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ABSTRACT. We investigate the long-time behavior of global solutions to the energy critical heat equation in
RS

Oru = Au + |u|%u in R% x (tg,00),

u(-,t0) = uo in R>.
For to sufficiently large, we show the existence of positive solutions for a class of initial value ug(x) ~ |z|~7

as |z| — oo with v > % such that the global solutions behave asymptotically

3(2—v)
2 i dcy<2
lu(, )l pee@sy ~ § (Int)=3  if y=2 for t > to,
1 if v>2
which is slower than the self-similar time decay tfg, These rates are inspired by Fila-King [9, Conjecture

1.1].

1. INTRODUCTION AND MAIN RESULTS

Consider the semilinear heat equation

Ou = Au+ |ulP~tu, in R"™ x (0,00),

U(,O) = Uo, in Rna

(1.1)

with p > 1. It corresponds to the negative L2-gradient flow of the associated energy functional

1 1
2 / |vu|2 - |U"p+17
2 n p+ 1 R

which is decreasing along classical solutions.

Equation (1.1) has been widely studied since Fujita’s celebrated work [12]. The Fujita equation looks
rather simple, but extensively rich and sophisticated phenomena arise, and these are intimately related to
the power nonlinearity in a rather precise manner. For instance, the Fujita exponent pr, the Sobolev exponent

ps defined respectively as

n 00 for n=1,2

play an important role in (1.1) concerning singularity formation, long-time dynamics, and many others, and
they have been studied intensively in innumerable literature. It is well known that (1.1) possesses a global
nontrivial solution w > 0 if and only if p > prp. Whether or not the steady states exist greatly affects the
dynamical behavior of (1.1). The stationary equation of (1.1) does not have positive classical solutions if
and only if p < pg (see [15] and [2] for instance). For p = pg, up to translations and dilations, the positive
steady state to the Yamabe problem is the well known Aubin-Talenti bubble

n—2

Uz) = an(l+|2)""F, ay=[n(n—2)]7
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Such a profile is commonly used when investigating the mechanism of singularity formation for (1.1) with
critical exponent p = pg. On the other hand, Liouville type theorems for the heat flow (1.1) and their
applications have also been thoroughly investigated. In the subcritical case p < pg, Poldc¢ik and Quittner [22]
proved the nonexistence of positive radially symmetric bounded entire solution, and they showed that the
global nonnegative radial solution of (1.1) decays to 0 uniformly as ¢ — oo. Poldcik, Quittner and Souplet
[23] developed a general scheme connecting parabolic Liouville type theorems and universal estimates of
solutions. Recently in [27], Quittner proved the optimal Liouville theorems without extra symmetry nor
decay assumptions on the solutions for 1 < p < pg and showed that the nonnegative global solution of (1.1)

must decay to 0 as t — oo.

This paper aims to understand possible long-time dynamics for global solutions of (1.1) with p = pg in
R5. Here we call a solution global if its maximal existence time is infinity. The long-time behavior for the
solution of (1.1) is partially motivated by the study of threshold solutions. For any nonnegative, smooth
function ¢(x) with ¢ # 0, let us define

o = a*(¢) :=sup{a > 0: Thax(ap) = oo},

and u* := u(x,t;a*¢) is called the threshold solution associated with ¢. Roughly speaking, the threshold
solution lies on the borderline between global solutions and those that blow up in finite time since for o > a*,
the nonlinearity dominates the Laplacian and vice versa. At the threshold level, the dynamics for «* in the
pointwise sense might be global and bounded, global and unbounded, or blow up in finite time. Any of
these might happen depending on the power nonlinearity and the domain. We refer the readers to Ni-
Sacks-Tavantzis [20], Lee-Ni [19], Galaktionov-Vazquez [14], Polacik [21], Quittner [26], and the monograph
by Quittner and Souplet [28] and their references for comprehensive studies and descriptions of threshold
solutions. On the other hand, the global decaying threshold and non-threshold solutions of Fujita equation

have been studied extensively, see [10,11,16-19,23-25,30,31] and the references therein.

In [18], Kawanago gave a complete description of the asymptotic behavior of the positive solution in the
case pp < p < pg. Specially, ||u(-, t;a*@)||L~ ~ t~#1 for t > 1. The spatial decay of initial value plays an
important role in the long-time behavior of solutions and threshold solutions of (1.1). For p > pg, under the
assumption that the initial value ug is radial, positive, continuous, and

lim ug(z)|z|77 =0,
|z|— 00
Quittner [25, Theorem 1.2] showed that there are no global positive radial solutions with self-similar time
decay t~7=1. From this point, for p = pg, Fila and King [9] predicted formally, via matched asymptotics,
the possible decaying/growing rate (in time) of threshold solutions to (1.1) with the radial initial value wug

satisfying
n—2

2
They conjectured that the threshold solution u of (1.1) with initial value ug should satisfy

ILm r7ug(r) = A for some A >0 and v > (1.2)

i G o= ey
im ———————=
t=oo  o(tin,”)

for some positive constant C' depending on n and ug, where ¢(t;n,v) is given as:

=C
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2 oy<2| y=2 |y>2
n=3 tT ts(lnt)~t | ¢2
n=4| t—F Int 1 Int
n=5| % (Int)=3 | 1
n>6 1 1 1

Table 1. Fila-King [9, Conjecture 1.1]

The case v > 1, n = 3 was answered affirmatively by del Pino, Musso and Wei [7], where the infinite time
blow-up solutions were constructed by the gluing method. The infinite time blow-up solutions are also called
grow-up/growing solutions in some literature. The case v > 2, n = 4 was solved in [32] recently. Due to
the intimate connection with the critical Fujita equation in R*, the trichotomy dynamics of the 1-equivariant
harmonic map heat flow was studied in [33]. See also Galaktionov-King [13], Cortdzar-del Pino-Musso [3],
del Pino-Musso-Wei-Zheng [8] (sign-changing solutions), and Ageno-del Pino [1] for their counterparts in the
case of the bounded domain, where the Dirichlet boundary plays a significant role in determining the blow-up

dynamics.

