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iXERCISES

(a) Use the Fourier expansion to explain why the note prodttcecl by a

violin string rises sharply by one octave when the strir-rg is clrtmped
exactly at its midpoint.

(b) Explain why the note rises when the string is tightened.

- Consicler a metal Lod (0 < ir < 1), insulateci along its sides but tlot at its
ends, which is initially at temperature : i . Suddenly both ends are plungeci

into a bath of ternperature : 0. Write the differential ecluatiott, botttlclary
conditions, and initial condition. Write tlie fonnula for the temperatttre
rr(-r, r) at later times. In this problem, ossume the inhnite selies c'xpltttsiot.t

4 / Trx I 3nx 1l--lsill-=-sirrz\ 1 3 1 5

.5zr \sur- + 
)

: A quantum-mechatrical particle on the line u,ith an infirtite potentlal ollt-
sicle the interval (0, /) ("particle in a box") is given by Schlodiuger''s
equation Lt 1 : iv,, on (0. /) with Dirichlet conditions at the encls. Separatc

the variables and use (8) to find its representutiol as a serles.

- Considel waves in a resistant tnedium that satisfy the probierrl

L!77:1'2 11 

'''-''"' 
fOf0<l </

tt :0 at both ends

a(r, 0) : d(.r) a,(r, 0) : ry'(.r),

rvhere i'is a constant,0 < i' <2rcl1. Write clowtt tlle series erpattsiort
of the solution.

' Dothesamefor2ncf l<r <4rcll.
- Separate the variables for the equation t Ltt : I! \, + 2l1 rvith the bor-rnclary

conditions a(0, r) : tt(7t. /) : 0' Show that there are an infinite trunlber

of solutions that satisly the initial condition a('r' 0):0' So tttliqttetless
is 1'alse for this equation!

4.2 THE NEUMANN CONDITION

..:.: 
same methoci works for both tlre Neumanrt and Robitl boundary cotrditiotls

:Cs), Irr the former case, (4.1.2) is replacecl by rr,(0. t) : u,(l , t) : 0' Therl

,-: eigenfunctions are the solutions X(:r) of

I -x" - )"x, x'(o): x'(/):0, I

rer than the trivial solution X(-t) : 0.

As before, let's first search for the positive eiget-tvalttes )" :
1.1.6), X(r) : C cos Br * D sin B"r, so that

(l)

p2>o.As

X'(r) : -CB sin 0x + Dfr cosPr.
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so that 
.1. (t) : c-ii, ancl X(.r) satishes exactly the same problem ( 1) as before.

Tlterefore. the solttt iott is
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Tlie physical
con'espond to rcr

ener-qy if as and
interpretation for
2.3.8. Fol the cas

shares its energy
string gains som
Exercise I l.

The rnathem
the unit lLthrlt'(,
.,,:0(n--1)
the nature of the e

in opposite rvays

POSITIVE EI(

Our task nou, is
( 1), (2). Filst let'

.\s usual, the soi

so that

X'{.r) + zr

-\t the left encl,r

So u'e can solve

tJ=

\4essv as the)' nr

equivalent to thi

(
t
\ ./t cos r

Therefore. sLrbst

r) -
We clon't u,ant tl
by B to get

1(

//l.f.1r: lA,, -f A,,")-
t17T X

cos 
,

The initial conciition recluires the cositle expansion (6)'

EXERCISES

1. Solve the c[ffusion problern I!, - klt,,,in0 < 't < l' with the rnixed

bounclary conclitiotls 410. t) : tt.L(/. r) : 0'

2. Considerthe eqrtatiot't LL11 :1'2 11.'for'0 < t < 1' with the boundary coll-

ditionsa.(0.r):0.rr(/.t):0(Nettniannattheleft'Dirichletatthe
right),

tui Shorv that the eigenfunctions are cosl(n + lnr I l)'
(b) Write the series expansiorl for a solution tr(x ' t)'

3' Solve the Schloclinger eciuation Lt1 : iftv" for real /c in the intervai

0 < ,r < / rvith the biounclliry conclitions 1.,(0, r) :0' u(l,l) : 0'

4. Cor-rsiiler cliff gsion ilsicle tin enclosed circular tube' Let its iength (circutn-

f'erence) be 21. Let -r clenote the arc lengtli parameter where -/ < r < l.

