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ABSTRACT. We consider the problem of constructing solutions to the fractional Yamabe problem that
are singular at a given smooth sub-manifold, for which we establish the classical gluing method of
Mazzeo and Pacard ([63]) for the scalar curvature in the fractional setting. This proof is based on the
analysis of the model linearized operator, which amounts to the study of a fractional order ODE, and
thus our main contribution here is the development of new methods coming from conformal geometry
and scattering theory for the study of non-local ODEs. Note, however, that no traditional phase-plane
analysis is available here. Instead, first, we provide a rigorous construction of radial fast-decaying
solutions by a blow-up argument and a bifurcation method. Second, we use conformal geometry to
rewrite this non-local ODE, giving a hint of what a non-local phase-plane analysis should be. Third,
for the linear theory, we use complex analysis and some non-Euclidean harmonic analysis to examine
a fractional Schrédinger equation with a Hardy type critical potential. We construct its Green’s
function, deduce Fredholm properties, and analyze its asymptotics at the singular points in the spirit
of Frobenius method. Surprisingly enough, a fractional linear ODE may still have a two-dimensional
kernel as in the second order case.

AMS subject classification: 35J61, 35R11, 53A30

1. INTRODUCTION
We construct singular solutions to the following non-local semilinear problem
(1.1) (—Agn)’u=uP in R", u >0,
for v € (0,1), n > 2, where the fractional Laplacian is defined by

u(z) —u(z) —nj202, T (5 +7)
1.2 —Apn)u(z) = kyPV. | =204z for kn. =7 /222
(1.2) (—Apn)"u(z) Y on |z — 2"t Z, dor =T I'(l—7) v
Equation (1.1) for the critical power p = Zirgz corresponds to the fractional Yamabe problem in

conformal geometry, which asks to find a constant fractional curvature metric in a given conformal
class (see [49, 50, 40, 58, 60]). In particular, for v = 1 the fractional curvature coincides with the scalar
curvature modulo a multiplicative constant, so (1.1) reduces to the classical Yamabe problem. However,
classical methods for local equations do not generally work here and one needs to develop new ideas.

Non-local equations have attracted a great deal of interest in the community since they are of
central importance in many fields, from the points of view of both pure analysis and applied modeling.
By the substantial effort made in the past decade by many authors, we have learned that non-local
elliptic equations do enjoy good PDE properties such as uniqueness, regularity and maximum principle.
However, not so much is known when it comes to the study of an integro-differential equation such as
(1.1) from an ODE perspective since most of the ODE theory relies on local properties and phase-plane
analysis; our first achievement is the development of a suitable theory for the fractional order ODE
(1.6), that arises when studying radial singular solutions to (1.1).

On the one hand, we construct singular radial solutions for (1.1) directly with a completely different
argument. On the other hand, using ideas from conformal geometry and scattering theory we replace
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phase-plane analysis by a global study to obtain that solutions of the nonlocal ODE (1.6) do have
a behavior similar in spirit to a classical second-order autonomous ODE, and initiate the study of a
non-local phase portrait. In particular, we show that a linear non-local ODE has a two-dimensional
kernel. This is surprising since this non-local ODE has an infinite number of indicial roots at the origin
and at infinity, which is very different from the local case where the solution to a homogeneous linear
second order problem can be written as a linear combination of two particular solutions and thus, its
asymptotic behavior is governed by two pairs of indicial roots.

Then, with these tools at hand, we arrive at our second accomplishment: to develop a Mazzeo-Pacard
gluing program [63] for the construction of singular solutions to (1.1) in the non-local setting. This
gluing method is indeed local by definition; so one needs to rethink the theory from a fresh perspective
in order to adapt it for such non-local equation. More precisely, the program relies on the fact that the
linearization to (1.1) has good properties. In the classical case, this linearization has been well studied
applying microlocal analysis (see [61], for instance), and it reduces to the understanding of a second
order ODE with two regular singular points. In the fractional case this is obviously not possible. Instead,
we use conformal geometry, complex analysis and some non-Euclidean harmonic analysis coming from
representation theory in order to provide a new proof.

Thus conformal geometry is the central core in this paper, but we provide an interdisciplinary ap-
proach in order to approach the following analytical problem:

Theorem 1.1. Let ¥ = Ufil ¥, be a disjoint union of smooth, compact sub-manifolds ¥; without

boundary of dimensions k;, i =1,..., K. Assume, in addition to n — k; > 2, that
n—Fk; —k;i+2
ek, B ks et
n—=k, —2y n—Fk, —2y
or equivalently,
2 2 2
p_ VY 2y
p—1 p—1
foralli=1,... K. Then there exists a positive solution for the problem
(1.3) (=Agn)Tu=u? in R"\ ¥

that blows up exactly at X.
As a consequence of the previous theorem we obtain:

Corollary 1.2. Assume that the dimensions k; satisfy

—2
(1'4) O<k‘i<n 'Y.

Then there exists a positive solution to the fractional Yamabe equation
(1.5) (—Agn)"u = w2 i R™\ ¥
that blows up exactly at 3.

The dimension estimate (1.4) is sharp in some sense. Indeed, it was proved by Gonzélez, Mazzeo and
Sire [48] that, if such u blows up at a smooth sub-manifold of dimension k and is polyhomogeneous,
then k must satisfy the restriction

which in particular, includes (1.4). Here, and for the rest of the paper, I' denotes the Gamma function.
In addition, the asymptotic behavior of solutions to (1.5) when the singular set has fractional capacity
zero has been considered in [57].
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Let us describe our methods in detail. First, note that it is enough to let ¥ be a single sub-manifold
of dimension k, and we will restrict to this case for the rest of the paper. We denote N =n — k.

The first step is to construct the building block, i.e, a solution to (1.3) in R™ \ R¥ that blows up
exactly at R¥. For this, we write R” \ R* = (R™ \ {0}) x R¥, parameterized with coordinates z = (x,y),
r € RV \ {0}, y € R¥, and construct a solution u; that only depends on the radial variable r = |x|.
Then w; is also a radial solution to

(—Agp~)Tu= Ay puP  in RY\ {0}, u>0.

2
We write u = r_r%lv, r = e~t. Then, in the radially symmetric case, this equation can be written as
the integro-differential ODE

(1.6) PV / K(t =) [o(t) = o(t')] dt’ + Anp0(t) = Aypt? R, v >0,
R

where the kernel K is given precisely in (4.5). However, in addition to having the right blow up rate
at the origin, u; must decay fast as r — oo in order to perform the Mazzeo-Pacard gluing argument
later. The existence of such fast-decaying singular solutions in the case of v = 1 is an easy consequence
of phase-plane analysis as (1.6) is reduced to a second order autonomous ODE (see Proposition 1 of
[63]). The analogue in the fractional case turns out to be quite non-trivial. To show the existence, we
first use Kelvin transform to reduce our problem for entire solutions to a supercritical one (2.3). Then
we consider an auxiliary non-local problem (2.4), for which we show that the minimal solution wy is
unique using Schaaf’s argument as in [38] and a fractional Pohozaev identity [73]. A blow up argument,
together with a Crandall-Rabinowitz bifurcation scheme yields the existence of this u;. This is the
content of Section 2.

Then, in Section 3, we exploit the conformal properties of the equation to produce a geometric
interpretation for (1.3) in terms of scattering theory and conformally covariant operators. Singular
solutions for the standard fractional Laplacian in R™ \ R¥ can be better understood by considering the
conformal metric g from (3.22), that is the product of a sphere SV ! and a half-space H**!. Inspired
by the arguments by DelaTorre and Gonzélez [28], our point of view is to rewrite the well known
extension problem in RT‘I for the fractional Laplacian in R™ due to [18], as a different, but equivalent,
extension problem and to consider the corresponding Dirichlet-to-Neumann operator PJ*, defined in
SN=1 x HF*1. Here RTFI is replaced by anti-de Sitter (AdS) space, but the arguments run in parallel.

This PJ* turns out to be a conjugate operator for (—Ag=)7, (see (3.23)), and behaves well when the
nonlinearity in (1.3) is the conformal power. However, the problem (1.3) is not conformal for a general
p, so we need to perform a further conjugation (3.34) and to consider the new operator 13;3’“. Then the
original equation (1.3) in R™ \ R” is equivalent to

2y

(1.7) ]57‘7’“ (v) =vP in SV x HFY v =r-1u, v >0 and smooth.

Rather miraculously, both PJ* and 153’“ diagonalize under the spherical harmonic decomposition of
SN=1. In fact, they can be understood as pseudo-differential operators on hyperbolic space H**!, and
we calculate their symbols in Theorem 3.5 and Proposition 3.6, respectively, under the Fourier-Helgason
transform (to be denoted by *) on the hyperbolic space understood as the symmetric space M = G/K
for G = SO(1,k+ 1) and K = SO(k + 1) (see the Appendix for a short introduction to the subject).
This is an original approach that yields new results even in the classical case v = 1, simplifying some
of the arguments in [63]. The precise knowledge of their symbols allows, as a consequence, for the
development of the linear theory for our problem, as we will comment below.

Section 4 collects these ideas in order to develop new methods for the study of the non-local ODE
(1.6), which is precisely the projection of equation (1.7) for ¥ = 0, n = N, over the zero-eigenspace
when projecting over spherical harmonics of S¥ 1. The advantage of shifting from u to v is that we
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obtain a new equation that behaves very similarly to a second order autonomous ODE. This includes
the existence of a Hamiltonian quantity along trajectories.

Moreover, one can take the spherical harmonic decomposition of SV~ and consider all projections
m =0,1,.... In Proposition 4.3 we are able to write every projected equation as an integro-differential
equation very similar to the m = 0 projection (1.6). This formulation immediately yields regularity
and maximum principles for the solution of (1.7) following the arguments in [29].

Now, to continue with the proof of Theorem 1.1, one takes the fast decaying solution in R" \ R¥
we have just constructed and, after some rescaling by ¢, glues it to the background Euclidean space in
order to have a global approximate solution @. in R™ \ ¥. Even though the fractional Laplacian is a
non-local operator, one is able to perform this gluing just by carefully estimating the tail terms that
appear in the integrals after localizaton. This is done in Section 5.1 and, more precisely, Lemma 5.7,
where we show that the error we generate when approximating a true solution by ., given by

fg = (_ARn)’yae - ’ELE,

is indeed small in suitable weighted Holder spaces.
Once we have an approximate solution, we define the linearized operator around it,

Let = (—Agn)7¢p — pul ™' ¢.

The general scheme of Mazzeo-Pacard’s method is to set u = @, + ¢ for an unknown perturbation ¢
and to rewrite equation (1.3) as

Le(¢) + Qe(0) + fe =0,

where (). contains the remaining nonlinear terms. If L. is invertible, then we can write

¢ = (L) (=Qe(9) — f2),
and a standard fixed point argument for small € will yield the existence of such ¢, thus completing the
proof of Theorem 1.1 (see Section 9).

Thus, a central argument here is the study of the linear theory for L. and, in particular, the analysis
of its indicial roots, injectivity and Fredholm properties. However, while the behaviour of a second
order ODE is governed by two boundary conditions (or behavior at the singular points using Frobenius
method), this may not be true in general for a non-local operator.

We first consider the model operator £; defined in (7.3) for an isolated singularity at the origin.
Near the singularity £, behaves like

K
(1.8) (~Ban)" -
or, after conjugation, like PJ° — r, which is a fractional Laplacian operator with a Hardy potential of
critical type.

The central core of the linear theory deals with the operator (1.8). In Section 6 we perform a delicate
study of the Green’s function by inverting its Fourier symbol ©Z (see (3.15)). This requires a very
careful analysis of the poles of the symbol, in both the stable and unstable cases. Contrary to the local
case v = 1, in which there are only two indicial roots for each projection m, here we find an infinite
sequence for each m. But in any case, these are controlled. It is also interesting to observe that, even
though we have a non-local operator, the first pair of indicial roots governs the asymptotic behavior of
the operator and thus, its kernel is two-dimensional in some sense (see, for instance, Proposition 6.11
for a precise statement).

Then, in Section 7 we complete the calculation of the indicial roots (see Lemma 7.1). Next, we
show the injectivity for £, in weighted Holder spaces, and an a priori estimate (Lemma 7.4) yields the
injectivity for L..

In addition, in Section 8 we work with weighted Hilbert spaces and we prove Fredholm properties
for L. in the spirit of the results by Mazzeo [61, 62] for edge type operators by constructing a suitable
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parametrix with compact remainder. The difficulty lies precisely in the fact that we are working with
a non-local operator, so the localization with a cut-off is the non-trivial step. However, by working
with suitable weighted spaces we are able to localize the problem near the singularity; indeed, the tail
terms are small. Then we conclude that L. must be surjective by purely functional analysis reasoning.
Finally, we construct a right inverse for L., with norm uniformly bounded independently of €, and this
concludes the proof of Theorem 1.1.

The Appendix contains some well known results on special functions and the Fourier-Helgason trans-
form.

As a byproduct of the proof of Theorem 1.1, we will obtain the existence of solutions with isolated
singularities in the subcritical regime (note the shift from n to N in the spatial dimension, which will
fit better our purposes).

Theorem 1.3. Let v € (0,1), N > 2 and

N o< N + 2y
N — 2~ b N — 2y’

Let ¥ be a finite number of points, ¥ = {q1,...,qx}. Then equation
(=Apy)Tu = Ay puf in RV \ X

(1.9)

has positive solutions that blow up exactly at 3.

Remark 1.4. The constant Ay p  is chosen so that the model function u,(z) = |x\7pz%1 is a singular
solution to (1.3) that blows up exactly at the origin. In particular,

F( N+2vy+2« )F( N+2y—2« )

(1.10) Avpy =AFF2 - ;)2%1) for  Aa) =2 N—2§—2a NESTETTI
M=) (—7")
Note that, for the critical exponent p = %‘:57{, the constant Ay, coincides with Ay, = A(0), the

sharp constant in the fractional Hardy inequality in RY. Its precise value is given in (3.21).

Let us make some comments on the bibliography. First, the Brezis-Nirenberg problem for the frac-
tional Laplacian has been considered in [80] through variational techniques, which is one of the first
papers on semi-linear equations with critical power non-linearity for the fractional Laplacian. In addi-
tion, the problem of uniqueness and non-degeneracy for some fractional ODE has been considered in
[42, 43, 26], for instance.

The construction of singular solutions in the range of exponents for which the problem is stable,

ie., %27 <p<p forp < %fgz defined in (2.2), was studied in the previous paper by Ao, Chan,
Gonzédlez and Wei [5]. In addition, for the critical case p = %fg;ﬁ solutions with a finite number

of isolated singularities were obtained in the article by Ao, DelaTorre, Gonzalez and Wei [4] using a
gluing method. The difficulty there was the presence of a non-trivial kernel for the linearized operator.
With all these results, together with Theorem 1.1, we have successfully developed a complete fractional
Mazzeo-Pacard program for the construction of singular solutions of the fractional Yamabe problem.
Gluing methods for fractional problems are starting to be developed. A finite dimensional reduction
has been applied in [27] to construct standing-wave solutions to a fractional nonlinear Schrédinger
equation and in [37] to construct layered solutions for a fractional inhomogeneous Allen-Cahn equation.
The next development came in [4] for the fractional Yamabe problem with isolated singularities, that
we have just mentioned. There the model for an isolated singularity is a Delaunay-type metric (see also
[65, 66, 79] for the construction of constant mean curvature surfaces with Delaunay ends and [64, 67] for
the scalar curvature case). However, in order to have enough freedom parameters at the perturbation
step, for the non-local gluing in [4] the authors replace the Delaunay-type solution by a bubble tower



6 W. AO, H. CHAN, A. DELATORRE, M. FONTELOS, M.D.M. GONZALEZ, AND J. WEI

(an infinite, but countable, sum of bubbles). As a consequence, the reduction method becomes infinite
dimensional. Nevertheless, it can still be treated with the tools available in the finite dimensional case
and one reduces the PDE to an infinite dimensional Toda type system. The most recent works related
to gluing are [22, 23] for the construction of counterexamples to the fractional De Giorgi conjecture.
This reduction is fully infinite dimensional.

For the fractional De Giorgi conjecture with v € [3,1) we refer to [15, 10, 77] and the most recent
striking paper [41]. Related to this conjecture, in the case v € (0, %) there exists a notion of non-
local mean curvature for hypersurfaces in R", see [17] and the survey [85]. Much effort has been
made regarding regularity [19, 11, 6] and various qualitative properties [35, 36]. More recent work on
stability of non-local minimal surfaces can be found in [25]. Delaunay surfaces for this curvature have
been constructed in [12, 13]. After the appearance of [32], Cabré has pointed out that this paper also
constructs Delaunay surfaces with constant nonlocal mean curvature.

2. THE FAST DECAYING SOLUTION
We aim to construct a fast-decay singular solution to the fractional Lane-Emden equation
(2.1) (—Apy)Tu = Axp uf  in RN\ {0}
for v € (0,1) and p in the range (1.9).

We consider the exponent p; = p1(N,v) € (Nfzw %fgz) defined below by (2.2) such that the

2
singular solution u.(z) = |x\_1’%1 is stable if and only if N%h < p < pi1. In the notation of Remark
1.4, p1 as defined as the root of

(2.2) PANp, = A(0).
The main result in this section is:

Proposition 2.1. For any e € (0,00) there exists a fast-decay entire singular solution u. of (2.1) such
that

we(z) ~ {O (|x|_%) as |z| — 0,

N—27)

£|ac|7( as |z| — oo.

The proof in the stable case NiVZ'y <p<p < %fgz is already contained in the paper [5], so we will

assume for the rest of the section that we are in the unstable regime

N + 2y
<p1 <p< .
N — 2y pr=p N —2y
We first prove uniqueness of minimal solutions for the non-local problem (2.4) using Schaaf’s ar-
gument and a fractional Pohozaev identity obtained by Ros-Oton and Serra (Proposition 2.2 below).
Then we perform a blow-up argument on an unbounded bifurcation branch. An application of Kelvin’s
transform yields an entire solution of the Lane—Emden equation with the desired asymptotics.

Set A= Ay . Note that the Kelvin transform w(z) = |x|7(N727)u ( - ) of u satisfies

B

(2.3) (—=A)"w(z) = Al w? (2),
where 8 =: p(N — 2v) — (N 4 27) € (—2+,0).

Consider the following non-local Dirichlet problem in the unit ball B; = B;(0) ¢ RY,
{(—A)’Yw(x) = Mzl’A(1 + w(z))?  in By,

2.4
(2.4) w=0 in RV \ By.
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AY[a]+2

Since (— = colz|” and (—A)Y(1 — \x|2)']r = ¢ for some positive constants ¢y and ¢1, we have

that |z + (1 — |:c\2)]Yr is a positive super-solution of (2.4) for small A\. Then one can follow classical
arguments (we refer to [74], for instance), to show that there exists a minimal solution wy for small A.
Moreover, wy is non-decreasing in A. Thus one can find a A* > 0 such that: (i) the minimal solution
wy exists for each A € (0,\*), and w,, is radially symmetric and non-increasing in the radial variable;
(ii) for A > A\*, (2.4) has no solutions.

We will show that wy is the unique solution of (2.4) for all small A.

Proposition 2.2. There exists a small A\g > 0 depending only on N > 2 and v € (0,1) such that for
any 0 < X\ < Ao, wy is the unique solution to (2.4) among the class

C3(B1) = {w € C*(B1)NCRY) :w=10 in RV \ By} .

The idea of the proof of this Proposition follows from [38] and similar arguments can be found in
[81], [54] and [55].

2.1. Useful inequalities. The first ingredient is the Pohozaev identity for the fractional Laplacian.
Such identities for integro-differential operators have been recently studied in [73], [75] and [52].

Theorem 2.3 (Proposition 1.12 in [73]). Let Q be a bounded C'' domain, f € Cloog(Q x R), u be a
bounded solution of

(2.5) {(—A)Wu = f(z,u) inQ,

u=0 in RV \ Q,
and 0(x) = dist(x,0Q). Then

u/8Y |o€ C*(Q) for some o € (0,1),
and there holds

— 2 w2
/Q <F(:c,u) + %x Vo F(x,u) — N2N2’yuf(m7u)) dx = % /ag (ﬁ) (x-v)do

where F(x,t) fo x,T)dr and v is the unit outward normal to 092 at x.

Using integration by parts (see, for instance, equation (1.5) in [73]), it is clear that

/Quf(x,u)dx:/RN‘(—A)%urdx,

which yields our fundamental inequality:
Corollary 2.4. Under the assumptions of Theorem 2.3, we have for any star-shaped domain Q0 and
any o € R,

1 N -2
(2.6) / Fla,u) + - Vo F(z,u) — ouf(z,u) | do > 14 / (-a)
Q N 2N RN

The second ingredient is the fractional Hardy—Sobolev inequality which, via Holder inequality, is an
interpolation of fractional Hardy inequality and fractional Sobolev inequality:

(NS

dx

2
u ’

Theorem 2.5 (Lemma 2.1 in [46]). Assume that 0 < o < 2y < min{2, N}. Then there exists a
constant c such that

~y 2 —a 2(N—a) %
(2.7) c ’(fA)zu‘ dz > 2| |u| ¥
RN RN
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2.2. Proof of Proposition 2.2. We are now in a position to prove the uniqueness of solutions of (2.4)
with small parameter.

Proof. Suppose w and w) are solutions to (2.4). Then u = w —w is a positive solution to the Dirichlet
problem

(—A)u = Mz|’gx(x,u)  in B1(0),
u=0 in RV \ By(0),
where gx(z,u) = (1 +wa(x) + u)? — (1 + wxr(x))? > 0 for w > 0. Denoting

GA(:v,u):/ gx(x,t) dt,
0

we apply (2.6) with f(z,u) = AA|z|’ gr(z, u) over Q = By to obtain

<N2;V27 —a) /RN‘(—A)%u‘de

(2.8) < /\A/B (|x|BG>\(ﬂc,u) ¥ %x V. (\x|BGA(:U,u)) - J|x|ﬁug)\(x,u)> da

1
=2 [ |2/ ((1 + 6) Gi(z,u) + —z - V,Gr(x,u) — aug,\(myu)) dx.
5 N N
Note that
1 1
(2.9) Gi(z,u) = U2/ / pt(1 +wy(x) + Ttu)P~! drdt
o Jo
and
V.Ga(z,u) =u / / (1 + wy(z) + Ttu)P~2 drdt - Vwy ().

Since wy is radially decreasing, x - Vwy(z) < 0 and hence = - V,Gx(z,u) < 0. Then (2.8) becomes

(2.10) <N2N2V - a> /RN‘(—A)%u‘ dr < AA /lelﬂ ((1 + ﬁ) () — crugA(as,u)) da.

