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EXERCISES

i.
2.

3.

Solve lt,, : (-'2ll.r.r, rr(.1 ' 0) : s.t, ttr('r' 0) : stnr'

Solve rirr : c'21l...', a(.r',0) : log( I + \'2). rr,(r,0) :4 * x'

The miclpollit of a piano string of tensiot.r T, density p, and length / is hit

by a lrarnmer rvhoie heaci clianretet ts2tt. A flea is sitting at a clistance

If +frornone encl. (Ass.rrte tSat a < 1/4; otherrvise, poor flea!) How lottg

iloes it take for the disttrrbance to t'each the flea?

Justify tire conclusion at the begiilning of Sectiorl 2.1 that eve|y solution

of thewave ecluittion has the fortn f (r + cr) * g(t - cl)'

(Tl'Le httntnter blot'ti) l.et @('i) : 0 and f('t'):1 for lxl < a and

/(.r):0 for. lrl > a. Sketch the stt'ing profile (lt versus r) at each of

the srrccessive iustants t : ctl2r:, ulc' -7ul2c:,2alt' and 5alc" lHint"
Calcr,rlate

4.

5.

I r'-'l I

/1(.\'.1) :: I /t.rtt1s:; {lelrgthof t't--r'/"\ .-('l)n(-d'tr)}'
l, J,. ,' 't'

Tlren rr(.r, ttfZc:): Ql2c:) {length of (-r - a12, r * ul2';)(-a' u)l'
This takes on cliffbrent values for l.rl < a12,lor ol2 < r < 3al2,and
for x > 3uf 2. Cotttttrtre in this mallller for each case ]

6. In Exercise 5, find the gl'eatest clisplacet-tlent, milx., il('i, r), as a functiotl

of r.
1 . If both Q a|d $ ale odcl functions of .r, show that the solutiotl a(r, r) of

the wave equaticltl is also oclcl ir-r 'l for all r'

8. A spheric'uly,arr,c, is a solutiot-t of the tl-rlee-dimeusional wave eqr-ration

of the for.ln lr(r: r), rvhere I is the clistance to the origin (tlie spherical

coorclinate). The wave equation takes the forrn

tl 2 \
L{11 : 1'- 1tt,, +';tt | ("spherical rval'e ecltlatioll")'

\i'/

(a) Change varlables 7) : t'Lt to get the equatiou for u:. u11 : c2D"'

ifrj Solve for. u usirg (3) ancl thereby solve the spherical wave equat-

ion.
(c) Use (8) to solve tt rvith initial conditions a(r" 0) : d(r')'

l,(r',0):lr(r),takingbothd(r')andry'(r')tobeevenfunctions
of r'.

g. Solve 4,., - 3tt.r1 - 4rt11: 0' rr(r' 0) : -r2' lr'('r' 0) : e'' ' (Hittt" Fac-

tor the operatol'as we did for the wave equrltlon')

10. Solve r.r,., * tt.r - 20rt,, : Q' lr(r,0) : rl('l), rir(r' 0) : ry'(r)'

11. Fincl the general solution of 3tt,, * 1Ort,, * 3u.,, : sin(x * /)'

,!j;.ii,5
,i.

.}.
'Ji

rll

I
I
e

ll

2.2 c

{l \a

.;.: l-:'.;

- -- --: -,-,..:_,t,'
- :-_-_:

--- :.'
1ii -

--= ,; ,'.-

,--t1L-t

{n'
:'>1,

_:.J 1-'.. : - - ---

- ---- r \

- .'wr'lL.
t'r
t

$
T

$

.a'

l!.



2.2 CAUSALITY AND ENERGY 4L

a .r : c'orrerstone of the theory of relativity. It rneans that a signal located at

:"{ :.rsition r9 at the instant /s cannot move faster than the speecl of light. The

i '- jin of influeuce of (,ts, /6) consists of al1 the points that can be reached by

i ,, j:':irl of speed c starting front the point re at the tille ls. It turns out that the
:r1 *:ions of the tlte e-dimensional wave equation always travel at speeds ex-

-i', " rQual to c and never siowet'. Therefore, the causality principle is sl-rarper

: -:.e dirnensions than iu one. Tliis sharp forrr is callecl I-l uy'getts' s pt'int:iplc
,:': lirapter 9).

:iirtland is an imaginary two-dinetrsional u,ot'lcl. You catl think of yoLrlself

- . .,r,terbugconfirredtothesurf'aceof aponcl. Youwouldn'twaltttoiivetl-rere
-,. - i -ie Huygens's principle is not vaird in tr,vo dimensiot-ts (see Section 9.2).