Then the conceutratiou of tlie cliffusing substance satisfies

l-:kll,., lor'-/<t</

rrt-i. l) : rr(1, r) irnd u.('-l ' t') : u'(l' t)'

Tlrese art: callecl perioclir brtundary t:ontlitiotts'
(a) Show that the eigenvalu", 

"r" 
)': (niT f /)2 for tr : 0' 1'2'3' ' ' ' '

(br Sltori tltltt the collcentrltiott is

rr(.r , r) : (A,, .o, 'f + ^8,, sin +) ,-nltzktlt2

4,3 THE ROBIN CONDITION

We continue fhe methocl of separation of variables for the case of the Robin

conclition. The Robirt conciition means that we are solvi4g -X" : ')'X with

the boundarY conclitiotls

I X' - o(tX :0 atx :0

1 "'* 
LtlX :0 at'r-: /' 

I

The two coltstants (/s and a1 shor'rld be considerecl as given'

ln'LS-
-A,r * )) /-/

(1)

(.2)
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contiiin the temr

(.Ass)'o"t + Boc-rc'l)Xo (r).

This terrn comes fronr the usual eqr.rati ot1 -7" : )"c27 : *(ysc;2T fbr the
ternporal ltart of a separatecl solution (see Exercise 10).

EXERCISES

1. Find the eigertvahres grapliically fbr the boundary conditions

X(0) : 0, X'(l) + aX(l):0.
Assr-rrne that (i + 0.

2. Consicler the eigenr,alue problerl with Robin BCs at both encls:

-X":tX
X'(0) - aoX(0) : 0. X'(L) -r qX(.|) :0.

(a) Show that i : 0 is an eigenvalue if and only if oo * cLt : -(tr.totl.(b) Find the eigenfuuctious cofresponcling to the zero eigenvalue. (Hint;
Filst solve the ODE f rn' X(.r). The solutions are not sines or cosines.)

3. Derive the eigenvalue equation (i6) for the negative eigenvalues
). : -)r2 ancl the lormula (17) for the eigenfunctioni.

4. Cortsider the Robin eigenvalue problem, lf
all < 0. il1 < 0 ancl - u0 - a7 < u11cr1l ,

shorv that there are rllu negutive eigt-'nvalues. This case may be called
"substantial absorption at both ends." (Hiirr; Show that the rational curve
.1' - -(ns * cL:)y ll,2 t u1lu) has a single maximum and crosses the
line .)' : 1 in tu'o places. Deduce that it crosses the tanh curve in two
places. )

5. In Exelcisc 4 (sLrbstantial absorption at both ends) shorv graphically that
there are au inllnite nr,rmber of positive eigenvalues. Shorv graphically
that they satisl'y ( I l) and (12).

6. If rtly : (1 : 61 in the Robin ploblem, show that:
(a) There ale iro negative eigenvalues if u > 0. there ts one rf

-21 I . n < 0, iind thele are two if a < -21 l.(b) Zero is an eigenvalue if and only if a : 0 or cL : -21 L

1 . lf u11 : o1 : 71 , shorv that ils .1 --+ *oo, the eigenvalues tend to the eigen-
values of the Dirichlet problem. That is.

ll'l{t'.,,r,t)-'+} :0.

',vlrele )",,(o) : 113,,(.n))2 rs rhe (n * l)st eigenvalue.

8. Cr-r

(a)

(b)

(c)

(cl)

9. On

(at
(a)
(b)
(c)

(d)

Scr

SLII

(a)

10

l Cc

(b)
(c)

la,
(bl
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ines or cosilta,
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Consicler again Robin BCs at both ends fot' arbittltrr rlrr illlcl t1l.

i1 i In the asaT plane sketch the hyperbola rls * tt1 - -40",1 lndicate

the asyrnptotes. For (u0, tt) on this hyperbola, z-cro ls illl eigenvallle,
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according to Exercise 2(a).

rl Sliow that the hyperbola separates the rvhole

gions, depettding otl q'hether there aLe tu'o.

eigenvalues.

- i Label the clirections of inct'easittg absorlltloll allci

axis. Labei the point corresponding to Neutllatlt.t

-:, Where in tl-re plane do the Dirichlet BCs belong'?