Now, since for any A\ € {0, ’\7] and any z € By,

i G (z,1) i o7 (L wa(@) + 0P — (14 wa(2))PT) — (1 +wa ()Pt 1
im ————= = lim — ,
too tga(z,t) oo t((1+wa(@) + )P — (1 +wa(2))P) p+1
we deduce that for any € > 0 there exists an M = M (e) > 0 such that
€
Gi(z,t) < +1ug>\(x,t)

whenever ¢ > M. From this we estimate the tail of the right hand side of (2.10) as

/B { >M}‘m|3 ((1 + ﬁ) Ga(z,u) — O'Ug)\<x’u)> dx
1N{u>

< T 1+ = — o | ugx(z,u)dx.
/B1ﬂ{u2M}| | (( N)p+1 93 (@, u)

We wish to choose € and o such that

B\ 1+e€ N — 2y
1+ 2)T°
(+N p+1<0< oN
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so that the above integral is non-positive. Indeed we observe that
<N+B> I N-2y 20(N—-29)—29)-(N-2y)(p+1)

N Jp+1 2N 2N(p+1)
_ (=N —-2y) -4y
2N(p +1)
<0

asp—1¢€ ( N2_72 ~E N4_72 7). Then there exists a small € > 0 such that

B\ 1l+e N -2y
14+ 2
<+N p+1< 2N

from which the existence of such o follows. With this choice of € and o, (2.10) gives

<N2;V27 —0’) /RN‘(—A)%urdx

< )\A/ 2" ((1 + B) Gi(z,u) — ng)\(x,u)) dx
Bin{u<M} N
B B
<M1+ = |z|” GA(z,u) da.
N Bin{u<M}

Recalling the expression (2.9) for G (z,u), we have

1 o 2 12 B, 2
- — = ‘(—A) 2u‘ dx < NACy |x|"u* dx,
2 N) Jeny Bin{u<M}

where
p—1
(2.11) Cu =

NS

(1 +wa: (0) + M)

by the monotonicity properties of wy.

On the other hand, since p > N%zw

—B=—p(N —27)+ (N +27) =2y — (N —2v) (p—N]_VQQ <27,

and thus the fractional Hardy—Sobolev inequality (2.7) implies

iy s\ b\
c/ ‘(—A)fu‘ dx > (/ || u?n dac) = ( || u?n dm) ,
RN RN B,

N N —2v)—2 N
= +8 _ p ) Yy (po o1
N —2y N — 2y N —2y

where

Hence,

1
¥ 2N
( |x|6u2'Y da:) < cCy A |x\’8u2 dx.
B N —2v B
However, by Hélder’s inequality, we have

1 1—1
B _ 1 n n
/ 2| u? da :/ 2|7 u? - |x|’8(1 w) de < (/ ERTL dx) (/ |z|° dm)
Bl Bl Bl Bl

< (V4B FF ( wlﬁumd””)n

B
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Therefore, we have

1

1
n 2NcAC
([ fumnae)” < B ([ s
. (N -2 +5) 5 U,

which forces u = 0 for any

-1
(2.12) A< Ao = < 2NeACu — ) .
(N —2)(N + )~

O

2.3. Existence of a fast-decay singular solution. Consider the Banach space of bounded, contin-
uous, non-negative and radially non-increasing functions supported in the unit ball,

E={weCR") :w(z)=1w(z|), ©(r1) < d(rs) for r1 >re, w>01in By and w=0in RV \ By }.

We begin with an a priori estimate followed by a compactness result, from which a bifurcation argument
follows.

In the following an equivalent integral formulation of (2.4) will be useful. Using the Green’s function
for the Dirichlet problem in the unit ball ([72, 9]), we see that (2.4) is equivalent to

(2.13) w(z) =T\ w)(z) = Gz, )My’ (1 + w(y))P dy, =z € By,
By
where
Gay) = CN7) — | A
2,y) = C(N,7) ——x—2 ———dr
o —y|" " Jo (r+1)=
with
2 2
(1 — [z — [yl")
& — yI*

To(ﬂf,y) -

Here C(N,~) is some normalizing constant. T is a continuous operator from R x F to E.

Lemma 2.6 (Uniform bound). There exists a universal constant Co = Co(N,~,p, \*) such that for
any function w € E, solving (2.4) and for any x € By,5(0) \ {0},

7/34»2 _ (N—Z )—N
w(z) < Cola| ™71 = Cola| ™" 70

Proof. The maximum principle implies that w > 0 in B;. Let

Yy € Blay (35) - B%(ZL‘) ﬂB|m|(0) C B1(0).

4

From y € B (z), we have
2

|| 1 3lz| 3
gyl <2 <222
lz—yls 5 <7 and Jy[<—= <~
and so
1-Hr-2) 21
ro(x’y) 2 ( 4)1( 16) 2 > 5

16
On the other hand, since y € Bj;|(0) and w is radially non-increasing, we have

yl” > |2|” and  w(y) > w(x).
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Therefore, we may conclude

Gle) = cv) (2 )N/(d

|| r+1)z
and
oN—2y 5 py—1 P
w(z) > A ) (] — dr | Dolal®w(z)? dy
Bl (%) 2N\ Jo (r+D)E
oot x|’ ]\
> C(N,~)A2N 27 /riNdr Xo - —ob_w(z)? - |B ()
= (o (r+1)z ’ iRt ()7 15 4
> C(;(Pfl)‘xlﬂ+27w(w)p7
where

o1 _ CN.)|Bi| AN / .
0 IN+2y o (r—i—l)% ’

The inequality clearly rearranges to

_B+2y
w(z) < Colz| 71
as desired. The dependence of the constant Cj follows from (2.12) and (2.11). O

Lemma 2.7 (Compactness). The non-linear operator T : R x E — E defined in (2.13) is compact, i.e.
it maps bounded sets to relatively compact sets.

Proof. In a bounded set of R x F, it suffices to find a convergent subsequence via Arzela-Ascoli theorem.
Since p > 1, equi-boundedness and equi-continuity follow immediately once we have the bound

/ W <
B lz—yN=2 7 = 7

for any |z| < 1. Indeed, it is true because 2y 4+ 8 > 0. We prove it for the case where N > 2; the lower
dimensional case is easier and omitted. Using polar coordinates with r = |y| and 6; € (0,7), and then

changing variables to r = |z|p, t = g sin & > with tg = \rf\§|| = ;L/Z, we compute
o 2| [ N-1es sinV =26, df, p
Jz—y N2 2y = | | N3y 4T
B T —Y ((r —|z])? + 2r|z|(1 — cos b)) 2

r

N-—2 N=2 t2 5
1 _ _2
:|SN_2‘/ PN / 22 (%) (1 )
o | 0

’ (—2 dt)
fo d
r |mHN72‘y (1 t2)N—22
N-3

Moo i [T PN TIEE (2NN pte N2 2N 7
= 8" N 5 prrse el R dtdp
o o1 0 o (1+12)7= 0

N

1
Bl pN-1+8 =N
< C|x|27+ﬁ/ pimmln 1, ( \/ﬁ > / ’ t2772 dt dp
o lp—1N= lp—1] 1

1 2 1 1
2 lp—1] x|
< Ol P (/ pN s der/1 lp— 171 V 272 dt dp+/ p e dp)
0 1 1 2

<C,
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. 1 1 .
provided that |z| < 5. When 5 < |z| < 1, we simply use

ly|? B —(N—27)
WSC(M + |z — y| +1)-
This proves the claim.
Therefore, if (A, u) and (p,v) belong to a bounded set of R x E, then

AlylP (14 ||lul|, o )P
I70w0) = T < A=l [ AL )
B |z — yl

1 |yl?
ST / AP+ [lull e + ol )7 L e dy
B, |z =y

SC(A=pl+llu=vllge)-

Hence, Arzela-Ascoli theorem applies and the proof is complete. O

Lemma 2.8 (Bifurcation). There exists a sequence of solutions (\;,w;) of (2.4) in (0,A*] x E such
that

jlig}o)\j = Ao € [Ao, "] and tlggo [w;l e = 00,

where \g s given in Proposition 2.2.

Proof. Consider the continuation
¢ ={(A(t),w(t)):t >0}

of the branch of minimal solutions {(A, wy) : 0 < A < Ag}, where (A(0),w(0)) = (Ao, wy, ). By Proposi-
tion 2.2 and the fact that no solutions exist if A > \*, we see that ¥ C [Ag, A*] x E. By the classical
bifurcation theory [71, Theorem 6.2], % is unbounded in [Ag, \*] X E and the existence of the desired
sequence of pairs (\;,w;) follows. a

We are ready to establish the existence of a fast-decay singular solution.

Proof of Proposition 2.1. Let (A\;, w;) be as in Lemma 2.8. Define

p—1 p—1
mj = Wil oo () = wi(0) and Ry =m/™ =m0
so that m;, R; — oo as j — oo. Set also

1 x
Wj(z) = Av=Tm; wy, (R—j>
Then 0 < W; <1 and W; is a bounded solution to

g+l
(AW, = A7

WjZO in RN\BRj(O),

A T mE T Ry Al ()\flmj_l + Wj> in Br,(0),

that is,
1 P
(—A)’YW] = A|Jf|6 ()\;lm]-_l + W]> in BRj (O),
WjZO inRN\BRJ.(O).
Recall that by Lemma 2.6,
w;(z) < C’0|373|_ﬂp+lev for z € B1(0).
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Thus in Br; (0), W;(z) has the upper bound

_ B+2y
W) < ATmtCo () 7 <o (AT 4+ ()T ) Ja T
o1 @) <argt o (£) T <0 (T ) ) le

_B+2 27 _(N—
= Cila] 7T = Cya] 7T,

Note that [z|? € LY(Bg,(0)) for any % <g< _iﬁ Hence, for such g, by the regularity result in [74],
W; € CZ)C(RN) for n = min {’y, 2y — %} € (0,1). Therefore, by passing to a subsequence, W, converges
uniformly on compact sets of RV to a radially symmetric and non-increasing function w which satisfies

(=A)w = Alz| wp in RV,

w(0) =1,

25— (n—2y)

w(z) < Cyla]7=T ;

in view of (2.14).

Now the family of rescaled solutions we(z) = ew (5 e m) solves
(=AY 'w, = Alz|’w? in RV,

E(O) =g,
(

we(z) < Chla|7 TN i RN\ {0}

S

Finally, its Kelvin transform u.(z) = |2|~" ", (#) satisfies

(—A)Vu, = Aup in RV \ {0},
() < Cilz|"7T RN\ {0},
(

ue(x) ~ ez| N7

as desired. O

Ue

as |z| — oo,

3. THE CONFORMAL FRACTIONAL LAPLACIAN IN THE PRESENCE OF k-DIMENSIONAL SINGULARITIES

3.1. A quick review on the conformal fractional Laplacian. Here we review some basic facts on
the conformal fractional Laplacian that will be needed in the next sections (see [24, 47] for the precise
definitions and details).

If (X,g%) is a (n + 1)-dimensional conformally compact Einstein manifold (which, in particular,
includes the hyperbolic space), one can define a one-parameter family of operators P, of order 2 on
its conformal infinity M"™ = 0 X" !, P, is known as the conformal fractional Laplacian and it can be
understood as a Dirichlet-to-Neumann operator on M. In the particular case that X is the hyperbolic
space H"t!, whose conformal infinity is M = R™ with the Euclidean metric, P, coincides with the
standard fractional Laplacian (—Agn)?7.

Let us explain this definition in detail. It is known that, having fixed a metric go in the conformal
infinity M, it is possible to write the metric g* in the normal form g* = p=2(dp® + gp) in a tubular
neighborhood M X (0,6]. Here g, is a one-parameter family of metrics on M satisfying g,|,—0 = go and
p is a defining function in X for the boundary M (i.e., p is a non-degenerate function such that p > 0
in X and p=0on M).

Fix v € (0,n/2) not an integer such that n/2 + v does not belong to the set of L?-eigenvalues of
—Ag+. Assume also that the first eigenvalue for —A+ satisfies A\ (—Ay+) > n?/4—~2. It is well known
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from scattering theory [51, 53] that, given w € C*° (M), the eigenvalue problem

(3.1) —AgW— (% )W =0in X,

has a unique solution with the asymptotic expansion

(3.2) W=Wip? 7+ Wap2 ™ Wi, W, € C®(X)
and Dirichlet condition on M

(3.3) Wilp=0 = w.

The conformal fractional Laplacian (or scattering operator, depending on the normalization constant)
on (M, go) is defined taking the Neumann data

r
(3.4) PP w = dyWa|,—o, where d, = 227“(77)),
and the fractional curvature as Q90 := P9 (1).
P is a self-adjoint pseudodifferential operator of order 2y on M with the same principal symbol
as (—Ajps)?. In the case that the order of the operator is an even integer we recover the conformally
invariant GJMS operators on M. In addition, for any v € (0, §), the operator is conformal. Indeed,

(3.5) P9» f = w2 P (wf), Vf € C™(M),
for a change of metric
4
Gu ‘= wn=27 gg, w > 0.
Moreover, (3.5) yields the @, curvature equation
n42y
P (w) = w7 Q9"
Explicit formulas for P, are not known in general. The formula for the cylinder will be given in Section
3.2, and it is one of the main ingredients for the linear theory arguments of Section 7.
The extension (3.1) takes a more familiar form under a conformal change of metric.

Proposition 3.1 ([24]). Fiz vy € (0,1) and g = p2g™. Let W be the solution to the scattering problem
(3.1)-(3.2) with Dirichlet data (3.3) set to w. Then W = p~"/2TYW s the unique solution to the
extension problem

(3.6) { —div (p' VW) + Eg(p)W =0 in (X, 9),
Wlp=o=w on M,
where the derivatives are taken with respect to the metric g, and the zero-th order term is given by
E5(p) = *Ag(Pk22w ),01722w +(*-1 p~ (120 4 %Rgpkzy
o (e (=) )

Moreover, we recover the conformal fractional Laplacian as

5 g 1-2
P$°W—-%/£lggﬂ "0,W,

(3.7)

where
- d 22711
(3.8) d,—-hH__TTO)
2y (=)
We also recall the following result, which allows us to rewrite (3.6) as a pure divergence equation
with no zeroth order term. The more general statement can be found in Lemma 3.7, and it will be
useful in the calculation of the Hamiltonian from Section 4.2.
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Proposition 3.2 ([24, 20]). Fiz v € (0,1). Let WO be the solution to (3.1)-(3.2) with Dirichlet data
1

(3.3) given by w = 1, and set p* = W°)"72=7. The function p* is a defining function of M in X

such that, if we define the metric g* = (p*)*g™, then Ez(p*) = 0. Moreover, p* has the asymptotic

expansion near the conformal infinity

g
QY

iz, O]

P (p)=p [1 +
By construction, if W* is the solution to
—div ((p*)l_QVVW*) =0 in(X,g%),
{ W*=w on (M,g),
with respect to the metric g*, then

_ 7 . *\1—2 * ¢
Plw = —d, pl*lgo(p ) T O W+ w @

Remark 3.3. In the particular case that X = R’/ = {(z,¢) : 2 € R",¢ > 0} is hyperbolic space H"*1

2 2
with the metric gt = % and M = R", this is just the construction for the fractional Laplacian
(—Agn)7 as a Dirichlet-to-Neumann operator for a degenerate elliptic extension problem from [18].
Indeed, let U be the solution to

1-2
39) Ol + — L0 + ApaU =0 in RIH.
Ule=o=u on R",
then
(3.10) (—=Agn)Tu = —d,, lim =279,
£—0

From now on, (X, g™) will be fixed to be hyperbolic space with its standard metric. Our point of view in
this paper is to rewrite this extension problem (3.9)-(3.10) using different coordinates for the hyperbolic
metric in X, such as (3.16).

3.2. An isolated singularity. Before we go to the general problem, let us look at positive solutions

to
(3.11) (~Apx)Tu = Ay u™2  in RV {0}
that have an isolated singularity at the origin. It is known ([16]) that such solutions have the asymptotic

behavior near the origin like r=> 2, for r = |2|. Thus it is natural to write

(3.12) u=r""7 .

Note that the power of the nonlinearity in the right hand side of (3.11) is chosen so that the equation
has good conformal properties. Indeed, let r = et and § € SV—! and write the Euclidean metric in
RY as

|dz|? = dr? + r’gsv—

in polar coordinates. We use conformal geometry to rewrite equation (3.11). For this, consider the
conformal change

1

g0 = —5ldz|* = dt* + gsn—1,

r
which is a complete metric defined on the cylinder M, := R x S¥~1. The advantage of using gy as
a background metric instead of the Euclidean one on R is the following: since the two metrics are
conformally related, any conformal change may be rewritten as

s N 2 _ N
g =uN-27|dz|* = wN-2 gg,
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where we have used relation (3.12). Then, looking at the conformal transformation property (3.5) for
the conformal fractional Laplacian P,, it is clear that

N2y

(3.13) P (w) =72

_ N-—24 N2y
2

Pvldc”| (r w)=r 2 (—Agr~)"u,

and thus equation (3.11) is equivalent to

Nty N—1
PP (w) = Ay w~¥=27 in R xSV

The operator P% on R x SN—1

using the spherical harmonic decomposition for SV—1'. With some abuse of notation, let t,,, m =
0,1,2,... be the eigenvalues of Agn-1, repeated according to multiplicity (this is, uo =0, p1,..., un =
N —1,...). Then any function on R x S¥~! may be decomposed as Y., w,(t)Ey,, where {E,,(6)}
is the corresponding basis of eigenfunctions. The operator P{° diagonalizes under such eigenspace
decomposition, and moreover, it is possible to calculate the Fourier symbol of each projection. Let

() = 1 [ ety
(3.14) () = 2= /R () dt

be our normalization for the one-dimensional Fourier transform.

is explicit. Indeed, in [28] the authors calculate its principal symbol

Proposition 3.4 ([28]). Fiz v € (0,%) and let P be the projection of the operator PJ° over each
eigenspace (Ey,). Then

—

Py (w,,) = O7(6) T,

and this Fourier symbol is given by

2
ID(3+ 3+ 5/ =102 4 + §1)|

m — 92 .
(3.15) RS Y PPN R

Proof. Let us give some ideas in the proof because they will be needed in the next subsections. It is
inspired in the calculation of the Fourier symbol for the conformal fractional Laplacian on the sphere S™
(see the survey [47], for instance). The method is, using spherical harmonics, to reduce the scattering
equation (3.1) to an ODE. For this, we go back to the scattering theory definition for the fractional
Laplacian and use different coordinates for the hyperbolic metric g*. More precisely,

2 2
(3.16) gt = p*Q{p"’ + (1 n %) dt? + (1 - %) ggm} G=p%g",
where p € (0,2),t € R. The conformal infinity {p = 0} is precisely the cylinder (RxS¥~1, go). Actually,
for the particular calculation here it is better to use the new variable o = —log(p/2), and write
(3.17) g" = do? + (cosho)?dt* 4 (sinh )%ggn 1.

Using this metric, the scattering equation (3.1) is
(3.18) DgeW + R(0)0;W + (cosh o) 20; W + (sinh o) "2 Agn 1 W + (NTZ — Y)W =0,
where W = W(o,t,0), 0 € (0,00), t € R, 0 € S¥~1, and

Oy ( cosh o sinh™¥ ! 0’)

R pr—
() coshosinh™ ' o

After projection over spherical harmonics, and Fourier transform in ¢, the solution to equation (3.18)
maybe written as

—

Win = W <p(T),
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where we have used the change of variable 7 = tanh(c) and ¢ := ¢("™) is a solution to the boundary
value problem

(1- 7-2)67'7'(»0 + (N;l

2
) Orp + [—um%ﬂt(%—v )= — €y
has the expansion (3.2) with w = 1 near the conformal infinity {7 =1},

@ is regular at 7 = 0.

This is an ODE that can be explicitly solved in terms of hypergeometric functions, and indeed,

1_N
(,0(7'):(14*7')%7%(1*7'%7% =t +#m - oFi(a,b;a+b—c+1;1—172)
(3.19) i
N N
+ 51+t —7) ERE P (5-1) 4iem - 9Fi(c—a,c—bjc—a—b+1;1—1%),
where )
56 = T ID(3+3+ 5/ =102+ o + §i)|
T ANER
OV (3= 3+ 3/E — 12 4 + §3)
and
a=F+5+3/(F 12+ pm+is, b=F+3+3V(F D2+ pm—i5, c =1+ /(5 = 12 + .
The Proposition follows by looking at the Neumann condition in the expansion (3.2). |

The interest of this proposition will become clear in Section 7, where we calculate the indicial roots
for the linearized problem. It is also the crucial ingredient in the calculation of the Green’s function for
the fractional Laplacian with Hardy potential in Section 6.

We finally recall the fractional Hardy’s inequality in R ([59, 86, 7, 44])

2
U
(320) /RN U(—ARN)’YU dx Z AN’»Y /I\QN TT'Y de',
where Ay  is the Hardy constant given by
Fz(N+2v)
(3:21) Aoy =20 oty = €5(0).
(=)

Under the conjugation (3.12), inequality (3.20) is written as

/ wPPwdtd) > Ay / w? dtdo.
RxSN—1 RxSN-1

3.3. The full symbol. Now we consider the singular Yamabe problem (1.5) in R™\R*. This particular
case is important because it is the model for a general higher dimensional singularity (see [57]).

As in the introduction, set N := n — k. We define the coordinates z = (x,%), € RY, y € R¥ in the
product space R \ R¥ = (R”7*\ {0}) x R*. Sometimes we will consider polar coordinates for x, which
are

r=|z| = dist(-,R*) ¢ Ry, 0 € SV,
We write the Euclidean metric in R™ as
|dzf? = |dz|* + |dy[* = dr? +r?ggv-1 + |dy|*.
Our model manifold M is going to be given by the conformal change

1 dr? + |dy|?
3.2 1= ldel? = g + T ot g
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which is a complete metric, singular along R*. In particular, M := S¥~! x H**!. As in the previous
case, any conformal change may be rewritten as

~ _4 2 _4

§ = |z = v g,
where we have used relation

_n—2y
u=r"_"2 w,

SO we may just use g as our background metric. As a consequence, arguing as in the previous subsection,
the conformal transformation property (3.5) for the conformal fractional Laplacian yields that

n42vy

(3.23) P (w) =712

n+2~y

2 (_AR" )PYU"

and thus the original Yamabe problem (1.5) is equivalent to the following:

P7|dz|2 (r~ g w)=r

Ik n+2~y
P (w) = Ay ywm=>7  on M.