This paper addresses the case for n = 5 in Table 1. We first introduce some notations that we will use

throughout the paper.

Notations:

o We write a < b (respectively a > b) if there exists a constant C' > 0 independent of ¢y such that
a < Cb (respectively a > Cb). Set a ~ b if b < a < b. Denote f1 = O(f2) if |fi| S fa-
e For any € R™ with |z| = () x2)1/2, the Japanese bracket denotes (x) = /|z[? + 1.

2

=1

e For any ¢ € R, we use the notation c— (respectively c+) to denote a constant less (respectively
greater) than ¢ and can be chosen arbitrarily close to c.

e 7(z) is a smooth cut-off function satisfying n(z) = 1 for |x| < 1, n(x) =0 for |z| > 2, and 0 < n(z) < 1
for all x € R™.

The main theorem is stated below.
Theorem 1.1. Consider
Opu = Au + |u|%u in RS x (tg, 00). (1.3)
Given constants vy > % and Do, D1 satisfying 0 < Dy < Dy < 2Dy, for ty sufficiently large, then there exists

a positive solution u of the form

3
3 _s r—&l\ 2 [(x—¢ _i 5,2
=158 (14|22 +0(t*R°W*R), R=hlnt 1.4
! “( u‘)”(ﬁ>( ) o (14
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where 5 = min {7, 3=}, ju = p(t), € = &(t) € C[to, 00) satisfy

277, vy <2 277, vy <2
p~ 2t y=2, SR T{Im%t, y=2 (1.5)
1, v > 2 1, v > 2.

3

In particular, [[u(-,t)|| L rs) = 15iu_% (1 + 0 (tmax{‘g_z“ﬁ_g} In* t)) Moreover, the initial value satisfies

Jz—z|?

u(m,t0)=(471't0)_%/ e T 4g(z)dz  for |z >4t§

RS
with an arbitrary function yo(x) satisfying Do{x)~7 < ¢g(x) < Di{(x)~". Furthermore, if Do = D1, we have
‘ llim () u(z, to) = Do. (1.6)
Tr|—0o0
Remark 1.1.

e The restriction D1 < 2Dq is due to a technical reason in the derivation process of (5.15) for the case
v <2

o The scaling rate/dynamics u is derived by balancing the heat flow of the initial value and the Aubin-
Talenti bubble via the orthogonal condition (3.1).

e Consider Oyu = Oppu + "T_laru + u%, r >0, t>0 withn € (4,6). It is possible to deduce similar
results by redoing the construction process.

e The scaling rate with logarithmic correction t** (Int)¥2(Inlnt)*s - .- for some k; € R, i € Z with finite
multiplicity can be expected when we take the initial value of the form ug(z) ~ (x)" (In(z))7"2 {(Iln(In{x)))7s - - -

for somev; eR, i€ Z,.
For p > pr, Lee and Ni [19, Theorem 3.8] gave positive global solutions of (1.1) with the decay rate

- 1 n
||U(~,t)||L°O(Rn) ~ 1% for any k€ L?—l’ 2].

In particular, for n =5 and p = pg, k € [%7 %}
Theorem 1.1 implies a direct consequence that somewhat expands the picture of global dynamics of positive

solutions in the critical case p = pg in R® with algebraic decay rate:

Corollary 1.1. Forn =15, p= %, for all k €0, %], there exists a global positive solution of (1.1) with the
rate |[u(-, )| Lo (rs) ~ t7F as t — oc.

The construction of Theorem 1.1 is done by the gluing method recently developed in [3,6]. Tt is a rather
versatile and systematic tool that can be used to investigate the singularity formation for various evolution

PDEs, and we refer to [3-7,29] and the references therein.

The rest of this paper is devoted to the proof of Theorem 1.1.

2. APPROXIMATE SOLUTIONS AND THE GLUING SYSTEM
Consider the critical heat equation

Ou = Au+ |u "2y in R" x (tg, 00). (2.1)

The unique positive solution (up to translations and dilations) of the stationary equation Au + uiz = 0, is

given by the Aubin-Talenti solution

2 n—2

U(2) = an(1+ 2177, ap = [n(n - 2))°%
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The corresponding linearized operator A + Z—ng 72 has bounded kernels

-2
Zi(z) =0, U(x), i=1,---,nm, Zn+1(x):n2 Uz) +z
The leading term of the solution to (2.1) is taken as the following form
_n— - X — -
up(x,t) = 22U(y)17(y)+\110(x,t), where y:= Hg, E

w=p(t) >0, &=E(t) € Otg,o0) will be determined later, and

Voo, t) = (4r) % [

|z—z|2

e” ® gy(z)dz,

n

-VU(z).

r—8
= N

where Do(z) ™7 < po(z) < Di{x)~" with some constants 0 < Dy < D;. Obviously, ¥ > 0 and

8t\IJO = A\Ij()u \110(70) = Qﬁo-

We first give a lemma concerning a precise estimate related to Wy.