_lnthe interval 0 < r < I of lelgthone, considertheeigetlvaltte probletn

*x" - ),x

X'(0) +X(0):0 and X(l):0
-,rsot'ptiott zlt otte encl ancl zel'o at the other).

-:, Fincl art eigenfuttction with eigenvalue zelo Call it X9(t )'
:, i Fincl an ecluation fot' the positive eigctlvalues )' : lJ2 '

- Shor,v graphically ft'oln pit|t (b) that thet'e at'e an infitlite nutrlber of
posrtive eigenvalues.

-t Is there a negative eigenvalue'?

i.li'e the wave equation witli Robin botttlciarY conditiotls uucler the as-

.rinption that (18) holds.

., Plove that the (total) energy is consetvecl fot'lhe wave eclltatiotr u'itl-t

Drrichlet BCs, rvhere tlte energf is defirled to be

+ Lt-, ) d.\

(Cornpare this cleflnition with Section 2.2")
- Do the same for the Nettt.natltl BCs.

- For the Robin BCs, show thztt

+ rr,r)ri.r + \uftt(!. rtlr + -a,,1rr(0, r)12

rs conservecl. Thus. while the total erle|gy Ep is still a constant,

:orne of the intelral energy is "lost" to the bolul(lary i1'110 and.1/ are

positive and "gainecl" frotl thc boundarf if all all(l (1/ are uegative'

:,siilct' the ltnttsual eigetlvalue problerll

-U-it:)t1 fOf 0<'r <1

u.(0) : u.'(/) :

Show that )" : 0 is a doLrble eigenvalue.

Get an equation for the positive eigettvalLtes i > i)

planc into three t'e-

one. or no negative

racliation on etrch

BCs.

rl
e :1 | Q'tt;- Jo

En: I 
1,,' 

t,-r,,i
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(c) Letting y : +lJ)., r'educe the equation in part (b) to the equation

y siny cos 1, - sinz y.

(d) Use part (c) to flnd half of the eigeuvalues explicitly and half of
thenr graphically.

(e) Assuuring that all the eigenvalues al'e notrnegative, make a list of
itll the eigenfunctiotis.

(f) Solve the problem ul: ku,,, for0 <.r < /, with the BCs given
above, and rvith a(.r, 0) : d(r).

(S) Shorv that, as I -+ oo, lin rr(.r, 1) : A * Br for some collstants
A,.8, assuuting that yoLl call take iirnits term by term.

I 3. Consider a string tliat is fixed at the end .r : 0 and is free at the end r : /

except that a load (rveight) of given t.nzrss is attached to the rrght end.
(a) Shorv that it satisfies the problem

ll11 : 1t11 .r., fOf 0 < ;f < /

rr(0, t) : 0

lor some colrstarlt ,t.

15.

(b) What is the eigeuvalue problem in this case?
(c) Fincl tlie equatiort for the positive eigettvalues and find the eigen-

functions.

Solve the eigenvalue pt'obletl .\)t!" +.3--r-lt'* )"u:0 for 1 < x < e.

n'ith rr(1): u(e):0. Assutne that I > l. (Hirtt: Look for solutions
of the forn 11 : -\.')r for cotlplex tr.)
Find the ecluation for the ei-genvalues i of the problem

(r(r)X')' * ),p(.v)X : 0 for 0 < r < / withX(0; : X(/) : 0.

wherer(.r):"i for.t <tr,r(r):,<"2forx >u, P(,r): P2rforx <ct,
ancl p(r) - p,l for.v > a. All these constants are positive trnd 0 < o < L

Fincl the positive eigenvalues and the corresponding eigenfunctions of
the lirultlr-ot(lcr ol)el'utor --,1rl,/.tr with the four boundaly conditiorts

X(0): X(1): X"(0) : X"(l):0.

11 . Solve the foulth-older eigenvalue problem Xtt// - ,1.X in 0 < r < /, with
the fbur boundary conclitions

X(0): x'(0) : x(/): x'(/):0,
u'here i > 0. (l/urr. First solve the fbulth-order ODE.)

18. A tuning fork may be regarded as a pair of vibrating flexible bars with
ar certain deglee of stitfness. Each such bar is clarnped at one end and

is lrpproxirttlrtell rtttlJelsll [r1 t]re l'oLtt'th-ordet'PDE r/,, r r':t/,,,, : Q.