Moreover, the expression for PJ* in the metric g (with respect to the standard extension to hyper-
bolic space X = H"*1) is explicit, and this is the statement of the following theorem. For our purposes,
it will be more convenient to write the standard hyperbolic metric as

(3.24) g" =p 2 {dp? + (14 5) g + (1 - 5) g |

for p € (0,2), so its conformal infinity {p = 0} is precisely (M, gx).

Consider the spherical harmonic decomposition for S¥~! as in Section 3.2. Then any function w
on M may be decomposed as w = Y, Wy Ep,, where wy, = w,(¢) for ¢ € HF1, We show that
the operator PY* diagonalizes under such eigenspace decomposition, and moreover, it is possible to
calculate the Fourier symbol for each projection. Let = denote the Fourier-Helgason transform on HF*1,
as described in the Appendix (section 10.2).

Theorem 3.5. Fiz y € (0,%) and let P be the projection of the operator Pyt over each eigenspace
(Ew). Then

P (wn) = 05 (A) W,

and this Fourier symbol is given by
2
(3.25) @m(/\)—22w‘r<é+g+% (8 17+ i + 1)

Y 2"
T(3 =3+ 5/(F =124 um + 39)|

Proof. We follow the arguments in Proposition 3.4, however, the additional ingredient here is to use
Fourier-Helgason transform to handle the extra term Agr+: that will appear.
For the calculations below it is better to use the new variable

0= —10g(p/2)7 pE (072)a

and to rewrite the hyperbolic metric in H" ! from (3.24) as

gt = do? + (cosho)?ggrs1 + (sinho)?ggn 1,
for the variables o € (0,00), ¢ € H**! and § € SV¥—!. The conformal infinity is now {¢ = +oo} and
the scattering equation (3.1) is written as
(3.26) By W + R(0)9,W + (cosh o) "2 Agris W + (sinh o) 2Agn 1 W + (22 — 42)W = 0,
where W = W(o, (,0), and
95 ((cosho)* ! (sinh o)V 1)
(cosh o)k+1(sinh o)N -1

R(o) =
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The change of variable
(3.27) 7 = tanh(o),
transforms equation (3.26) into
(1=7220- W+ (==L 4+ (k—1)r) 1 = 7)o W+ (1 — 7°) Agenn W
+ (& = 1) Agv W+ (B — )W =0.

Now we project onto spherical harmonics. This is, let W,,(7,¢) be the projection of W over the
eigenspace (E,,). Then each W, satisfies

2

n 2

(3.28) (1 —72)0r Wi + (=22 4 (k — 1)7) 0-Win + Dpss i Win — i Wi + 24— W, = 0.
Taking the Fourier-Helgason transform in H**! we obtain

(1= 720 Wi + (251 4 (k= 1)7) 0 Wi + | = tim s + (5 = 7)1 — A2+ 5) | Wi = 0

T

for V/V; = l//VT\n(T,)\,w). Fixed m =0,1,..., A € R and w € S*, we know that
Wan = W 9 (7),

where ¢ := cpg (7) is the solution to the following boundary value problem:

2 2
(1- 7-2)877'%0 + (n%k_l + (k — 1>T> Orp + [_ ,um-r%‘ + (nT - '72> 171-,—2 - ()‘2 + %)}‘P =0,
(3:29) has the expansion (3.2) with w = 1 near the conformal infinity {7 =1},
@ is regular at 7 = 0.

This is an ODE in 7 that has only regular singular points, and can be explicitly solved. Indeed, from
the first equation in (3.29) we obtain

(1) =A(1 — 72)%-
(3.30) (1) =A( )
1B _7_2)%—% -3\ (T3 —1)*+pm

for any real constants A, B, where

a= S+ 3O D i, A= F - 5O 1 i,
b= F A3 R P =i b= F - 3O 1 i,

=14 /(%55 — 12 + i, e=1- /("% ~ 12 + i,

and oF; denotes the standard hypergeometric function described in Lemma 10.1. Note that we can

write A instead of |A| in the arguments of the hypergeometric functions because a = b, @ = b and
property (10.3).
The regularity at the origin 7 = 0 implies B = 0 in (3.30). Moreover, using (10.2) we can write

" _n_ k L_k7 2
a(l —72)i- FTETE Y T e oFi(a,b;a+b—c+1;1 —7%)
- _nk n—k .\
A1 — ) Etas ety Ty D oFi(c—a,c—bjc—a—b+1;1—77)],

R

p(r)=A
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where

r (1"1‘\/ ('ngk _1)2+H7n)l—‘(’7)

a =
r(1 1 [n—k A1 1 [n—k A
(2+g+2\/(n2 D2+t Z2)1(2+;+2\/(nz 1)2+“m+12)

r (H\/ ("?7’“*1)2+um> L(—v)

p= 1 1 [ n—k A 1 1 [n—k AN
F(T%ﬁ ("3 *1>2+#m+Z§>F(§*%+§ ("3 *1)2+#m*2§)

)

Note that our changes of variable give

(3.31) 7 = tanh(o) = =1 *,02+~'- ,
which yields, as p — 0,
p(p) ~ Alap? 7+ Bp2t7 + .. ].

Here we have used (10.1) for the hypergeometric function.
Looking at the expansion for the scattering solution (3.2) and the definition of the conformal fractional
Laplacian (3.4), we must have

(3.32) A=a"!, and ey () = d,Bat.
Property (10.5) yields (3.25) and completes the proof of Theorem 3.5. O

3.4. Conjugation. We now go back to the discussion in Section 3.2 for an isolated singularity but we

allow any subcritical power p € (Nivzw %fa) in the right hand side of (3.11); this is,

(3.33) (—Ap~)Tu= Ay, uP  in RV \ {0}

This equation does not have good conformal properties. But, given u € C*°(RY \ {0}), we can consider

_N—-2y _ 2y —t
u=r 2 w=r r~ly, r=e’,

and define the conjugate operator
(3.34) Pgu (v) := r7¥+%P30 (rﬁf%v) = r%p(—ARw)'yu.
Then problem (3.33) is equivalent to

]5,30 (v) = Axp~vP in R x SN

for some v = v(t,#) smooth, t € R, § € SV~

This ]5,5’“ can then be seen from the perspective of scattering theory, and thus be characterized as
a Dirichlet-to-Neumann operator for a special extension problem in Proposition 3.9, as inspired by the
paper of Chang and Gonzalez [24]. Note the Neumann condition (3.53), which differs from the one of
the standard fractional Laplacian.

In the notation of Section 3.2, we set X = HV*! with the metric given by (3.16). Its conformal
infinity is M = R x S¥~1 with the metric gg. We would like to repeat the arguments of Section 3 for
the conjugate operator Pgo. But this operator does not have good conformal properties. In any case,
we are able to define a new eigenvalue problem that replaces (3.1)-(3.2).

More precisely, let YW be the unique solution to the scattering problem (3.1)-(3.2) with Dirichlet data
(3.3) set to w. We define the function V by the following relation
(3.35) réw =y, Q:=-2 4 2

p—1’
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Substituting into (3.1), the new scattering problem is

(3.36) —AgV+ (%)72 [2Q0 0,V — Q3] — (X =)V =0in X,
Moreover, if we set

(3.37) V=p2 V) +p2 TV,

the Dirichlet condition (3.3) will turn into

(3.38) Vilp=0 = v,

and the Neumann one (3.4) into

(3.39) dyVa|p—o = P9 (v).

The following proposition is the analogous to Proposition 3.4 for 15,30:

n

Proposition 3.6. Fizy € (0, 5) and let 15;” be the projection of the operator ]5;;70 over each eigenspace
(Em). Then

—

P (vm) = ©7(8) Um,
and this Fourier symbol is given by
N _ N _
(4 +3+ YIS 4 1(Qo +60))T (3 + 3 + Y2 - Qo +61))
N _1): N_ )
F(% — 14 V(G -D2Hpm L(Qo +§i))1“(1 1 7\/(221)24”‘" - 1(Qo +§i))

2 2 2

(3.40) O©7'(&) =2

Proof. We write the hyperbolic metric as (3.17) using the change of variable ¢ = —log(p/2). The
scattering equation for W is (3.26) in the particular case k = 0, n = N, and thus, we follow the
arguments in the proof of Theorem 3.5. Set r = ™! and project over spherical harmonics as in (3.28),
which yields

(3.41) gc Wi + R(0)0s Wy + (cosh 0) 720, Wy, — (sinh ) ™2t Wy, + (NTZ — V)W =0

for
9y (cosh o sinh™ ! o)
coshosinh¥ "' o
Recall the relation (3.35) and rewrite the extension equation (3.41) in terms of each projection V,, of
V. This gives

R(o) =

anavm + R(U)aavm + (COSh 0')72 {attvnl + 2QOath +ngm}
—(sinh J)iQ[Lme + (NTZ — VQ)Vm =0.

Now we use the change of variable (3.27), and take Fourier transform (3.14) with respect to the variable
t. Then

(843) (1= )0V + (ML = 1) 0V + | = e + (3 =) 1 — (€= iQ0)* |V = 0.

(3.42)

The Fourier symbol (3.40) is obtained following the same steps as in the proof of Theorem 3.5. Note
that the only difference is the coefficient of V,, in (3.43).

We note here than an alternative way to calculate the symbol is by taking Fourier transform in
relation ]S$U (v) = et P (w), as follows:

—

Py () = Prrwg (€ — iQo) = O (€ — Q)i (€ — iQo) = O (€ — iQ0) i (€.
Thus é:l(f) = O'({ —iQo), as desired. O
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Now we turn to Proposition 3.2, and we show that there exists a very special defining function
adapted to V.

Lemma 3.7. Let v € (0,1). There exists a new defining function p* such that, if we define the metric
g* = (p*)?g", then

* *\ — 2
Eg-(p") = (p") " (£5)° Q%
where Egz«(p*) is defined in (3.7). The precise expression for p* is

. - N-2y B e
(344) 14 (p) = |« 1(4_?_22) 2 2F1 (ﬁvw - p%p%, (%) ):| , PE (072)a

where

P(v+:25)0(5 - 5241)
The function p* is strictly monotone with respect to p, and in particular, p* € (0, p§) for
(3.45) = p*(2) = av 7.
Moreover, it has the asymptotic expansion near the conformal infinity
(3.46) p*(p) = p [1+0(p*) +0(p*)] .

Proof. The proof follows Lemma 4.5 in [24]. The scattering equation (3.1) for W is modified to (3.36)
when we substitute (3.35), but the additional terms do not affect the overall result. Then we know
that, given v = 1 on M, (3.36) has a unique solution V° with the asymptotic expansion

VO =V0pE T 4V, W)W € e (X)
and Dirichlet condition on M = R x V-1
(3.47) V|, = 1.

Actually, from the proof of Proposition 3.6 and the modifications of Proposition 3.4 we do obtain an
explicit formula for such V°. Indeed, from (3.30) and (3.32) for k = 0, n = N, m = 0, replacing i\ by
Qo, we arrive at

<
o
B
~—
Il
S
—~
A
|

e L o e e = ]
Finally, substitute in the relation between 7 and p from (3.31) and set
(3.48) 7 (p) = (V)7 (p).
Then, recalling (3.7), for this p* we have
By () = (0) 57 {280 = (8 =99} 09) = ()02 (122)° G5,

as desired. Here we have used the scattering equation for V° from (3.36) and the fact that V° does not
depend on the variable t.

To show monotonicity, denote 7 := (i;’;z )2 for n € (0,1). It is enough to check that

N-—-2 _
)= (L) 5 o (5, 255 - i )
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is monotone with respect to . From properties (10.3) and (10.4) of the Hypergeometric function and
the possible values for p in (1.9) we can assert that

d d _N=—2v, ~v N—2y _~ N—
%f(n)=%((1—n) Ty T T oF 22”—1%,1%;%;77))
— _N-—-2v, v _ N—2y v _
= (M5 = ) (o T ) R (05 s )
2 (N—2 N e T ot N—2 . N .
SR ) (B ) e T R (R - L 2 Y 1)
<0

Remark 3.8. For the Neumann condition, note that, by construction,
(3.49) P (1) = dy V3| p=o,
while from (3.34) and the definition of Ay from (1.10),

~ 2~ _ 2y

P(1) = re=1P(—Apn)7(r 7=1) = An p -

The last result in this section shows that the scattering problem for V (3.36) can be transformed into
a new extension problem as in Proposition 3.2, and whose Dirichlet-to-Neumann operator is precisely
Pg. For this we will introduce the new metric on RN \ {0}

(3.50) g =g,
where p* is the defining function defined in (3.44), and let us denote
(3.51) V= (p*)" N2y,

Proposition 3.9. Let v be a smooth function on M =R x SN=1. The extension problem
2
—divg- ((p*)"2V4 VF) — (p7) = (H+2) (%) 2000V =0 in (X,5"),
V*p=o=v on (M,go),

(3.52)

has a unique solution V*. Moreover, for its Neumann data,

(3.53) P9 (v) = —d, plggo(p*)lfﬁa,,* (V*) + AnpAv.

Proof. The original scattering equation (3.1)-(3.2) was rewritten in terms of V (recall (3.35)) as (3.36)-
(3.37) with Dirichlet condition Vi|,—¢ = v. Let us rewrite this equation into the more familiar form of
Proposition 3.2. We follow the arguments in [24]; the difference comes from some additional terms that
appear when changing to V.

First use the definition of the classical conformal Laplacian for g% (that has constant scalar curvature
Rys = =N(N +1),

A .
and the conformal property of this operator (3.5) to assure that
N+43 o N-1

PV = (") PI((p") T V).

Using (3.51) we can rewrite equation (3.36) in terms of V* as

= 1—24
2

P ((p")

VIt ()T {(41;5)_2 (~2Q0 9V* — Q2V*) + (4% — i)V*} ~0
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or, equivalently, using that for o := p%,
00z (0V) = divg-(0*V3: V) + 0V Ag-(0),

we have
o\ —2
—divg: () Vg V) 4 B (0)V* + ()00 (522) 7 (22Q0 0V — Q3V7) =0,

with Eg«(p*) defined as in (3.7). Finally, note that the defining function p* was chosen as in Lemma
3.7. This yields (3.52).

For the boundary conditions let us recall the asymptotics (3.46). The Dirichlet condition follows
directly from (3.3) and the asymptotics. For the Neumann condition, we recall the definition of p* from
(3.48), so

s o\ =Ny Z . Vi +P27V2
VIS WY = 95 = go
and thus

|p:o = P{'v — AN p v,

—d, ;ii)% PO,V = d, (V) —ViWY)

where we have used (3.38) and (3.39) for V, and (3.47) and (3.49) for V°. This completes the proof of
the Proposition. O

4. NEw ODE METHODS FOR NON-LOCAL EQUATIONS

In this section we use the conformal properties developed in the previous section to study positive
singular solutions to equation

(4.1) (—Ag~ ) u = Ay, uP in RV \ {0}.
The first idea is, in the notation of Section 3.4, to set v = r=Ty and rewrite this equation as
(4.2) 155(’ (v) = AN p~vP, inRxSVTL
and to consider the projection over spherical harmonics in SV—1,
ﬁ;"‘(vm) = Anp(vm)P, forv=1u(t),

While in Proposition 3.6 we calculated the Fourier symbol for P,T, now we will write it as an integro-
differential operator for a well behaved convolution kernel. The advantage of this formulation is that
immediately yields regularity for v,, as in [29].

Now we look at the m = 0 projection, which corresponds to finding radially symmetric singular
solutions to (4.1). This is a non-local ODE for u = u(r). In the second part of the section we define a
suitable Hamiltonian quantity in conformal coordinates in the spirit a classical second order ODE.

4.1. The kernel. We consider first the projection m = 0. Following the argument in [29], one can
use polar coordinates to rewrite P'(v) as an integro-differential operator with a new convolution kernel.
Indeed, polar coordinates z = (r,0) and & = (7,0) in the definition of the fractional Laplacian (1.2)
give
_ 27
r P 11} (r) =7 71o(T)

Apn)u(z) =k PV/ / — "l drdf.
(=Arw)Tu(z) N sN-1 |r2+r2—|—21"r<9 0)| 5

After the substitutions 7 = rs and v(r) = (1 — §TPT Yo(r) + s~ = v(r), and recalling the definition for
PY from (3.34) we have

o) 7%+N71
PO(v) = k P.V./ / 5 W(r) =v(rs) 4o a4
7 (0) = hva 0o Jsvor 142 —25(0,0)7 7 )
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where

) i\ N-1 _
C = kN,A/PV/ / (1 5 1)8— N+2v ds df.
0o JsN-t|1+4s%2—25(0,0) 2

Using the fact that v = 1 is a solution, one gets that C = Ay, . Finally, the change of variables
t t' i
yields

(4.3) BO(uo)(t) = PV. /R Ro(t = )[u(t) — v(t)] dt’ + Anpo(t)

r=e ", r=e"

for the convolution kernel
~ ke G w7 (sing)N
(44)  Ko(t) = / Ny© __df=ce G / (sin61) Y
sN-1 |1+ et — 2¢t(0,0)| = 0 (cosht—cos¢y) =

where ¢; is the angle between 6 and € in spherical coordinates, and ¢ is a positive constant that only
depends on N and ~. From here we have the explicit expression

(4.5) Kolt) = ce Gt oy (M2 1 4 X572,

for a different constant c.
As in [29], one can calculate its asymptotic behavior, and we refer to this paper for details:

Lemma 4.1. The kernel Iio(t) is decaying as t — +oo. More precisely,

[t| =12 as |t| — 0,
Ko(t) ~ e W=Dl et —00,
,mm
e p-1 as t = +oo.

Remark 4.2. Note that (4.4) is a special case of the Funk-Hecke formula for the m = 0 spherical
harmonic (see [69], pages 29-30).

We would like to obtain analogous results for any projection m = 1,2,.... The main result in this
section is that one also has (4.3) for any projection ]5]{” However, we have not been able to use the
previous argument (in the spirit of the Funk-Hecke formula) and, instead, we develop a new approach
using conformal geometry and the special defining function p* from Proposition 3.2.

Set Qo = 1% — % In the notation of Proposition 3.6 we have:

Proposition 4.3. For the m-th projection of the operator 13$° we have the expression

P (o) () = / Kot = ) [om(t) — v ()] dt' + A 0 (1),

for a convolution kernel K,, on R with the asymptotic behavior
[t|~1=27 as |t| — 0,
Ko (t) ~ ef(er\/m%go)t as t — 400,
e(1+7+\/m7%)t as t — —oo.

Proof. We first consider the case that p = N+21 so that Qo = 0, and look at the operator PJ° (w) from

N—2
Proposition 3.4. Let p* be the new defining function from Proposition 3.2 and write a new extension
problem for w in the corresponding metric g*. In this particular case, we can use (3.44) to write

2 N
* R N-2y N-2v N (4-p2\2\|" 7" L(3)I(y)
) = o7 (i) T o (AR Y (58)°)| L a= o
(7 +3)
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The extension problem for g* is
—divg((p*)'7*'Vg-W*)=0 in (X,g),
{ W*|p=0=w on (M, go);
notice that it does not have a zero-th order term. Moreover, for the Neumann data,
PI(w) = ~d, T (5")1 20, (W) + A .

From the proof of Proposition 3.2 we know that W* = (p*)~(V/2=7)W_ where W is the solution to
(3.18). Taking the projection over spherical harmonics, and arguing as in the proof of Proposition 3.4,

we have that V/\/;L(T, &) = wm (&) o(1), and ¢ = @ém) is given in (3.19). Let us undo all the changes of

variable, but let us keep the notation p(p*) = @ém) (7).

Taking the inverse Fourier transform, we obtain a Poisson formula
Wilo'st) = [ Pl st = o) dt
R
where
Pulp ) = <= [ (7)) e
Note that, by construction, [, Pm(p*,t)dt =1 for all p*. Now we calculate
1-2y Wi (o™, 1) = W7(0,¢)

lim (p*)! =279, (Wy,) = lim (p")

p*—0 p*—=0 p*
m *7 t— t/
= lim (p*)1727/ L[wm(t’) — wp,(8)] dt’.
p*—0 R p*
This implies that
(4.6) P (wm)(t) = / Ko (t — ) [wim (t) — wi ()] dt’ + AN 4w (1),
R
where the convolution kernel is defined as
P (p*, 1)

Kon(t) = dy lim (p*)' =27

p* =0 *

If we calculate this limit, the precise expression for ¢ from (3.19) yields that

Ko (t) = \/% /R (O(€) — Anp)etde,  Km(—t) = Kin(t).

which, of course, agrees with Proposition 3.4.

The asymptotic behavior for the kernel follows from the arguments in Section 6, for instance. In
particular, the limit as ¢ — 0 is an easy calculation since Stirling’s formula implies that ©Z'(§) ~
€27 as € — oo. For the limit as [t| — oo we use that the first pole of the symbol happens at

+i(1 474 1/(852)% + ) so it extends analytically to a strip that contains the real axis. We have:

i It| -1 as [t| — 0,
m(t) ~ o~ (1 VEZP )1 a6t s 4o,

Now we move on to 15$0 (v), whose symbol is calculated in Proposition 3.6. Recall that under the
change w(t) = r~@ou(t), we have

— »—Qot Qot
P (v) = e” %" P (e¥°M).
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From (4.6), if we split €20, (t) = (€20t — Q0! )y, (t) + €@ v,,, (), then

P (v)(t) = Co(t) + /Rlﬁm(t — ") (U (t) — v (t)) dt’

for the kernel

]Cm(t) = ICm(t)eiQot = ¢ ot (@fyn(é‘) _ ANW)eift de,

V21 R

and the constant

C = AN,V + / Ko (£ — t/)(l _ er(t’_t)) dt'.
R

We have not attempted a direct calculation for the constant C. Instead, by noting that v = 1 is an
exact solution to the equation P (v) = Ay p P, we have that C' = Ay, and this completes the
proof of the proposition. O

4.2. The Hamiltonian along trajectories. Now we concentrate on positive radial solutions to (4.2).
These satisfy

(4.7 ]5,(7)(1)) =Anp,F, v=0(t).

We prove the existence of a Hamiltonian type quantity for (4.7), decreasing along trajectories when p is in
the subcritical range, while this Hamiltonian remains constant in ¢ for critical p. Monotonicity formulas
for non-local equations in the form of a Hamiltonian have been known for some time ([15, 14, 43]). Our
main innovation is that our formula (4.8) gives a precise analogue of the ODE local case (see Proposition
1 in [63], and the notes [78]), and hints what the phase portrait for v should be in the non-local setting.
We hope to return to this problem elsewhere.

