defined by (3.4). To this end, some
results obtained from the previous Lyapunov-Schmidt reduction procedure need to be stated. First of
all, define the approximate kernel set as

K, :=span{Z&lm = 1,- -+ ,k} € Hy.(Qo),

and C. as the approximate cokernel set. Then K and C; are denoted as the orthogonal sets of K, and
C.. It is necessary to next set m. p and ﬂé p to be the projection of L*(Q,) onto C, and C, respectively.
Our argument in Section 2 can be summarized as that there exists a unique solution ¢ such that

nroS(Uyg+¢)=0,

where ¢ € K and S, is defined by (2.8). The results involving with a priori estimate of ¢ in
Proposition 2.2 are stated as:

Proposition 3.1. Let L, := nr o L, where L, is given by (2.9), then there exist positive constants €,
and C such that for all € € (0, &), the solution ¢ to (2.14) satisfies

¢l < ClILell..
where ¢ € K.

Furthermore, the results for the nonlinear projected problem of ¢ stated in Proposition 2.3 are
rewritten and shown in the following proposition:

Proposition 3.2. There exists a positive constant €, such that for all € € (0, €], (2.21) admits the
unique solution ¢ € K- satisfying S (Uy + ¢) € C. such that

ligll. < Ce.

The next step is to give the asymptotics satisfied by eigen-pairs < u, ¥ > via Proposition 3.1 and
3.2. Our results are summarized as follows:

Proposition 3.3. Let < u,¥Y > be the solutions to (3.4), then there exists € > 0 such that for all
€€ (O»EO], i = 1529“' ’k’

i = €aoh’(cip) + O(1)€, (3.5)

where ay := ——— and cio is either cq defined by (1.12) or 0. Furthermore,

- fRn e b gy

k
Wi = > [ely +o(D)]Z, +o(1),

m=1

@

where €0

are non-negative constants but not identically zero. As a consequence,
Ai = agh'(cip) + O()e.
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_A
Proof. Note that A is bounded, then we can choose sub-sequences €,, ¥, := ¢ ¥, such that €, — 0,
Y, - ¥,and ¥, — Y¥,. Moreover, Y, near every centre of the interior spike defined by P,, satisfies

L) =V, - (ewomy, W) =0, y, eR", 3.6
Ve H'®Y, ¥y = O(D)e o '
where y, = == and &, € (0, 1). According to Proposition 2.1, system (3.6) admits the unique

solution ‘i’g’ = C, where C > 0 is a constant, which implies ¥7' = Ce“"O). As a consequence, ¥, has
the following form:

k k
lPO = Z em\ljgl = Z emZm,
m=1 m=1
where e,, > 0 are constants form = 1,2, --- , k and Z,, are approximate kernels of L. with Z,, = efmOm)

1A= . . .
We would like to point out that Z,, is an approximation of Z{, defined by e A=A which is the solution
of

1
v, (Vyz,; - —ZvyAz,;) =0, yn€R"
€
Now, we take the ansatz of ¥, the eigen-funcion of the operator .Z,, as
k
W= encZs,
m=1

where e, . > 0 are constants. Thus ¥ can be decomposed as
Y=Y+ V.,

where W L K, and ||¥}||. = o(1). Recall .. is given in (3.4), then by straightforward calculation,
we have

k
1
Z‘P = Z em,e|:vy : (V)Z/; - ZV)AZ;) + GZfI(US)ZrEn]

m=1

1
‘v, (qufj - —ZVyA‘I’j) + EF (U
€
k
=L+ Ef (U =~ FUNL+ ) enc€f(UNZ,,
m=1

k
= Z € den I8 + € APE.

m=1
In light of Proposition 3.1 and the boundedness of A, the following estimate holds:

k

D enl f WU,

m=1

¥l <CllELf'(Uy) — f (UYL + C

*

k
<Ci€ ) lemd (3.7)
m=1
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where C and C, are positive constants. (3.7) implies W} can be neglected and ¥ satisfies

Y = Zk: emeZy + O(1)€ Zk: lemel-
m=1

m=1

Since we have the fact that
Z¢ = Z,, + O(1ee 7" for small 65 > 0,

Y has the following form:
k k
Y= Z em,eZm + O(I)GZ |em,e|-
m=1

m=1
Now, the estimates of eigen-functions have been completed. We obtain that there exists k eigen-pairs
<u;,¥;>i=1,2,---,ksuch that \¥; satisfies

k k
. ) .
\Pi:§ e Zs + O(1)e E lety) |
m=1 m=1

k k
= > [e + o(D]Z, + O(1)e ) lel ] (3.8)

m=1 m=1

We next analyze the asymptotic behavior of the corresponding eigenvalues y;, then derive the property
of A; := €*u;. To begin with, leti = 1,2, --- , k be arbitrary but fixed, then we test the Y-equation in
(3.4) against 7j; and integrate it over ). to obtain

I

1 1 . , . N
2, (Vy‘Pi - gVyA\Pi)Vynidy + fg fWU)¥Yifdy = 4, fg Wifjidy. (3.9)
Our next aim is to estimate /;, which we define y; = y — P;, becomes
1 1
IL=— (V. = SV,A%)9, i (3.10)
€

2
€ Iy, 0\By, 50)

where 6 > 0 is small and R;. = R;/€ with a large constant R;. Since ¥; = O(I)Eize"A’ﬁ'R"/f'2 for
some small constant 66 > 0 on dBg, (0), one obtains from (3.10) that there exists 67 > 0 such that
I, = O(1)e Rl Moreover,

k
f FU)Piidy =e; f FWUZidy + O ) leld] f (U idy
Q. BR; (P m=1 Qe

e (U )ZERidy, 311
Yvens [ FWIZihdy @3.11)

ey i (P)

A Ny, |Xm—X;

‘2
where the last term has the order satisfying O(e_ T2 ) with small &g > 0. Thus, by applying
Uy + @)= f'(Uy)+ f"(Upy)p to (3.11), one has

k
f F Uiy =, f S U Zeidy + e f 1 USZeidy + O Y 1l
Q. Bg; (Pi) Bg,; (Pi) m=1

k
.. f £ (U Ziudy + O(De Y 1l
B, (Pi)

m=1
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where we use the fact that ||¢||. = O(€) due to Proposition 3.2. Similarly, the right hand side of (3.9)
can be written as