It has initial conditions trs for the wave equation. Let's say that
on the end r : 0 it is clantped (lixed), meaning that it satisfies

Sh

g

tt,,(l . t) : -ktt,(1, t')

t4.

t6.



:t (b) to the equatior,

:xplicitly and half c.:

tative, make a list ,:

tt ith the BCs gir...

, ior some coltstalt..
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. :ree at the end.r =
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.: nnd the eist-
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i-). t) - u.r(0, /) : 0. on the other ell(I.\: 1 it is free. meaning thlt it

'ilisfies ll\,(l , /) : tt.,'(1' I) : 0' Tltus there are atotal of fourboundary

- :'nditions, two at each encl.-' 
, 

- 
S"pot nte the tirne and space variables to get the eigenvalne probiem

x,,,, : )"x.
r, Show that zero is not all eigenvalue . nl
.Assumingthatalitlreergerrvaluesarepositive.rvritethetnas/":0*

and find the ecluation 1or P'
: Fincl the frequencies of vibratior-r'

-' Compat'e yotll' '"'*t' in pat't t$ r ri'ir]r tlte ovet'totte: ol'tlte vibrltirtg

string by looking irt the l'alio fr: I Bi E'xplain why you heat'atl aln-Iost

prr""ton" when you listen to a tuniug fork'

!:.trv that in Case 1 (racliation at both ends)

f n2it71 2 
'limll-, --" l--('tr' +0!)

't 'r I t- I i

1.
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conditions stili hold f ol both Y and Z because the eight constants in (4) are real
nunrbers. So tlie i'eal eigenvalue i has the reul eigentirnctions f and Z. We

coulcl therefol'e sa)/ thlt X untl X lrle replrtceable by the I and Z. The linear'

combinations rrX r bX ar.' the sluic its the lineat'coubinatiot'ts cY I cl Z,
rvhele c ancl b are somehor,v relatecl to c ancl 11. This completes the proof of
Theorem 2.

NEGATIVE EIGENVALUES

We have seen that rnost of the eigenvalues tut'n out to be
question is rvhether n11 of thern are positive. Here is a

positive. An important
sufficient conclition.

5,

Consider u

: 0. ur(/.,
Find the sc

Consicler tl
clitions u([)
rvhere U is
(a) Finclt
(b) Using
(c) If e is

for thr
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Theorem 3. Assume the same conclitions as in Tlteorent I. If
,--l.

./(.')l'(i)1,:,, =,, (lo)

fol all (rcal-valuccl) lunctions.f (.r) satisfyrng the BCs, then there rs rto negative
ei genvolue.

This theorerr is provecl in Exercise 13. It is easy to velify that (10) is
valrd for DiLichlet. Neumann. and perioclic boundary conditions, so that in
these cases there ale no negative cigertvrlues (see Exercise I l). However, as

lve have already'seen ir.r Section 4.3, it croulcl not be valicl fol certirin Robin
boundaly conditions.

We have alreach' noticeci the close analogl' of oi.tr analysis rvith linear'
algebra. Not only are fur.rctions acting as if they were vectors, but the operator
*tl2 1cl,r7 is acting like a uratlir; in fact, it l.r a linear transformation. Theorems
I and 2 are like the corresponcling theot'ems about real symmetric matrices.
For instance, rf A is ir leal symmetric matt'ix and / and g are vectors, then
(Af , S): f , AS). ln our present case, A is a clillerential opelator with syntntetrie
BCs arrd.l and g ale functions, The same identitl, 6.1', S) : U , Ag') holds in our
case Isee (3)]. The tu'o r.nair.r difTerences tl'om uratrix theory are. hrst, that oLrr

vector space is infinite dimensional, artd second, that the boundaly conclitions
must cornprise part of- the definition of our linear transtbrmatioti.

EXERCISES

1. (a) Find the real vectors that ale orthogonal to the given vectors t l . l, 1 l
and [, - 1. 01

(b) Choosin-u an answef to (r), expancl the vectoL [2, -3. 5] as a hnear'
courbination of these three mutualli, orthogonal vectors.

2. (a) On the interval [-1. 1]. shor.v that the functiorr.r is orthogonal to
the constant 1'unctions.