Theorem 4.4. Fizy € (0,1) and p € (5 57 %‘*‘31) Let v = v(t) be a solution to (4.7) and set V* its

extension from Proposition 3.9. Then, the Hamiltonian quantity

* _AN,ZW 1 2 1 p+1 1/,)8 x\1—2 *
(48) H3(t) = i 5Y +p+1v +3 ; (p*) {—€1(0,-V*)* + e5(0,V*)?} dp*

=: H(t)+ Ha(t)

is decreasing with respect to t. In addition, if p = x%jy, then H*( ) is constant along trajectories.

Here we write, using Lemma 3.7, p as a function of p*, and
N “\ 2 2 2\ N—1
R GIGRIE
(4.9) et = ( )
-2 —2
i=(5) (1 ) e

The constants An .~ and d., are given in (1.10) and (3.8), respectively.

*o\"

b‘b

Proof. In the notation of Proposition 3.9, let v be a function on M = R x SV~ only depending on
the variable ¢t € R, and let V* be the corresponding solution to the extension problem (3.52). Then
V* =V*(p,t). Use that

. *\1— * 1 K[ k\— * *\1— \ 72 2\ 2 *
divge ((p")' 295V = 0, (7 (0) 2020,V ) 4 (0) 2 (£) T (145)  duV,



28 W. AO, H. CHAN, A. DELATORRE, M. FONTELOS, M.D.M. GONZALEZ, AND J. WEI
where e* = |/g*| is given in (4.9), so equation (3.52) reads
-2 2\ —2
_ap* (e*pQ(p*)f(lJr?Y)@p*V*) _ (p*)17276* (%) (1 + %) attv*

-2
—n) e () 2 (=)o <o

We follow the same steps as in [28]: multiply this equation by 9;V* and integrate with respect to
p* € (0, pf), where p{ is given in (3.45). Using integration by parts in the first term, the regularity of the
function V* at p§, and the fact that %& [(&V*)Z] = 0y V*0,V* and %ﬁt [(8,,&/*)2] = Opp+ (V*)0,- V¥,
it holds

J——
pa 1 % x\—(14+2v) 2 *\ 2 *

+ [ e 020, [(0,-V*)?]| dp
0 0
6 2

_/0 [(p*)(1+2v)e* (ﬁ) 9 (_

=0.

I [é(p*)l_%e* (F)Q (1+ %)72&3 [(atv*)zﬂ dp*

NEQ’Y + 1%) [atv*]2:| dp*

But, for the limit as p* — 0, we use (3.53) and equation (4.7),

d, lim ((p*)_(1+27)p26*6tV*8p* V*) = [—f’ﬁ”v + AN)p),Y’U} 0w = AN p (v —0P)0pw

p*—0
= Ay padr (307 = Fortt).
Then, for H(t) defined as in (4.8), we have
I -2 2y —2
_ #\1—2v % [ p P _ N—-2y 2y *12 *
8 [H(1)] = 2j€ kp )2 (p*) (14% 4) ( = 4fp_1)[ag/ }} dp* <0,

which proves the result. ([l

5. THE APPROXIMATE SOLUTION

5.1. Function spaces. In this section we define the weighted Hoélder space szj (R™\ ¥) tailored for
this problem, following the notations and definitions in Section 3 of [64]. Intuitively, these spaces consist
of functions which are products of powers of the distance to ¥ with functions whose Holder norms are
invariant under homothetic transformations centered at an arbitrary point on X.

Despite the non-local setting, the local Fermi coordinates are still in use around each component 3J; of
3. When 3Y; is a point, these are simply polar coordinates around it. In case YJ; is a higher dimensional
sub-manifold, let 7 be the tubular neighbourhood of radius ¢ around ;. It is well known that 77 is a
disk bundle over 3;; more precisely, it is diffeomorphic to the bundle of radius ¢ in the normal bundle
N'3;. The Fermi coordinates will be constructed as coordinates in the normal bundle transferred to T
via such diffeomorphism. Let r be the distance to X;, which is well defined and smooth away from ¥;
for small o. Let also y be a local coordinate system on Y; and 6 the angular variable on the sphere in
each normal space N,X;. We denote by B{,\[ the ball of radius ¢ in N, %;. Finally we let = denote the
rectangular coordinate in these normal spaces, so that r = |z|, § = I%I

Let u be a function in this tubular neighbourhood and define

(r+7)%u(z) —u(@)]
=7y = g+ ()10 O

i
l[ullofa,0 = sup |uf + sup
2€TE z,2€TE

where z, Z are two points in 7 and (r, 0, y), (, 0, ) are their Fermi coordinates.
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We fix a R > 0 be large enough such that ¥ C Bg (0) in R™. Hereafter the letter z is reserved to
denote a point in R™ \ ¥. For notational convenience let us also fix a positive function ¢ € C**(R" \ ¥)
that is equal to the polar distance r in each 77, and to |z| in R™ \ Bg(0).

Definition 5.1. The space C5*(R"™ \ ¥) is defined to be the set of all u € Co*(R™ \ ) for which, the
norm

K 1
Lo = [[uflerecse ) + >3 IV ulleo.s (7
i=1 j=0

[l

is finite. Here X 5 = R™\ UE, Ty /2
Let us define a weighted Holder space for functions having different behaviors near > and at oo.
With R > 0 fixed, for any u,v € R we set
Ci*(Br\ D) = {u=o"u:ueCy"(Br\ %)},
CLo(R™\ Bg) = {u = ¢"@: 1 € C{*(R™\ Bg)},
and thus we can define:

Definition 5.2. The space Cf;f‘;(R” \ X) consists of all functions u for which the norm

[ullgre = sup (e ulla0 + sup o™ ullia0
* Br\ R"\Br
is finite. The spaces CL% (RN \ {0}) and CL%(R™ \ R¥) are defined similarly, in terms of the (global)
Fermi coordinates (r,0) or (r,0,y) and the weights r#*, r".

Remark 5.3. From the definition of Cllﬁ,, functions in this space are allowed to blow up like g* near 3;
and decay like ¢ at co. Moreover, near ;, their derivatives with respect to up to [-fold products of
the vector fields r0,, rdy, d¢ blow up no faster than o while at oo, their derivatives with respect to up
to I-fold products of the vector fields |z|0; decay at least like o”.

Remark 5.4. As it is customary in the analysis of fractional order operators, we write many times, with
some abuse of notation, 27,7

5.2. Approximate solution with isolated singularities. Let ¥ = {q1, -,k } be a prescribed set
of singular points. In the next paragraphs we construct an approximate solution to

(—Apn)Tu = Ay puf in RV \ X,

and check that it is indeed a good approximation in certain weighted spaces.

Let u; be the fast decaying solution to (4.1) that we constructed in Proposition 2.1. Now consider
the following rescaling
(5.1) ue(r) = e Ty (f) in RV \ {0}.

€

Choose x4 to be a smooth cut-off function such that xg = 1 if |z| < d and x4(z) = 0 for |z| > 2d,
where d > 0 is a positive constant such that d < dy = inf;;{dist(q;, q;)/2}. Let & = {e1, - ,ex} be a
K-tuple of dilation parameters satisfying ce < ¢e; <e < 1fori=1,..., K. Now define our approximate
solution by

K
aa(x) = Zxd(x - qi)uii (.Z‘ - Qi)'

Set also

(5.2) Je = (=Ag) e — AN p UL
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For the rest of the section, we consider the spaces Cﬂ -, where

2
(5.3) _ﬁ<ﬂ<2’y and  —(n—2y) <D

Lemma 5.5. There exists a constant C, depending on d, i,V only, such that

(5.4) [FA < N

A—27,0—27

Proof. Using the definition of (—A)” in RY, one has

qi)ue, (T — q;) — Xi(T — qi)ue, (T — q;)

Xi T
(80 (i) — i) = b PV, [ X P

RN
= Xi( = ¢:)(=A) e, (2 — ¢:)

(Xi(x — qi) — Xi (@ — qi))ue, (T — @) .
+kn PV /RN o — 7V dz

dz

for each i = 1,..., K. Using the equation (2.1) satisfied by u., we have

— ) = Xi(& — qi))ue, (T —qi) .
felw AN’PWZ (2 —qi +kNVZPV/ | Ny - di
=11 + kN,»YIQ.

Let us look first at the term I;. It vanishes unless |x — ¢;| € [d,2d] for some ¢ = 1,..., K. But then,
one knows from the asymptotic behaviour of u., that

_ 2y

Ug,; (x) = O(&?i Pl

T —q;
&

_(N—Q’Y)) _ O(gN—QV—%)lx (N-— 2A/)

7Qz|

so one has
Ii(z) < CeN"21"5T if |z — qi] € [d, 2d).
For the second term I = Ix(x), we fix i = 1,..., K, and divide it into three cases: = € Bg/2(q;),

x € B4(qi) \ Baj2(qi) and x € RY \ Bag(g;). In the first case, z € Bg/2(q:), without loss of generality,
assume that ¢; = 0, so

L) = PV. | <xi(ac|l—_ fc@: (2) 4z

N Y Y
B4(0) B24\Ba(0) RN\ B24/(0)

w (@) w @ .
< _ueld) e / _teld) gz,
/{d<|i’<2d} |z — Z[N+2=2 (7|>24} |7 — N2

Hereafter carries its obvious meaning, replacing the previously written integrand. Using that
|z — &| > $|Z| for |Z] > 2d when |z| < % we easily estimate

“ b2

Iy () SO(&N_%)+/ Ue, (T )dr—O( N— %)
2d

T1+2'y
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Next, if z € Baa(q:) \ Bas2(ai),

]2(x):P.V.[ _|_/ _|_/ }
Baya(qi) B2a(qi)\Baya(q:i) RN\ B24(q:)

4 N 2py
—O(/“eNQﬂu()MJ+O(/ - i)
o i T ANtz 2
0 B2a(qi)\Baya(qi) |z — N+ =2

ue, (T) .
O ! d
i <‘/RN\B2d(Q'i) |5:|N+2’Y x>

2p"r

= 0" ).
Finally, if 2 € RN \ Bag(q;),

Iz(x):P.V.U +/ +/ }
Ba(g:) B2a\Ba(qi) RN\ B2a(qi)

= O(N 75 ||~ (N2,

Combining all the estimates above we get a C2

fi—2+.5—2, bound for a pair of weights satisfying (5.3). But

passing to C~ is analogous and thus we obtain (5.4). O

—2~,0—27y

5.3. Approximate solution in general case. First note that our ODE argument for w; also yields
a fast decaying positive solution to the general problem

(5.5) (—Agn)Yu = Ay puP in R™ \ R,

that is singular along R¥. Recall that we have set N =n — k.

Indeed, define @ (z,y) := uy(x), where z = (z,y) € R" ¥ x R¥, and use the Lemma below. For
this reason, many times we will use indistinctly the notations wi(z) and uq(z). Moreover, after a
straightforward rescaling, the constant Ay, , may be taken to be one.

Lemma 5.6. If u is defined on RY and we set i(z) := u(x) in R" in the notation above, then
(—ARn)’Yﬂ = (*ARN)’Y’LL.
Proof. We compute, first evaluating the y-integral,

) i(z) —a(3) . // — u(@) s di
—Agn)T0(z) = ky, P.V/ 7d =k, ~P.V. —dz dy
( ]R) () ol |Z—Z|"+2'Y Y RN zfx\2+|y

' g2
zknﬁP.V./ Mdaj
R

T 7d~ Agn )7
N |:C—.’Z‘|N+27 /]Rk (1+|y| )n+2»y Yy = ( R ) U(.ﬁ)

Here we have used
1
(5.6) [ / ———dj = kn .
re (14 [52)% ’
(See Lemma A.1 and Corollary A.1 in [21]). O

Now we turn to the construction of an approximate solution for (1.3). Let ¥ be a k-dimensional
compact sub-manifold in R™. We shall use local Fermi coordinates around X, as defined in Section
5.1. Let 7, be the tubular neighbourhood of radius ¢ around Y. For a point z € 7T,, denote it by
z = (z,y) € N x ¥ where N'X is the normal bundle of 3. Let B a ball in A'X. We identify 7, with
B x 3. In these coordinates, the Euclidean metric is written as (see, for instance, [68])

daf” = @(E'j gzo+(2<r>) ’
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where |dz|? is the standard flat metric in B and gs. the metric in ¥. The volume form reduces to

dz = dz+/det g5 + O(r)

In the ball B we use standard polar coordinates r > 0, § € S¥~1. In addition, near each ¢ € ¥, we will

consider normal coordinates for gs; centered at q. A neighborhood of ¥ > ¢ is then identified with a
neighborhood of R¥ > 0 with the metric

s = |dy|* + O(ly|*),
which yields the volume form
(5.7) dz = dzdy (1 + O(r) + O(|y|*)).

Note that > is compact, so we can cover it by a finite number of small balls B.
As in the isolated singularity case, we define an approximate solution as follows:

ae(xv y) = Xd(!L‘)UE(LU)

where x4 is a cut-off function such that x4 = 1 if |z| < d and x4(z) = 0 for |z| > 2d. In the following
we always assume d < 3. Let

fg = (_ARH)’YQE — 'ELp.

Lemma 5.7. Assume, in addition to (5.3), that ———5 < ji < min{y — pz%l, z— - 1} Then there exists
a positive constant C' depending only on d, i, U but mdependent of € such that fore < 1,

« < 4
(58) Fellese, < C<,

whereq—mm{pg)'y ﬂa%—’Y—F@;%lh—ﬂ,N 2p7}>0

Proof. Let us fix a point z = (x,y) € T, i.e. |z| < 0. By the definition of the fractional Laplacian,

(—AL)a(2) = kmp.v./ mw

n

= n'yPV/ / —2I1+.[2.

Note that in this neighborhood we can write @.(z) := u.(x).
For I, since 4. (Z) = 0 when Z = (Z,9) € TF, one has

I = kn,’y/ Ue(z) — 4 (Z) dz = u.(z) knﬁ/ o dz < Cuc(x),

[z~ 2+ PR

so Iy = O(1)ucs(x) (the precise constant depends on o). Next, for I;, use normal coordinates § in X
centered at y in a neighborhood {|y — §| < o1} for some o; small but fixed. The constants will also
depend on this o1. We have

Iy = ko, PV. / Ue(T) — Be(T) o
To

|z — Z| 27

:kn7'yP~V-|:/ +/ +/ }
{ly=g1<[zP}NT5 {o1>y=9|>|z|#}NTs {ly=g|>0:1}NTs

=t ky~[I11 + L2 + I13],

where 8 € (0,1) is to be determined later. The main term will be I11; let us calculate the other two.
First, for I;2 we recall the expansion of the volume form (5.7), and approximate |z—Z|? = |z—Z|?+|y—4|?
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and dz = dz dy modulo lower order perturbations. Then

= ’L_LE(SC) — ﬂa(i) ~
Ip = T
(or>ly—gl> =80T, |2 = Z|"T2Y

_ +/ /
/{ol>y—g|>|m|ﬂ}/{|m—scs.w|ﬂ}nn {o1>ly=g1>[21#} J {la—3]>[]#}T;
1
< | (@.(a) —m(f))( / e )i
{le—z|<|/?} {or>ly—il>[ale} |2 = 2" )
Ue(z) — u (2 1 R
+/ ——dy |dz.
{lo—a|>]al?} |~"3*=””|N+27 (1+[g2) " )

(14 |g|?
We estimate the above integrals in dy. For instance, for the first term, we have used that

1 1 1
S S s/ %dm/ 4
/{m>|yﬂ>|m|ﬂ} |z — 2|2 {or>ly—gl>lz1py [Y — T {yl>[aley Y[+

e B(N+27)
< < - Y
S| e ,
xT

which yields,

33

_ s - ~ e (r) — uc(T) .
Ii» < / (tie () — e (8))]2| PN+ dz +/ —————— di.
{l=—3|<|2l?} {lo—al>[zp} T —FNT2Y
Now, since |z — #| > |z|# implies that |#| > co|z|® and |z — F| ~ |Z| for some ¢y > 0 independent of ||
small,
o < ||~ a. (z) + |z ~BO+2Y) / . (%) di + / “N(fg d
{lo=#1<I217} {1#l>colal®y |21+

+/ ﬁeu) .
(171> colale} [EINT2Y

We conclude, using the definition of @, and the rescaling (5.1), that

1(T) dz ~PoT AT/>| IB} |x|N+

Lo < |22 a. (z) + N 7T || AN +2Y)

+ [a] 7P a. (2).

For I3, one has
Iis < c/ i (2)] + e (2)|di < Clae (@) + V25 (14 [2])~ V=27,
To

We look now into the main term I, for which we need to be more precise,

Iy = P.V./ / Belt) — V()
{ly-g1<lal?} Jyiz1<oy 12— 2]

:p,v,[/ / +/ /
{ly=91<lel?} S {lo—2I< |21} (|3l <o} {ly=91<1e12} J{lo—31>[2I#}n{lal <o}

=: I111 + I112.
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Let us estimate these two integrals. First, since for |z| small, |2 — Z| < |z|? implies that |Z| < o, we
have

knyI111 = kn y P.V./ / %nu;(x) ds
(y—il<|2|8} J(o—z|<|elsy 12— Z|"T2Y

= oo PV [ / Leld) Z0el) (1 4 0jal) + Oly - 31)) di dj
{ly=9I<I21?} I {lo—21<[217} [[z — 2|2 + [y — g[*] =

= (14 Olfal" )k V. [ Be(@) — Te(®) /{ . v

dy
N n+2’y
{la—zl<lal?} & —E[NT2 wlay (L4 1y?) ™

— (14 Oy PV. /{ . Belz) — Ge(2)

Vo — 2N

1
: e y dy| dT.
[/Rk (1+|y| (1+y2)=5 /{|y|> (1+ [yf2) 5 }

u )
Recall relation (5.6), then

te(T) — ue(Z) .
EnoTinn = (14 O(|z]?))ky - P.V. —— = d
Al = (14 0(|2|7)) kN 4 (lo—5|<[]?} |z — z[N+2y z

Ue (X Ue z|f \— 2y)
+0(1)/{|w o () ()( 2] ) RN

|z — N2 A — |

- +O(|x|ﬁ))kN,7P.V/ mw

ﬂg(x)—ug() ~
+0(1/ Uel@) — Ue\T) 40
) {lo—3|>|z(8} T — ZINT2Y

e (1) — U (T) |37|B —(N+27)
+0(1 / dzx
@ (a—zl<lalpy |2 — EINFT2Y (Iw*xl)

Using the definition of the fractional Laplacian in R,

kndiin = (14 0(|2|?)(—Ar) Ve ()

e () — U (7) —B(N+2 _ . ~
+0(1)/ Uel@) — Uell) 4o + O(1)|z| AN+ (e () — e (%)) di.
{lo—3|>[ale} [T — ENH2 {lz—aI<]o]?}
Now we use a similar argument to that of I;5, which yields

Ue(v) — uc(T) . / e () / u(T)
Uell) = Ue\T) 4z Ue\) x4 U)o
/{|m~c|>w|ff} |z — 2N+ (171> [a15} [V (171> [a)} [N

_ 2y ur ()
< 272 (a / d
{122 <1< 2 } |Z|N 2y

and also,
f o2 (0:(2) — 1. (8)) di
{Jo—7|<[2|?}

S [P [V () 4 N7 w(7) di
{zl< 12y

< || 207 () + N | AN H2Y) /{| ~ ‘B}ul(:ﬁ)da}.



A FRACTIONAL MAZZEO-PACARD PROGRAM 35

In conclusion, one has

knnylin = (140(12)7)) (= Ag) Ve (2) + O(1) [\xl_w”ﬂe(m)

. i () o | 7)di|
p—1 -1
e {2 <jz<zy |E[VH 4o+l {|f|§‘“"g}m(x) “
Next, for I112 we calculate similarly
Iz S / / %E(m) — u5(~a:) AT dj
{ly—3I<|21°} J{le—2|>|2|7} [[z — 2|2 + [y — g[*] =
U (x) —ag(a*s)/ 1 .
— Sk ) ——— dydx
~, n+2’v
/{x—i|>w|ﬁ} 2 = ZINFEY Sy < 2y (14 [y]2) "
-/ (o) —wld) oty
{o—i|>J28} [T — 2N \|z — 7
— 2675 —k—22% 1Bk uy () di
ol o)+ B [
Combining the estimates for I111, I112 and I3, I13 we obtain
(—A)uc(z) = (14 O(|2|”)(—Az) a-(x) + O(1) [\xl_w”ﬂa(x)
_ 2py Ul( ) 27 —B(N+2 ) ~ ~
+e Pt di + N7t || TANFZY w1 (%) dz
(=l cjz< 2y [FNT {lal<1=y

k27 u1 (Z) _2py _
+ek p—1|x|ﬁ’“/{ i, Ty 4+ O (14 [al) 7V

=1+ O(|x|ﬂ))(—Ax)"’a5(x) + 02|~ (2) + R

In order to estimate R; we use the asymptotic behavior of u;(x) at 0 and oo. By direct computation
one sees that ,

|| PPt if |2]f < e,

Rl(x) = N_m N .

eV Tt || AN if 2% > e.

The choice 8 = 1 yields that Ry = O(|z| ™). (), and thus
(=A2)7ae(2) = (14 O(|2]7)) (= As) e (2) + O(1)]2] e (2).