/lif Wif)dy = /liei,ef Zhidy + O(1)€ Z |€(l)
Q. B, (Pi)

where f ) Z£f)idy is finite due to the boundedness of fQ Z:dy. In conclusion, (3.9) can be simpli-
fied as
e | pozidy=den [ Ziidy+ 0 Y60 (3.12)
Bg; (Pi) Bg, (P m=1

It is easy to see that e; . # 0 since the definition of eigen-functions. Now, it is left to discuss Ig) defined
by

Iy = f F/(U)ZERidy.
Br. (P))

Recall that

=5 LOGPY +0()elyl , L
7€ = pF 2(A Am) — o 5 "= emOm) 4 O(1)ee Golyml

m

for some small 69 > 0, and

k k
UO — Z Cm’oeam(ym) + O(E) Z ea))z(YIn),
m=1 m=1
where ¢, 0 :=coform =1,--- ;land ¢;,p :=O0form =1+ 1,--- ,k, then one has

. Ny ,|Xm 1‘
I;l) :f F(cio0e“OM)e O hdy + 0(1)e™” T Z |e(’) |+ O0()e
Bg, .(P)

Fleioe)e0dy + f [ (eioe)e™ iydy - f [ (cipe?)e™ ™ dy
R Br(P) 7
min,, ,|Xm X,
+O(e 2 Z €]+ O(1)e

f £ (cioe®©)e 0 dy + 0(1)62 |e(’)
Denote h(¢) as

h(é) = €25 + 33 (1 + 6)¢ - 620,
then we have h(c; ) = jl‘v f(cipe“©?)dy. Furthermore, I, % becomes

I = (cio) + 0(1)62 e, ].

Now, (3.12) can be rewritten as

A = aph’(cip) + 0(1)62 lel) | = ol (cip) + O(De, (3.13)
where a : m = 772 is a positive constant and i = 1,2, --- ,k. Combine (3.8) and (3.13), then
our proof is finished. O
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We have established the bounded eigenvalue estimates of the operator .Z, in Proposition 3.3. Our
next goal is to study the local linearized stability of interior spikes given by (1.15) via these estimates.

3.3 Stability Analysis

It is well known that the stability properties are determined by the signs of the principal eigenvalues.
On the other hand, the asymptotics (3.5) indicate that the signs depend on the height of every bump
defined by cy. Therefore, there are several cases for the stability properties in terms of ¢y, which are
summarized as:

Proposition 3.4. Assume all conditions in Theorem 1.1 hold, then the steady states given by (1.15)
satisfy the following alternatives:

(i). when c,, are either cy; or O forany m = 1,--- |k, steady states (1.15) are linear stable;
(ii). when there exists some m such that c,,o = cop, steady states (1.15) are unstable;

Proof. According to Proposition 3.3, we have for any i = 1, - - - , k, 4; satisfies
Ai = aph'(cip) + O()e, (3.14)
where ap = 772 and h is given by
h(E) = €[-27€% + 37(1 + 6)¢ — 6206)].

Before proving this proposition, we state some properties satisfied by 4. First of all, 4#(£) admits
three distinct zeros denoted by 0, ¢y, and ¢, since 6 is assumed to satisfy 6 € (0, 8;) where 6, is given
by (1.11). Next, we have the facts that 4’ at O and c; are negative but at ¢y, are positive. We shall
prove the statements in case (i) and case (ii), respectively.

In case (i), one supposes that ¢;o = co; or ¢;o = 0 forany i = 1,--- , k. Noting that (3.14) and the
properties of A, one finds A; < O for small €. In other words, the principal eigenvalues of the operator
%, are negative. Therefore, when € < 1, steady states (1.15) are linear stable.

In case (i1), we claim that there exists some eigen-pair < ., ‘¥, > within (3.4) such that u, > 0 for
sufficiently small €. Indeed, with the help of Proposition 3.3, one can choose i = m such that

k
Z [ + 0(1)]Z; + o(1),

J=1

) —

where e(m O(1) and e(m) = o(1) for j # m. Moreover, the corresponding p,, satisfies

U = €2l (o) + O(1)E.

According to the properties satisfied by s, we have h’(c,, o) > 0. This conclusion in conjunction with
(3.5) implies u,, > 0 when € is sufficiently small. Now, we indeed show that when € < 1, there exists
the eigen-function ¥, := ¥,, with some coeflicient e(m) O(1) such that the associated eigenvalue p,
satisfies u, > 0, which is our claim.

Due to the definition of A., one further obtains that A, > 0 now that € is sufficiently small. As a
consequence, steady states (1.15) are unstable. O

Remark 3.1. When € is small, the k linear independent eigen-functions V;, i = 1,2, -- , k defined in
(m)

b (13
is “nearl
J )],m,jﬁk Y

Proposition 3.3 are approximate orthogonal, and thereby the coefficient matrix (

diagonal”.
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Proposition 3.4 implies that when € < 1, (1.1) admits many stable and unstable interior spikes. In
particular, the existence of bumps with the small positive heights will cause steady states to become
unstable. We would like to mention that the alternatives in Proposition 3.4 also hold for sufficiently
large y since € = \/L)?, which immediately finishes the proof of Theorem 1.2. Figure 3, 5, 7 and 8
support our theoretical results in Theorem 1.2.

One can observe from our analysis that the source f(u) plays the key role in stabilizing interior
spikes for (1.1). Indeed, the lack of source term in other reaction-advection-diffusion systems such
as the minimal Keller—Segel models typically leads to the instability of multi-spike solutions. For the
results of the minimal Keller—Segel models, we refer readers to [22].

The single equation served as a paradigm to model the evolution of the single species admits
some interesting patterns. However, more interesting phenomena are discovered while studying the
interaction effects among multiple species.

4 Population Competition Models

To investigate the coexistence of two interacting species, we shall consider several specific forms of
(1.4). First of all, we denote u and v as the densities of intra- and inter-species, then suppose y; = .,
X2 = 1in (1.4) to obtain

u; = V- (Vu—xuVA) + ug(x,u +v), xeQ, >0,
v, =V - (Vv—vVA) +vg(x,u +v), xeQ,t>0,
Onlt — YUORA = 0pv — VOL,A = 0, x€o0Q,t>0,
u(x,0) = up(x) = 0,v(x,0) = vp(x) 20, x€Q,

4.1

where the inter-species is defensive and follows the IFD strategy, whereas the intra-species is ag-
gressive with the higher speed. We are interested at the existence of steady states to (4.1) and their
dynamics. In particular, we focus on the effect of IFD strategy on the stability of steady states.

