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ABSTRACT. As is well-known, the solution of the Patlak-Keller-Segel system in 3D may blow up
in finite time regardless of any initial cell mass. In this paper, we are interested in the suppression
of blow-up and the critical mass threshold for the 3D Patlak-Keller-Segel-Navier-Stokes system via
the Couette flow (Ay,0,0). It is proved that if the Couette flow is sufficiently strong (A is large
enough), then the solutions for the system are global in time in the periodic domain (z,y, z) € T?
as long as the initial cell mass is less than 1672, This result seems to be sharp, since the zero-mode
function (the mean value in x—direction) of the three dimensional density is a modification of the
two-dimensional Keller-Segel equations, whose critical mass in 2D is 87. Our first key observation is
the dissipative decay of (uz 0, us,0) (see Lemma 4.3 for more details). Then we combine the quasi-
linear method proposed by Wei-Zhang (Comm. Pure Appl. Math., 2021) with the zero-mode
estimate of the density by the logarithmic Hardy-Littlewood-Sobolev inequality as in Bedrossian-
He (SIAM J. Math. Anal., 2017) or He (Nonlinearity, 2025) to obtain the bounded-ness of the
density and the velocity.
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1. INTRODUCTION

Consider the following parabolic-elliptic Patlak-Keller-Segel (PKS) system

om =An—V - (nVe),
{ Ac+n =0, (1.1)

which is designed to depict the diffusion and chemotactic motion of chemical substances within
a population of cells or microorganisms. Patlak made significant contributions in [27], and later,
Keller and Segel further advanced it in [23]. Extensive applications have been found across diverse
scientific fields, including biology, ecology, and medicine [19]. In the realm of biology, this system
provides crucial insights into the complex behavior of cells, such as their migration, aggregation,
and diffusion [18].

A well-known characteristic of the PKS system is its critical dependence on spatial dimension.
For the one-dimensional PKS system, all its solutions are globally well-posed. When the spacial
dimension is higher than one, the solutions of the PKS system (1.1) may blow up in finite time.
In the two-dimensional space, the PKS system for both parabolic-elliptic and parabolic-parabolic
forms have a critical mass of 87. In the 2D space, the parabolic-elliptic PKS system is globally well-
posed if and only if the total mass M < 87 by Wei [35], see also Blanchet-Dolbeault-Perthame
[3] for M < 8r. When M = 8r, the solution may blow up at infinity, see Blanchet-Carrillo-
Masmoudi [2] and Davila-del Pino-Dolbeault-Musso-Wei [11] for the blow-up rate at infinity. The
parabolic-parabolic PKS model (Ac is replaced by Ac — ;¢ in (1.1),) also has a critical mass of
8 in 2D: if the cell mass M := ||nj,||z: is less than 87, the solutions of the system are global in
time proved by Calvez-Corrias [5]; if the cell mass is greater than 87, the solutions will blow up
in finite time proved by Buseghin-Davila-del Pino-Musso [4], Collot-Ghoul-Masmoudi-Nguyen [7],
and Schweyer [28].

When the spatial dimension is higher than two, the PKS system (1.1) becomes supercritical.
In this condition, regardless of parabolic-elliptic form or parabolic-parabolic form, the finite-time
blow-up may occur for arbitrarily small values of the initial mass. In this time, the solution with
any initial mass may blow up in finite time. This behavior has been established in various settings:
for the parabolic-elliptic case by Nagai [26] and Souplet-Winkler [31], and for the parabolic-
parabolic case by Winkler [37]. Additional results and further developments on this topic can be
found in [2, 11, 33] and the related therein.

Generally, the processes involving chemical attraction take place in fluids. As said in [24]: A
natural question is whether the presence of fluid flow can affect singularity formation by mizing
the bacteria thus making concentration harder to achieve.

In this paper, we investigate the suppression of blow-up and the critical mass threshold of
the following three-dimensional parabolic-elliptic Patlak-Keller-Segel (PKS) system coupled with
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Navier-Stokes (NS) equations in (z,y, z) € T® with T = [0, 27]:

om+uv-Vn=~An—-V-(nVe),

Ac+n—n=0, (1.2)
ov—+v-Vuo+ VP =Av+nVo, ’
V-v=0,

along with initial conditions
(n,0)|,_y = (Min, Vin),

where n represents the cell density, ¢ denotes the chemoattractant density, and v denotes the
velocity of fluid. In addition, n = ﬁ ng ndxdydz denotes the average of n, P is the pressure and
¢ is the given potential function.