J*-' .ounci you make would autornatically rriix with the "echoes" of your
::r:..rus sounds. And each view would be rlixed fvzzrly with tlie pt'evious
,.'i:'"," \. Thl'ee is the best of ztll possible dimensions.

reRCISES

--:e the energy conservation of the wave equation to lll'ove that the only
.,rltttion with @ 

: 0 and .1, = 0 is rt = 0. (Hint; Use tlie first vanishing

ri-i.orefi in Section A.1 .)
- - -.t' a soltttion a(.r. t) of the wave ecluation rvlth p : f' -- c' : 1, the elierg)/

--:rrsity is clefined as e: lful + u]) ancl the tnotnentum clellsitS'as1) -
-t.,

.1, Show that 0el0t : 3pl0r ancldplDt :3el'dx"
: Show thatboth e(,r, r) andp(r, r) also sattsfy the rvave eqlratlorl.

1 irorv that the wave equation has the following invariance properties'

i Any translate r(r - y, /), where y is flxed, is also a solutiotl.
r r Any derivative, say l./.., of eI solution is also a solt-ttion.
- , The dilatecl futrction u(ax, at) is also a solutiot.t, for any collstallt a.

- -, :r(-r, r) satisfies the wave equation L!11 : It.lyl prove the identity

t. { h,/ +ft)*a(,r - h, r -ft) : rr(-r -l k, r+i)+ u(x - k' t - h)

..'r all x, t, h, and ft. Sketch tlie quadlilateral Q whose Vet'tices are the

::SlrilentS in the identitY.
; i.ri rhe damped string, equtition (1.3.3), show that the etrergy decreases.

': P:.rve that, among all possible dimensions, only irl three dimetlslons call

:,1 ltave clistortionless spherical wave propurgation with attenuatiotl. This
r 3ans the following. A spherical rvave in n-dimensional space satisfies

-:.: PDE

/ t, 
- 

1 \
u,,:t')(,,,,- " ',1,).

\i'/

.,irel'e r is the sphericai cooldinate. Consicler sucl.r a wave that has

::e special fortn r.t(r, r): cv(r')/(t - 00')), where a(r') is called the

i'.
i:
ti'ti,

3l'..

[i;-
\. -.



42 CHAPTER 2 WAVES AND DIFFUSIONS

attenuatiolt ancl B(i') the delay. The question is whether such soltttions

ext:t fot' "ltrbitrltt'1 " I'unctiorrsf
(a) Plug the special form into the PDE to get an ODE for.l '

(b) Set the coefficients of .l'", .l'', andJ'equal to zero,

(c) Solve the ODEs to see tirat tr : 1 or n : 3 (unless z'r = 0)'
(ci) Il n: |,shor,v tl-rat a(r') is a constant (so that "there is no attenuation").

(T. Morley, Americcut M athemati cul M orttlily, YoL. 27, pp' 69-7 I' I 985)

2.3 THE DIFFUSION EQUATION

ln this sectiot"t we begin a study of the one-dinlensional diffLrsion ecluation

Itt : kll'\'\' tl't

Diffusions afe very diflerent 1}om waves, and this is retlected in the mathe-

r-natical properties of the equatiotrs. Because (1) is harder to solve than the

wave eqiratiou, we begin this sectron with a general discussion of sotne of the

pfoperties of diffusiols. We begin with the tnaximum principle, from which

*"tll r'1.,1r.t.e thc uniqueness of an initial-boundaly problem. We postpone un-

til the next section the derivation of the solution formula for ( 1) on the rvhole

real Iine.

Maxlmum Prlnciple. If a(r, /) satisfies the dilfLrsion ecluation itl a rectatrgle

(say,0 < r < /, 0 < t <T)inspace-time,thenthemaximumvalueof u(-r'r)

is issumed either initially (r : 0) or on the lateral sicles (;; : 0 or -r : /) (see

FigLire I ).

In farct, there is a stt'ot1:1c1'ttersion of the maximurn principle which asserts

tirat the rnaxinun crinnot be assuued anywhere inside the rectangle but onl1'

on the bottgnt or the laterul .srries (unless u is a constant). The cortlet's are

allowed.
The minimulr value has the same property; it too can be attained onlY on

the bottom or the lateral sides. To prove the minimum principle, just appiy

the mtrxit-num principle to f -rr(x, r)l'
These principles have a natural interpretation in terms of diffusion or heat

flow. If yoi have a roci with no internal heat source, the hottest spot and the

Figure 1



52 CHAPTER 2 WAVES AND DIFFUSIONS

This is one of the few fortunate examples that can be integrated.