We next set y; = y and y, = cy in (1.4) to get

u; = V- (Vu—xuVA) + ug(x,u +v), xeQ,t>0,
v, = V- (Vv —cyvVA) +vg(x,u +v), xeQ, >0,
Onlt — YUORA = 0yv — cxVO,A = 0, xe€eoQ,t>0,
u(x,0) = ug(x) > 0,v(x,0) = vp(x) 20, x€Q,

(4.2)

where ¢ > 1 is a constant. The system (4.2) can be used to describe the interaction between two
aggressive species and we will also focus on the concentration phenomena within (4.2) and its dy-
namics.

4.1 1IFD Strategy Versus Aggressive Strategy

One of our central problems in Section 4 is the effect of IFD on the survival of species. To investigate
it, we first consider the stationary problem of (4.1) over the heterogeneous environment, which is

0=V.-(Vu—-yuVA) +ug(x,u+v), xeQ,
0=V-(Vv—vWA)+vg(x,u+v), xeQ, 4.3)
Onlt — YUORA = 0pv — VO,A =0, x € 0Q),

where the spatial region Q c R", n > 1 is a bounded domain with smooth boundary dQ. Here
x measures the speed of the aggressive species and the signal A reflects the variations of directed
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dispersal magnitude. Recall the growth pattern g is
gx,u+v)y=u+v-0)(r—-—u-v),

where r = r(x) is the fixed external resources. Since the inter-species is supposed to take the IFD
strategy, the v-equation in (4.3) should admit the solution v = r. To achieve this, we choose A as
A = Inr. Therefore, we obtain (0, r(x)) is a non-constant steady state to (4.3). This equilibrium
represents the inter-species and it eventually wins and occupies all resources. In contrast, the intra-
species is extinct in the long-term.

4.1.1 Existence of Non-constant Steady States

In this section, we construct other non-trivial steady states and our results are summarized as follows:

Proposition 4.1. Assume y > 1, then for 0 sufficiently small, we have (4.3) only admits the two types
of spiky solutions, which are

(i). (ug,vy) = (0, r(x)) or (0,B6r(x)), where 3 : lordx and 6 € (0, é),

= fQ rdx

(ii). (us,vs) = (u*,0), where u* is given by (4.7).

Proof. We have the fact that (0, 7(x)) is a non-trivial solution of (4.3). To find other steady states, we
first let v = 0 in (4.3), then the system are simplified into the following form:

Onlt — Yuo,A = 0, X € 092, “4)

{ 0=V-(Vu—-yuVA) + ug(u), xeQ,
where g(u) = (u — 6)(r — u). Noting that A,, is the m-th non-degenerate maximum of A, we define
Gy, := ', 6 :=3"¢* + (2 - 3"a@,, — 4 - 122a,,)d + 3"@> and

3% oA _ni3%
91 =y 32 € (0’ am)7

then we obtain by Theorem 1.1 that for 8 € (0, 8,), there exists a non-constant solution u* to (4.4) with
the leading order term is

k
g = > Enyet N, (4.5)

m=1

where ¢, 1= Co + 0(‘/%?) and ¢ is either ¢y or ¢, which are given by

3%(a, + 0) + Vo,

2%+1

o 3%(6_1," + 9) - \/6_1

o2 - 2%+1

(4.6)

Col .=
Therefore, thanks to Theorem 1.1, for each fixed integer 1 < [ < k, the solution u* has the following

form:

(@) 571'))2

k _ls Ry x (X=X,
W) = Y Enge H T o), .7)



where o(1) — 0 uniformly as y — 0, Guy = & + O() form = 1,2,-++ .l and &y, = O(<f) for
m=I1+1,--- k.
Similarly, we assume u = 0 and let v = Cr with C > 0 in the v-equation of (4.3) to obtain that
/'2 X . .« .
for 6 € (0, };), v = 0r(x), where 8 := lprd . Hence, we proved that (4.3) admits the other non-trivial

fg r3dx
solution (0, 56r).
To study the coexistence of steady states, we proceed to further analyze the balancing conditions.
If v = r, we claim that for 6 € (0, a,,), (4.3) does not admit the u-solution with the height is O(1). To
this end, we focus on the following integral constraint satisfied by u:

fu(r—u—v)(u+v—9)dx:—fuz(r+u—9)dx:0. 4.8)
Q

Q

The ansatz of u is similar as in (4.5), which is
k
Up = Z Em,)(eX(A_AM)nm’ (4.9)
m=1

where ¢,,, = ¢ + 0(‘/%?). Upon Substituting (4.9) into (4.8), we find that ¢, satisfies

& f e Mdy + a,, f ey — ¢ f e dy = 0. (4.10)
n n Rl‘l

Since 6 € (0, a,,), it follows that (4.10) does not admit any positive root ¢,. This finishes our claim.
Therefore, when v = r, there is the only one steady state (0, r) to (4.1) for 6 € (0, a,,).

We further claim that there does not exist 8° > 0 such that for 8 € (0, %), (4.3) admits the positive
solution (u,v). If not, we denote (u},v;) as the steady states to (4.1), then we have the following
balancing conditions:

|, uwir = s = vt + vi = O)dx = 0,
j" ' MO (4.11)
o Vs(r — ug — v (ug +vi — 6)dx = 0.
- : : : LB )
Similarly, we consider the leading order term of uj is uy = Coe "= and v} has the form of
v; = Cr, where C is a constant needs to be determined. We substitute them into (4.11) to obtain

1-0) , "' [ .
(—)Conf efyzj%lylzdy + — f(Cr - 6)(1 - C)rdx
T ot Ja, an Ja

~2 N~ — —_
oS f e‘zlﬂz_xl'y'zdy - —Cc()am f e_lylzdy + —HCO f e"y'zdy =0. (4.12)
Q Q X i hi Ja

VI hix x H?:lhi/\/% =11l Y

Letting y — oo, one further has

DIS
=
>

[SIE

f (Cr-0)1-C)*dx =0,
Q

which implies C = 6 if C # 1. We substitute C = 6 into (4.12) again to conclude that &, =
22[1 — (@, + 1)C + 6], which indicates &, — 22 as § — 0*. Similarly, we calculate from the second
equation in (4.11) that

2283 - 32¢0[(1 - 20)a,, + 6] + 6(1 — BO)(1 — B)a,,6° = 0.