Lemma 2.1. Givenn >0,ve R, t>1, then

2

(amt) 7% [ e 0) Ty = 00 (0(Coy + 90 (8,
where
y<n
“2In(l+t), y=n
%, v>mn,

n

()7 fyu e T |7z, < £

(4m) "7 § |5, gn,v(t):O< (In(1+£) "
(4m) "% [o(y)dy, 1
t=1(Int),

1,

|

|

y=mn,

y>n

The proof of Lemma 2.1 is postponed to Appendix A.

y<n-—2
y=n-—2
n—2<y<n

9 fY:n >

n<<y<n+2
y=n+2
y>n+2

Hereafter, we always assume tg > 1 is sufficiently large and ¢ > tg. By Lemma 2.1, we have

Dovp,5(t) (Cry + gn (1)) < Wo(0,8) < Drvp5(8) (Cry + gn s (1)) -

By similar calculation, we have
1
Vo (, )| Loe(rr) St 2 vn (1)

By [32, Lemma A.3],

where 7 is defined as
4 :=min {v,3—}.
Define the error of f as
Elf] == =0uf + Af +|f|72 f.

Straightforward computation implies

Elw] = p= % i1 (y)n (§) + =5 (VU) () 1 (§) + Eg + lua| 72wy —

nt2 n+2

U (y)"2n(y),

(2.2)

(2.3)

(2.5)

(2.6)

(2.7)

(2.8)
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where

n—2

Epi=p 7 Uy) (2‘1t‘1ﬂ+t‘%$)~(vn) (§)+2u" 2472 (VU) (y)-(V0) () +p~ "7 71U () (An) (§) - (2.9)

We look for an exact solution u of (2.1) in the form

u:u1+w($’t)+u—7’gz¢(‘]j;£’t> R, rR :77<x/1;%§

) , R=R(t)=Inlnt. (2.10)

We make the ansatz
2uR < Vt/9. (2.11)

Direct calculation deduces that

n+2 n+2

Bl = (178 iZusaly) + n~EE (VU) () 0 (3) + & + 0~ T UW)FE (0@ - ()

2 4 4 n—2
N 6,008 + S () () 77 (B 4 F ()
- 6t¢ + Aw - M_anatQﬁ(y, t)nR + /J’_anAy(ﬁ(y? t)nR + Al [¢7 M, g] + A2 [¢7 H, g] )
where is " s y
M8l o= F R 200y, 1) (M) (L) 4 2075 R, 000, - (V0) (%)
_ng v, (£ . youR) (2.12)
+ p </)(y,t)(V77)(R)'<w R uR >7
. -9 "
Ag [, p, €] i= p 2 (nzaﬁ(y, ) +y- Vyoly, t)) NR+ 12 & Vyd(y,t)ng, (2.13)
4 n+t2 n+2 n+t2 2 4 4 n—2
N, ¢, p, €] o= |ulm==u—p= =" Uy)"—=2n(H) > — Z t Sh U ) () (\Ifo +Y+pT 7y, t)nR) :
(2.14)
In order to make F[u] = 0, it suffices to solve the following gluing system.
The outer problem:
Oy =AY+ G, b, p,&] in R™ x (tp,00), (-, tg) =0 in R, (2.15)
where
n42 nt2 n42 2 4 4 (216)
+ U (05T =0 (0) + N [0, 1, € + T () IR TT (o + ) (1 - 1)
The inner problem:
W= Dyo+ UG+ Hlw ] Tor >0,y € Bungy, (217)
where
. 2 n-2 4
H W, .8l = piZpa(y) + pé - (VU) (y) + Z j S T Uy) ™= (Woluy + &) +d(py +6,1)). (218)
We introduce the new time variable
t
T=1(t):= / w2 (s)ds + Crtou™2(tg), 7o := 7(to), (2.19)
to

with a sufficiently large constant C; independent of ¢y. Then (2.17) can be rewritten as

a‘r(b = Ay¢(y7 t(T)) + ;L i_ QU(y)ﬁqS(yu t(T)) +H [1/)7 M»ﬂ (yvt(T)) for 7> To, Y€ B4R(t(7-))' (220)
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3. FORMAL ANALYSIS OF i AND ¢

Hereafter, we take n = 5. As the leading term of u, ug is determined by the orthogonal condition

. n+2 -2 _a_
[ (moioZua) + 255067 00072 0000.0)) Zusa () = (3.1)
Bar -
which is equivalent to
n—4
fro = A(R)py* ¥o(0,1), (3:2)
where
2 [, UW)™ Znsa (y)dy 2 [, Uly)i2d
A(R) — 7n + Bur _ n+1 _ n— R"? 2y Yy (1 +0 (Rmax{72,4f’n})) ~1 (33)
n=2  [p,.Zia(y)dy 2 Jan Z3 o (y)dy
for t > M with M sufficiently large, and here we have used
_4 (n — 2)2 / n+2
Uly) 2 Z, dy = ———"= U(y) 2 dy.
/n () +1(y)dy T2 Ju (y)—2dy
We take a solution of (3.2) as
6—n [* =
o(t) = ( . / A(R(5))To(0, s)ds) . (3.4)
M
By (2.5), for ¢y > 9M sufficiently large,
tg, v <2
0< polt) ~ piont) == { (e)7, 7 =2, jiolt) ~ 0. ()" v (0. (3.5)
1, v >2
We make the following ansatz about p:
n—4
p=po+p1, where py = pi(t) € Cllto,00), |l < po/9, |inl < 1ol vnz/9, (3.6)
which implies %,uo <p< %Ouo and the ansatz (2.11) for v > % and tg sufficiently large.
Recall (2.19), then 7(¢) and ¢t have the following relation
T m=2 oy <9
T(t) ~  t(nt)7s, y=2 (3.7)
t, v > 2.
By the ansatz (3.6), roughly speaking, the upper bound of H [¢, u, £] is determined by
. n+2 n-2 _4_ n-2 max{—4.2—n
fsZnr ()l + |5 = U(y) = Yo (0,8)| < 1o vn5(y) =t2mn, (3:8)
By v > 252 and (3.7), we have
n—=2—2
s t anni; v <2 71, "7_2<’y<2
foZ tns = MOFF Y y=2  ~Gas(r(D), where Bus(r) = (rlnm)l, 4 =2 (3.9)
=3, 2<7<3 3, 2<7<3.