exponent ls

:r2-2rr,+y2+4kty

Completing the square

4kt

in the y variable, it is

(r'+ 2A.r - x)2
! l_t 

- 
t'

4kt

We iet p : (y * 2kr - x )l\Ekr so thtrt ,lp : ,ly lJ+n' Then

,{(.r, /):.'At-' /-. '" 
!!! - u"'-'' '

J-o \/7r

By the rnaxirnur-u principle, a sohttion in a bouncied interval can-

not grow in time. However, this particular solution grows' rather than

dects, ir-r time. The reason is that the left side of the rocl is initially
u"ry hot [a(r, 0) -+ *oo as r -+ -oo] and the heat gradually diffLrses

throughout the lod.

EXERCISES

l. Solve the ciiffusron equation rvith the initial condition

QQ1 :1 for l.rl < 1 and d(x) : 0 for lxl > /'

Wlite your allswer in terms of %rf(-r)'

2. Do tl-re same fbr @(.t ) : I l'ot'x > 0 and Q6) : 3 for 't < 0'

3. Use (8) to soh'e the clitfusion ecluation if d(:r) : e3' ' (You may also use

Exercises 6 and 7 belol.)
4. Solve the diffusion eqttation if dr(r) : e-\ for x > 0 and d(r) : 0 fot'

.r<0.
5. Prove properties (a) to (e) ofthe diffusion equation (1)'

6. Compute fi e-,' cl r . (Hirrr.' This is a function tl1at cQtltlot be integratecl

by folnulal So use the following tlick. Transform the clouble tntegral

if e-" ct.r , li e-t'cLy into polar.coordinates and you'll end up with a

iiu-rction that cin be iutegrated easily.)

i. Use Exercise 6 to shorv that [l*e-l''c]1t: Ji. Then sttbstitute

P : -r l"/4kt to shorv that

rN
/ st,.' t)clx : I
J--

8. Show that for any flxed 6 > 0 (no l-natter how small),

'lllt:*, 
s(-r' r) -+ o as 1 -+ o

The
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2.4 DIFFUSION ON THE WHOLE LINE 53

l:is rneans that the tail of S(r, r) is "uniformly small".l

i ..: the diftusion equation ur : l;4^,^ with the initial conditioti
. 0r - 12 by the foltowing specill ttlethoci. Frrst sliow that tt,.,,
',: :)nes the diffusiolt equatiott wtlll zero inititrl corldition. There-
' -. b1' uniqueness, r/.r:r.r r 0. Integrtrting this resi-rlt thrice, obtain
; ..') : A(t)x2 * B(r)r *C(t). Finally, it's easy to solve for A, B,

- - C b1 plugging inlo tlte origirtel pt'oblettt.

, Solve Exercise 9 using the general fot'tlulit discttssed ill the

relt. This expresses u(x, t) as ii certain integral. Substitute p :
\ - y)lJ4kr rr.r this integral.

- Since the soiution is unique, the resulting formula mttst agree with
:he answer to Exercise 9. Deduce the value of

f&

J-- n2n-t" 'tn'

Consider the cliffusion equation on the whole ltne with the usual

iritial conclition a(r,0): r/('t)' If d(;r) is an ockl function' show

:hrt the solution a(r, r) is also att orlrl function of x. (Hint:Consider
:rr -.r, 1) * t(x, r) ancl use the uniqueness.)
Shorv that the same is true if "odd" is leplaced by "even."

Shoiv that the analogols statelrents are t1'ue for the wave equatiotl.

-,. ;rLrrpose of this exercise is to calcttliite Q(-r,/) approxinately for'
-:: :. Recall that Q(r.r) is the temperature of an inflnrte rocl that is

:,-l!11'at temperature 1 forr > 0, ancl 0 for,r < 0.

Erpress Q6, t) in tenns of %rl,
Frnd the Taylor series of '6rf(r) around,r : 0. (Hint;Expaud e',

:ubstitute z : -),). and integrate tern by term.)
Use the first two nonzero terms i1 this Taylor expansion to fitrd iin

:ipproximate forrnula for Q(r. t).
lf irl is this formula a goocl app.oximiition for,r: ftxecl and r large?

,.,. e flom fi rst principles that Q6. t) rllt,r/ have the fot'm (4). as follows.
Assunring 

-uniqueness 
show that Q(x, t) : Q(uE x ' a/). This

identity is valid for trll a > 0, all r > 0, and all r'
: Choose a:11(4kt).

-j. lr.r) be a conttnuous function such that l@(r)l = 
gn'r:2. Show that

- :::-,ula (8) for the solution of the cliffLrsion equation makes sense for 0
. < 1 lGak), but not necessarily lor larger r.