Finally, recall that @.(z) = xa(x)ue(z), then by the estimates in the previous subsection (5.4), one has
(5.9) e (2)] S lal (= D0) e (2)] + o] 70 () + €,

where the weighted norm of £ can be bounded by NI
For z € R™ \7'%7 the estimate is similar to the isolated singularity case, we omit the details here.
Then we may conclude
el o < Cef,

—2v,0—2v
where ¢ = min{(pp_%l)n’ — /1, -7+ (p 3) ﬂ,N _ 2P’Y} and it is positive if —=% < i < min {7 —
2y 1 2 ) 0

p—1°2 " p-1

Remark 5.8. In general, in terms of the local Fermi coordinates (z,y) around a fixed zp = (0,0) € %,
for u € 024;27 (R™\ X), one has the following estimate:

(=A)u = (=Agmpr) u(@,y) + || [|ull.
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for |z| < 1,]y] < 1, and some 7 > i — 2v. Indeed, similar to the estimates in Lemma 5.7, except the
main term in I111, in the estimates, it suffices to control the terms u(Z) by ||u||.|z|*.
6. HARDY TYPE OPERATORS WITH FRACTIONAL LLAPLACIAN

Here we give a formula for the Green’s function for the Hardy type operator in RY,
K
(6.1) L= (—Arn~)"¢ — m@

where £ € R. In the notation of Section 3.2, after the conjugation (3.13) we may study the equivalent

operator
N+42~

Lw:=e "2 tﬁ(eN_;”w) = PJw—rw onRx sh-1
for ¢ = e w. Consider the projections over spherical harmonics: for m = 0,1..., let w,, be a
solution to
(6.2) Lopw = Pl'wy, — kwy, = hyp on R

Recall Proposition 3.4. Then, in Fourier variables, equation (6.2) simply becomes
(O7(&) — k)t = P

The behavior of this equation depends on the zeroes of the symbol @Z/”(g) — K. In any case, we can
formally write

1 . .
6.3 w,t:/————% e@d:/ﬁ G (t —t') dt’,
where the Green’s function for the problem is formally given by

G = | g ¢

Let us make this statement rigorous in the stable case (this is, below the Hardy constant (3.21)), by
taking into account the poles that may occur in the above integral. For this, let us define

(6.4) An =3+ 3+ 5V (F -0 4y Bu=3-3+5V (5 1) +am,
and observe that the symbol
N2 ) )
@m(g) _ 227|F(Am+%7’)| :22,‘{F(Am+%Z)F(Am _ gl)
’ C(Bn+5)[°  T(Bw+ 3)0(Bn — 50)

can be extended meromorphically to the complex plane; this extension will be denoted simply by
L(Ap + 50)T (A — £1)
T(Bm + 30)T(Bm — 3i)

O (z) =227

for z € C. We have:

Theorem 6.1. Let 0 < k < Ay, and fit m = 0,1,.... Assume that the right hand side hy, in (6.2)
satisfies

O(e™%) ast — 400,

O(e%?)  ast — —oo,

(6.5) B (t) = {

for some real constants 6, dqy. It holds:
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i. The function m is meromorphic in z € C. Its poles are located at points of the form
7; £ i0; and —7; £ i0;, where o5 > 09 > 0 for j = 1,..., and 7; > 0 for j = 0,1,.... In
addition, 1o = 0, and 7; = 0 for j large enough. For such j, {o;} is an increasing sequence
with no accumulation points.

it. If § > 0, 09 > 0, then a particular solution of (6.2) can be written as

(6.6) /h NG (t —t')dt,
where

(o]
(6.7) G (t) = doe™ 1"+~ dje=9" cos(7]1)),
j=1
for some constants d; given precisely in the proof. Moreover, G, is an even C* function when

t#0.
iii. Now assume only that § + 89 > 0. If o5 < § < 0541 (and thus 69 > —oj41), then a particular
solution is

(6.8) / o ()G (1 — 1) !

where
(6.9) Gm(t) = > dje= 7" cos(r;]t]).
j=J+1

G is an even C® function when t # 0. In addition, w,, satisfies the asymptotic behavior
(6.10) W (1) = 0(e™) as t— 400, wp(t) ~ ZD.j(t)e_"jt +0(e%) as t— —oo,

for some functions Dy(t),...,D;(t). In the case T; =0, we have
Dj(t) — D; :== / eV Rty dt, as t— —oo,
R
while when T; # 0,

D;(0) ~ cos(ry) |

egjtl COS(Tjtl)h(t/) dt/ — SiIl(Tjt) / egjt/ Sin(Tjtl)h(t/) dtl'
R

R

Remark 6.2. All solutions of (?2) are obtained from the particular solution w,, above by adding those
of the homogeneous problem L,,w = 0, which are of the form

o0 o0
Wi, n(t) = Cy e™ 7" + Cf 70" + Z C’j_e*(’jt cos 75t + Z C’;'eJ”’Jt cos 75t
j=1 j=1
for some real constants C;, Cj, 7=0,1,....

We also look at the case when k leaves the stability regime. In order to simplify the presentation,
we only consider the projection m = 0 and the equation

(6.11) Low = h.
In addition, we assume that only the first pole leaves the stability regime, which happens if Ay, <
K< AE\M for some AQ\,W. Then, in addition to the poles above, we will have two real poles 79 and —7g.

Some study regarding A?\/,’y will be given in the next section but we are not interested in its explicit
formula.
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Proposition 6.3. Let Ay, < r <Ay . Assume that h decays like O(e™ ) ast — oo, and O(e®?) as
t — —oo for some real constants 0,0d¢. It holds:
i. The function m is meromorphic in z € C. Its poles are located at points of the form
7j £i0; and —7; £io;, where 75,05 > 0, for j =0,1,.... In addition, oo =0, and 7; = 0 for j
large enough. For such j, {o;} is an increasing sequence with no accumulation points.
it. If § > 0, 09 > 0, then a particular solution of (6.11) can be written as

(6.12) wo(t) = /Rh(t’)go(t —t')dt,

where
oo
go(t) = do Sin(Tot)X(,oo)o) (t) + Z djeig-”tl COS(Tjt)
j=1
for some constants d;, 7 =0,1,.... Moreover, Gy is an even C* function when t # 0.

11t. The analogous statements to Theorem 6.1, iii., and Remark 6.2 hold.

Further study of fractional non-linear equations with critical Hardy potential has been done in [2, 34],
for instance.

Before we start the proof of Theorem 6.1, let us give some preliminaries regarding the symbol the
symbol ©,,

Remark 6.4. Tt is interesting to observe that
O, (2) = O (—2).
Moreover, thanks to Stirling formula (expression 6.1.37 in [3])
(6.13) [(z) ~ e *2°72(2m)%, as |z| — oo in |arg 2| < m,
one may check that for £ € R,
(6.14) O (&) ~ |m +&i[*, as |¢] — oo,

and this limit is uniform in m. Here the symbol ~ means that one can bound one quantity, above and
below, by constant times the other. This also shows that, for fixed m, the behavior at infinity is the
same as the one for the standard fractional Laplacian (—A)7.

The following proposition uses this idea to study the behavior as |t| — 0. Recall that the Green’s
function for the fractional Laplacian (—Ag)” in one space dimension is precisely

G(t) = [t|7(0=2,
We will prove that G,, has a similar behavior.
Proposition 6.5. Let v € (0,1/2). Then
Gm (1)

im ———+~ =c¢
[t|—0 |t|~(1=27)

for some positive constant c.

Proof. Indeed, recalling (6.14), we have

egtdf ,
lim Je 562 / et d¢
[t|—0 [t —(1—27) \t|—>0 t]2r [ < Y

t

= lim / +/ hm[[l + L]
20 [ J{i¢I> flei<esy =0
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for some 2y < 0 < 1.
For I, we use Stirling’s formula (6.13) to estimate

Ilm/ Cosgodg—)c as t—0,
figi>ey 1¢1*
while for I,
1
|12|§/ d¢ —0 as t—0,
(ei<esy [H27[Om(0) = A]

as desired. O

2 &7
Lemma 6.6. Define the function ®(x,&) = 227M. Then:
(o5
i. Fized x > By, U(x,€) is a (strictly) increasing function of £ > 0.
it. ¥(x,0) is a (strictly) increasing function of x > 0.

Proof. As in [28], section 7, one calculates using (10.9),
D¢ (log ©,,(€)) = Im {1/) (Bm Yoot gi)) ) (Am Yo+ gz)}

1
—cImZ >0,
I+ A —|—:L‘+2z 4+ By tatsi

as claimed. A similar argument yields the monotonicity in z. O

Now we give the proof of Theorem 6.1. Before we consider the general case, let us study first when
k = 0, for which G,, can be computed almost explicitly. Fix m = 0,1,.... The poles of the function
ﬁ happen at points z € C such that

igi—i—Bm:—]y for j € NU {0},
i.e, at points {+io;} for
(6.15) 0j:=2(Bn+3j), j=0,1,....

Then the integral in (6.9) can be computed in terms of the usual residue formula. Define the region in
the complex plane

(6.16) Qp={2e€C: |z| < R,Imz > 0}.

A standard contour integration along 02 gives, as R — oo, that

(6.17) = 2mZRes ( m]> = 2mi Ze %ite;,

where ¢; = ¢;(m) is the residue of the function 97(@ at the pole io;. This argument is valid as long

as the integral in the upper semicircle tends to zero as R — co. This happens when ¢ > 0 since |e?*t| =

e~tImz_ For t < 0, we need to modify the contour of integration to Q_ = {z € C : |2| < R,Imz < 0},
and we have that, for ¢t < 0,
o0
Gm(t) = 2mi Z cje’’,
§=0

which of course gives that G,, is an even function in ¢. In any case G,, is exponentially decaying as
[t| — oo with speed given by the first pole |og| = 2B,,.
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In addition, recalling the formula for the residues of the Gamma function from (10.8), we have that

1 I'(2B,, + j) . . ;
= lim ['(B, + 2i)(z — io,
“ 2% F(Am - Bm - ])F(Am + Bm +]) 2‘1”-‘7.7’ ( N 22)(2 zO—J)

2 D=+ VG- +pmts) —i(=1)
2Ty =P+ /(5 =1+ pm +5) I

for j > 1, which yields the (uniform) convergence of the series (6.7) by Stirling’s formula (6.13).

Next, take a general 0 < k < A, . The function emm is meromorphic in the complex plane
C. Moreover, if z is a root of 0,,(z) = k, so are —z, Z and —2Z.

Let us check then that there are no poles on the real line. Indeed, the first statement in Lemma 6.6
implies that is enough to show that

0,,(0) — k > 0.

But again, from the second statement of the lemma, ©,,(0) > ©¢(0), so we only need to look at the
case m = 0. Finally, just note that ©¢(0) = Ay, > k.

Next, we look for poles on the imaginary axis. For ¢ > 0, ©,,(ic) = ¥(—0,0) and this function
is (strictly) decreasing in o. Moreover, ¥(0,0) = 0,,(0) = Ay, > k. Let g¢ € (0,400] be the first
point where ©,,(icg) = k. Then +ioy are poles on the imaginary axis. Moreover, the first statement
of Lemma 6.6 shows that there are no other poles in the strip {z : |Im(z)| < go}.

Denote the rest of the poles by z; := 7; + i0;, 7; —i0;, —7; +i0; and —7; —i0;, j = 1,2,.... Here
we take o; > 09 > 0, 7; > 0. A detailed study of the poles is given in the Section 6.4. In particular,
for large j, all poles lie there on the imaginary axis, and their asymptotic behavior is similar to that of
(6.15).

Now we can complete the proof of Theorem 6.1. Since we have shown that there is a spectral gap o
from the real line, it is possible to modify the contour of integration in (6.17) to prove a similar residue
formula: for ¢ > 0,

Gm(t) = 2mi Res (e tm7 wo)
> 1 1
27 . izt . - . 1zt e .
(6.18) + m; [Reb (e 7@m(z) —T + za]> + Res (e 79m(2) — T + w]ﬂ

o0
= 2micoe 7" + 4mi Y cje” " cos(Tt).
j=1
Here ¢; = c;(m) is the residue of the function g—i—
the function ©,,, it can be easily shown that c¢; is purely imaginary and that the residues at the points
+7; + 0; are equal. Moreover, the asymptotic behavior for this residue is calculated in (6.31); indeed,
cj ~ Cj=%'. The convergence of the series is guaranteed, and we have proved the desired expression
(6.7).
For t < 0, G it is defined evenly.

at the point 7; + ¢o;. Using the symmetries of

We have produced a particular solution to (6.2), given explicitly by (6.6). Due to the presence of a
non-trivial kernel, one has an infinite dimensional family of solutions. The main idea in the proof of
iii. is to modify (6.6) by adding elements in the kernel in order to obtain a particular solution that
decays as O(e™%) as t — +oco (at the expense of worsening the behavior as ¢t — —oc). We obtain what
is known as a multipole expansion. We start with a simple lemma:
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Lemma 6.7. If fi(t) = O(e=*) as t — oo, fo(t) = O(e=*t) as t — 400 and fo(t) = O(e®t) as
t — —oo for some a,ay >0, a_ > —a, then

f1 % fo(t) = O(e~minfaas}ty s ¢ foo.
Proof. Indeed, for t > 0,

fi2at)] = | [ =) tt)

0 ’ ’ t ’ ’ +OO ’ ’
< / e—a(t—t )ea,t dt’ + / e—a(t—t )6—a+t ds + / ea(t—t )e—ath dt'.
—oo 0 t

The lemma follows by straightforward computations. (]

Remark 6.8. It is interesting to observe that a_ is not involved in the decay as ¢ — +o0o0. Moreover,
by reversing the role of ¢t and —t, it is possible to obtain the analogous statement for t — —oco with the
obvious modifications.

Let us assume the bounds (6.5). Suppose first that 0 < § < g¢. Then (6.6) is already our solution,
since

(8] =] [ Gt =01t

Similarly as t — —o00, w(t) = O(e™in{o0.00}t),

Fix m = 0,1,..., and drop the subindex m for simplicity. Now we take 05 < § < o471 for some
J >0and 6 + dy > 0 (and thus, 6y > —os41). The idea is to change our Fourier transform in order to
integrate on a different horizontal line ¢ € R + i¥ for some ¥ > 0. This is, for w = w(t), set

1 o
\/ﬂ/ e Ctw(t) dt = N e EFNE (1) dt = (€ + i),

whose inverse Fourier transform is

e—ag|t—t’| ’ r_ e—ét )
S/RO( Jh()] dt’ = O(e=)

U)

w

ZCt d
\/% /]R+n9 ) C’

Moreover, in the new variable { = £ + i1 we have that

R(C) = PO (w)(C) = (Om(C) — R)T(C).

Inverting this symbol we obtain a particular solution

w0 = [ gt ac= [ neg - yar

C(+) — iCt 1
o) / R

In order to evaluate this integral, for ¢ > 0 we need to replace the contour of integration from (6.16) to
0y 4 for

where

Qo+ ={2€C: |z| <R, Imz >V},
in the case k = 0, and with the obvious modifications, for k # 0. We will take ¥ € (0s,6). Letting
R — o0, this yields, similarly to (6.18), that

t) = 2mi Z Res (emmyﬂ:n + ioj) = 2mi Z e %', for t>0,
j=J+1 Jj=J+1

where, as above, c¢; is the residue of the function m at the pole 7; +io;.
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On the other hand, for ¢t < 0, we need to change the contour of integration to 92y _, where
Qy_={2€C : —R<Re(z) <R, —R < Im(z) < 9}.

We see again that, for ¢t < 0, |e’**| = e7*™% 50 the contour integral is well defined in the lower
half-space {Im(z) < 0}. However, for the region {Im(z) > 0} N 9Qy _ we need the additional estimate
m = O(R™?7), which follows directly from (6.14). Using the residue formula we obtain

00 J
G(t) = 2mi ;Res (e tm’iﬁ' - ZO']’) + Jz::ORes (e tm7iq + wj)
o J
= 4mi Z cje’" cos(t;t) + 4mi Z cje” %" cos(1;t) + 2micoe” 7", for t<O0.
j=1 j=1

In order to check the asymptotic behavior of w,, we write

t +oo
Wiy (t) = [/ +/ } Gt —t)h(t') dt' = Wy(t) + Wa(t),

—0o0 t

where

o0 t
Wi(t) = Z dje 7" / e%it" cos(r;(t — t"))h(t') dt’
i=J -0

e 400 J 400
Wa(t) =Y djest / e cos(r(t — t)h(t')dt' + > e 'd; / et cos(r;(t — t'))h(t") dt’
j=1 ¢ =0 t

Let us check its asymptotic behavior. The growth hypothesis on h from (6.5) imply that

‘ /Rh(tl)g(t — ") dt'| = O(e™?),

as t — +oo. Thus we have found a different particular solution w,, with the desired decay. On the
other hand, when ¢t — —oo, the worst term above is the second one in Ws, as expected. Let

+oo
Dj(t) = /t €% cos(tj(t —t' () dt', j=1,...,J.

Let us assume for a moment, that 7; = 0. Two cases can happen as t — —oo:

e cither D;(t) — D;j # 0, 50 wy, (t) ~ e~ %", or
e Dj(—00) =0, so wpy(t) = O(e’?!), by L'Hopital’s rule,

and this completes the proof of (6.10).
If 7; # 0, we need to write

—+o0o “+o0
D;(t) = cos(Tjt)/ %" cos(r;t' )h(t') dt' — sin(Tjt)/ e? sin(r;t' )h(t') dt',
t t

but we have an analogous result.
This completes the proof of Theorem 6.1.
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Remark 6.9. We now look at the proof of Theorem 6.1, 7., in terms of the variation of constants
method and Fredholm theory. Starting from equations (6.6)-(6.7), we estimate, for ¢ > 0,

g emoslit]
\/R[gm“—t)—;dje = cos(ry (¢ — )| (')t

(6.19)

< [0y att = o)

R
Let
(1) = / e cos(r;(t — )R(E) dt, G =0,.... ],
R
SO
J
(6.20) Wi (t) = Zdjcpj (t)+0(e™%) as t— +oo.
7=0

The underlying idea is that, if one wishes to improve the decay of (6.20) as t — +00, one needs to add
to this particular solution elements in the kernel, say, Cje™% for a precise constant C;, j = 0,...,J.
But this worsens the decay at t — —oo. More precisely, compute

(1) = / =931t cos(r; (¢ — ') h(¢) dt’
R
(6.21) ¢ , oo ,
= / e~ 71 cos(r;(t — t'))h(t') dt’ + / 1=t cos(j(t — t'))h(t') dt’.
t

—0o0
The first integral in the right hand side above can be rewritten using that, by Fredholm theory, the
following compatibility condition must be satisfied:

(6.22) oz/Re%‘t’ cos(Tj(t—t’))h(t’)dt’:/t ...+/t+°o....

— 00

Thus we have
+oo
0 (t) = / [fe*”j“*t ) 4 st ﬂ cos(r;(t — t'))h(t') dt’.
t

This is the standard variation of constants formula to produce a particular solution for the second order
ODE

@ (t) = oF;i(t) — 20;h(2),
and in particular shows that ¢, (¢) decays like h(t) as t — +o0, which is O(e~*). One could also check
behavior as t — —o0, similarly to the above.

6.1. Beyond the stability regime. Now we look at the proof of Proposition 6.3. As we have men-
tioned, in order to simplify the presentation, we only consider the projection m = 0. Let Ay, < k <
A’N,,Y be the region where we have exactly two real poles at 79 and —7g, for 7 > 0. For this, just note
that, for real £ > 0, Lemma 6.6 shows that ©g(£) is an increasing function in &, and it is even. Denote
the rest of the poles as in the previous subsection, for j =1,2,....

We proceed as in the proof of Theorem 6.1 and write

(6.23) wo(t) = /R %ﬁ@)eiff de = /R h(E)Go(t — ) dt’.

There are two real poles now. So in order to give sense to the integral above we can integrate on a
different horizontal line, just below the horizontal axis, or to regularize the integral by some £ > 0 small.
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For this, calculate

) 1
Ge (t :/ezft—_d.
(%) r Oo(l—ei)—r :

The poles are now 7y + i and 79 — €i. Define the region Oy = {z € C : |z — (7 +¢€i)| < R,Re(z) > 0}.
A standard contour integration along 92 gives, as R — oo, that for ¢t > 0,

o0
Ge(t) = 2mice (o TE)t 4 Ay Z e it cos(75t)c5,
j=1

where
1

¢ = Res (@o(z —ei)— kK

,T0+€i).

Taking the limit € — 0,
Gs(t) — Go(t) = 2micoe™" + 4mi Z cje” %" cos(;t),
j=1

for t > 0, and extended evenly to the real line.
Let us simplify this formula. Using Fredholm theory, to have a solution of equation (6.11), h must
satisfy the compatibility condition

0= 67i70t/ h(tl)ei‘mt' dt/ _ / h(t o t/)efimt' dt/
R R
+oo -, 0 o,
:/ h(t —t')e~ "ot dt’+/ h(t —t")e "™ qt’.
0 —o00

Substitute this expression into the formula below

+oo . ’ 0 . ’
/ h(t —t)e™ "™ dt’ + / h(t —t)e'™" at’
0

—0o0

0 ) , 0 ) , +o0o
:/ h(t —t')e "ot —/ h(t —t')e' ™! dt’:/ h(t")sin(ro(t —t')) dt’.
t

— 00 — 00

Arguing as in the proof of Theorem 6.1 we obtain . The only difference with the stable case is that
the 7 = 0 term in the summation in formula (6.19) needs to be replaced by

+o0o
/t sin(ro(t — £))h(t') dt'

A similar argument yields . too.

6.2. A-priori estimates in weighted Sobolev spaces. For s > 0, we define the norm in R x S¥—!
given by

(6.24) Jol2 =3 / (14 €2+ m2)2 i (6) 2 de.

m=0
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These are homogeneous norms in the variable r = ™%, and formulate the Sobolev counterpart to the

Holder norms in RY \ {0} from Section 5.1. That is, for w*(r) := w(t) and s integer we have

St o)
Jwlz =3 / a2 dr,

m=0

oo (')
Jol2 =3 / (15,2 + 10,5 22 v dr,
m=0

oo [e'e)
Jwlz =" / (652 + (0 212 + By, [2r%) =1 dir
m=0 0

One may also give the corresponding weighted norms, for a weight of the type r—7 = eVt Indeed, one

just needs to modify the norm (6.24) to

2 . - 2 m2 28| .~ 2
s,g—;/ﬂw(us )i (62 de.

[[w]
For instance, in the particular case s = 1, this is
o o)
bo= 0 [ (i o, P e ar
m=0"0

Proposition 6.10. Let s > 2v, and fix ¥ € R such that the horizontal line R + i does not cross any

pole T;m) + ioj(-m)

]

,7=0,1,....m=0,1,.... Ifw is a solution to
Lw=h inRxSV!
of the form (6.6), then

[wlls,o < CllAlls—25,9

for some constant C > 0.
Proof. We project over spherical harmonics w = Zm Wy By, where w,, is a solution to ﬁmu)m = hm,.

Assume, without loss of generality, that ¢ = 0, otherwise replace the Fourier transform * by -~ on a
different horizontal line. In particular, Wy, () = (0,,(£) — k) ' hn(€), and we simply estimate

2\ 1+ 1¢2 +m?)* - 2 - 2 2\2s—4 7 2
it = Y [ ST ©F de <0 Y [ (16 + 2o e

m=0 m=0

= C|Ih]1Z 2,

where we have used that
(1+ |€]> +m?)>

|@m (f) - K‘z
which follows from (6.14). O

< C(L+ €2 +m?)» 1,

6.3. An application to a non-local ODE. The following result is not needed in the proof of the main
theorem, but we have decided to include it here because it showcases a classical ODE type behavior for
a non-local equation, and it motivates the arguments in Section 7.

Assume that we are in the unstable case, i.e., the setting of Proposition 6.3.

Proposition 6.11. Let ¢ > 0 and fiz a potential on R with the asymptotic behavior

(1) = k+O0(e%) ast— +oo,
o) ast— —oo,
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t

forr =e7". Then the space of radial solutions to equation

4 N
(6.25) (=AY u — U= 0 mR

that have a bound of the form |u(r)| < Cr—" = s two-dimensional.