Taking n = 5, we introduce the norm to measure the right hand side of the inner problem

[£ll+ == sup [#5,5(T) " ()1 f (y, 7).

T>T0, YEBaRr(t(r))

The linearized operator A + %U 3 has only one positive eigenvalue vy > 0 such that

7
AZy + gU%ZO =020, (3.10)
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where the corresponding eigenfunction Z, € L°°(R®) is radially symmetric and has exponential decay at
spatial infinity. The following linear theory of the inner problem in dimension 5 is given by [32, Proposition
7.2] and [3, Proposition 7.1].

Proposition 3.1. Consider

Orf = Af+JUWS+h for 7>, y € Bargr),

(3.11)
f(y,70) = eoZo(y) for y € Byr(i(ro))>
where h satisfies ||h||. < oo and
/ h(y7T)ZJ(y)dy = 07 VT € (T07 OO), .] = 17 27 e 767 (312)
Bar(ry)

then for Ty suffciently large, there exists a solution (f,eq) = (Tml[h], Teo[P]) as a linear mapping about h,

which satisfies the estimates
WIVFI+ 11 S 055N R I R(y)°|[hl,  leol S 05,5(10) R(70)[| ]+

Remark 3.1. By (2.19), 4R(t(7)) given here behaves like Inln T but does not satisfy the assumption for R(T)
in [52, p.37] accurately. In fact, one can repeat the proof of [32, Proposition 7.2] and [3, Proposition 7.1] to

obtain Proposition 3.1.

By Proposition 3.1 and the convenience for applying the Schauder fixed-point theorem for the inner
problem (2.20), we define the norm

o= s [ @REE) W REEN] 0 () Vo, )] + oy ) (3.13)

T>70,Y€BaRr(t(+))

and we will solve (2.20) in the space

Bin = {9(z,7) | g(,7) € C" (Bapg(ry)) for 7>, |lglmn <1}. (3.14)

4. SOLVING THE OUTER PROBLEM
Proposition 4.1. Given ¢ € By, 1, € € Cllty,00) satisfying
_1 . 3 _1 _1 : 3 _3
lpal < pox B2, || < pgvssR7, (€] < ponR72, 0 [€] < pguvs 5 R2, (4.1)

then for to sufficiently large, there exists a unique solution b = ¥[p, u1,&] for the outer problem (2.15) with

n =5, which satisfies the following estimates:
¥ < vs R 'In? R (1|m|§ﬁ + t|:cr21m>ﬁ) , (4.2)
IV, 1) oo m3) S vs 50, B2 In® R. (4.3)
Proof. Tt suffices to find a fixed point for the following mapping

=T G ¥, b 1. €]
where G [¢, ¢, u, £] is given in (2.16), and

7—50111; [f] — /tt /5 [47T(t — 5)]_% e_%f(278)d2d8.

In this proof, we always assume t is sufficiently large and j;t; ---ds =0 if t; < ty. Obviously, (4.1) implies
the ansatz (3.6) as well as (2.11). Combining these with (3.5), we see that there exists a constant C,, > 9
sufficiently large such that

QCJIMO* < p < Clupon/9. (4.4)



GLOBAL SOLUTIONS FOR THE FUJITA EQUATION 9

In what follows, [32, Lemma A.1, Lemma A.2] will be used repetitively to estimate T°"*[].
Recall Ay [¢, p, €] given in (2.12). Using (2.11), (4.1), and v > 2, we have
' i (uR ' 1 R
£ W(pR)| | € I
uR uR uR uw o R

For ¢ € By, by (3.9),
)Vl + 101 S ng.vs B I Riy)~°.
Thus,
AL 8,1, €]l S 1ol R™2In® Rus 51 p<)yi<or < por B2 In® Rus 51141<0, o - (4.5)
Then

5 |z

Tom [ﬂa*2R_3 In? Rv5,a1\z|§cwo*1{] <toze Tor / ug* (s) (R2 In? R) (s)vs,5(s)ds

to

9 2 _3 _l=? 5
+/U‘O*Q}% SIHZR’U&:Y [(NO*R) llw\SHO*R+|x| 36 16t (,LLO*R) 1\w|>u0*R

S wy(x,t) :==vssR ' In* R (1‘$‘Sﬂ+t|x|721|x‘>\/{) ,

where we have used the properties U57:/R_1 In? R e t=5+¢ with a small constant ¢ > 0 and v > % to get the
last inequality. Then
T [As [, 1, €]]] < Cowol(a,t)/2

with a sufficiently large constant C, > 2. For this reason, we define the norm

-1
[fllows == sup  (wo(x,t)) " [f(z,1)],
t>to, z€ERS

and the outer problem (2.15) will be solved in the space
Bout == {f | [ fllous < Co}- (4.6)