:. r,. e the uniqueness o1'the cliffusion problem with Ner-rmatln boltndary

- :r.iitions:

.:. -Arl.,,: l(r,r) for0 <r < /,/ > 0 r.l(.r:,0):d(x)
z.r-,(0, r):8(r) Lr,(1, r) : lt(t')

-. :;lc ertet'gy rtrethod.

I

r,!

lir

!i
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Solve the clitfusion eqttatiotl with constant dissipation:

r,t, - kLtr, -fbtt:0 for -oo < -r < oo r'vitha(r'0) : @('l)'

where b > 0 rs it constant. (Hrrit: Make the change of variables a(r, r) :
s-br1r(r, t).)

Solve the cliffusion ecluation with variable dissipatiotl:

Lr, - ku* I bt2tt :0 for-oc < 't < oo witll ll(r' 0): d(x)'

r,vlrere b > 0 is a corlstant' (Hint: The solutions of the ODE

vt,, 1 !'tt2v, : 0 are C e-bi'13 . So make the change of variables

u(.,r, r) - n-ttr'13r1t, t) and det'ive an equation for u')

Solve the heat equation with convectloll:

u1- kLt,,l- I/4.. :0 for-oc < -r < oo withr(x'0): @('r)'

wlrer.e v is a constant. (Hint; Go to a moving frame of refet'ence by

sr-rbstitr.rting )' : .r - \//')

(a)ShowthatSz('r,)"/):S(r'r)S(y't)satisfiesthediffusionequa-
tion 51 : k(S,, + S.. )'

(b) Decluce that Sz(r, li, r) is the source function for two-dimensional

ciitarsiotrs.

Prr-rpert Diffusions

frl SpecO of propagation? Finite (<c) lnfinite

Lost immecliateiY

alor-rg

charactelistics
(speecl : tr)

Yes

Yes

1\O

Enelgy is

constant so cloes

not clecay

Transpolted

2,5 COMPARISON OF WAVES AND DIFFUSIONS

We have seen that the basic propelty of rvaves is that iirformation gcts tltllls-

porr.J ir-r rroth clirections at a f ite speecl. The basic p1'operty of diffr-rsions

is that the initial clisturbance gets spread out in a smooth fashion ancl grad-

uoiiy ,firnppears. The tuncla'rental properttes of these two equzrtions can be

sumuarizecl in the following table'

,t,

!tr,

a
,{,

fi
k
l{Ur

F
.fuii,
.ii
S'r'.:'

s
g,
6i.
$
K.

fl

11,

18.

19.

(ii) Singularities for t > 0'l Transported

(iii) Well-posed for t > 0?

(i\') Well-posecl for t < 0?

(v) Maximttm PrinciPle
(vi) Behaviol as l + +oo'7

(vii) L.rfbrnatrorr

Yes (at least fol boundcd solr-rtions)

No

Yes

Decays to zero (if d integrable)

Lost gradually

-J;,

.€'
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By the same reasoning as we used above' we end up with an explicit formula

for w(.r, t). It is

ThisiscaniedoutinExercise3'Noticethattheonlydifferencebetween(6)
and (9) is a single minus sign!

Example 2.

Solve (7) with @(;r) : 1' This is the same as Example 1 except lor tne

singte sign' So we can copy frorn that example:

[' * !s,,(j-)l * [l - l=o(#)l :,u(x.t):lj 2 \4kt/) 12 2""\4kt/)

(That was ,ruplO' We could have guessed itl) n

EXERCISES

1. Solve u, - kurr', a(r,0) = e-r'' a(0' r):0 on thehaif-line 0 <'r < co'

z. Solve r, - ktt'x'' u(x' 0) : 0; a(0' t):Lon the half-line 0 < x < rc'

3. Derive the solution formula fol the half-line Neumann prob-

lemw, -kw,,:;;;;O-''t ' oo'0 < / < co;w'(0't):0;w(-r'0):
Q\x).