(b) Fincl a qr.raclratic polynomial that is orthogonal to both 1 ancl..r.
(c) Fincl a cribic pol1'nouiial that is orthogonal to all quadratics. (These

are the first ferv Legentlre polynontictls.)
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Consicler Ltrr : czLtrrfor0 < r < l, with thebounclary conditions-rr(0' t)

: 0. r.r.,(1, /) : 0 ancl the initial conclitions u('r'0) : r' tt'('r' 0) : 0'

Find the solution explicitly itt set'ies fot'trt'

Consicler the problem Lr. : l711,rfor 0 < x < 1' lvith the botlrtclary cou-

tiitions u(0. r) : u, "',(l't) 
:'b'ancl the initial conclition rr('t' 0) :0'

$ ltere U i: 3 cotlstilllt.
ra) Fincl the solution in series fonn' (Hilrr" Cortsicler rr(r' r) - U )

,b) Using a ,i,r".t nrgument, shorv that the 
3erle1 

co111ii-:: 
't.1'::' 

>' t'

rc) If e is it glven nlargin of error. estlnate horv long a time is recltlil'ed

for the uotu" ,(1, ri zit the elrclpctint to be approxitnated by the con-

stant U wlthin the en'or e ' (Hint: lt is itti aliernatrng series with first

tertn U, so that the error ls less thatl the next terllr')

il) Shorv that the bottnclary conclitions rr(0. r) - 0' tt-,(' t) :.0lead 
to

the eigenfr'rn.ti,r'rt i.iitii"-t /2/)' sin(3;r r.l 2t't' sin(5n'r: /2/)'' )

b) ff rD(.r) is any function on (0' l), derive the expatrslou

by the following rnethod' Extencl d(-rr) to the function rf clefinecl by

QQ) :rp(xl for0 < r < I ancid('r) : Qt2t,- ti-3] j : l,it'
(Thrs rneans ttrat 1'ou are extenclingtt.evutll',tltti)'f s 'r - 1 )'\Vlite

the Fourieruin" ,"i.tlot df'tl un ihe rntelval (0' 2l) and write tlie

formula for the coetficients'

.') Show that every second coefficient vatlislles'

Jr Reririte tlie lottttttla |.ot.C,, a\ lIl) illtegl.ll ol rlre tlr.ir:itilrl |.ttttetitrtt

d(.r) on the intelval (0, 1)'

Find the cornplex ergeuvalues of the first-clerivatiYe operatol'11/rh sttb.icct

:,r the single tounOory.u,Jtion X(0) : X(t)' A|e the eigetifunctiotis

.rfihogonal otl the interval (0. 1)?

Showbytlirecttrttegt.cttiottthaLtheeigenfurtctiotlsassclciateclrvitlrthe
Lobirt BCs, namelY.

d,(r): i.,,,,,, {(,,* l)+i 'u 
< t < /t

un l\ _/ t I/l:lr

d,, (x) : cos P,,r *

,':e mutuall,v orthogonal on

-i 3 8).

Show directlY that (-X!Xz -l X
.;rme Robin botlndarY condition

-',.rnditiou at -x : b.

Shorv that the bor'rndary conclitions

X(b) : aX(.a) + PX'(ul anci X'(lt) : y X@') + 6X'(c)

n trnintervala < r < b aresytnmetric if andonly if a5 - fry :.1 '

T]teGranrSchnticltttrthogrlntili?'(t.ti()ttpro('eclure)|tXl'Xl....1St1lly
..q"*"" tn"iie or infrnitej'of linearly inclepenclent vectors itr auy Vector

sinp,,r where Xr : 07'

-r < l. rvhere 0,r ill'c the pclsitive foots ot

'X. r 1. : () il'both X 1 llllil X2 srttisl'r thc

^,'r 
: (r illlLl the 5lllle Robin h()tlll(lltly

u()

p,,

0<
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space with au inner pfoLlLlct. it can be replaced by a sequence of linear
cornbinations that are mutually orthogonal. The idea is that at each step
one snbtracts off the compouents parallel to the previous vectors. The