Assume €; > 0 is a sufficiently small constant, which can vary from line to line. For As [, 1, &] given in
(2.13), we have

_1 _ _ _ -
A2 (6,1, €] S 119,203 s R°In® R(Y) ™1 jn1<cpo.r ST por B2 In® Rs 51151< 0, o s

where we have used v > % and the last term has been handled in (4.5).
By (2.11), (4.1), and v > 2, one has

7
3

(™ 2sto) + 173 (VO W) 1) (1= )|+ 169+ [ EU ) ()

7

S U ) (@) Vo (1 - 1g)

-1()|

"

2 -3 —5,-1/,\—3
S Hox v5,5(Y) 1;¢R§|x—§|§2ﬁ+NO*2t (y) 1\/£§|gc—g\g2\/5

3
3 -3 5 =5
S Os ko2 Lo 0, mejaj<avi 0T 2L ja< ol <aves
and their convolutions can be estimated as
|z|2

_ _5 _ 2
Eout {057’?‘”0*@' 310;1H0*R§|:E\S4\/E] St 2e 16t / v5),~y(5)u0*($)5d5
to

-1 _ _3 _l=? 2
+ U550+ ((NO*R) Lis|<po. r + | 11MO*R<\x\§\/i+t‘x| S 1 1|x>\/£> S(InR) " wo(z,t);

|z|?

3 5 _s _l=2 [2 3 3 3 3 _3 _l=I? _
T {Ng*t 21\/{/2§|m\§4\/£} Stze 16t/t Hox(8)ds + pg,t 2 <1z|<\/z+t2$| Se” Tor 1|x>\/{> St we(w,t),
0

where in the last step, we have used the property 4 < 3 in (2.8) and v > %
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For any 1,12 € Bous, we have
_ 4 DY
U@ W =) (L= )| £ 107 07 = Yalowswo @, Lo —ei<ave
S U5»’~YR71 In? RN?)*|$|7410g1#0*3§|m|§4\/£”7/)1 — Yallout-
Then

=2
T [uns R 0 Rl 100, mepaicavi] S 1 [ Rt R)(o)u (o)t s
t

||
+ 1}575,R71 1112 RILL%* <p“5*2R21x|§\/2 + |$|3616tté1|x>\/£> S R72w0($vt)7

where we have used v > % in the last step.
For N [, ¢, i, €] defined in (2.14), given any 1) € Bgyt, we estimate

¥ o8l 5 (U ) oo+ toty. e

T

< w0 (840 ot oma]” ) + 190l + 101 + | Ho 0]

;
"+ "I’o T L TR

1

S 1o (y)

)

—1 L4+ |QL‘| 271

[N

,:y 112 2 —92\2
Lo oo [t a<td a>th 1 + C3 (vs5R~'In* R) (136 1+ (ta]7?) Lo

5 a2
+ (vs,5R° In® R(y)~°) 1x—£|§2uR:|

_13 _15 z z _
+t7521 ! 1+ 04 (vs,5R™ 1n? R)S( o|<td + (t]a] 2) 1|x\>t%>

|z <t

7
+ (055 R°In® R(y) %) 1,_¢1<our

|z|>t

< ui(lwlﬂLMO*)_ll‘w@t% {05 (vs 5RO In* R)" 1 o \<tz p 1Ty OO (v R In? R)” (t|x|72)2llz\>t%]
+C’§ (vs,5 R° In* R)% | <t} L4 |37 | >th +C (vs,5 R~ In? R)% (t|m|_2)%1lx|>t%

< C2 (vs 5 R n® R)? i, (|2] + piow) ™ Loct C?ué*t’%’ﬁlt%wgm
+Co% (1’5,'?R5 In? R)% 1|x\§t% + |x|*%&1| 51} +C (Us,»}R711H2 R)% (t|$|72)% 1|$|>t%~

Here, by v > %, we then estimate their convolutions

i - L2 [2 1
7-50ut [(US,:YRKB In2 R)ng* (1] + p0x) 1 1@\95%} < t= 3¢ Ter / (’U5,:YR5 In? R)2 (S)Mg*(S)SQdS

to

3 = —
+ (v5 5 R° In? R) No* (t?ll <t} + 12|z Be 1o 1|z|>t§> St we(x, t);

7 2|2 T
7~50ut |:(’U5 ’YR5 hl R) 3 l:l 5 t—%e— ‘16‘1 / (’U5ﬁR5 1112 R) 3 (s)s%ds
t

<tz
|| < o
+ (v5 5 R° In? R)% 1 +t%|$|_3€_‘f6‘fl 1) ST %we(a,t);
o IIIStf lz|>t2 | ~ o\ B
1 1_ % 75
i 571
Hox £2 <|w|<atz ™~ | || >t2’
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where we used the property 7 < 3;

. [ if 25<5
out —I3 -5 1 e T 1-25
Ts {|x| 3 1|x|>t%:| N {t 2/t0 (In(ts™1)), if 23=5ds +t 7% }lmgté
s%_%i, if %ﬁ>5
oo if 23<5
_Tx _5 _|5'3| 2 _ 1 . - —
+ {tm 87 4t 2 Tor /t (In(|z|s72)), if Iy=5 ds} o>t ST T Wo(@,B);
§3767, if Iy>5