4. Consider the following problem with a Robin boundary condition:

onthehalf-line0<x<oo
(and0 < / < oo) (x)

for/:0and0<x<oo
BC: u.,(0, t) - 2u(0, r) = 0 for x : 0'

Thepurposeofthisexerciseistoverifythesolutionformulafor(*)'Let
f(x): x for; > u, let f (x):x * 1- e2'for x < 0'andlet

t f.x)

u(x, t): L.- | '-"-'tloo'f 
(Y)'JY'

,,/ 4n Kt J -a

(a) What PDE and initial condition does u(;r' t) satisfy for

-oo<x<oo?(b) Letw : u, - 2u.What PDE and initial condition does w(;r' r) satisfy

for-oo<x<oo?
(c) ito* tttut f'(x) - 2f(x) is an odd function (for x I 0)'

i;i Url e*.r.it e'2'4'|t io'show that w is an odd function of x'

(9)

J.Z

a_

DE: ut : kttxr

iC: ru(x, 0) : .r
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h,luce that u(-r, r) satisfies (*) for -r > 0' Assuming uniqueness'

::'iuce that the soiution of (*) is given by
plicit formul:

: between

ent f-nr rh'!|J! rur (')_

lffi.: *t:,tr

|W*l:*:rl0[nlf :

l- re the

DE:

l r'o
I

"11' t I 
- 

-

,\.\r,, - r- | c -rt-t'''or' f\'l'lY'
t/ 4Tt Kl J -o-

method of Exercise 4 to solve the Robin problem:

IC: tt (x,0) : ;\;

BC: a-,(0, /) - hu(O, /) : 0

anire /l is a constant.
C:neralize the method to the case

REFLECTIONS OF WAVES

ut : ktl ,x

i'(.r, 0) : (bG),

i'(0, /) - 0

on the half-line 0 < 'r < oo
(andO</<oo)

for/:0and0<,x<oo
for "r : 0,

of general initial data @(x).

:i the same kind of problem for the wave equatlon

-. i for the diffusion equation. We again begin with

'n ihe half-line (0, co). Thus the probiern is

as we did itl
the Dirichlet

.I

:i.1:- for
and

u,(r, 0) : \hG) for
and

for
and

0<xcoo
-oo<t<
/:0
0<-r<oo
;r:0
-cQ</<oo.

(1)

Ar-

"r:d'r;irr-rnmethodiscarriedoutinthesamewayasinSection3'1'Con-
Iil€.ijextensionsofbothoftheinitialfunctionstothewholeline,
,i ,.nj '-,o.a(r). Let u(;r, /) be the solution of the initial-value problem on

- '.n itrr the initial claia ds46 &nd ty'o6,1' Then a('r' r) is once again an odd

iffi*3r..,..', i." f,""t.lse Z't.f)' fnerefore, u(0' t) :0' so that the boundary

fffi,-- r: satisfied automatically. Define u('r, r) - u(!' /) for 0 < r < oc

-*.-.-,,on of u to the half-linel. Then u('i;, l) is precisely the solution we

o".,-.n ltlr. From tlre fornrula in Section 2.1, we have for x > 0,

I 1 r'\rtt
' = ,J:'-r. I): l[d.ou(t * ct)*@oaa(x - c:t\+; | /o'ia('r')d]'

( /.\ _aI

;;lr i'- jo\\'i[d" this formula, recalling the meaning of the o.ddextenslons'

, o'* .,.,t--. that for x > c lr I only posiiive arguments occur in the formtlla'
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The solution formula at any other point (x, r) is characterized by the num-

ber of reflections at each end ix : 0. /). This divides the space-time picture

into diamond-shaped regions as illustrated in Figure 6.within each diamond

the solution u(r, r) is giien by a different formula. Further exampies may be

found in the exercises.
The formulas explain in detail how the solution looks. However, the

method is impossible to generalize to two- or three-dimensional problems'

nor does it work for the di-ffusion equation at all' Also, it is very complicatedl

Therefore, in Chapter 4 we shall introduce a completely different method

(Fourier's) for solving problems on a finite interval'

EXERCISES

1. Solve the Neumann problem for the wave equation on the half-line 0 <

.r < oo.

2. The longitudinal vibrations of a semi-infinite flexible rod satisfy the

wave equatlOfr LtyT : CZu,, for;r > 0. Assume that the end x: 0 is free

(u., : 0); it is initially at rest but has a constant initial velocity V for

a < x < 2a andhas zero initial velocity elsewhere. Plot ,{ versus x at the

times / : 0, a I c, 3a l2c' 2a f c, and 3a I c.

3. A wave/(x * c/) travels along a semi-infinite string (0 < x < oo) for

r < 0. Find the vibrations u(x, t) of the string for / > 0 if the end x : 0

is fixed.

4. Repeat Exercise 3 if the end is free'

5. Solveu,, -  u*rfor0 < r < oo, u(0, r) :0,u(x,0) = 1, a1(x'0) = 0

using the reflection method. This solution has a singularity; find its Io-

cation.