In this way, we find ¢y — (%)%am as 0 — 0%, which reaches the contradiction. This shows that one can
not find any 6" > 0 such that for all 6 € (0, 6"), (4.11) admits positive solution (&, C). This completes
the proof of our claim. Proposition 4.1 follows from summarizing our above arguments. O

After showing the existence of steady states in Theorem 1.3, we shall discuss their local dynamics.
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4.1.2 Linearized Eigenvalue Problem and Stability Analysis
To analyze the stability of steady states given in Proposition 4.1, we assume
u(x, 1) = uy(x) + geV'(x),  v(x,1) = vy(x) + g Y (x),

where (u, v) is defined as the solution of (4.1). Upon substituting this into (4.1), we obtain the follow-
ing linearized eigenvalue problem

/1‘10 =V. (V(,O _XQDVA) + usgul(uﬁvs)"p + usgvl(uﬁvs)w + gl(uﬁv,)‘p’ X € Q,
/hﬁ =V. (VW - lﬁVA) + vsgv|(ux+vs)w + ngul(uﬁvs)so + gl(uﬁvs)wa X € Qa (413)
On® — YPOnA = Opy — W0,A =0, x € 0Q.

By analyzing (4.13) around steady states defined in Theorem 1.3, we obtain the following proposition:

Proposition 4.2. Assume all conditions in Proposition 4.1 hold. When y > 1, we have if 8 € (0, é)
independent of x, the steady states (0, r) and (0, 560r) are linear stable and unstable, respectively, in
addition, there exist the following alternatives satisfied by (u*,0):

(i). if Cmy = Co1 + O(VL)?)for all 1 <m <1, (u*,0) will be linearly stable;
(ii). if Ty = Cop + O(%)for some m, (u*,0) will be unstable.

However, if 6 depends on y and satisfies 0 € (O, %), where & is given by (4.22), then (u*,0) will be
X

always unstable.

Proof. After considering (uy, vs) = (0, r(x)), (4.13) becomes

Ap =V - (Vo — xpVA), xeQ,
A=V -(Vy—yVA) +r@-r)e+¢), xeQ, (4.14)
On® — XPOnA = Opy — W0,A = 0, x € 0Q.

We integrate the p-equation in (4.14), then obtain from A4 # O that fgcpdx = 0. Furthermore, it
follows from the same argument in Section 3 that A is bounded. Then, we define y = %, r(x) = #(y),
@(x) = @(y) and Y(x) = ¥(y) to get (4.14) has the following form:

EAb =V, (V,0 - LDV A), yeQ.,
EAY =V, - (V¥ - PV A) +Er@-r(d+¥), yeQ, (4.15)
Ony — E%cpanA = OhY — YO0LA = 0, x € 0Q.

Since A is bounded, we have from Proposition 3.3 that @ = Cze_e%A +o(l)and ¥ = C3e™* +0(1) for €

small, where C,, C; > 0 are constants. Thanks to fQ @dx = 0, one finds from @ = Cye 24 4 o(1) that
C, = 0, which implies @ = 0 is a solution to the @-equation in (4.15). Let @ = 0 in the ¥-equation

of (4.15) and integrate it to get
/lf Vdy = f 0 —-7)Pdy.
Q. Q.

By noting that ¥ = C57 + o(1), we further have
0 fQ r’dx — fQ rdx
- fg rdx
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which indicates that A < O for € small due to 6 € (0, }3). Thus, the steady state (0, r(x)) is linear stable.
Concerning the steady sate (0, 50r(x)), the linearized problem (4.13) becomes

Ap =V - (Vo —xoVA) + 0(Br — 1)(1 — BO)re, x € Q,
A=V -(Vy—yVA)+r@—r)(e+y)+0Br—1)1-p0ry, xeQ, (4.16)
Onp — YpOhA = Oy — YO,A = 0, x € 0Q.

Similarly, define y = 2, r(x) = #(y), ¢(x) = &(y), then we have from Proposition 3.3 that there exist
constants ef;?,o such that

D, = [e(i) +o(D)Z,+o(l), i=1,2,--- k.

m,0

M~

1

3
I

Integrate the ¢p—equation in (4.16) to obtain

/l,-f ®;dy = 6(1 —,80)f (B7 — 1)Fd;dy. (4.17)
Q. Qc
Since the coefficient matrix (ejm))1< - is “nearly diagonal”, we substitute @; into (4.17) to get

<m,j<

A = 12a,0(1 — BO)Y(B — 1) + O(e),

which implies when € sufficiently small, 4; > O forany i = 1,2,--- ,k since 8 € (0, é). This proves
that steady state (0, 56r) is unstable.

We next discuss the stability of the steady state (#*,0) defined in Theorem 1.3. Note that the
associated linearized problem is

Ay =V - (VY — yVA) + g(x, u )y, x€Q, (4.18)

Ap =V - (Vo — xoVA) +uig,(x, uy)p + g, (x, Uy + g(x, uy)p, x €L,
Onp — YPOhA = Oy — Y0,A = 0, x € 0Q.

Then we have from Proposition 3.3 that there exists ; = Cr + o(1) which satisfies the y-equation of
(4.18), where C > 0 needs to be determined. Substitute it into the y-equation and integrate over €2 to
obtain

/llerdx+0Cfr2dx+0(1)
Q Q

k
nC !
=ZE—(—E%,mam f e dy + 8 it f e dy + 6o f e"y'zdy)- (4.19)
.t Q. Q Q.

}"2 X
When 6 is fixed and independent of €, if C # 0, one finds 4; — —fo rjx < Qase — 0. As a
r2 X . Q . . .
f}‘ rjx for € small. Otherwise, we suppose C = 0 which indicates that y = O is a
Q

solution to the y-equation. Moreover, the ¢-equation in (4.18) becomes

consequence, A; ~ —60

Ap =V - (Vo — xoVA) + 1 8,(x, u)p + g(x, uy)p.
We analyze this single equation and conclude from Proposition 3.3 that fori = 2,--- ,k + 1,

k

gi= ) ey + o)z + (D),

m=1
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where z,,(x) := Z,(y) and ei?o are non-negative constants but not identically zero; furthermore,
A =K (€0) + O(De,
where ¢; 1s 0, ¢y, or ¢op; while his given by
h(€) = &é[— + 32 (@ + 0)Co — 6260a,].