7d50ut {(’05,»}]%71 1112 R)% (t|1‘|72)% 1\x|>t%:| ,S |jfg /5 (U57:YR71 ln2 R)% (s)s%ds +t (’U5ﬂR71 1112 R)g] 1 1
to

ot STl

1 T
+ a5 [ti’? (vs5sR'In* R)*® +/

to

7
(vs 5 R In? R)? (s)sgds] 1

For any 11,19 € Boyt, one has
|N Wl’(f%uaﬂ 7N[¢27¢7ﬂa€”

|

- |; (¥1 —¥2) ngU(y)n(ﬂ) W0+ 01 + (1= 0) ¢+ E(y, ine|” — |u U W)

N

91 = dellouswo (2, 1) [u-%wy)én@)% (120] + Cowoa, 1) + |11~ Fo(y, na))

4
3

4
+ 1%l + Cwo(a, H)F + |~ Fo(y, n

1 1 1 3 2
< 1 — Y2llout [uzU(y)Sn(ﬂ)E‘ (|q102 + Cowy(, ) + ’u’%(%ﬂ%’ >

z
3

4 .
+ W0l + O wo(a,H)F + |~ F(y, yn

which can be handled by the same way for estimating [N [, ¢, u, ]|
In sum, for ¢ sufficiently large, 7" [G [¢, ¢, i, &]] € Bout and is a contraction mapping about 1, which
implies that there exists a unique solution ¢ € B,,;. Moreover, by v > %7 we have

|g [wa d)? Hy 5]' S ’U5,7y/ia*2R_3 1112 R

By the scaling argument, we get (4.3).

5. SOLVING ORTHOGONAL EQUATIONS ABOUT u1, ¢

For the utilization of Proposition 3.1 for the inner problem, we need to choose suitable 1, £ such that the

orthogonal conditions

Bsr

are satisfied, where 1 = ¥[¢, u1, €] is solved by Proposition 4.1, and H [¢, u, £] is given in (2.18).

Proposition 5.1. Given 0 < Dy < Dy < 2Dy, for ty sufficiently large, then there exists a solution (u1,£) =
(u1[@],€[@]) for (5.1) with n =5 satisfying

_2 . 1 _2 _7 : 1 _T
1| S po«R™3, || S pgvsy RT3, €] S poR™E, €] S pgvs 3R 1. (5.2)
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Proof. First, let us consider the general dimension n. By (2.18), (5.1) is equivalent to

p=-D212 < /B Zz+1<y>dy) pi? /B (Woluy + €,) + Wy + £.0) VW)™ Zo s )y, (5.3)

n—2
£:§[M17§] = (Sl[ﬂ'hg]v"'7S7L[,u1a§])a fori:1727"'7na (54)
2 -
Silu, €] = *ZJ_FQ (/Bw Zf(y)dy> pE?

_4
x /B [‘Ifo(uy +&t) = Uo(0,1) + ¢ (uy + &1) —¥(0,1)|U(y) "= Zi(y)dy,
4R
where we have used the parity of Z;(y). By u = po + p1 and pg satisfying (3.2), we rewrite (5.3) as

f + Bty = Flu, &J(t), (5.5)
where .

2 —4 n_ 4
)= 22 ([ Ziawr) "5 w00 [ 06Tz

n—2

5.6
Cn—4 A(R),(0,1) (5.6)
n—6 [/ A(R(s))¥(0, s)ds
with the application of (3.4) in the last step;
n-+2 -1 4
Fnd= =222 ([ zisian) (w3 [ v+ €000 20y
n-— Bar Bur
Fut 2 [ ol + ) - Wol0.0) U W)™ Zua )y (5.7)
Bur
n_ n_ n—4 n_ _4
+ (u? T 5 Ho 3#1) %(O’t)/B Uly)=—= n+1(y)dy]~
4R

In order to find a solution (p1,&) for the system (5.4)-(5.5), it suffices to solve the following fixed point
problem about fi1, é,

t t
i = Sunalpn & 1= ( : f[m,f](S)ef:ﬁ(“)d“dS) = —B(t) | Flu,€J(s)els Ods + Flun, (1),

to to

(5.8)
. " : & - b o lo, <2
p1 = pa [ (t) 12[ fu(a)da, &= Slu,¢], =€) = | &(a)da with tg:=
to to oo, Y > 2
if these integrals are well-defined.
Hereafter, we take n = 5. By (2.5) and (3.3), we have
Dy TN ,—1 —1 Dy TN -1 -1 :
- - _ L 2 < < - - = 2
B (1 2)75 (1+0(R )) <B) <~ (1 2)t (1+0(R )) if <2,
D, -1 _1 Dy -1 _1 . (5_9)
I 2 < < —— 2 =
B (tn) (1 +O(R )) < B(1) <~ (t1n1) (1 +O(R )) if v =2,
B(t) ~ —vs 4 if v>2.
We will solve the system (5.8) in the space
Bu = {f € Cltooo) [ 1flja <1}, Be={F=(froooufs) €Clooo) [ fle <1} (5.10)

with the norm

-1 .