6. Solvezll, :c2ltr.rin0 <,r < oo,0 < / < n,u(x,0):0'ar(r'0):V'

u,(0, t) * au,(0, /) : 0,

where V, a, and c are positive constants and a > c"

7 . (a) Show that doaa(x) - (sign"r)d(l-tl)'

iul Show that @.^,(x) : doao(x 
_ zllx I 2l)),where [.] denores the greatest

integer function.
(c) Show that

.^l-xl
rI 

L7J 
even

r [i] "oa

- [;],)

a,*

*J
ffi

4
$

{,

$
*r

*
.&

&
B

*

' l3l

'br

rl :1 t-

. , Sol.,
url.

3.3 Dl

-., :hi> se,

..t ii.

,:ih.f(.r. I
--r f.:mnF
- ,r:. r) ts :

\\-e s

\.-rrice thi
^'.nlvino_-- _'-^-'c

Let's
::or.g 113

. '.:1' Io ) o

.. rn anal

.;iere,{ t

-\ mr
- 
" 

ector.

d.*t(,1) : -"-[i],-,)ti[
8. For the wave equation in a finite interval (0, /) with Dirichlet conditions,

explain the solution formula within each diamond-shaped region.

!s:
t?
3l

4,



ized by the num-
race-time picture
:itt each diamonci
:ramples may be

,:s. However, the
.,rional problems.
:n'complicatedl
:ift'erent method

',-: half-line 0 <

,: :od satisfy the
:::.J .r.' : 0 is free
i '" elocrty 7 for
: . ',315115 -r at the

< .r. < oo) for
- le end-r:[,

= _ ;r.r.r. 0) : [,

":r:-.: find its lo-

_r.,.r.. o) _ \

3r,:d'.! ::-!e gfe ateSl

"*J,

&&at -r:t:::
FS,.Xg:i q

3.3 DIFFUSION WITH A SOURCE 67

in 0 <x < l,ulx,0):x2(l -x).
, .) ^. ,^.:r flnd uli.ll lf urt:Lts:s

J

rr,(;r,0): (1 - x)2,u(0,t)
*i i;

: u(.1, /) : 0.

,,.tt

, | '1 .rr frno a(i,1).
Strlr'€ #lr :9ur* in 0 < ;r <
.-r0. 1) :0.ulnl2. /):0.
Strlve 2,1 : c2ttxxin 0 < x <
'1. r) : Q.

n f 2,tt(x,0) : cosx, ay(x,0) : Q,

l, u(x,0):0, uy(x,0'): x, u(0, /) :

i.F-.3 DIFFUSION WITH A SOURCE

i,.siu :,:s section we solve the inhomogeneous diffusion equation on the whole

itu

-ku,,- f(x,t)
a(x,0) : QG)

(-oo<jr<oo, 0<r<oo)
( l)

l,n*r{fr, ' .'.. t) and @(x) arbitrary given functions. For instance,if u(x,l) represents

i#r erperature of a rod, then d(r) is the initial temperature distribution and
: ,*ax" : is a source (or sink) of heat provided to the rod at later times.
,ir Ii,'c s'ill show that the solution of (1) is

,,(- +\ 
-4\^ t 1,,, 
- /]'," -

.I,' l:
y, t)QO) dv

,S(-r - y, / - s)"f (y , s) dy ds. (2)

' l*tp:: rhat there is the usual term involving the initial data @ and another term
..n6ra:,..lng the source/. Both terms involve the source function S.

'e:'s begin by explaining where (2) comes from. Later we will actually

: ils:'" r i.he validity of the formula. (If a strictly mathematical proof is satisfac-

.' oC' : I vou. this paragraph and the next two can be skipped.) Our explanation

i::, rSx rs: :-nalogy. The simplest analogy is the ODE

i{

ff * or(,1: f (t), u(o):6, (3)

r':*<:: i is a constant. Using the integlating factor etA. the solution is

' rl
utt): r-'^A + I e("-'\A fts1ds. (4)

I :r-'rre elaborate analogy is the following. Let's suppose that @ is an

..r:.:i/t) is an n-vector function of time, andA is a fixed n x n matrix.
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SOURCE ON A HALF-LINE

ForinhomogeneoLlsdiffusiorronthehalf-iinewecanusethemetlrodofre.
flection just"as in Section 3'1 (see Exercise 1)'

Now consider ttre'moie complicated problem of a boundary source h(t)

on the half-line; that is,

u1 -ku-11 :l'(x,/) for0<-{<oo' 0</<oo
o(0, /) : h(t) (9)

u(-lr' 0) : @(r)'

we may use the ibllowing subtraction device to t'educe (9lto a simpler prob-

lem. Let V (x, t): u('d ,il - htr)' Then Vir' r) will satisfy

0<t<oo

- Solve th'

t';

b1 carrr

r Soli'e th

b1 the :