According to Proposition 3.4, when forany i = 2,--- ,k+ 1, ¢; are either ¢y; or 0, all eigenvalues are
strictly negative for € small; if there exists some i such that ¢; = ¢, the corresponding eigenvalues
satisfy A4; > 0. Combining the fact that 1; < O for € small, one can show the stability properties of
(u*,0).

Focusing on the case that 6 depends on y, we claim that there exists some &} such that when

0 € (0,g]€"), the steady state (u*,0) are unstable. To prove our claim, we suppose ¢ = &;€" and
substitute it into (4.19) to obtain

"/llofrdx—z nta,

zll

%
( c0m2 +c0mam) Z sle”Eoc'lm—alfrzdx, (4.20)
V 11 i Q

where A 1s defined as the leading term of A4;. Our goal is to find all &, such that 1,y > O for € small.
To achieve it, we conclude from (4.20) that it is equivalent to verify

1 1
~C02 7t + Co — &1 L r’dx >0, (4.21)

n
2

where ¢ = (3)?and @; = We define C, := -5 — Ji, PPdx and h(¢) = —522‘% +E—Cyel,

I
Zin=1 \/ﬂ
then (4.21) is equivalent to h(co ) > 0. Since we have the fact that when &, € (0, 2
roots &7 and & of h(¢) = 0 given by

e 22 there exist two

I e R
&= o1-4 &=

where 8, := 1 —2273C,¢,, our desired conclusion is equivalent to find all &; such that £ > €y ., which
is

4
n/2 n n
2-3" <2+ 2741 - 2/281C4
By straightforward calculation, we obtain that when &, € (0,&]), 490 > 0 for € small, where &7 is

defined by
2n/2 L4 — 2n/2(2 . 3n/2 _ 2n)2

1= 4.22
£ e , (4.22)
which completes the proof of our claim. One can summarize the above arguments to show that
Proposition 4.2 holds. O

Theorem 1.3 follows from Proposition 4.1 and Proposition 4.2. On the one hand, we have from
Theorem 1.3 that the aggressive species can not coexist with the defensive one. On the other hand,
Theorem 1.3 illustrates that the species who follows the aggressive strategy and the IFD strategy is
likely to be better off in a long run. It is worthy mentioning that when Allee threshold is small but
independent of y, the final pattern formations really depend on the initial resources what each species
possesses. In particular, the species who starts with the more resources will persist and the other will
be eliminated. Whereas we can observe that in some situations, the aggressive species will be extinct
in the long term no matter how many resources it initially has. When Allee threshold is sufficiently
small and depends on y, the aggressive species is always extinct in the long term. This demonstrates
that the IFD strategy can be probably better in this case.
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4.2 Aggressive Strategies and Allee Effect

In this section, we focus on the existence and dynamics of spiky steady states to system (4.2). From
the viewpoint of biological background, (4.2) indicates that two species both take the aggressive
strategy and the inter-species is the more aggressive. Similarly, we first investigate the following
stationary problem of (4.2):

0=V-(Vu—-xuVA) +ug(x,u+v), xeQ,
0=V -(Vv—-—cyvVA) +vg(x,u+v), xeQ, (4.23)
Onlt — YUOZA = 0V — cYVO A = 0, x € 0Q,

where ¢ > 1 is a constant, y reflects the speed of the species and A is the signal; while the growth
pattern g is given by
gx,u+v)y=w+v-0)(1 —-u-v).

To construct non-constant solutions to (4.2), we first consider the simpler cases, which are u; = 0 or
vy = 0 in every local region, next analyze the coexistence of spiky steady states.

4.2.1 Existence of Non-constant Steady States

Our results are summarized as follows:

Proposition 4.3. Assume y > 1 and 6 € (0,6,) with 6, given in (1.11), then for each 1 < | < k,
system (4.23) admits the spiky solutions (i1*, V") which has the following form:

L§ A (2 0] ()2
—w o l 1y ~2 X hmxCe—xm) | k -3 ¥ Gl .
0 = Bl St B o SRR
m=1° my ¢ 5 HD(x—rDY? Vx ) Hm=l+ N VX (4.24)
- . _ 1 [ 2 = m “m k (2) -2 £ m “Am L
V*(Xa/\/) = 0(7/?) Zm:] e =l + Zm=l+1 Sm,,\/e 1 + 0( \/)?),

where S\, = co + O(<) with ¢y defined in (1.12) for i = 1,2.
Moreover, for each 1 < 1,1, < k, there coexist many possible non-constant solutions (it} V) to
(4.23), which are

1 g g0 ()2
N . k (1 -2 Z hm)((x_xm) .
B )x) = Doy Sye " +o(1);

¢ 3 ()2
-2 2 hm)((x_xm)
+o(1),

4.25)
(xx) = Xk Se

where fori =1,2,8,), = S} + O() form = 1,2,--- ;and §},), = O() form =l +1,--- k. In
particular, S and S are determined by (4.27).

Proof. We first assume that either S§,), ~ 0(%) or S ~ O(VL)?) in the neighborhood of every m-

th non-degenerate maximum point. Thanks to Theorem 1.1, we have for y large, there exists the
non-constant solution (iz*, v*) to (4.23), which satisfies (4.24).
Next, we focus on the coexistence of steady states in the local bump. It suffices to consider the

following balancing conditions:

{ o € (S1€70F + S5 — )1 = 5167 = S0 )y = 0, (4.26)

Jow €S 1670 4+ S,e7F — )(1 = S 17 — §re7DF)dy = 0.