1 2\ —1 - 1 7
1l = sup (s R3)  IFO], Il == sw (uiossRT) @I, (511)
t>to t>to
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where
=, v <2

Mé*vs,’y =<ttnt, y=2.
t_%, v >2
For any (ji1,£) € By, x B, it is easy to see that fg} f11(a)da and ftf; £(a)da in (5.8) are well-defined, and
t27TRTE, 4 <2
il £t B3, y=2 SpeR S, |6 SR (5.12)
tl_gR_g7 v > 2
Thus, 1, 11, &, € satisfy the assumption (4.1) in Proposition 4.1. By (2.6), (4.3), and v > %, we get

- 1
[Slin,€1] 5 1t (192 %o (s Ol o) + Vst ) e y) (il + 1€1) S w055 R 2R (5.13)
Using (4.2), (2.6), (2.5) in order, we have

i [ v+ s,tw(y)éZﬁ(y)dy‘ < pdvs RV In? R,
Bur

N

3
u / (Wo(py + &, 1) — Wo(0,1)) U(y)ézay)dy‘ SuE (u+ €Dt s, ~ pit " s,
Bar

1 1 1 2 4 1 _4
(w — 1~ 5Ho 2u1> ‘I/o(O,t)/ U(y)3Ze(y)dy’ S HowUs RT3,
Byr

which implies
Flur, 0] S 055 R (5.14)
Since 0 < Dy < Dy < 2Dy, there exists €; > 0 sufficiently small so that B—;(l + €1) < 2. By taking ¢
sufficiently large, which can depend on v, and using (5.9), we obtain that for v < 2,

t . t b By .
Flua, €] (s)eli Blardagg 5/ 51*7(lnlns)*%eﬁé(l_f)(lﬂl)fsa Hags
fo tO
BL(1-2)(1+e) ¢ 1—y— 5 (1-3)(1+e1) -3 2—y p—2
={Do\" "2 s Dy\' 72 (Inlns)"41ds St“7YR™1;
to
for v = 2,
t R t D t —
[ Flua, €] (s)ede Pl@)dagg 5/ s Ins(Inlns)~ieDo (e [i(ana) tdagg
to to
DL(1+4e) ! 1 1-BL(146) 3
= (Int)Po ! / s7 (Ins) " Do Y(lnlns)~2ds
to
Dy Int o 3 5
= (1nt)70(1+61)/ 21_70(1+€1)(1n 2)"1dz < (Int)?R™1;
In tg
for v > 2,

5

5/ s~73 (lnlns)7%d5<t1_%R_ .
t

o

t
| Flu, €](s)eli Plrdags

to

Thus, j;o Flua, €)(s)els Pl@)dags is well-defined in (5.8), and

~

t 1
B(t) | ]-'[,ul,f](s)efi Bla)da gq SME*US,&R_%- (5.15)

to
Combining (5.13), (5.14) and (5.15), we have

3

Solpn €| S pgovssBE, [Sln, €| S pdovss R ? R, (5.16)
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which implies (86,5> [11,€] € By, % Bé.

For any sequence (u[lj], . '])]21 C By, x Bé, denote u[lj] = ffz/l[lj] (a)da, €l ft a)da. We set
[L[lj] = Sa[u[lj],ﬁ[j]] bl .= STy L] ,&V1]. By the same method for deducing (5.16), we have
|u | < Cl,uo*v5 sR™ i |§U1\ < Clué*v&@R_anQR forall j>1 (5.17)

with a constant C7 > 0 independent of j.
For any compact subset K CC [tg,o0), by the equation (5.8) and the space-time regularity for the outer
= 1] ;

solution %, for all j > 1, 47" and § U] are uniformly Hoélder continuous in K. Since there exist countable

compact sets to saturate [to, 00), then up to a subsequence, for any compact set K CC [tg,00),
ﬁ[lj] — g, gm —§ in L*®(K) as j — o0
for some g, § € Clto,0). By (5.17), we have
9l < Crpdvs s 5, 13 < Cipudvs sR™2 I R,

Thus, for any €1 > 0, there exists ¢; sufficiently large such that for all j > 1,

swp (udvs R 1) 0] (A~ ) 0] + sp (hoss 1) 0| (89) - ) )] < e

t>t1 t>t
Additionally,
. 1 2\t =[5 1 _\ ! il =
‘hm{ s (ndoossB72) - 0|(A —0) 0]+ s (iessRF) 0] (89 - g) (t)” —0.
IO L to<t<t: to<t<ty

Consequently, lim (||u[]] — glla + IV — §||§> = 0, which implies (SG,Sﬂ) [#1,€] is a compact mapping on
j—o0
B’ﬂ1 X BE
By the Schauder fixed-point theorem, there exists a solution (i1,£) € By, x By for the system (5.8).

6. SOLVING THE INNER PROBLEM
By (5.2), (2.6), (4.2), and (3.9), for |y| < 4R,
pé - (VU) (y) + %u%U(y)g (‘Ifo(uy +&,t) = Wo(0,7) + ¥y +£7t))‘
< wg.vs 3R In? R{y) ™ ~ s 5(r(1)) R~ In? Ry) ™
For brevity, denote H[¢] := H [ [, 1 [¢], €[4]], o + p1[0)], £[#]]. From (3.8), we have
[H[g]| S T5,5(r(1) ()~ (6.1)

By Proposition 5.1, we can apply Proposition 3.1 to the inner problem (2.20), and it suffices to solve the
following fixed-point problem

Indeed, for any ¢ € By, given tg (i.e. 79) sufficiently large, by Proposition 3.1, we have

o) [T A1) | + |Tu[H16)| S Ts5(ME M RW)™C, | To[H0]| S s (ro)R(m0),  (62)

which implies Tiy, [INJ [(bH € Bj, in particular.
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For any sequence (¢;);>1 € Bin, denote QNSj ‘= Tin [ﬂ'[qu]], €j = Tey [ﬁ[gﬁj]], which satisfies

