1.2 FIRST-ORDER LINEAR EQUATIONS

. FROM

EQUATION ple 2,

i the solution of (4) that satisfies the auxiliary condition #(0, y) = y*.

S deed, putting x = 0 in (7), we get y* = f(e~%y), so that f(y) = y*.
uy =0 erefore, u(xy, y) = (6""132)3 = ey, e
able coefficient (y). We shalliii zmple 3.

ric method somewhat like Examg ve the PDE

directional derivative in the dir

in the xy plane with (1, y) as 13 P — ©
heir equations are X XY iy .

. e characteristic curves satisfy the ODE dy/dx = 2xy*/1 = 2xy?.
! To solve the ODE, we separate variables: dy/y? = 2x dx; hence
1/y = x%— C,sothat
Ce®. -l

- y=(C—xh (9)
istic curves of the PDE (4} As ©
e perfectly without intersecting. !
because

hese curves are the characteristics, Again, u(x, v} is a constant on each
sch curve, {(Check it by writing it out.) So u(x, y) = f(C), where [ is an
srbitrary function. Therefore, the general solution of (8) is obtained by

L du solving (9) for C. That is,

B B TR A
[4 8)’ X Yty

i is independent of x. Putling y = ¢ .1
ulx, y) = f(x +- m). {1
y
#0, e y).
Again this is easily checked by differentiation, using the chain
— aleruy, = 2x - f/(x% + 1/y)yand Uy = —~(1/¥%) - Flx? + 1/y), whence
= fle™y) =, 2xytuy = 0, -

In summary, the geomeiric method works nicely for any PDE of the form
vy -+ b(x, y)uy = 0. It reduces the solution of the PDE to the solution
he ODE dy/dx = b(x, y)/a(x, y). If the ODE can be solved, so can the
£. Every solution of the PDE is constant on the solution curves of the ODE.

where again f is an arbitrary fus
isily checked by differentiation
wetrically, the “picture” of the sof
aracteristic curve in Figare 3.

sral  Solutions of PDEs generally depend on arbitrary functions (instead

‘f : bitrary constants). You need an auxitiary condition if you want to deter-
// ' x2 a unique sotution. Such conditions are usually called initiad or boundary
o tions. We shall encounter these conditions throughout the book.

V=

Soive the first-order equation 2u; + 3u, = 0 with the auxiliary condition
i =sin x whenn t = 0,

Solve the equation 3uy + uyy, = 0. (Hint: Letv = u,.)
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3. Sclve the equation (1 + xHu, + u » = 0. Sketch some of the characier-
IS{1C curves.

4. Check that (7) indeed solves {4).

5. Solve the equation Xty + yuy, = (),

0. Solve the equation /1 - — 2y » = O with the condition u(0, y) =y

7. (a) Solvethe equation yu, - Xiy == 0 with (0, y) = ¢~
{b)  Inwhich region of the xy plane is the solution uniquely determined?

8. Solve qu, + buy + cu =0,

9. Solve the equation Uy ity == ],

1. Solve uy + ) 4 u = 2 wiy u(x, 0y = 0.

I1. Solve g, + buy = f(x,y), where Jx, y)is a given function. If ¢ #Q,
write the solution in the form

u(x, y) = (@* + })2)—1/2/ fds + glbx — ay),
L

where g is an arbitrary function of one variable, L is the characteristic
line segment from the Yy axis (o the point (x, y), and the integral is a line
integral, (Hint: Use the coordinate method,)

12, Show that the new coordinate axes defined by (3) are orthogonal,

13. Use the coordinate method 1o solve the equation

Uy + 2uy 4+ 2x — yhu = 2% + 3xy — 2y%

1.3 FLOWS, VIBRATIONS, AND DIFFUSIONS

The subject of PDEs was practically a branch of physics until the twentieth
century. In this section we present a series of examples of PDEs as they occur
in physics. They provide the basic motivation for all the PDE prodlems we
study in the rest of the book. We shall see that most often in physical problems
the independent variables are those of space x, y, z, and time 1.