1rt'occclttt'e is as 1bllows. Frrst, rve let Z1 : XrlliXl]1. Second. we cleflne

v^
Yt : Xz - (Xz, Z)Z: and Zr: ffi,

Third, we clefine

I: : X-. - (X:, Zz')Zz - (Xt. Zt)Zt anci Z. : Y-'
' llYrll

ancl so on.
(a) Shori'thiit allthe vectorsZ7,22.Zt. . . . are orthogonal to eacir other.
(b) Apply the procedure to the pair of functions cos r + cos 2.r and

3 cos ,r - 4 cos 2,r in the interval (0r,iz ) to get an ortl-rogonai pair.

li. (a) Shor,v rhat rhe conclirion .l'(.r)l'(;r)l; : 0 is valicl for any fnncrion
l(.r) that satisfies Dirichlet, Neumann. or penodic boundary condi-
tlolls.

(b) Shou' that it rs also vaiid for Robin
ri,, lrllrl (/t ul'c positi\ L',

12. Proye Greert's .ftrst iderti4,: For every
(o. b).

BCs provideci that the constants

pail of functions.l(x), g("r) on

1,," 
,",.rrrrx)clr: - 1,," 

l'{r)r'(..r)cl.r * l' ,l',

. tl:C

, i, lr

.:,.rll

Fr.rt'

' at )l!)'l

In th
' <L prrr

' , ittlon
' .!i lel ,

t: ri ho
To st

. ,l g0o(

-rriinctJ

- t-1Kb,.E

Defini
,i rilrli.i r

t4

l3 Use Green's lilst iclentity to prove Theorem 3. (Hint: Substitute.l'1r,1:
X( rr : s(.\ ). ir rell eigertlirnctioll.)
What clo the terrrs in the series

irll
- : sir.rI * siu-3 + -sin5+ ..
r15

look like? Niake a graph o1 sin rr for ri : 1,2,3,4, . .. , 20 rvithout drarving
the intervening curve; tliat is, just plot the 20 points. Use a calcr,rlatorl
rer.nenrbel that rve are using radians. In sorne sense the numbers sir.r rr

are rttttdorttl.r'locatecl in the irtterval (-1. l). There is a great deal of
"ranclom cancellation" in the series.

15. Use the same iclea as in E,xercises 12 and 13 to shorv that none of the
eigcnvalues of the fbLrrth-order operator' +d4ld\4 u,ith the boundarl'
cottclitiotts X(0): X(1): X"10;: X"(l):0 are negative. !

5.4 COMPTETENESS

In this section u,e state the basic theorems about the convefgence of Fourier se-
ries. We cliscr.rss thrce senscs of convergence of functions. The basic theorems
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obviously satisfies the BCs' If we let

u(-r, r): tt(r. r) - olt(.r' r),

then u(.r . r) satisties the same problem but with zero boundary data, with

initial clata rl(.r.) - ill(,r:,0) ancl r/r(.r) - til,(x,0), and with right-hand side/
replaceclby I -'i111.' 

The br'trndd11, conclition untl the clifferentiuL ecluation ctut 'sittuLl,tctneousLy

bamtttlehontogerreottsbl''srtbtractinganyknov'nfunctionthutscttis.fiesthem'
One case rvhen this catl surely be accomplished is the case of "stationaly

clata" u,hen /i, k. alcl /(.r) all are indepettdent of time. Then it is easy to find

a solution of

-.1t|1,,: .l(-r:) 'lr(0): h rV(L): k'

Then u(.r, /): u(.r,1) - .)||(r) solves the problem with zero boundary data,

zelo right-hanci side, ancl initial data r/(x) - "it('r) and /('r.)'
For anothcr example, take problenl (1 1) for a simple periodic case:

.l(.r. r): F(.r)cosr,r/ h(t'1 : H cosat /c(t): K cosc'rl ,

that is. with the sat'ne titrle behavior in all the clata. We wish to sttbtract a

solution of

'l[r1 - c'2q[.r.. : F(.r) cos.u/
tlt(Q, /) : H cosat at(/, l) : K cosro/.

A goocl guess is that qt shoLrlcl have the form .u(x, r):,tl.s(x)cos.rt, This

u,ill happen if Qte(r) satisfies

-ru2'11,, - ,)tLL,r: F(.t) 'i.10(0) 
: H ol[e(l) : K' i-

There is also the ntethocl of Laplace transforms. rvhich can be founcl jtt

Section 12.5.