3.4 WA

lre purpos,

- rhe ri'hol

.., f ire .r {.\.
. - 3\teil131

Becaus
- :itree tet

_... en alrea
, :.:..$ ilf g t

Theorem

". life _\ r:
The dt

.r': '.i ill g
i:.rl the f,

Vr-kvr,: f (x,t)-h'(t) for0 <r < oo'

V(0, r) : 0
( l0;

(1r;

V(x,0):QG) -ft(O)'

To verify (10), just subtractl This new problem has a homogeneous boundary

condition to which *;;; .;;iy ttre metnocl of reflection' Once we find V'

we recover u by u(;,li:'viir,"l+ Irtrl. This simple subtraction device is

often used to reduce one linear problem to another'

The dornain or ind.p.iraelivariables (r, r) in this case is a quarter-plane

with specified conditions on both of its half-lines, If they do not agree at

the comer [i.e., if oq;'i /(o)], ,t.,"n the solurion is discontinuous there (but

conrinuous eue.y*n# 
"tr.).'ff.rlr 

is physically sensible. Think for instance,

oi ,uOO".,fy at / : 0 sticking a hot iron bar into a cold bath'

For the inhomogene ou' N"'"o'trt problem on the half-line'

y,, -kv,.rr: f(x,t) for0 <"r < oo' 0 < / < oo

rv*(0, /) : h(t)
u,(r,0) : QQ),

we would subtract otT the function xft(t)' That is' W(;' t) : w(x' t) - xh(t)'

Differentiation imptie' ti-t-aiw'(o' /) : b' some of these problems are worked

out in the exercises.

EXERCISES

l.solvetheinhonrogeneousdiffusionequationonthehalf-linewithDirich-
let boundarY condition:

u, - klr.,: .l('t,l) (0 < x < cc' 0 < r < oo)

u(0' r) : 0 u(r' 0) : Qlx)

using the method of reflection'



he method of re -

'tclary sotu'ce li,:

<oo
tL

,-, a simpler prr':-

<r<:r

,-r _:'l

i:tl 'F ,-,* _ - -
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'i.i-e rhe completely inhomogeneous diffusion problem on the half-line

r'. -kur, : f(x,t) forO <.r < oo' 0 < / < oo

u(0, /) : h('t) u(;r, 0) : QG)'

;r ;arf ing out the subtraction method begun in the text.

!,, .: rhe inhomogeneous Neumann drffusion problem on the half-line

11,, -fty4lr.. : 0 forO < r < oo, 0 < f < oo

rr',(0, t) : h(.t) w(:r, 0) : Q(.x)'

r' ::: subtraction rnethod indicated in the text.

WRVES WITH A SOURCE

j$r-Rrie of this section is to solve

u17 - c2lty : f(x, t\ (1)

x I'rle line, together with the usual initial conditions

r.r(;,0) : QG)
ur(r,0) : tb@)

(2) :t:

.,;.

q- ,., is a given function. For instance, f (x, t) could be interpreted as

dfi:l torce acting on an inlinitely long viblating strrng'

$*:-r-}e L : 3? - ,'A? is a iinear operator, the solution will be the sum

14 i1 f-ils. one for rD. one for y', and one for.f. The first two terms are

!;::.lr rn Section 2.1 and we must find the third term. we'11 derive the

:f'.i ion.uula.

1. The unique solution of (l),(2) is

I :. the characteristic triangle (see Figure 1).

Tk j,ruble integral in (3) is equal to the iterated integral

[' /r+c(l-s) -f (v' s) dv ds'
Jo Jr-.rr- c)

,st:: :ire three diffelent derivations of this formula! But first, let's note

r nr i.,xmula says. It says that the eft'ect of a force.f on u(;r, f) is obtained
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i,FffiRCISES
'r',', S+li'e tr,,: c2t;,, { xt, tt(-r,0): Q, l1(-r,0): Q.

i .i. !-rli'e tt,1 : c2urr* en', l(:r,0) :0, lzv(x,0): Q'

iit' :, S,:ive u,, : c2u,x* cosr, a(-r,0) : sinl, ar(x,0) : 1 * r'
ir. & !ro$' that the solution of the inhornogeneous wave equatlol-l

tt,, - c2rL,,+ f' r;(x,0):d(:r), ur(x,0): t('t),
i' , . :he sum of three terms, one each for .f , Q ' and f '

y --ei.f(-r, t) be any function and let tr(.x, t) : (112c)[J'^/, where A is the

:::rngle of dependence. Verify directly by differentiation that

utt : czttr, * .f and a('r, 0) : u,(x,0) = 0'

3;iir. Begin by writing the formula as Ihe iteraterl rntegral

ri 1 ft f.\+.r-'s,: Lt(x,tl:- 1 | ffy,s)r/,r'dst.\ z( Ju J\-cr+rl
i :rd differentiate with care using the rule in the Appendix. This exercise

;: not eas!')
,tro Drrive the formula for the inhomogeneotls wave equation in yet another

;.. r f \'.
.' ., Write it as the system
'1,

Ll1 t CLlt: U, Uy - CU.r: .f '

::: i, Solve the first equation for u in terms of u as

,/(.\. r) : lr' rr, - t t i-cs.s)(/.s.