N

Proof. Let u be one of such solutions, and write w = ur ™2 Tow= w(t). By assumption, w is bounded
on R. Moreover, w satisfies the equation P(©w — Vw = 0, which will be written as

Low=h, for h:=(V—k)w.
Then we have the bounds for A

—qt
ht) = O(e™) ast— +oo,
O(1) ast— —oo,

so we take 6 = g > 0, §o = 0, and apply Proposition 6.3. Then w must be of the form
w(t) = wo(t) + C3 sin(rot) + C2 cos(Tot)

+ Z e~ [Cf sin(7;t) 4 C7 cos(7;t)] + Z e?" [Dj sin(7;t) + D7 cos(7;t)]
Jj=1 j=1

for some real constants Col,Cg,C;,CJZ,D},DJQ-, j=1,2,..., and wp is given by (6.12). The same
proposition yields that wq is decaying as O(e™%) when t — 400, so we must have D;,D? = 0 for
7 =1,2,.... Moreover, as t — —o0, if we want a bounded solution, this fixes the values of C}, CJ2 for
j =1,2,..., which implies that only C} and C3 are free. Note also that the behavior as t — +oc implies
that this combination is nontrivial, so this yields a two-dimensional family of bounded solutions.

This argument also implies that any other solution must decay exponentially as O(e~%) for ¢t — +o0
(this is, C} = C2 = 0). Then we can iterate statement iii. with § =g, [ = 2,3,... and &y = 0, to show
that w decays faster than any O(e™%), § > 0, as t — +o0, which gives that u(r) decays faster than
any polynomial, this is |u(r)| = o(|r|*) for every a € N. Next, we use a unique continuation result for
equation (6.25) to show that u = 0. In the stable case, unique continuation was proved in [39] using a
monotonicity formula, while in the unstable case it follows from [76], where Carleman estimates were
the crucial ingredient.

Finally we remark that if, in addition, the potential satisfies a monotonicity condition, one can give a
direct proof of unique continuation using Theorem 1 from [43]. Note that, however, in [43] the potential
is assumed to be smooth at the origin. But one can check that the lack of regularity of the potential at
the origin can be handled by the higher order of vanishing of w. (Il

6.4. Technical results. Here we give a more precise calculation of the poles of the function m
For this, given k € R, we aim to solve the equation

Ia+iz)l(a—iz)

(6.26) T(B 1 i2)0(5 — iz)

—Kk=0

with | — 8] <1 and 8 < o

Lemma 6.12. Let
z2=iR+(
with |z] > Ry and Ry sufficiently large. Then the solutions to (6.26) are contained in balls of radius

% around the points z = (N + )i, with N = [R] and C depending solely on « and B.
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Proof. First we note, by using the identity T'(s)I'(1 — s) = 7/ sin(ws), that

I(@—R+i¢) T(1-B+R—i) sin(r(8 - R+i()
I'(B—R+i() TI'(l—a+R—il)sin(r(a—R+iC))
(1 - B+ R—iQ)sin(n(B — 0 +1i())
- T(1—a+R—i¢)sin(r(a -6 +i))’

where we have denoted
0=R-—[R].
Then, Stirling’s formula (6.13) yields
|F(1 + Z)‘ N |Z|Rez e—(Im z) arg(z)e— Rezm |Z|% ,
which implies
Nl1-p+R—i()T(a+ R —1iC)
'Ni—a+R-«)T (B—I—R—i()

(R2 + C )a B C(arctan = ﬁJrR —+arctan aiR —arctan = D€+R —arctan ﬁJrR)

Since

¢ ¢ ¢

arctan————— 4 arctan — arctan ———— — arctan

1-8+R a+ R l1-a+R 8
¢

__<
a+R B+R
TpFR I=atR 1+3
(=B _la=p)¢
R2 4 (2 R2 42
we can estimate, for R? 4 ¢? sufficiently large,
I'(1-B8+R—i()T(a+R—i()
Fl—a+R—-iQ)I'(B+ R—1iC)
Therefore, for R? + ¢? > R3 with Ry sufficiently large, we have the bound
(1-B+R—iQl(a+ R — i)

_ ¢ ¢
T-B+R  1-a+tR

= arctan + arctan

<
+R B+R

~ —2arctan

(a=p)¢2

¢
_|_

CTHRE ) ’F(laJrRzC) (ﬂ+Rzg)‘ (R +¢5™
where C' depends only on « and 3. Hence,
K sin(ﬁ(ﬁ—é—&—io)‘ K
C(R? 4 ¢2)>=8 — |sin(m(a—d +14C))| — C~1(RZ 4 (2)>—6’

and by writing
0—i(=p+2,

we conclude that necessarily

_, _ Cksin((a — p)m)
s —pmes
which implies that solutions to (6.26) lie at
Crsin ((a — 8)m)
[R)? (e=)

z:iR—f—C:i[R]-i-iﬁ—H'Z:[R]-i—ﬁ—i—O(

and this proves the Lemma.

)

—2(a=p)

R

47
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Next we write
z=1i(f+N)+2Z
with A sufficiently large (according to the previous lemma) natural number, and equation (6.26) reads

Tla—B-N+iH)D(a+B+N—i2)
(6.27) T(-N +iz)0(28 + N —i2) el

Since P31+ 2)
N w1l (e +1z
PN+ = 0 S o)
and
NB—a—i2)I'(14+a— 5 +1i2)

FN+1—a+p—i2) ’

[(a—B—N+iz) = (-)N

we can write
MNa—-B-N+iZ)l(a+ B +N —iz)
[(-N +i2)[(28 + N —i2)
TIN+1—i2)[(a+B+N—-iz) T(B-a—i2)T(1+a—pF+i2)

TN +1—a+B—-i2)[(28+N —i2) (14 i2)T'(—i2)
Using that
F'B—a—iZ)l(1+a—B+iz) sin(—miz)
(1 +i2)(—i2) ~ sin(n(B — a —i2))’

as well as Stirling’s formula (6.13) to estimate
PN +1—iz)[(a+B+N —iZ)
TIN+1—a+8-i2)T(28+ N —i2)
N =2V E(a+ B+ N — 1 —ig)atFArN-1-i
TN —at B in)NotBE(28 — 1 + N — i5)28- LNz
.ez(aﬁ)\/ N —iZ)(a+ B+ N —1—i3)
N —a+pB—-i2)(28 -1+ N —i2)

~ N2(@=B) g=2i(a=p)Z o =2(a=5)

we arrive at the relation

sin(—miZz) o—2ila—B)F K
sin (7(8 — a —i2)) N2(a=B)e=2(a=p)’
which implies
i ksin(m(8 — a))
2N L N2@—B)g—2(a=B) "

In fact, it is easy to see from (6.27) and the estimates above that a purely imaginary solution Z does
exist and a standard fixed point argument in each of the balls in the previous lemma would show that
it is unique.

Finally, the half-ball of radius Ry around the origin in the upper half-plane is a compact set. Since
the function at the left hand side of (6.26) is meromorphic, there cannot exist accumulation points of
zeros and this necessarily implies that the number of zeros in that half-ball is finite.

We conclude then that the set of solutions to (6.26) consists of a finite number of solutions in a half
ball of radius Ry around the origin in the upper half-plane together with an infinite sequence of roots
at the imaginary axis located at

ksin (7(8 — @)
N2(@—B) g—2(a—B)

(6.28) zNi(ﬂ+N)+O( ) for N > Ry,
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as desired.

Now we consider the asymptotics for the residues. We define
INa+i2)['(a—1z
y(o) o Dl i —i2)
(B +i2)(3 — i2)

We will estimate the residue of the function _i at the poles 2y when A is sufficiently large. Given

the fact that the poles are simple and the function 1/g(z) is analytic outside its poles, we have

1 . 1 1

Hence
iy 4 (T(a+iz)(a —iz)
9= =3 <F(ﬂ Fiz)D(B— iz))
_ I'(B+iz) (T(a+iz)[(a—iz) 1 (o +i2)D(a —i2)
ECERD) ( T3 —i2) ) TS ( (6 —i2) )
= Sl + SQ.

Notice that g(zx/) = 0 implies that

D(a+iza)T(a — izpr)
KT(B —izn)

L(8+izn) =
and therefore,

S, = = —ikp(B +izn),

4 (B +izn) <F(a +izn) (a0 — ZZN)> _ 7iHF/(5 +izp)
I2(B +izn) T(8 —izn) L'(B+izn)

where 1(z) is the digamma function. We recall the expansion (10.9),
b =+ (dr o)
1=0
In this section, v denotes the Euler constant. Then

iy = 1 1 _ me~2(a=h) 2(a—B)
(6.29) SI_ZH<’Y+§<I+ﬁ+iZN_l+1>>_iSiI’l(T((a—ﬁ))N +O(1)7

where we have used the asymptotics of I + 3 + izyr when [ = A from (6.28). Next, using again (6.28)
we estimate

T(atiz) Tla—iz)  T(B—iz)

ﬁlﬂuz) (I‘(a —;(i;)f(g)— iz))"z_ZN . (F’(a tiz) T(a—iz) I'(B- iz))

= i (W@ = B = N + OW22)) — h(a+ B+ N + O ~2=))
(28 + N + O(N—2<a—ﬂ)))) .

SZ:F(

By using the relations

P(1 —2) —Y(z) = weot(nz)
P(z) ~In(z —v) + 27, as |z| = o0, Rez >0,
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we conclude, as NV — oo,
bla—f— N +OW2eM))
= (1 —a+B+N+ON2") L rcot(n(l —a+ B+ N+ ONT2=Ay))

=In(N) + O(1),

and hence

(6.30) Sy = ikIn N + O(1).

Putting together (6.29) and (6.30) we find

re=20=B)
- (@=8) 4 k] 1
S1+ 52 isin(ﬂ(a—ﬂ))N +ikIn N + O(1),
and hence
1 1
Res|—,z2n ) = ——
<g(z) ) ey N8 — kI N+ O(1)

(6.31) in(r(a — B))c2o—A) "y
_sin(m(a — B8))e"\ —2(a—B) n
=1 - N +O<N4(a,3)>

as N — oo.

7. LINEAR THEORY - INJECTIVITY

Let u. be the approximate solution from the Section 5.1. In this section we consider the linearized
operator

(7.1) Le¢ = (~Agn)¢ —pul~'¢, inR"\X,
where ¥ is a sub-manifold of dimension & (or a disjoint union of smooth k-dimensional manifolds), and
(7.2) Le¢ = (—Apn)"¢ — pAnp @ lo, i RY\ {q1,...,ax}.
For this, we first need to study the model linearization
(7.3) L1¢:= (—Apn)"¢ —pAnp ul '¢=0 in RV\{0}.

We will show that any solution (in suitable weighted spaces) to this equation must vanish everywhere
(from which injectivity in R™\ R* follows easily), and then we will prove injectivity for the operator L..
Let us rewrite (7.3) using conformal properties and the conjugation (3.13). If we define

N—2~

(7.4) w=r 2 ¢,

then this equation is equivalent to

(7.5) P (w) = Vw =0,

for the radial potential

(7.6) V=V()=rpAy - ub "

The asymptotic behavior of this potential is easily calculated using Proposition 2.1 and, indeed, for

r=et,

(7.7) V(t) = {pAva,y + O(e™ ") ast— +oo,

O(e?) as t — —o0,

for g = (N —2y)(p—1) — 2y > 0 and ¢; > 0.
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Let v € (0,1). By the well known extension theorem for the fractional Laplacian (3.9)-(3.10),
equation (7.3) is equivalent to the boundary reaction problem

1 —

l

—d, lim ¢17270,@ = AN pud T ® on RN\ {0},

2
Ope® + 78ch> + Apn®=0 in R_1~\_[+17

where d, is defined in (3.8) and ®[,— = ¢.

Keeping the notations of Section 3.2 for the spherical harmonic decomposition of SN=1, by u,,
we denote the m-th eigenvalue for —Agn-1, repeated according to multiplicity, and by FE,,(0) the
corresponding eigenfunction. Then we can write ® = Y °_ ®,,(r, ) E,,(0), where @, satisfies the
following:

1-2 m .
0@, + Vc’)ch)m + Agpn ., — N—‘I)m =0 in R$+1,
(7.8) ¢ r

or equivalently, from (7.5),

(7.9) Pl (w) = Vw =0,

N—2~

forw=wm =7r"2 Pm, dm = P (-,0).

7.1. Indicial roots. Let us calculate the indicial roots for the model linearized operator defined in (7.3)
as 7 — 0 and as r — co. Recalling (7.7), £1 behaves like the Hardy operator (6.1) with k = pAy  , as
r — 0 and k = 0 as r — co. Moreover, we can characterize very precisely the location of the poles in
Theorem 6.1 and Proposition (6.3).

Here we find a crucial difference from the local case v = 1, where the Fourier symbol for the m-th
projection ©,,(£) — k is quadratic in £, implying that there are only two poles. In contrast, in the
non-local case, we have just seen that there exist infinitely many poles. Surprisingly, even though £, is
a non-local operator, its behavior is controlled by just four indicial roots, so we obtain results analogous
to the local case.

For the statement of the next result, recall the shift (7.4).

Lemma 7.1. For the operator L1 we have that, for each fixred mode m =0,1,...,

i. At r = oo, there exist two sequences of indicial roots
~ C~ N—2 ~ .~ N-—2
{U](-m) + zr;m) - =57 7}?‘;0 and {—aj(-m) + zr;m) - =57 7}?‘;0.

Moreowver,

:Yrjrzz ::i&(()nl)_@:_wi |:1_’Y+ \/ (N2_2)2+Mm:|, m:(),l,.‘.,

and 7,5 is an increasing sequence (except for multiplicity repetitions).
ii. At r =0, there exist two sequences of indicial roots

{crj(m) + irj(m) — 7N—227 }iZo and {—UJ(m) + iT;m) — LEM }5<o-

Moreover,
a) For the mode m = 0, there exists p1 with %% <p1 < Y2 (and it is given by (2.2)),

N—2~
such that for %m < p < p1 (the stable case), the indicial roots 75: = j:o(()o) - % are

real with

2~ — N—2v +
1<% <3 <%,
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while if p1 <p < %f? (the unstable case), then 73[ are a pair of complex conjugates with

>
real part — NEQ’Y and imaginary part :tT(gO).
b) In addition, for all j > 1,
(0) N-—2
op > =5 .
¢) For the mode m =1,
- 1) N—2v _ 2
i = o) Mm a1

Proof. First we consider statement 4. and calculate the indicial roots at = 0. Recalling the shift (7.4),
let £; act on the function 7~z +9_and consider instead the operator in (7.5). Because of Proposition
3.4, for each m = 0,1, ..., the indicial root 7, := —@ + 6 satisfies

(Ap + 9T (A —3)
227 2 2 :pA ,
(Bt 3T (Bn—3)

(7.10)

where A,,, By, are defined in (6.4). B
Note that if 6 € C is a solution, then —§ and +0 are also solutions. Let us write g = a + 18, and

denote
DA+ (4, - 5)
F(Bo + )T (B 3)
From the expression, one can see that ®,,(«,0) and ®,,(0, 5) are real functions.

We first claim that on the «fS-plane, provided that |a| < B,,, any solution of (7.10) must satisfy
a=0or =0, ie., §d must be real or purely imaginary. Observing that the right hand side of (7.10) is
real and so is @,,,(0, 8) for 8 # 0, the claim follows from the strict monotonicity of the imaginary part
with respect to «, namely

I @(0,8) = 2 2 [@(0 ) ~ Bl ~B)
80( m Y - 604 m bl m I

@ (0, ) = 227

| =

1 1 1 1
Im |:j+Am+a7iB t A =i T ¥ B taris T j+Bmfa+iﬁ:|

<
Il
=)

(7.11)

o0
_ 1 1 1 1
- BZ {(j+Am+a)2+62 T Gran—oZ 2 ~ GiBmta) 18 (j+Bmfa)2+62}7
j=0
the summands being strictly negative since A,, > B,,. If 8 # 0 and |a| < B,,, it is easy to see that the
above expression is not zero. This yields the proof of the claim.
Moreover, ®,,(«,0) and ®,,(0, 3) are even functions in «, 3, respectively. Using the properties of the
digamma function again, one can check that

0P,,(a,0)
(712) T <0Ofora>0
and
(7.13) 95 > 0 for 5> 0.

Let us consider now the case m = 0. Using the explicit expression for Ay~ from (1.10), then ¢
must be a solution of
N
PF+3+90(F+3-9) _ TG - 7T +7)
N _y,49 y_ 8
1213

IR T E S

=: A(p).

(7.14)
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From the arguments in [5] (see also the definition of p; in (2.2)), there exists a unique p; satisfying

%% <p < %f% such that ®4(0,0) = A(p1), and ®o(0,0) > A(p) when NL,Y < p < p1, and

2y -2
®4(0,0) < A(p) when p1 <p < %31

Assume first that %M < p < p1 (the stable case). Then from (7.13), we know that there are

no indicial roots on the imaginary axis. Next we consider the real axis. Since ®¢(By,0) = 0, by
(7.12), there exists an unique root o* € (0, Bp) such that ®o(+a*,0) = A(p). We now show that

a* € (0, % - NEQ'Y). Note that

r
(I)O(L’Yl - NEQ’YzO) _pAN,p,'y = (1 _p)

We conclude using the monotonicity of ®¢(«,0) in o.

Now we consider the unstable case, i.e., for p > p;. First by (7.12), there are no indicial roots on the
real axis. Then by (7.11), in the region |a| < By, if a solution exists, then § must stay in the imaginary
axis. Since ®¢(0, ) is increasing in § and limg_,o, @¢(0, ) = +00, we get an unique 5* > 0 such that
Po(0,£8%) = Ap)-

In the notation of Section 6, we denote all the solutions to (7.14) to be o](p) + iTJ(O) and —0'](»0) £ iT;O),
such that o; is increasing sequence, then from the above argument, one has the following properties:

0 _ 0
06)6(0,%—]\7227), 7'(5):07 for]\,%2.7<p<p17
0'(()0) = 07 7'(50) S (0,00), for D1 S p< xtgz7

and

o\ > 2By = N1 for j> 1.

For the next mode m = 1, one can check by direct calculation that oy = ;%1 +1— % is a solution
to (7.10). By the monotonicity (7.12), there are no other real solutions in (0,c;). This also implies

that ®1(0,0) > A(p), by (7.13), there are no solutions in the imaginary axis.

Moreover, using the fact that ®,,(«,0) is increasing in m, and ®,,(£B,,,0) = 0, we can get a
sequence of real solutions a,, € (0, B,,) for m > 1 that is increasing. Moreover, from (7.11), one also
has that in the region |a| < B,,, all the solutions to (7.10) are real.

Then, denoting the solutions to (7.10) by J§m) + iT;m) and —oﬁm) + iT;m) for m > 1, we conclude
that:

0(()1) = % +1- —N;}Y, {Jém)} is increasing, Tém) =0.

We finally consider statement 7. in the Lemma and look for the indicial roots of £ at r = +0c0. In
this case, § will satisfy the following equation:

1 1. /(N 2 3\ |?
227‘F<§+%+§\/(7—1) +Mm+§)’
P) 2

‘FG—%JF% (7 -1 +Mm+%)’

For each fixed m = 0,1,.. ., the indicial roots occur when

2 b .
%_%4—% (%_1) +pmEt5 =7 forj=0-1,-2..., -0,

2

or
+0=1-7)+/(F-1)24pun+2j, j=01,2,....
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Thus, the indicial roots for £; at r = 400 are given by
—%i{(l—yw (%—1)2+um}izj7 j=0,1,....
This finishes the proof of the Lemma. O

7.2. Injectivity of £; in the weighted space Cﬁ?jlo‘. The arguments in this section rely heavily on
the results from Section 6. We fix

N -2
(7.15) > Re(y)) = —— x,
Proposition 7.2. Under the hypothesis (7.15), the only solution ¢ € CEL?V*I'“(RN \ {0}) of the equation
L1¢ = 0 is the trivial solution ¢ = 0.

v1 < min{0, p}.

Proof. We would like to classify solutions to the following equation:
(—Dpn)"¢ = pAnpyul ¢ in RY\ {0},
or equivalently, (7.8) or (7.9) for each m =0,1,....

Step 1: the mode m = 0. Define the constant 7 = pAy -, and rewrite equation (7.5), i.e. equation
(7.9) for m =0, as
(7.16) Pg(w) —tw=(V —7)w=:h,
for w = w(t), the conjugation of ¢y according to (7.4), and the right hand side h = h(t), both written
in the variable t = —logr € R. By definition,

N-—2y

O(e=+7=2t)  ast — +oo,
U)(t) - {O(e_(y1+N22’v

We use also (7.7) to estimate the right hand side,

(7.17)

Y ast — —oo.

N—2v

O(e~(@trt=57))  ast — 400,
h(t) = _ N—2yy;
O(e~n+=57t) as t — —oo.

By our choice of weights p, v1 from (7.15), we have that u + % > cr((]o) and vy + % < 050) (for

this, recall statements ) and b) in Lemma 7.1).
We use Theorem 6.1 and Proposition 6.3 with § = g1 + p + N_22’Y > Re(yg + %) = 0'(()0) and
do = —(n1 + %) > —ago). Obviously, 6 +dp = g1 + (u — 1) > 0. Let J > 0 be such that

af;]) << 03(21. Then we can find a particular solution w, (depending on J) such that

wy(t) = 0(e™), as t— +oo.
Our solution will be obtained from this particular solution by adding elements in the kernel. By our

)
choice of x (hence §), we could only add exponentials e % !, j > .J. But these grow fast at —oo and
thus are not allowed by the choice of v1, and we must have w = w,. But again, by the theorem, either
©)

w,, grows as t — —oo like O(e%?), or it has the asymptotic behavior w, ~ e~ % * for some j =0,...,J
(maybe after passing to a subsequence in ¢, in case TJ(O) # 0). But by (7.17) this second scenario is not
allowed unless j = 0, so we must conclude that w = w,, satisfies

O(e™%) as t— 400,

w(t) = inf—o® 5ovs

O(emin{=oo 0o}ty a5t - —o0.
With this and (7.17) we see that we have improved the decay of w = w,, at +0o by e~ %! (at the expense
of slightly worsening the behavior at —o0).
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Now, by the definition of h in (7.16), we can iterate this process with ' = lgq; + p+ NEM, [ > 2, and
d, = min{—oy9, dp }, to obtain better decay when t — +oo. Indeed, with these choices of the parameters
we still have §'+6( = (I—1)g1+d+min {—op, do} > 0, so that the results in Section 6 remain applicable.
As a consequence, we have that w decays faster than any e % as t — 400, which when translated to ¢
means that ¢ = o(r®) as r — 0 for every a € N. The strong unique continuation result of [39] (stable

case) and [76] (unstable case) for the operator P —V implies that ¢ must vanish everywhere.