30



By straightforward calculation, (4.26) can be simplified as:

1(51,82) =0,
4.27
{12(51,52)20, (4.27)

where I, and I, are defined by
I = =328 —2(c+2)28,S, - Qe+ 1)7282+272(1+0)S + (c+ D) 2(1 +6)S, - 0
and
L= —(c+2)7587 = 2Q2c+ 1)728518, = Be) IS5+ (c + D21 +6)S | + (2) 2(1 +6)S, - ¢726.
By using §, to express S 1, we have from 7;(S1,5,) =0 that S| = g,(S,) or S = 22(S,), where

)P0 +0) - 2()8,+35 VA,

81(S2) 1= : :
331 +6)-2()2S, - 35 VA
82(S2) = (3)° +6) (c2+2) 2 \/_1 ws)
and A, is given by
Ai(S2) =[275(1+60) = 2(c+2)28,1* =4 -372[2c+ 1)7283 = (c+ D72 (1 + 6)S 5 + 6]
1 \? 1 y By
--4(—) - (Hz)n]sg +4(1+ 0B +3)F - Qe+ 4741,
+ 2—n62 - (4 . 3_% _ 21—’1)0 + 2
Similarly, one finds from 15(S,S,) = 0 that §; = g3(S,) or S| = g4(S>), where
(5,2 ED U0 =25+ (c+ 91V,
83W2) = 5 :
84(82) = (G ) (ZC;) 2= ( ) \/_2 29)

and A, is defined as

Ax(S2) =[(c+ D721 +6) = 2(2c + 1)72851* =4 - (c +2)"2[(3¢) 283 — (2¢) 2 (1 + 6)S 5 + ¢ 26]

oL e § o
- 4[(362+6c) (2c+1)”]S2 41 +0)(c+ D72Q2c+ 172 = (20) 2 (e +2)721S,

+(c+ D1 +6)* = 4(c* +2c)726.

To find the positive solution (S7,S3) of the algebraic system (4.27), it is equivalent to prove there
exists S such that one of the following statements holds:

(1). 81(S3) = g3(S3); (). g1(S3) = gu(S3);
(iii). g2(S3) = g3(53); (). g2(S3) = ga(S7). (4.30)

We only discuss case (i) and others can be similarly analyzed. It is necessary to first study the proper-
ties of g; and g3;. We claim g;(S,) is a decreasing function with respect to S,. Indeed, we have from
(4.28) that
d 3\ 3%A
81 _ _( )z + L
ds, c+2 4A,
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where
Al = =88,[(6c+3) 2 —(c+2) " —4(1 +D[2c+4)2 —(Bc+3)2] <0

due to ¢ > 1, and thereby g}(S») < 0, which proves our claim. Similarly, we obtain from (4.29) that
g3 1s decreasing. Note that

£100) = (%)g(l +6)+32 \/2—"(1 +6)2—4.3710,

and

8:(0) = (Z:—?);U +£0)+(c+2)F yJ(c+ D7(1L+ 07 - 4- (2 +20) %0,

then we have g;(0) = 2(%)E > 2(5%%)j ~ g3(0) for 8 small in light of ¢ > 1, which implies there exists

6 such that g,(0) > g3(0) for all & € (0,6*). Assume ¢ — 1 is small, then we expand A; and A, to
obtain

Al =—41+0)(c—1)2722.327 18, 4+ 27" — (4-372 =20+ 27" + O((c - 1)?),
and

A =—41+0)(c—1)2732.337 138, + 27> —(4-377 =219 4 27"
—(c—= D27 "n(1 + 0% +8(c — D372 'ho + O((c — 1)?).

We define
Br:=27"0 —(4-372 —2I"Mp 427"

and further expand VA, and VA, to get

VA = \B; - \/Lﬁ_(l +0)(c— 12737375108, + O((c - 1)), (4.31)
2

and

VA, =+Bs - L\/F(l +0)(c—1)27271 . 37571y,
2

1 4 n
— ——(c—-1D27"2n(1 + 0*—=(c — D327 'no + O((c — 1)?). (4.32)
VB VB
Substitute (4.31) and (4.32) into g; and g3 to obtain
1 n
83(S2) —81(82) = (c = 1’37 n(n +2)S3 +y(O)(c — 1) + O((c — DY), (4.33)
2vB2 ?

where

n n % 2 %_1

y(0) 1= —2737335 (1 + 0) — 3—2—"-2;1(1 +0? + ——nf + VB3 0,
2vB2 3vB: 4

since g,(0) > g3(0) for @ small. In light of y(8) — 0 as § — 0, #53’%’%(11 +2)>0andc > 1,

we have it is possible to adjust € in (4.33) such that there exists S ,,,,, Which satisfies g3(S 2ax) —
81(S2max) > 0. By the existence theorem of zeros, we obtain there exists S3 such that g3 = g;.
Therefore, we have there exists some ¢* such that when ¢ € (1, ¢"), (4.27) admits the positive solution
(87,87) satisfying g3 = g;. This finishes the proof of the coexistence of non-constant solutions and
Proposition 4.3. O

32



4.2.2 Study of Linearized Eigenvalue Problem

We proceed to discuss the stability of steady states given in Proposition 4.3. The linearized eigenvalue
problem of (4.2) around the spiky solutions (uy, vy) is:

/l@ = V : (Vg_e _XSEYA) + usgul(L‘s+Vs)¢j_ usg‘)|(ux+vs)lp + gl(us"'vs)()b’_ X € Q’
/hﬂ =V. (V'ﬁ - CX%VA) +_ngv|(ux+vs)l// + ngul(u5+vx)¢ + gl(ux+v5)w9 X € Q5 (434)
On@ — XPORA = Oy — cx0,A =0, x € 0Q.

By studying the signs of eigenvalues in (4.34), we establish the following proposition:

Proposition 4.4. Assume all statements in Proposition 4.3 hold. If there exists m such that S, (1) =
cop + O( \/)?) orS ,(n;( cor + O( \/)?)’ then we have the steady states (*, V") given in Proposition 4.3 are

unstable; otherwise they are stable. Furthermore, there exist ¢* and 6* such that for ¢ € (1,c*) and
6 € (0,8"), the other steady states (ir*, 9*) are always unstable.

Proof. To study the stability of (#*, v*), without loss of generality, we assume v* ~ O in the cut-off
region £, containing x,,. Since we have the fact that

gux,u+v)=1+0-2w+v), gux,u+v)=gxu+v),

k=K

then the linearized eigenvalue problem of steady states (", v*) becomes

{ A =V - (Vg — x@VA) + ii*(1 + 6 — 2")@ + ' (1 + 0 — 20" )W + g(x, )@, x € Q,,

A =V - (Vi — cxdVA) + g(x, i), veq, 43

It is similar as the proof in Proposition 4.2, we have the eigen-vector ¢ = 0 in Q, for y large. We next
simplify the ¢-equation in (4.35) to get

A =V - (V@ — y@VA) + ii"(1 + 6 — 2°)@ + g(x, i), x € Q. (4.36)

By applying the same argument in Section 3 to (4.36), we can determine the signs of eigenvalues
correspond to the local cut-off regions, which imply the stability properties of (iz*, v*) stated in Propo-
sition 4.4.