: Similarly, solve the seconcl equation for u in terms of/'
.,lr Substitute part (c) into part (b) and write as an iterated integral'

- l-et A be a positive-definite iz x n matrix. Let

co , t ,P s)1,1 ,)tttr1
s(-l,f .-1 I(/r\ - )
fut (2nt t- | t''

3 ) Show that this series of matrices converges uniformly for bounded

r and its sum S(t) solves the problem S"(r) + 42S(t) : 0' S(0) :
0, S'(0) - 1, where 1 is the iclentity matrix' Therefore' it makes

sense to denote S(r) as A-1 sin lA and to denote its derivative S'(t)

as cos(rA).
'br Show that the solution of (13) is (14).

{ Shorv that the source operator for the wave equation solves the problem

9,, - c29,,: o, 910; : o, J',101 : I 
'

*here 1 is the identity operator.

i.r

t.l

,iij

'l -*
,, :-,rt:

'': , 
,,

, -rtl' ''.:t:,. :|'}
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g. Let a(t) : li I ft - s)/(s) d' 
.U:l'1g,:'rly 

Exercise 8' show that a solves

the inhomogeneous wave equation with zero initial data'

10. Use any method to show that a :.1/(2') ilP!-t?)]::,tl:,tnnomose-
neous wave .q;;;';; ,r,. nuii-tin" witir'zero initial and boundary

data, where n it if" Jontain of clependence for the halfline

11. show by direct substitution that,(.r; , t)--h(t - xlc) fglr . c/ and

u(x, t): 0 tbr *-> 't 
solves the wave equation on the half-line (0' oo)

with zero initiai data and boundary condition u(0, t) : h(t)'

lz. Derive the sorution of the fully inhomogeneous wave equation on the

half-line
'u,, - C21)rx : f('r,t) in0 < r < co

u(.r.01 - Qtx). u,('r ' 0) - ry'('r)

u(0, r) : h(t)'

by means of the methocl using Green's theorem' (Hint: Integrate over

the domain of dePendence")

13' Solveu11 : cztt.rfor0 < r' 
"o,'LJ' 

;io,;i: t'' uix, o): x' r'rr('r' o): o'

|4,solvethehomogeneouswaveequatlollonthehalf-line(0,oo)withzero
initialdataanOwitntheNeumannOoundaryconditionu,-(O't):ft(/)'
Use anY method You wish'

15. Derive the solution of the wave equation in a finite interval with inho-

mogeneous b;;;;;'y conditions u(o' r) - h(t)' u(l ' t) -- k(r)' and with

Q:'b-f:o'

3.5 DIFFUSION REVISITED

Irrtlrissectionwemakeacarefulmathenraticalanalysisofthesolutiotrof
the diffusion 

"quurio. 
irru, we found in Section 2.4. (on the other hand, the

formula for the solution of the wave 
"quu,ion 

is so much siffrpler that it doesn't

tequire a special jr'rstifi cation')

Tlre solution i;",.*il^i;;ihe diffurion equarion is an exampre of a cott'

volutirtn,ttre convoiuiion of @ with S (at a fixed t)' It is

rco ^m

u(x,t) = l:S('r - )' 
t)Q(90': 

J-*S(z' 
r)Q(x - z)dz' (l)

whereS(z,r):ll^Fim'-z214kt'Ifweintroducethevariablep:zlJkt'
it takes the equivalent forttr

Now we are pleparecl to state a precise theorem'

Theorem 1.
x. Then the f
lOr -OO < "r .
.tmy;0 u(r, t)

Proof. Th,

lu(

This inequalit

"'irges uniforr
'r 

D S/3xX.r -
:bsoiutely. No

.i here c is a ct
:nifomlly anc

:"rrmula. AII d

:tcause each

,,, ith converge
-'rders. Since

it remain
-:.miting sense

:re integral o

u(x, t

ior fixed -r w
:.\// small, tl

;mall, p is lar

To cary

/- H"
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