Step 2: the modes m = 1,..., N. Differentiating the equation (2.1) we get

Ou
Lim— =0.
0T,
Since u; only depends on r, we have % = u}(r)Ey, where E,, = T;’IL Using the fact that

—Agv-1Ey = pmEn, the extension for w)(r) to R_IXH solves (7.8) with eigenvalue N — 1, and

N—2v

wy =177 u satisfies PJ"w — Vw = 0. Note that uj decays like r~(N+1=27) a5 1 — 0o and blows up
like 7~ 7=1 71 as r — 0.

We know that also ¢,, solves (7.9). Assume it decays like r=(N+1=27) a5+ — oo and blows up
like 7%= as r — 0. Then we can find a non-trivial combination of u} and ¢, that decays faster than
r~(N+1=27) at infinity. Since their singularities at 0 cannot cancel, this combination is non-trivial.

Now we claim that no solution to (7.9) can decay faster than r~(N+1727) at oo, which is a contra-
diction and yields that ¢,, =0 form=1,..., N.

To show this claim we argue as in Step 1, using the indicial roots at infinity (namely —(N +1 — 2v)
and 1) and interchanging the role of 400 and —oco in the decay estimate. Using the facts that the

solution decays like r? for some ¢ < —(N —2y+1), i.e. o+ Nf”’ < —Ng% -1

= —0(()1) and
Re(v;h) + % < 051), one can show that the solution is identically zero.
Step 3: the remaining modes m > N + 1. We use an integral estimate involving the first mode

which has a sign, as in [31, 30]. We note that, in particular, ¢1(r) = —u)(r) > 0, which also implies
that its extension ®; is positive. In general, the y-harmonic extension ®,,, of ¢,, satisfies

£1—2'y
div(*=2Vd,,) = fom—5—®min RV
—d, lim =219, ®,, = pul ", on RY L.
—

We multiply this equation by ®; and the one with m = 1 by ®,,. Their difference gives the equality
At . e
(fom — ul)r—zcbmcbl = &, div({' "2V d,,) — @, div(l VD)
= div(t* 279, VD, — ©,,VPy)).

Let us integrate over the region where ®,, > 0. The functions are regular enough near x = 0 by the
restriction (7.15). The boundary d {®,, > 0} is decomposed into a disjoint union of 8° {®,, > 0} and
ot {®,, > 0}, on which the extension variable £ = 0 and £ > 0, respectively. Hence

. o,,d
0=\~ ) [ -
{®,,>0} T

/ <¢1 lim ¢1-27 2%m G lim 61—27‘%1) dx
89{®,, >0} £—0 v £—0 ov

d ®
+/ Al (@18’” - c1>m81> dadr.
8+ {® >0} ov ov

dxdl
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The first integral on the right hand side vanishes due to the equations ®; and ®,,, satisfy. Then we
observe that on 9% {®,, > 0}, one has ®; > 0, % <0 and ®,, = 0. This forces (using fi,, > u1)

0,0
/ — dwdl = 0,
{2n>0p T

which in turn implies ®,,, < 0. Similarly ®,,, > 0 and, therefore, ®,, = 0 for m > N + 1. This completes
the proof of the Proposition 7.2. (]

7.3. Injectivity of L; on Ci”,jl’ @, In the following, we set N = n — k and consider more general
equation (5.5). Set

Ly = (—Agn)? — pAnp,ub " in R™ \ RE.

Proposition 7.3. Choose the weights j,v1 as in Proposition 7.2. The only solution ¢ € Cg?jl'a (R™\R¥)
of the linearized equation Li¢ = 0 is the trivial solution ¢ = 0.

Proof. The idea is to use the results from Section 3.3 to reduce L; to the simpler £;, taking into
account that u; only depends on the variable r but not on y. In the notation of Proposition 3.4, define
w = r‘¥¢, and w,, its m-th projection over spherical harmonics. Set ,,(\,w), A € R, w € S*
to denote its Fourier-Helgason transform. By observing that the full symbol (3.25), for each fixed
w, coincides with the symbol (3.15), we have reduced our problem to that of Proposition 7.2. This
completes the proof. O

7.4. A priori estimates. Now we go back to the linearized operator L. from (7.2) for the point
singularity case RN \ {q1,...,qx}, or (7.1) for the general R™ \ ¥, and consider the equation

(7.18) L.p =h.
For simplicity, we use the following notation for the weighted norms

(7.19) o]l = Il

c2vFa ||h||** = HhHCngﬂ,,yf

W 2~

Moreover, for this subsection, we assume that u, v satisfy
Re(yg) <p <0, —(n—2y) <w.
For this choice of weights we have the following a priori estimate:

Lemma 7.4. Given h with |h|l. < 0o, suppose that ¢ be a solution of (7.18), then there exists a
constant C' independent of € such that

@]« < CllAllwx-

Proof. We will argue by contradiction. Assume that there exists ; — 0, and a sequence of solutions
{¢;} to L.,¢; = h; such that

léill« =1, and ||hj[l« — 0 as j — oo.

In the following we will drop the index j without confusion.
We first consider the point singularity case RY \ X for ¥ = {qi,...,qx }. By Green’s representation
formula one has

o(z)= | G(z,&)[h+pAnp a2 ¢ dE = I, + I,
]RN
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where G is the Green’s function for the fractional Laplacian (—Agx)? given by G(z,Z) = Cn |z —
#|~(N=29 for some normalization constant Cy . In the first step, let z € RN \ |J; By(g;). In this case

I < /R Gl 2)h(z) d

:/ +/ +/ +/
{dist(%,£)< $} (g <dist(3,2)< 2L} {1zl <dist(z,3) <2|2|} {dist(z,5)>2|z|}

< Ol (2] =727 4 )
< Cfpls 2],

because of our restriction of v. Moreover,

I~ [ Gl ooy 1o(2) di

:/ _|_/ +/ coe=: Iny + I9o + Iog3.
{dist(z,Z)<e} { >dist(z,5)>e} {dist(z,2)>%}

Calculate

I < / & — & 20() 26 < 4l & — 3|~ () dz,
{dist(z,2)<e} {dist(%,2)<e}
< CEN T2 . o)V,

where g is the weight function defined in Section 5.1, and

Iy = / |z — 33|7(N727)6N(p*1)72p79(5c)*(N*2W)(p*1)¢,d@
{dist(#,)>2}
< [I9ll« / |z — &|” V=20 Ne=1)=207 5 (7)r=(N=27)(—1) 43
{R>dist(#,%)> 2}

+ [|¢]]« / |z — ;z‘—(N—27)5N(p—1)—2pvQ@)U—(N—Qv)(p—l)] di
{dist(z,3)>R}
S eNPTD=2 () =N =20 g

Next for 123 s

Ins < / (2 — 7|~ (V=20 N =1)=207 ()~ (N=20)(0=1) g g5
{e<dist(z,X)< %}

< €N(p—1)—2pvg(x)—(N—2'y) ol |j|u—(N—2'y)(p—1) di
{e<lzl<%}
S VT g 2N g )~V .

Combining the above estimates, one has
I < C(eNP=D7207 4 gl =27 o)~ (N2,
S (eNPTITEY 4 eh 2N ()9,

and thus
sup  {o(x) "o} < C([|h]lsx +o(D)[I4]),

{dist(z,X)>c}
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which implies, because our initial assumptions on ¢, that there exists g; such that
_ 1
(7.20) sup | —qi| "H|¢| = 3.
{lz—g:i|<o}
In the second step we study the region |z — ¢;| < 0. Without loss of generality, assume ¢; = 0. Recall
that we are writing ¢ = I; 4+ Is. On the one hand,

L= | G(a,i)h(i)di
]RN

S R A e .
{1z]>20} {lz]< 2y {2l<jz|<2)el} {2]z]<|Z|<20}

< el / P / & — 7]~ N=20 |2 g
{|&[>20} {|#|< &Ly

+/ |x_j|—(N—2’Y)‘§j|#—2’Y de_/ |x_53|—(N—27)|53|u—2»y di
{5l <izl<2l=)} {2)2]<|3| <20}

< Ol hflaxla]”.
On the other hand, for I, recall that ¢ is a solution to
(—Ar~)7¢ = pANp 0 ) = h.
Define ¢(&) = e " ¢(c7), then ¢ satisfies
(—Apn)7¢ — pAn p ot o = P R(ER).

By the assumption that |||« — 0, one has that the right hand side tends to 0 as j — oo. Since lp()| <
C||¢|l«|Z|* locally uniformly, and by regularity theory, ¢ € C; (RV\{0}) for some 7 € (0,1), thus passing

loc
to a subsequence, ¢ — ¢, locally uniformly in any compact set, where ¢o, € C;‘j‘,‘EQ’Y(RN \ {0}) is a
solution of

(7.21) (—Ap~ ) boo — PANpUE oo =0 in RY \ {0}

(to handle the non-locality we may pass to the extension in a standard way). Since p < 0, it satisfies
the condition in Proposition 7.2, from which we get that ¢, =0, so ¢ — 0.
Now we go back to the calculation of I;. Here we use the change of variable x = ex;.

I = / ple =&~ N ar g di = e+ / oy — &[NP () §() di
{Iz|<o} {lz|< 2}

:5#[/ _|_/ _|_/ ...}:;J1+J2_|_J3,
{lz|<x} {£<|Z|<R} {R<|E|<2}

for some positive constant R large enough to be determined later. For Ji, fix 2, when ¢ — 0 one has

Jy = b / 21— 3Nl F)E(E) di < gl |2 / 72 d
{l#|<%} {l#|<%}
< CR- =274 || [P

For J, we use the fact that in this region ¢ — 0, so
Jy = el / |2y — &N 200N (8)p(7) di
{&<IZ|<R}

1 - _(N—
o [ e 4 = oA ) < o)l
= <lT|<
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and finally,

Jy = ¢t / |2y — &N 200N (8)p(3) di
{R<|Z|<2}
— 5H||¢||* [/ |x1 _ §3|—(N—27)|;g|uu117*1 di +/ |:1c1 _ §c|_(N_2"f)uf’1|5g|“ dz
{R<|@|< 1!y {2l <)z <221 |}

+/ o1 — B~ =200 ]
2l |<ll<2)
< Celza[*|@l«]za |77 < o(1) || ||

for some 7 > 0.
Combining all the above estimates, one has

||~ | < o(1)([[4]]« + 1),
which implies
[6ll+ < o(D)][¢ll« + o(1) + [|A]l«x = o(1).
This is a contradiction with (7.20).

For the more general case R™ \ ¥ when ¥ is a smooth k-dimensional sub-manifold, the argument is
similar as above, the only difference is that one arrives to the analogous to (7.21) in the estimate for I
near X:

(—Agn) oo — ptif T hoo =0 in R™\ R¥.
After the obvious rescaling by the constant Ay, ., where N = n — k, one uses Remark 5.8 and the

injectivity result in Proposition 7.3 instead of the one in Proposition 7.2. This completes the proof of
Lemma 7.4. O

8. FREDHOLM PROPERTIES - SURJECTIVITY

Our analysis here follows closely the one in [70] for the local case. These lecture notes are available
online but, unfortunately, yet to be published.

For the rest of the paper, we will take the pair of dual weights p, i such that u+ i = —(N — 2v)
and v + 7 = —(n — 2v) satisfying
N — 2y

2

2y - _
— —— < i <Re < —
(8.1) p—1 w (7o) <

—(n—2y)<v<0.

<Re(yg) <p <0,

In order to consider the invertibility of the linear operators (7.1) and (7.2), defined in the spaces

. 27t 0,00
Le i Chy™ = Ciloy ooy

it is simpler to consider the conjugate operator

(8.2) Le(w) == fi ' Le(fow), L;c;jty_zw noy —>C;if\,_27 S

+ 7 Ut

where fo is a weight o~ "2 near infinity, and o~ "3 near the singular set X, while f; is o~ g

near infinity, and ¢~ *5** near the singular set. Recall that g is defined in Section 5.1. In addition, in
each neighborhood use Fermi coordinates as in formula (8.4) below. This conjugate operator is better
behaved in weighted Hilbert spaces and simplifies the notation in the proof of Fredholm properties.
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8.1. Fredholm properties. Fredholm properties for extension problems related to this type of oper-
ators were considered in [61, 62].

In the notation of Section 5.1, and following the paper [63], we define the weighted Lebesgue space
L3 3(R™\ X). These are Li,, functions for which the norm

loc

63 Wl g = [l e
R\ Bg

O A
R o o

is finite. Here drdydf denotes the corresponding measure in Fermi coordinates r > 0, y € 3, § € SN—1,

One defines accordingly, for v > 0, weighted Sobolev spaces W§ 2 with respect to the vector fields from
Remark 5.3 (see [61] for the precise definitions).
The seemingly unusual normalization in the integrals in (8.3) is explained by the change of variable

¢ = faw. Indeed,
log R
||wH%z / / lw|?e 219td9dt+/ |w|? dz
5,9 -1 {dist(-,X)>0,|z|<R}

/ / / |w|?e?°t dodydt.
log o SN-1

Lemma 8.1. For the choice of parameters

(8.4)
We have

S <p+N5E, 9>+
we have the continuous inclusions
2
Cﬂj/;a(Rn \X) <= L2—6,—19(Rn \ 2.

The spaces L} 4 and L? 5 _, are dual with respect to the natural pairing

(1, 02)5 = /Rn 192,

for ¢ € L§719, ¢ € Lz_&_ﬂ. Now, let L. be the operator defined in (8.2). It is a densely defined, closed
graph operator (this is a consequence of elliptic estimates). Then, relative to this pairing, the adjoint
of

(85) I~/E : Lz,(;’,ﬁ — L%g’,ﬁ
is precisely

(8.6) (Le)* = L. : Ljy — L .

Now we fix p, fi, v, 7 as in (8.1), and choose —4 < 0 slightly smaller than i+ N;% and —v < 0 just
slightly larger than o + ";27

so that, in particular,

N2’y N2'y

_2’Y_|_

—”f”<u+”f”<—ﬁ<0<ﬁ<£;%

<=d< i+ <0<pu+

(8.7)

and we have the inclusions from Lemma 8.1. In addition, we can choose §, 9 different from the corre-
sponding indicial roots. Higher order regularity is guaranteed by the results in Section 6.2. We will
show:
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Proposition 8.2. Let § € (—% — 27, N;%) and 9 € (—%, %) be real numbers satisfying
(8.7).
Assume that w € L§ﬂ9 is a solution to

Lew=h on R\ &
for he Liﬂ. Then we have the a priori estimate

(8.8) lwllzz , S 1Allzz , + llwll 2y,

5,0 ™

where IC is a compact set in R™ \ ¥. Translating back to the original operator L., if ¢ is a solution to
L. =h in R\ X, then (8.8) is rewritten as

(8.9) 01|22

210 0iay S PNz, + 1llz200)-
As a consequence, L. has good Fredholm properties. The same is true for the linear operators from

(8.5) and (8.6).

Proof. The proof here goes by subtracting suitable parametrices near ¥ and near infinity thanks to
Theorem 6.1. Then the remainder is a compact operator. For simplicity we set € = 1.

We first consider the point singularity case, i.e., k =0, n = N.

Step 1: (Localization) Let us study how the operator L; : L§+2’y,19+2'y — Lgﬂ9 is affected by lo-
calization, so that it is enough to work with functions supported near infinity and near the singular
set.

In the first step, assume that the singularity happens only at r = co (but not at » = 0). We would
like to patch a suitable parametrix at r = co. Let x be a cut-off function such that x = 1 in RY \ Bg,
X = 0in Bg/y. Let K = Bag, and set

hy = L1(x¢) = xL1¢ + [L1, X]¢,
where [+, -] denotes the commutator operator. Contrary to the local case, the commutator term does
not have compact support, but can still give good estimates in weighted Lebesgue spaces by carefully
controlling the the tail terms. Let
x(@) —x(®@) -
I(#) = [L1, ]6(x) = (—Agn)"(x0) (@) — x(2)(~Dan ) '6(z) = kv / XD XD o 3) .
Ry | — T[N
Let us bound this integral in L .
We first consider the case |z| < 1. Note that

x(@) = x(@) oo ¢(z) -
I(z) = / - o(%) dz + n dz
B2r\Br/2 “/L’ - :L‘|N+2’Y RN\Bagr |!L‘ - x‘N""Q’Y
2042v—N
< CR*H ™|l +l8lace-
We have that ||I\|L§(Bl) can be bounded by 0(1)H¢||L§+2 veay T |9l 2 (k) for large R if ¥ < % and
§ < N2, Y
Next, for [z] > 2R, we need to add the weight at infinity and calculate [|1|| 2 (m3\B,5)- But
¢ (z) - / x(@) =x(@) o\ s
I(z) = / — = di+ o () dE
Brys lx — &N+ Bar\Br)» lx — &N+
29467+ N _ .
<Clolez,,. ,.,,B = Izl (N+27) jf § > —NE23 9y,

One has that ||I||L§(RN\BR) = o(1)||¢ll .2

i _N+2y
2o 0rn if ¥ > 5 2y .
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Now let 1 < |z| < 2R, and calculate ||I| 12,5\ B,)- Again, we split

L[ e X)X, (@)~ Do(@) .
I(x)—/BR/ZI d +/BM\BR/2 () d +/ d

x — TN+ |z — z|N+2y RN\Byp |T — N2
=: Io1 + Izp + Io3.
Similar to the above estimates, we can get that the L? norm can be bounded by

61l L2(xc) + o(Dl|ll 3

542,942y

if 9 < Y227 Thus we have shown that

2
1Pallzz, SRl , + l9ll20e) + oD 0l] 2

5,0 ™ 542~,942~

so localization does not worsen estimate (8.9).

In addition, the localization at r = 0 is similar. One just needs to interchange the role of r and 1/r,
and ¥ by 6. Similar to the estimates in Step 5 below, one can get that the error caused by the localization
can be bounded by ||@|| r2(ic) +o(1)[| ¢l 12 if —ME2Y 9y <y < N2 NE2Y 9y o5 < 22T

54270427 2

Step 2: (The model operator) After localization around one of the singular points, say ¢1 = 0,
the operator L; can be approximated by the model operator £; from (7.3), or by its conjugate given
in (7.5). Moreover, recalling the notation (7.6) for the potential term and its asymptotics (7.7), it is
enough to show that

(8.10) lwllzz < 1Az,
if w=w(t,0) is a solution of
(8.11) PYw—kw=h, teR, eSSV

that has compact support in ¢ € (0, 00). Here we have denoted k = pAn p -
Now project over spherical harmonics, so that w =Y wy, (t)Ep,(0), and w, satisfies

P,;nwm — KWy, = by, tER.
Our choice of weights (8.7) implies that there are no additional solutions to the homogeneous problem
and that we can simply write our solution as (6.3), in Fourier variables. Then

20t 2 g w D2 de = 1 7 D12
et = [ o+ 80 de = | e lhn(e 4 00

7 -\ 12 _ 20t 2
gC’/R|hm(§+6z)| dg—/]Re o ()2 d.

where we have used (6.14). (note that there are no poles on the R + i line). Estimate (8.10) follows
after taking sum in m and the fact that {F,,} is an orthonormal basis.

For the estimate near infinity, we proceed in a similar manner, just approximating the potential by
T=0.

(8.12)

Step 3: (Compactness) Let {w;} be a sequence of solutions to Lyjw; = h; with h; € L3 5. Assume
that we have the uniform bound |lw; |12 = < C. Then there exists a subsequence, still denoted by {w;},
that is convergent in Lﬁﬂg norm. Indeed, by the regularity properties of the equation, ”ijWaQ?s'Q < C,
which in particular, implies a uniform W22 in every compact set K. But this is enough to conclude that
{w;} has a convergent subsequence in W27%(K). Finally, estimate (8.8) implies that this convergence
is also true in L} 4, as we claimed.
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Step 4: (Fredholm properties for L;) This is a rather standard argument. First, assume that the
kernel is infinite dimensional, and take an orthonormal basis {w;} for this kernel. Then, by the claim
in Step 3, we can find a Cauchy subsequence. But, for this,

2 2 2
llwj —wje||” = llw;[| + fJw I = 2,

a contradiction. R
Second, we show that the operator has closed range. Let {w;}, {h;} be two sequences such that

(813) Ele = ilj and iLj — hin Lg,ﬁ'

Since Ker L; is closed, we can use the projection theorem to write w; = w;-) + wj1 for w;-) € Ker Ly and
w; € (Ker L1)*. We have that ilw} = h;.

Now we claim that this sequence is uniformly bounded, i.e., ijlH L3, < C for every j. By contra-
diction, assume that ijl||L§9 — 00 as j — 0o, and rescale

1
- wy

Y ),
so that the new sequence has norm one in Lgﬁ. From the previous remark, there is a convergent
subsequence, still denoted by {w,}, i.e., w; — W in Liﬂ. Moreover, we know that L@ = 0. However,
by assumption we have that w} € (Ker il)l, therefore so does w. We conclude that @ must vanish
identically, which is a contradiction with the fact that |[w}|| 3, =L The claim is proved.
Now, using the remark in Step 3 again, we know that there exists a convergent subsequence wjl- — w?

in L%)ﬁ. This w' must be regular, so we can pass to the limit in (8.13) to conclude that L; (w') = h, as
desired.

Step 5. Now we consider the case that ¥ is a sub-manifold of dimension &, and study the localization
near a point in zg € X. In Fermi coordinates z = (x,y), this is a similar estimate to that of (5.8).