The rest proof is devoted to the stability analysis of the steady states (", 9*). Thanks to Propo-
sition 3.3, we have for y large, the eigen-vectors (¢, 1)) satisfy ¢ ~ C,,e™X Zi=i i @O=25 and VS
C3 e X Zizi i (0= in the cut-off region containing x,,, where C,,, and Cs,, are positive constants.
We substitute them into (4.34) and integrate the g-equation and the Y-equation over the cut-off region
Q, to obtain

4.37
CZmIQ vgul(u+v*)u d-x+C3me Vgul(u+v)v dx =21 C’J’mfg ( )

We have from (4.37) that the signs of eigenvalues A4,, are determined by the following matrices:

{ CZmL i gu|(u +v)u dX+C3mJ;2 i gul(u +* )V "dx = A C2mfg

B [ fQ i gul(u *P* )Lt “dx jg; i gul(u *p* )V “dx

fQ D Gl o it*dx fQ D Gular+om P dx

In particular, if the matrix B,, has a positive eigenvalue, then we have the corresponding A4,, satisfies
A > 0, which implies the instability of (&, D). We next analyze the properties satisfied by the matrix
B,,. On the one hand, we define y = == to obtain that for y large,

(By)11 = f 0 gulrvonyit’dx ~ D1ST[(1 + 6)272 = 283372 = 2852+ ¢) 2], (4.38)
Q

n
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(B2 = By = f D gular +om it dx

Q,

~ S1S3DA[(1 +6)(c+ 1)72 =285 (c+2)72 = 285(2c + 1)72], (4.39)

and

(Bp)ao = f D Gulae s dx = S3TDs[(1 + 6)(2¢) ™2 = 287 (2c + 1)72 = 285(3¢) 2], (4.40)

7

where Dy, D,, D3 > 0 are constants. On the other hand, one utilizes the same arguments in Section 3
to obtain that

ol

By = ——
( )1,1 (951

ol ol
. (Bw)ia = Byt = a—l and (B,)y, = — : (4.41)
(51.83) Salsiss) 082 1(s7.53)

The signs of 4,, can be determined by the traces and determinants of B,,, which are

Tr(Bm) = (Bm)l,l + (Bm)2,2- Det(Bm) = (Bm)l,l : (Bm)2,2 - ((Bm)l,2)2-

(4.41) implies Tr(B,,) and Det(B,,) can be rewritten as

o6 (S1,S ohnL(S4,S
Tr(B,) = 1(81,52) N 2(51,52)
St lsisy 82  lsisy
and
2
Det(Bm):all(Sl’SZ) CO0D(S1,S2) _(511(51,52) ) '
81 lsisy Sy lsisy Sy lsisy

Thanks to Proposition 4.3, we have the fact that for some m, (§7,S7) are determined by one of four
cases in (4.30). When one of case (ii), case (iii) and case (iv) in (4.30) holds, we claim that the
corresponding steady states (i1*,?*) are unstable. We only exhibit the proof for case (ii) and the
arguments are the same in other two cases. Since (S7,S3) is determined by g(S2) = g4(S2), we
have from the same arugment in Proposition 4.2 that %‘I| sisn) < 0 and %22| e 0, which implies
Det(B,,) < 0 and whereby we can show the matrix B,, adrﬁitg one positive eilgeznvalue. This finishes
the proof of our claim.

Now, we would like to analyze the stability of (&, 9*) when case (i) holds. First of all, it follows

from g,(S;) = g3(§) that gTI]l (515 t%l(ST,S;) < 0, which implies Tr(B,,) < 0. To investigate the sign
of Det(B,,), we calculate by using (4.38), (4.39) and (4.40) to get
1 1 1 1
Det(B,,) :4( __ )STz n 45’;5;[ __ : ]
(6c+3)2 (c+2) 9o)2  [2+0)Q2c+1)]2
1 1 2
+ 2 - non n + n n (1 + H)Sik
62c2 (4c+2)2 (c+2)2(c+1)2
1 1 1 1
+4 _ - S;2+( _ - )(1+9)2
(6c +3c2): Qe+ 1)y (4c)2  (c+ 1)y

2 1

+21+95* 7 7 n n  _n n
( )2(20+1)7(c+1)7 ci(4+20)% 65ch

] = I,(S7,S3). (4.42)
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Define

1 1 1 1
e 4(((: +2) (6 +3)} ) “= 4[[(2 +o)Rc+ DIF - 90T

1 1 2
aS = 2|: n n + n - n n (1 + 0)
62¢2 (4c+2)2 (c+2)2(c+1)2
and
1 1 2 1 1
ay =4 - | as=2(1+60)| - 1 Tt r o
2c+1)"  (6¢ + 3c?)2 Qc+ D2(c+1)2  c2(4+2c)2 62¢2
1 1
= - —|(1 + 6,
e ((c 1y (4c)2)( )

to rewrite (4.42) as
L(ST,80) = =18t — 28185 — asST — auS3 — asS — a.

We claim that Det(B,,) = I3(S7,S3) < 0. To prove this, we solve I3(S,S>) = 0 to obtain

—(aS, + - VA —(apS, + + VA
S, = (@282 + @3) \/_3 S, = (@282 + @3) \/_3 (4.43)
2a, 2a
where Aj is defined by
Az = (a% - 4a/1a4)S§ + 2(apa3 — 2a105)S , + a% —4daas.
Moreover, we expand «; at ¢ = 1 to obtain
2n 4n
0= 5= 1’ + 0= 1)@= —gs(c =1 + 0 = 1))
n(n + 26)
O = e D*(1+6) + O((c - 1)); (4.44)
and
2n n(n + 26)
4= —3m(e I+ 0= 1), a5 = (146 p7— (1 +6)(c = D+ 0(c - DY),
s = — 2f+3 (c— D*(1 +6)* + O((c - 1)). (4.45)

Furthermore, VAj; can be expanded as

VA; = Ja? — daya + O((c — 1)) = NC+mO0Em o ey s Oe— 1), (446)

2g+3 . 3%+2

Substitute (4.44), (4.45) and (4.46) into (4.43) to obtain

S =27"7.3226+n)(1+60)-S;+2772-32Jn+2)50+n)(1 +0) + O(c — 1),  (4.47)

Similarly, we expand S at ¢ = 1 to obtain

St =272"1.32(1+6)-S;+27".32 \/2—n92 —(4-375=2"19 + 27" + O((c - 1)).
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Assume that 6 is small, S can be further expanded as
St =272.32(1+6) - 220+ OF) + O(c - 1). (4.48)

Since for any n € N*,

27838 <2758 .3826 +m) + 277 - 3 \J(n + 2)(50 + n),

we have from (4.47) and (4.48) that there exist ¢* and 6* such that for ¢ € (1,¢*) and 6 € (0, "),
§1 < 811, which implies I3(S7,53) < 0. This finishes our claim and hence we obtain (&, V") is
unstable. Now, we completes the proof of Proposition 4.4.