Example 1. Simple Transport

Consider a fluid, water, say, llowing at a constant rate ¢ along a horizontaj
pipe of fixed cross section in the positive x direction, A substance, say
a pollutant, is suspended in the water. Let i(x, £) be its concentration in
grams/centimeter at time 7, Then

(That is, the rate of change u, of concentration is proportional to the
gradient ., Diffusion is assumed to be negligible.) Solving this equation
as in Section 1.2, we find that the conecentration is a function of (x—cn)

i
th
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EXERCISES 12.6

12.6.1., Determine the solution p(z, t) satisfying the initial condition

4

8 dp .
*(a) }}“pi 0 (b) Eri = —3p 4 det
*c)

op dp _ 2
90 = 8 N 20 s
op T oM (d) g =@t
*12.6.2, Determine the solution of 8p/dt = p that satisfies p(e,t} = 1 ~
12.6.3. Suppose %’5 + ¢ %ff = ( with ¢g constant.
*(a) Determine p(z,t) if p(z,0) = sina.
*(b) If ¢g > 0, determine p(w, ¢) for = > 0 and ¢ > G, where pir,
and p(0,1) = g(¥) for ¢ > 0.
(¢) Show that part (b} cannot be solved if ¢y < 0.
If w(p) = o -+ Bp, determine a and g such that v(0) = tmas &
(a) What is the flow as a function of density? Graph the
density.
(b) At what density is the flow maximum? What is the
What is the maxinum flow (called the capacity)?
12.6.5. Redo Exercise 12.6.4 if u{p) = Umax (1 - pj"a )
12.6.6. Consider the traflic flow problem
dp Op
ot kele) 8z 0
Assume u(p) = tmax(! ~ 52-). Sclve for p{z, 1) if the nitis
(a) p(x,0) = pmux for & < 0 and pe,0) = 0 for = > 0.
{raffic density that results after an infinite line of st
a red light turning green,
Frimax & < 0

(b) pl2,0) = f%w t<a<a
L0 T >a
3Pma.x
(c) ple,0) = Pmt:)lx.
5
Solve the following problems:
dp dp T
(El) at aw - Ol f)(‘L:U) {
8p o {

{h) 5 T 4{)-8-:% =0, o, 0} =

<0

x>0

o2 x <0
P 4 x>0
2 xw<l
3 ax1
1 <0
2 D<ol
4 x>1

ap 8p L
(r)t 0’ ,{)(ﬂ,,O) -

(c) dr

+ 3p

ple, 0y =5 a>%
A0y =2 t>0

Bp e ’
(d) gy +Gﬁ5§m0f01:b>00nl3,
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12.6.15. Consider Burgers’ equation as derived in Exercise 12.6.13, Show

12.6.16.

12.6.17.

12.6.18,

12.6.19.

12.6.20.
12.6.21.

12.6.22.

12.6.23.

“(a) ple,0) =

of dependent variables
. VPmax

Py
Tmax Qb

introduced independently by E. Hopf in 1850 and J. D). Cole in
Burgers’ equation into a diffusion equabion, aa% - Umax gif, =
solve the imitial value problem p(z,0) = flz) for —oo <a <
(19991 it is shown that this exact solution can be asymptotically
using Laplace’s method for exponential integrals to show that
the solution obtained for v = 0 using the method of charac:
dynamics.)
Suppose that the initial traflic density is p(z,0) = po for o <
for z > 0. Consider the two cases, pg < 21 and py < po. For wh
cases is a density shock necessary? Briefly explain,
Consider a traffic problem, with u(p) = umax(l = Eﬁ:) Det
Ef;‘,ﬂi e <l

3pma (b) p(z,0) =
]::l > z > O

2
Assume that u(p) = tmax (1 —~ -F—). Determine the trafiic de
IAX

oz, 0) = py for @ < 0 and 0{z,0)
(a) Assume that pp > p1.

= py for o > 0.
#h) Assume that gz« -

Solve the following problems (asswming p is conserved ):

4
3
3
2

4
2
1

x <0
z > 0

Op . 208
at o Iok
dp a

9p L o4,0r
N +dp ox

{a) =0,

p{#,0)
<l
(b) om0 =13 231
z <
<<l

z>1

dp

do _ )
(e} 77 +3r5,; 2(x, 0)

- ap ‘ el =2 a0
{d) %% + Gp% = ) for 2 > 0 only, 2&}:1?)): 52 ?;li
Redo FExercise 12.6.19, assuming that 0% is conserved.
Clompare Exercise 12.6.19(a) with 12.6.20(a}. Show that 1+
different. ]

Solve %EL 4+ g% 32 = 0. If a nonuniform
equation. Do you believe the nonuniform

by a uniform shock?
(@) p(,0) =4 Gﬁdamf{f
(©) o0 = { @ ote0) = { 5

Solve %‘} - %% = 0. If a nonuniform shock occurs.

i
-3

equation, Do you believe the nonuniform shock persists ©

by a uniform shock?

shock occurs.
shock persists o =

<0
z>0

w <
x>0
x <0
x>0

z <0
x>0
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