EXERCISES

1. (a) Solve as a series the equation Ltt: L!\\ in (0, i) with rr,(0' /):0'
tt(.\ .t): l. .tlc1 rr(.r,0): 12. Colnpute the tirst two coejhcients

explicitlY.
(b) What is ihe eqrrilibriLrm state (the terin thiit does not tend to zero)?

2. For probler-n (l). cornplete thc calculrrtion of the series in case.T(t) : 0

ancl /r(l') : e' .

3. Repetrt problern (l ) for the case of Neumann BCs'

4. Solve rr,, : (:2Lt.rr * ft for 0 < .r < l, with the boundary conditions

ru(0, r):0, ri.(1' /):0 aticl the initial conditions a("r,0):0'
u7(-r. 0) * V. Here k ancl V are coustants.

5. Solve u17:6)y1 ,,*s'sin5x for0< x Ift, witha(0, t): u(n,t)--0
anclthe initral conclitions rr(;,0):0, ur(;r' 0) : sin3r'



, data, witi,
hand side -

ultoneous l-.
,i,sfie,s thetr:
"stationar.

:as1, tO fin:

ndary dat

CiisC:

)s o)/,

subtract

s cor. Ti:

tounci

').r):
'elTicier,

tO Ze[
I /(1) =

rnditrr -
.0) =

t.1l-

5.5 INHOMOGENEOUS BOUNDARY CONDITIONS 151

l:-1t:",r, 
: .',1,.,..* g(r)sinror for 0 < .r < /, rvith u : 0 at botli endsilrLrr' : ut :u when /:0.Forwhich'aruesof rrrcanresorlatceoccur./

(Resonance lneans growth rn tinrc.)
Repeat Exercise 6 for the clarnped rvave ecluatiorl u11 : c2trr., * ru,ag(.r)stnrar, where r is a positiv, .onrtunt.
Solve a, : ku,, in (0, /), with a(0. /):= Q. u(1,t1: At, u(x.U.) :0,rvhereAisaconstant.
Use the rnethocl of subtraction to solve Lt,1 : glt.rr lor 0 <.r < I : /,u'tth a(0, t): lt, u(l,r): ls, \,vhere h ancl k are given coustants, andtr(x, 0) :0, Ltr(x.0) : 0.

Find the temperature of a metal rocr that is in the shape of a soricl circrlarcone with cross_sectional area A (r ) : b( I _- rl 1)2 fbr 0 < .i _i 1. wtrereb is a constant. Assur'e that the riod is macrc of a unifbr'r matefial. isrnsulated on its sides, is rnaintaineo nt r.to ilnrper.atllre on its flat e'cr (r:
?:."t].1nT 

an u nspeci liecl initial t"n.,p-.,it.,r. cli srri br-r ri on @ 
(.u ). Assu rne

:|tr,,::,,3r]rp"rujyi: is ind.egendenr of r, arrcl z. IHirtt Derir,e the pDE
1' - -r / r ) ut : Al{ r - .r.l | \'tr,},. Separate vlr.iithle: tr : Tl tXt.r.; unclthen substirnte u(.r) : (1 _ x/t)'X(rit.l
write out the sorutior of probrein (111 expricitiy, starting fl-om the clis-cussion in Section 5.6.
Carry out the solLrtion of (11) in the case rhat

.f(..r,tI: F(x)cosr,.,t h(t): Hcosott k(t): Kcosrol.
If fnctron is present, the wave equation takes tlie forrn

L!11 - C2Lt.rr: - l-Ilt,

rvhere the resistance l' > 0 is a constant. consrclcr a perioclic source atoneend: u(0,t):0. u(l,t)- lrior.(a) Show that the pDE and rhe BC ar.e satisfiecl by

'lt(x. r) : Lei"'rg. where t'Jrrt : rj - irro.sil) p1

1b) No matter lvhat the IC, a(r, 0) ancl u,(.r,0.), are, shorv rhat Qt(r, /)
. r.s. the a-symptotic fbrm of the solution ir(.r, l) &S 1 _> cc.(c) Show thatyou can getresonance as /. __+ 0 if ro : ntirc.l lfbrsome

integer rt.
(d) Show that f.iction can prevent resonance 1l'om occurring.