O

By combining Proposition 4.3 and Proposition 4.4, we have Theorem 1.4 holds. This theorem in-
dicates that there does not coexist any positive stable non-trivial pattern in every local region contain-
ing the non-degenerate maximum point of A, and the biological explanation is interacting aggressive
species can not coexist in every local bump.

5 Numerical Studies and Discusion

In this section, several set of numerical simulations are presented to illustrate and highlight our theo-
retical analysis. We apply the finite element method in FLEXPDE7 [14] to system (1.1) with the error
is 107, Besides supporting our theoretical results, our numerical simulations show that system (1.1)
admits rich spatial-temporal dynamics.

Figure 3 and Figure 4 exhibit the pattern formation within system (1.1) when A has only one
local non-degenerate maximum point. These figures illustrate that the single interior spike given by
(1.15) with the height is ¢y, is linearly stable. Similarly, Figure 5 shows that the single interior spike
defined in (1.15) with the other positive height is unstable and some small perturbation will cause the
time-dependent solutions to (1.1) move away from it.

We next present the stability of multi-interior spikes defined in (1.15) when signal A admits two
local non-degenerate maximum points. Before that, the asymptotic profiles of them are shown in
Figure 6. Similar to the single interior spike, our numerical result shown in Figure 7 indicates that
those multiple spiky solutions whose every bump has the larger height are local linearly stable. In
contrast, once one of their bumps admits the smaller height, the stationary solutions will become
unstable, as shown in Figure 8.

Figure 9 and Figure 10 exhibit the large time behavior of solutions to (4.1) and (4.2), respectively.
From the viewpoint of population ecology, the numerical results shown in Figure 9 can be interpreted
that the conservative species will be better off in the long run when the Allee threshold is small. This
phenomenon is counter-intuitive since one might believe that the higher speed benefits the persistence
of a species, so that an aggressive species is more likely to survive. Our result demonstrates that
aggressive strategy is not always optimal and that an IFD strategy is preferable for species persistence
in some cases. A further qualitative result shown in Figure 10 is that competitive species does not like
to coexist and, instead, prefer to occupy all resources by themselves. Our interpretation of this result
is that aggressive species do not want to share any resources with each other.

5.1 Discussion

We have used the reduction method to construct and study the linear stability of localized solutions to
the single species models (1.1) and competition models (1.4) in the limit of an asymptotically large
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Figure 3: Dynamics of system (1.1) in a 1-D domain for different speeds y with signal A = \/%6’25"2, Allee threshold 6 = 0.3

and initial data up(x) = 1.1 + 0.001 cos(4nx), where the unit of time is second. We would like to mention that as ¢ increases, the
solutions tend to be stable and finally converge to interior spikes and the solutions at t = 500 can represent steady states of (1.1).
This figure also shows that the “inner” region of steady states will shrink as y — oo, but the height keeps a constant 1.1339.

speed y > 1. Our main contribution has been the rigorous analysis of the existence of localized
patterns and their stability properties. Under the technical assumptions (A1), (A2) and (H1), (H2),
we shew that (1.1) admits many localized solutions when the potential A has multiple maximum
points. In particular, there are two possible heights for every local bump. Regarding the stability
properties, we proved that once some local bump has the small height, the spike will be unstable. We
next focused on the analysis of the population model (1.4). On the one hand, we proved the non-
coexistence of intra-species and inter-species who follow the aggressive strategy and IFD strategy,
respectively. Moreover, we found that when the Allee threshold 6 = O(1), the species who follows
the aggressive strategy will persist in the long run; while 6 = O(XL%), the aggressive strategy will lead
to the extinction of species in some cases. On the other hand, with the assumption that two species

both follow the aggressive strategy, we shew that even though the localized patterns might coexist in
local bumps, they are unstable and the more aggressive species will persist in the long term.

We would like to mention that there are also some open problems that deserve future explorations.
While discussing the existence of interior spike steady states, we impose some technical assumptions
on A; for instance, we assume that A has k non-degenerate maximum points. Whether or not these

37



u(x,t) u(x,t)
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1
6725[()(712)2+077]2, initial data uy = 3 + cos(2x +

Figure 4: Dynamics of problem (1.1) in a 2-D rectangle with potential A = %
1) cos(2y + 1), Allee threshold 6 = 0.3 and conditional dispersal rate y = 20. We can see that (1.1) admits the local stable interior

spikes in the rectangular area.

5t Jt
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0.5 A 1 05F 1
0 . . hJ . \; . . . . 0 . n . . . . . .
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X X

Figure 5: 6 = 0.3 and y = 10. Left: the solution of system (1.1) in 1-D at t = 0, 0.009, 1 and 460s with initial data uy(x) =

0.46¢5% 4 0,01 cos(2x); Right: the solution of system (1.1) in 1-D with initial data ug(x) = 0.46¢=5% 4 0,001 cos(2x). We
have u(x, t) at t = 460 can represent the steady state to (1.1) and it is shown that the single interior spike with the smaller height
is unstable and converges to either the steady state with the larger height or zero in a long term.
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Figure 6: For a 1-D domain, we have four types of interior spikes constructed in Theorem 1.1 with the height of each bump

is either co1 = 1.1339 or cpy = 0.4582 when potential A = ‘/5?6’25("0'5)2 + %me’zs(’”o‘s)z, Allee threshold 6 = 0.3 and

conditional dispersal rate y = 10. We find that (1.1) admits a variety of interior spikes when A has more than 1 local maximum
points.

assumptions can be removed remains an open problem. Besides the stable interior spikes, we believe
that (1.1) also admits the stable boundary spikes, and the rigorous analysis needs to be established.
Regarding the population system (1.4), we only study the influence of large advection on the popu-
lation evolution of interacting species. The effect of small diffusion d; is apparently another delicate
problem that deserves probing in the future.
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