First let x be a cut-off function such that x(r) = 1 for »r < d and x(r) = 0 for r > 2d. Define
x(z) = x(dist(z,%)), and consider ¢ = Y¢. Using Fermi coordinates near ¥ and around a point
20 € X, that can be taken to be zg = (0,0) without loss of generality, then, for z = (z,y) satisfying
|z] < 1,|y| < 1, by checking the estimates in the proof of Lemma 5.7, one can get that

(8.14) (=A.)76(2) = (1+ [2]2) (= Age\ze) 6(x,y) + |2] 76 + Ro

where
Ro = / / NLH didy + |x|’ﬁ<N+2V)/ / ¢ didy
s J{jalp < |z <2qy 1TV T2 s J{#1<|el?}
¢
+ \J;|5k/ / ———5= didy
5 J{jelp <|#|<2ay |E["TY
<Noliza,, lal =5V 2720,

where we have used Holder inequality and that 8 = % Here H¢~>|| L2, is the weighted norm near X.
One can easily check that the L2 norm of Ry and |z|~7¢ are bounded by o(V)[1#llLs s, 40, for small d
if § < 8521,

Next we consider the effect of the localization. Let

1(2) = (L1, 16 = s /R X2) = XE) s gz

n |z — Z|nt2y
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For |z| > 1, one has

Ii(2) S |20+ $(2)dz < dFEH|g) 12 |2~ (27,
Tou S+427y,042v
Adding the weight at infinity we get that ||11([12&n\5,) can be bounded by 0(1)H¢||L§+2 yia, Tord
v v

small and R large whenever ¢ > —% — 27, ¥ > —%2” — 2.
For |z| < 1, one has

o - ® -
5i(2) < / ————di 4t — __dZ.
Taa\Ta 12 = 2["T27 e, 12— 2"

One can check that the L? term can be bounded by

—n42y429

[z < Clllollegey + B2
< Clll¢ll L2y + oDl 2

S+2v,9+2y

dllzz,, By
]

for d small and R large if § < N;%, ¥ < %

For z € K, the estimate goes similarly for § > —% — 2v. In conclusion, we have
(8.15) 10z, < € [léllzzao) + olidlz,, ., ]-

Note that this estimate only uses the values of the function ¢ when |y| < 1. Indeed, by checking the
arguments in Lemma 5.7, the main term of the expansion for the fractional Laplacian in (8.14) comes
from I11, i.e. for [y| < 1. The contribution when |y| > |z|? is included in the remainder term || ¢+ Ro.
The localization around the point zg = (0,0) is now complete.

Step 6. Next, after localization, we can replace (8.11) by
Plrw—T1w= h, inSN7! x HFF

and w is supported only near a point zy € OHFT!, that can be taken arbitrarily. We first consider the
spherical harmonic decomposition for S~! and recall the symbol for each projection from Theorem
3.5.

The L? estimate follows similarly as in the case of points, but one uses the Fourier-Helgason transform
on hyperbolic space instead of the usual Fourier transform as in Theorem 3.5. Note, however, that the
hyperbolic metric in (3.22) is written in half-space coordinates as M = dt? + e?!|dy|?, so in order
to account for a weight of the form r° one would need to use this transform written in rectangular
coordinates. This is well known and comes Kontorovich-Lebedev formulas ([84]). Nevertheless, for our
purposes it is more suitable to use this transform in geodesic polar coordinates as it is described in
Section 10.2. To account for the weight, we just recall the following relation between two different
models for hyperbolic space H**! the half space model with metrics % and the hyperboloid
model with metric ds? + sinh s gg+ in geodesic polar coordinates:

ly|* + (r —2)

+ .

4r
Since we are working locally near a point zy € OH*!, we can choose y = 0 in this relation, which yields
that e=% = 9 = 29¢=95_ Thus we can use a weight of the form e~%* in replacement for =%,

One could redo the theory of Section 6 using the Fourier-Helgason transform instead. Indeed, after
projection over spherical harmonics, and following (10.14), we can write for ¢ € HF!

(O = [ GG

coshs =1
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where the Green’s function is given by

+oo 1
06 = | grorh( GO
€= arpymh©o)
The poles of W are well characterized; in fact, they coincide with those in the point singularity
case.

But instead, we can take one further reduction and consider the projection over spherical harmonics
in Sk. That is, in geodesic polar coordinates ( = (s,5), s > 0, ¢ € S¥, we can write w,,(s,¢) =
> wm,j(s)EJ(-k) (), where EJ(-k) are the eigenfunctions for —Agr. Moreover, note that the symbol (3.25)
is radial, so it commutes with this additional projection.

Now we can redo the estimate (8.12), just by taking into account the following facts: first, one
also has a simple Plancherel formula (10.11). Second, for a radially symmetric function, the Fourier-
Helgason transform takes the form of a simple spherical transform (10.12). Third, the spherical function
®, satisfies (10.13) and we are taking a weight of the form e°. Finally, the expression for the symbol
(3.25) is the same as in the point singularity case (3.15).

This yields estimate (8.8) from which Fredholm properties follow immediately. O

Remark 8.3. We do not claim that our restrictions on §,% in Proposition 8.2 are the sharpest possible
(indeed, we chose them in the injectivity region for simplicity), but these are enough for our purposes.

Gathering all restrictions on the weights we obtain:
Corollary 8.4. The operator in (8.6) is injective, both in RN \ {q1,...,qx} and R*\ U%;. As a
consequence, its adjoint (LX)* = L. given in (8.5) is surjective.

2v+a

ik S 2R
estimates and our choice of 4,9 from (8.7), we immediately obtain injectivity for (8.6). Since, thanks
to the Fredholm properties,

Proof. Lemma 7.4 shows that, after conjugation, L. is injective in C By regularity

Ker(L:)* = Rg(Le),
the Corollary follows. O
8.2. Uniform estimates. Now we return to the operator L. defined in (7.2), the adjoint of
.72 2
LE : L_(;,_ﬁ — L—5—2'Y7—19_2’Y
is just
x , 12 2
Ls . L6+2’y,19+2'y - Lé,ﬂ'
From the above results, one knows that L} is injective and L. is surjective.
Fixing the isomorphisms
28,29 LQ_&,-& — Lg,ﬁv
we may identify the adjoint L} as
L: = 7'('_26,_219 o LE o 7T257219 : L275+2/777'L9+2'\/ — L276,719
Now we have a new operator
Le=Lco L: i Leom_ o5 290 Lco 28,20 L2—5+2%—19+2’Y — L2—5—2%—19—2’>"
This map is an isomorphism. Hence there exists a bounded two sided inverse
. 2
Ge: Lo 0y 92y = L5420 912y

Moreover, G, = L o G, is right inverse of L. which map into the range of L. We will fix our inverse
to be this one.
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From Corollary 8.4
v+
27,042y

. CY — C-

f— 2'yu 2y
and

0,a 27+«
Ge:Cploy 50y = Ch

are bounded.

We are now in the position to prove uniform surjectivity. It is a consequence of the following two
results:

Lemma 8.5. Ifu € C27+a and v € Cﬁfgf: 1oy SOl equations Lou =0, u= Llv, then u=v=0.

Proof. Suppose u, v satisfy the given system, then one has L.Lv = 0. Consider @ = a5 29v. Multiply
the equation by w; integration by parts in R™ yields

2
0= /wLE 0 T_95,—29 0 Lew = /7T_257_219|L€w| .

4v+a 27+
a42vy,042vy> f4-27+265, 04274265

@ > Re(vf), v > —(n —2v) , thus by the injectivity property, one has w = 0. We conclude then that
u=v=0. ]

27+

Thus L.w = 0. Moreover, since v € C} one has w € C — C,/, for some

Lemma 8.6. Let G, be the bounded inverse of L. introduced above, then for e small, G is uniformly
bounded, i.e. for h € CO Doy oy YU E CQ%LO‘, € Cﬁfgf; 52 Solve the system Leu = h and Liv = u,
then one has

lullezrre @z < Clikllees, |, @z
for some C > 0 independent of € small.
Proof. The proof is similar to the proof of Lemma 7.4. So we just sketch the proof here and point out
the differences. Tt is by contradiction argument. Assume that there exists {¢™} — 0 and a sequence
of functions {h(™} and solutions {u(™}, {v(™} such that

lullezra @y =1 lblleos, |

ooy &) 0,

and solve the equation

Lou=h, Liv=u.
Here note that, for simplicity, we have dropped the superindex (n). Then using the Green’s represen-
tation formula, following the argument in Proposition 7.4, one can show that

sup  {o(z)” ”\U|}<C(||th9a2 oo, ToMlullgzra),
{dist(z,X)>0} o

which implies that there exists ¢; such that
- 1
(8.16) sup |z —qi| Hlul > <.
{lo—gil <o} 2

In the second step we study the region {|x — ¢;| < o}. Without loss of generality, assume ¢; = 0.
Define the rescaled function as @ = ¢ #u(ez) and similarly for & and h. Similarly to the argument in
7.4, u will tend to a limit u., that solves

(=A) s — PAN p U uoe =0 in RV,
If we show that this limit vanishes identically, u., = 0, then we will reach a contradiction with (8.16).

For this, we wish to show that v also tends to a limit. If

(8.17) ||’U||c4'y+oc < OO”UHC?LWD{»a,

A2y, 0427
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then it is true that the limit exists. If not, we can use the same contradiction argument to show that

after some scaling, 7 will tend to a limit v, € Cél;g‘ 742, Which solves

Live = 0.

This implies that v = 0. This will give a contradiction and yield that (8.17) holds for some constant
Co.
By the above analysis we arrive at the limit problem, in which .., Vs solve

Litoo =0, L]V = Us In RN,

Thus L Livs = 0. Multiply the equation by v, and integrate, one has Ljvs, = 0, which implies that
Voo = 0. So also us, = 0. Then, following the argument in Lemma 7.4, one can get a contradiction. So
the uniform surjectivity holds for all ¢ small. O

9. CONCLUSION OF THE PROOF

If ¢ is a solution to
(—Agn)7 (e + ¢) = |t + 9P I R"\ X,
we first show that @, + ¢ is positive in R™ \ X.
Indeed, for z near ¥, there exists R > 0 such that if o(z) < Re, then

2y

2

c10(z) 77T < e < cp0(2) 7T
for some c1,co > 0. Since ¢ € Cé’,?j, we have |¢| < co(2)". But fi > 71%, so it follows that @, + ¢ > 0
near . Since @, + ¢ — 0 as |z| — oo, by the maximum principle (see for example Lemma 4.13 of [14]),
we see that 4. + ¢ > 0 in R™ \ X, so it is a positive solution and it is singular at all points of 3.

Next we will prove the existence of such ¢. For this, we take an additional restriction on o
- 2y
—n—2y)<v< ——0.
(n—27) -

9.1. Solution with isolated singularities (R™ \ {q1,...,qx}). We first treat the case where ¥ is a
finite number of points. Recall that equation

(—Apn)7 (e + @) = AN po e +¢P in RV \ {q1,...,qx}
is equivalent to the following:

(9'1) Ls(¢) + Qs(¢) + fs =0,

where f. is defined in (5.2), L. is the linearized operator from (7.1) and Q. contains the remaining
higher order terms. Because of Lemma 8.6, it is possible to construct a right inverse for L. with norm
bounded independently of €. Define

(9.2) F(¢) := G<[-Q:() — [f],
then equation (9.1) is reduced to
¢ = F(o).
Our objective is to show that F(¢) is a contraction mapping from B to B, where
2 @ n — 2py
B={¢€C " (R"\%): [|¢]. < e}
for some large positive 5.
In this section, || - ||« is the
in the surjectivity section.
First we have the following lemma;:

. 0 -
norm, and || - ||« is the C3'% norm where [i, 7 are taken as

C2'y+a
v A—27y,0—2y
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Lemma 9.1. We have that, independently of € small,

1= (1) — Qe(d2)or <

< rllor = gl
for all ¢1, ¢ € B, where lg = sup ||G.||.

Proof. The estimates here are similar to Lemma 9 in [64]. For completeness, we give here the proof.
With some abuse of notation, in the following paragraphs the notation ||- ||, and || - ||.. will denote the
weighted C° norms and not the weighted C® norms (for the same weights) that was defined in (7.19).
First we show that there exists 7 > 0 such that for ¢ € B, we have
k

|p(z)] < iﬂa(ac) forall =z € U B(g;, 7).

i=1
Indeed, from the asymptotic behaviour of u; in Proposition 2.1 we know that
2 2
oz TP < g, (z) < colz| 7T if 2] < Re,

N—2py

N—2py
ae; P z|T W) < (x) < gy P | TN 0 Rey < 2| < T

The claim follows because ¢ € B implies that
[6(2)] < BN o(a).
Next, since |1_%\ < i in B(g;,7), by Taylor’ expansion,
|Q=(d1) — Qe(¢2)| < clue|P~*(|61] + |62])|d1 — 2l.
Thus for « € B(g;,7), we have
0(#)*7 Qe (é1) — Q)] < co(@)™ 77 (||l + [[62]1 )61 — dlls
< erf T BN T g1 — g ..

The coefficient in front can be taken as small as desired by choosing € small. Outside the union of the
balls B(g;, T) we use the estimates

Ge(z) < eV 2| m V2 and |g| < eeN T |7,

where ¢ depends on 7 but not on € nor ¢.
For ¢ > 7 and |z| < R, we can neglect all factors involving o(z), so

2py
|Q=(61) = Q:=(92)] < (T~ + [0~ H)|é1 — o] < e=PVTE gy —
< P27y — g,

for which the coefficient can be as small as desired since p >

Lastly, for |z| > R, in this region @. = 0, so

o(2)771Qx (1) — Q:($2)| < co(@)® 7 (@™ + #5711 — 6]
< CQ($)2775+pD€N(p71)72p’yH(,Zsl o QSQH*,

and here the coefficient can be also chosen as small as we wish because 7 < —pz%l implies that 2v — 0+
pr < 0.

Combining all the above estimates, one has

1Q:(61) = Q=(2)]e < 561 — 6.
0

_N
N—2v"

as desired.
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Now we go back to the original definition of the norms || - ||«, || - ||+« from (7.19). For this, we need
to estimate the Holder norm of Q. (¢1) — Q<(¢2). First in each B(g;, 1),

VQ(6) = p( (e + @)™ = ut ™! — (p— Vit~ 6) Vi + pl(a + 6} — a1 Vo,
and similarly as before, we can get that

o(@) TV (Q (1) — Qel2))] < ceN T [l py — |

Moreover, for 7 < o(z) < R,

IV(Qe(e1) — Qe(¢2))| < ce? V207N |61 — g5,

Lastly, for o(x) > R,

VQ:(¢1 — ¢2) = pdh 'V (h1 — ¢2) + pVea(d) 1 — g5 ),
which yields
o TTHIVQ (1 — ¢2)
< B (gl + 82l 072 6 — gl 1 4 allee” T = 05
<ce _E%Hfbl = P2lf-

This completes the desired estimate for Q. (¢1) — Q-(¢2) and concludes the proof of the lemma. |

Recall that || fo]|+«x < COEN_% for some Cy > 0 from (5.4). Then the lemma above gives an estimate
for the map (9.2). Indeed,

D

IF(6)]1+ < o[l|Q=(9)lox + [l felle=] < 1ol|Q=(6) | us + Lo Coe™ "

< Lol +100he™ 3 < gen 3,
and

[1E(d1) = F(g2)lls <lol|Qc(dr) — Qe(da)lx < %H(bl — ¢l

if we choose 8 > 21,Cy. So F(¢) is a contraction mapping from B to B. This implies the existence of a
solution ¢ to (9.1).

9.2. The general case R\ ¥, ¥ a sub-manifold of dimension k. For the more general case, only
minor changes need to be made in the above argument. The most important one comes from Lemma
5.7 and it says that the weight parameter p must now lie in the smaller interval:

2y - . _
(9.3) fﬁ<u<m1n{’yf%,%f%,Re(%)}.
In this case, we only need to replace the exponent N — ;ﬂ in the above argument by ¢ = min{(p;%h -

1 1
i, % -7+ (1;%1)7 — i}, then ¢ > 0 if i is chosen to satisfy (9.3). We get a solution to (9.1), and this

concludes the proof of Theorem 1.1.
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10. APPENDIX

10.1. Some known results on special functions.
Lemma 10.1. [3,82] Let z € C. The hypergeometric function is defined for |z| < 1 by the power series

2 (@) (b) 2" I'(c) i Pla+n)I'(b+n) 2"

2F1(a,b%c€z)=ZWﬁzr(a)r(b) Tlc+n) b

n=0 n=0

1t is undefined (or infinite) if ¢ equals a non-positive integer. Some properties are
i. The hypergeometric function evaluated at z = 0 satisfies

(10.1) oFi(a+4,b—74;¢0)=1; j=+1,£2,...

i. If larg(l — 2)| < m, then

—

I'(e)l'(c—a—D)

F b . = = F b' b - 1;1—
(10 2) 2 l(a/a 7072) F(C*LL)F(C*I)) 261 (Cl7 7a/+ c+ 3 Z)
' —usD(OT(a+b—¢)
1—z)ee b 2~ 7 JFi(c— —bjc—a—-b+1;1—2).
+(1-2) T{a)T () oFi(c—a,c—bjc—a—b+1;1—2)
iii. The hypergeometric function is symmetric with respect to first and second arguments, i.e
(10.3) oF1(a,b;¢;2) = oF1(b,a;¢; 2).

iv. Let m € N. The m-derivative of the hypergeometric function is given by

(10.4) d” [(1=2)*t"1 SF(a,b;c;2)] = M(l —2)*7t 9Fi(a+m,b;c+m;2).

dzm™ C)m

Lemma 10.2. [3, 82] Let z € C. Some well known properties of the Gamma function I'(z) are

(10.5) I'(z) =T(z),

(10.6) I(z+1) = 2I(2),

(10.7) ()T (2 + 3) =2'72*/7[(22).

It is a meromorphic function in z € C and its residue at each poles is given by
_1)n

(10.8) Res(I'(2), —j) = ( j') , J=0,1,....

Let ¥(z) denote the Digamma function defined by
_dInT'(z)  TI'(2)

dz NG N

¥(2)

This function has the expansion

> 1 1
(10.9) 6 = v+ ()

Let B(z1, 22) denote the Beta function defined by

F(Zl)F(Zg)

D(z1 +22)

If 25 is a fired number and z1 > 0 is big enough, then this function behaves

B(Zl, ZQ) ~ F(ZQ)(Zl)izz .

B(Zl,ZQ) =



A FRACTIONAL MAZZEO-PACARD PROGRAM 71

10.2. A review of the Fourier-Helgason transform on Hyperbolic space. Consider hyperbolic
space H**!, parameterized with coordinates ¢. It can be written as a symmetric space of rank one
as the quotient HF! ~ %. Fourier transform on hyperbolic space is a particular case of the
Helgason-Fourier transform on symmetric spaces. Some standard references are [8, 56, 83]; we mostly
follow the exposition of Chapter 8 in [45].

Hyperbolic space H**! may be defined as the upper branch of a hyperboloid in R*¥*2 with the metric
induced by the Lorentzian metric in R¥2 given by —d(Z+d(i+. . .+d(Z,, i.e., H¥ = {(Co,. .., Cor1) €

RFF2: (G — (¢ — ... — (2,1 =1, (o > 0}, which in polar coordinates may be parameterized as
HF! = {¢ € R¥"2: ¢ = (cosh s,¢sinhs), s >0, ¢ € S*},

with the metric gge+1 = ds? + sinh® s ggr. Under these definitions the Laplace-Beltrami operator is
given by
cosh s 1

Apr+1 = Oss + k— Os Agk,
HEE + sinh s * sinh? s o
and the volume element is
dpe = sinh” s ds ds.
We denote by [-, -] the internal product induced by the Lorentzian metric, i.e.,
(€, ¢ =CoCh— Gi¢t — - — o1 Grgr -

The hyperbolic distance between two arbitrary points is given by dist(¢,¢’) = cosh™([¢,¢']), and in
the particular case that ¢ = (cosh s, ¢sinhs), ¢’ = O,

dist(¢,0) = s.

The unit sphere S¥~! is identified with the subset {¢ € R¥*2 : [¢,({] = 0,{; = 1} via the map
b(s) = (1,5) for ¢ € Sk.

Given A € R and w € Sk, let hy ,(¢) be the generalized eigenfunctions of the Laplace-Beltrami
operator. This is,

AHk+1h,\,w = — (/\2 + %) h)\’w.
These may be explicitly written as
haw(€) = [, b(w)]*~% = (coshs —sinh s(c,w))* 7%, ¢ € H,

In analogy to the Euclidean space, the Fourier transform on H**! is defined by

a(\,w) = /HM u(C) haw(C) dpc.

Moreover, the following inversion formula holds:

(10.10) w0 = [ [ ina@itne) 225,

where ¢()) is the Harish-Chandra coefficient:
1 1 DEx+ (52
-

[e(V)F - 202m)t (TN

There is also a Plancherel formula:

dw dA
(10.11) /Hk+1 ()| dpe = /RXSNfl [a(\, w)[? ‘CO(J)\)‘Q,

which implies that the Fourier transform extends to an isometry between the Hilbert spaces L?(HF1)
and L?(R, x SK,|c(\)|72d\ dw).




72 W. AO, H. CHAN, A. DELATORRE, M. FONTELOS, M.D.M. GONZALEZ, AND J. WEI

If w is a radial function, then 4 is also radial, and the above formulas simplify. In this setting, it is
customary to normalize the measure of S* to one in order not to account for multiplicative constants.
Thus one defines the spherical Fourier transform as

(10.12) a0 = [ u(OPa0) dic
Hk+l
where
Q) = [ horalOde

is known as the elementary spherical function. In addition, (10.10) reduces to

o A

u(@) = [ a) i

—oo (M)
There are many explicit formulas for ®,(¢) (we also write ®,(s), since it is a radial function). In
particular, ®_,(s) = ®5(s) = P,(—s), which yields regularity at the origin s = 0. Here we are
interested in its asymptotic behavior. Indeed,
(10.13) Dy (s) ~ P55 as s 4o0.

It is also interesting to observe that
Ageriu = —</\2 + %)u

We define the convolution operator as
uxv(C) =/ w(¢ (¢ dpe,
Hk+1

where 7, : HF T — H**1 is an isometry that takes ¢ into O. If v is a radial function, then the convolution
may be written as

weol@) = [ u¢ist(¢.¢) due

and we have the property

u*xv=1ud,
in analogy to the usual Fourier transform.

On hyperbolic space there is a well developed theory of Fourier multipliers. In L? spaces everything
may be written out explicitly. For instance, let m(\) be a multiplier in Fourier variables. A function
(A, w) = m(A)ug(\,w), by the inversion formula for the Fourier transform (10.10) and expression
(10.2), may be written as

dw d
(M2

/ ~/Hk+1 (C)EA(C, ") duer dA,

k(¢ <) |2/hw ) haw(¢) dw.
It is known that k) is invariant under 1sometr1es, ie.,
kx(C,¢") = ka(r¢,7¢"),
for all 7 € SO(1,k 4+ 1), and in particular,
k(€ ¢") = ka(dist(¢, (),

/ Sm YA, w)haw(C) Ty
(10.14)

where we have denoted
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so many times we will simply write &y (p) for p = dist({,¢"). We recall the following formulas for ky:

Lemma 10.3 ([45]). For k+ 1> 3 odd,

[N

) = (=) cos

sinh p
and for k+1 > 2 even,

k+1
2

e sinh p 05
k = P Ap) dp.
A(p) = ex /p cosh p — coshp (sinh ,5) (cos Ap) dp
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