805 = DNyd; + LU(y)5d; + Hlp;]  in Dap:={(y,7) | 7 € (10,00), ¥ € Bar((r))}
q;j(',To) = éjZQ n B4R(t0)~
Repeating the process for deducing (6.1) and (6.2), one sees that there exists a constant C; independent of
j such that
16,11 < Crss (D)™ () [V085| + |85] < Cutss (R MR, (6] < Cains(ro) R(to).  (6.3)

By the parabolic regularity theory, for any compact set K CC Dzg U (Bsg(,) X {70}), it holds that
HQSJ'HCIJFL%(K) < (3 with a constant Cy independent of j and a constant ¢ € (0,1). By Arzela-Ascoli
theorem, up to a subsequence, there exists a function g which is C' in space, such that

bj =g, Vyb; = Vyg in L¥(K) as j — oo.
By (6.3), we have
(y) |Vyg| + |g| < 01’175’77(7')}35 1HR<y>_6 n DSR-

For any €; > 0, there exists 7 sufficiently large such that

sup (35 (MR () I (R ) (0) [V — 9)(w. )| + 18 — ) 7)]) < .
T>T1, YEDL2R(t(1))
and

lim sup (1757.~y (T)R>(t(1)) In? (R(t(r))))

J00 10 <7< 71, YEBagr(i(r))

-1

W) (W) [94(ds — 9. 7)| + 185~ 9w, 7)) = 0.

Thus ||q~5J — g|lin — 0, which implies T, [ﬁ [¢]] is a compact mapping on Bj,. By the Schauder fixed-point
theorem, there exists a solution ¢ € B;, and thus the construction is complete.
7. PROPERTIES OF THE SOLUTION u

Recall u given in (2.10). By (2.7), ¢ given by Proposition 4.1, ¢ solved in Bj, (see (3.14)), p1,£ given in
Proposition 5.1, we have the validity of (1.4). The initial value

ateto) = o)y (- E0 Y (LR gt g (6L ) (2 S00LY

11(to) Vo 1(to) n(to) R(to)
Here ¥y > 0. Denote y(to) = x;é(ot)"), then
o, 3<y<2
Uly(to)) — é(y(to),to) > 153 (y(to))~* = Cly(to)) "°R*(to) n* R(to) { ty (Inte)®, ~=2 >0
ty*, v >2

for to large enough. Therefore, u(x,tg) > 0, which implies v > 0 by the maximum principle. In addition, by
Lemma B.1, we get (1.6). Finally, we conclude the proof of Theorem 1.1.
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APPENDIX A. PROOF OF LEMMA 2.1

Proof of Lemma 2.1. For v <n, t > 1,

(4nt)"% [ e @0’7d9==@”ﬂ7%t7%j/ e (224t 2 dz

Rn n
t=1 y<n—2
:t7%(4ﬂ')7%/ 67$|z|77dz—|—0(t7% t=HInt), y=n-2 )
' t=, n—2<y<n

since

(Lo Lottt
|z[<t™ 2 |z[>t"2 "

t2 v<0 2|2
< / . ’ der/ . e” |27 %t e
lzjl<t™2 | |27, v>0 l2|>t" 2
t
t

-1 y<n-—2 t=1, y<n-—2
St W), y=n—2 ~qt ™ Hnt), y=n-—2
= n—2<y<n 7, n—2<y<n.
For v =n,t > 1,
n 2 n 1
<4mf>‘f/ e~ () Ty =17 (14 4) (4m) " F 2|57 (140 ((n(1+1) 7))
R"L

since
o0

-Z w2 n —z -
(4mt) " 2 />t%e i (y) "dy ~t" 2 /1 e ?z Nz,
y|>

(4rt)"% [ (e—'it —1>< )"y
lyl<t2

4

<t‘ﬂ¥/ Ty y) Ty ~
ly|<t2

a a1 1 1

) ﬂ4<£@>mwt 2§wnw/" 1+z%71+z+1+z dz
=t7% (47)” %%wnﬂln1+w+0u».
Fory>n,t>1,
t =, n<y<mn+?2
ey [ ey =t @t [ @)+ 0(e L, g =0
’ =1, y>n+2
since
@mﬂ‘3</ /‘ >( —1>@>”@
i<t Jjy>e

st ([ WP T [ ) SEE e, g =0t
lyl<tz ly|>t2
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2
APPENDIX B. THE LIMITATION OF [g, e~ A41=¥" (1)) ~bdy

Lemma B.1. Forn >0, A>0, b€ R, we have

[ ettty = [ s

; 0(x|<x>—b—2 (™ s + L) + |

z|>

e—A|z|2 (|Z‘ + <x>)max{0,—b} dZ)

el
2

Proof.

b b

/HG_A‘gc_y'Z(y)‘bdy:/ne_A'z'z [+ )5+ (1 o= 2P) 5 = (14 [2?) %] e,

Here, we estimate

’/Z<|f| e~ Al {(1+|x—z|2)7% (14 |z*)~ %] 2

b 2 _b_
_ _5/ e 140l — 22+ (1= 0)[af?] 2 (|l — 2| — |al) (Jo — 2| + [a]) d
<L

=73
— 22 —0— n
S Jol(a / L el ~ ol (1" g+ L)
with a parameter 6 € [0, 1];
2 _b b
/ | ‘efA\z\ [(1+‘$72|2) 2 (1+|x‘ ) 2} .
lz|> 5

fsi e Mz, b>0
Jastzt e “AE (270 4 (@) %) dz, b <0

<

~

o[ e )
l=1>5
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