Let us by briefly review some results obtained in the 2D case, which implies the 87 critical
mass threshold vanishes by the mixing effect of the fluid. For the parabolic-elliptic PKS system of
(1.2); — (1.2),, Kiselev-Xu [24] showed no critical mass threshold by suppressing the blow-up by
stationary relaxation enhancing flows and time-dependent Yao-Zlatos near-optimal mixing flows
in T¢ with d = 2, 3. Bedrossian-He [1] studied the suppression of blow-up by non-degenerate shear
flows in T? for the 2D parabolic-elliptic case. He [14] investigated the suppression of blow-up for
the parabolic-parabolic PKS model near the large strictly monotone shear flow in T x R. For
the coupled PKS-NS system, Zeng-Zhang-Zi [38] firstly considered the 2D PKS-NS system near
the Couette flow in T x R, and proved that if the Couette flow is sufficiently strong, the solution
stays globally regular. He [15] considered the blow-up suppression for the parabolic-elliptic PKS-
NS system in T x R with the coupling of buoyancy effects for a class of initial data with small
vorticity. Wang-Wang-Zhang [34] studied the blow-up suppression of 2D supercritical parabolic-
elliptic PKS-NS system near the Couette flow in T x R. Li-Xiang-Xu [25] suppressed the blow-up
for the PKS-NS system via the Poiseuille flow in T x R, and proved that the solution is global as
long as the Poiseuille flow is enough strong. Furthermore, Cui-Wang [8] considered the blow-up
suppression for the PKS-NS system in T x I with Navier-slip boundary condition. In addition,
Hu [20] proved that sufficiently large buoyancy can also suppress the blow-up of the PKS system,
see also the recent results by Hu-Kiselev-Yao [22] and Hu-Kiselev [21]. The blow-up also can be
suppressed by adding some logistic terms, see [32] and the references therein.

In 3D, some results have been made in the study of the corresponding problem. Bedrossian-
He [1] studied the suppression of blow-up for the parabolic-elliptic PKS system by shear flows
in T and T x R% Feng-Shi-Wang [13] suppressed the blow-up for the advective Kuramoto-
Sivashinsky and the Keller-Segel equations via the planar helical flows. Shi-Wang [30] considered
the suppression effect of the Couette-Poiseuille flow (z,2%,0) in T? x R, and Deng-Shi-Wang [12]
proved the Couette flow with a sufficiently large amplitude prevents the blow-up of solutions in
the whole space for exponential decay data. For the parabolic-parabolic PKS system, He [16]
introduced a family of time-dependent alternating shear flows in the domain T2, and proved the
solution remains globally regular as long as the flow is sufficiently strong. For a time-dependent
shear flow, He [17] demonstrated that when the total mass of the cell density is below a specific
threshold (87|T]), the solution remains globally regular in T? as long as the flow is sufficiently
strong.
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For the 3D PKS-NS system, fewer results are obtained. The first three authors [9] considered
the PKS system coupled with the linearized NS equations near the Couette flow in T x I x T,
and showed that when A is big enough the solutions are global in time as long as M < %’r and
A(|luginllz2 + ||us,mllr2) < C. Then, the first three authors [10] studied the blow-up suppression
and the nonlinear stability of the PKS-NS system for the Couette flow (Ay,0,0) in T xR x T, and

proved that the solutions are global in time as long as the initial cell mass M < %WZ and initial
velocity A3 ||u|| g2 < C.

Our main goal is to investigate the suppression of blow-up and obtain the optimal critical
mass for the PKS-NS system (1.2) near the 3D Couette flow (Ay,0,0). Introduce a perturbation
u = (uq,ug,uz) around the Couette flow (Ay,0,0), which u(t,z,y,z) = v(t,z,y,z) — (Ay,0,0)
satisfying u|t:0 = Uip = (Uin, U2in, U3 in). Assume ¢ = x, then we rewrite the system (1.2) into

( O+ Ayd,n+u-Vn—An=-V. (nVe),
Ac+n—n=0,
Aus n (1.3)
Oy + AyOu + 0 —ANu+u-Vu+ VPN VP2 = | 0 |, '
0 0
| V-u=0,
where the pressure P and P™? are determined by
APM = —240,uy + Oyn,
(1.4)

AP = —div (u- Vu).

To estimate non-zero norms more conveniently, we introduce the vorticity wo = 0,u; — 0, u3
and Auy, satisfying

Oywo + Aydyws + Adug — Awy = 0,n — 0,(u - Vuy) + 0 (u - Vug)
and
DAy + Ayd,Nuy — Nug = —0,0,n — (02 + 02)(u - Vug) + 9,[0:(u - Vuy) + 0, (u - Vug)].

After the time rescaling ¢t — %, we get

;

o +yden + tu-Vn— L An= -4V - (nVe),

Ac+n—n=0,

Ows + YyOpws — £ Aws + Ous = —%0.(u - Vuy) + 50, (u - Vug) +

O Dus + Y0, Aug — A (Auy) = —Ixﬁy@wn — (024 02)(u - Vus)
440y [0x(u - Vuy) 4 0. (u - Vug)],

1
40:m, (1.5)

V-u=0.

\

Before stating the result, we need to define the following modes

Bof = fo = ﬁ /T f(t. 2.y, 2)dz, and Pof = f2 = f — fo.

Throughout this paper, f, and f. respectively represent the zero and non-zero modes of f.

Our main result is stated as follows.
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Theorem 1.1. Assume that 0 < ny,(z,y,2) € H*(T?) and u(x,y,2) € H*(T?). There exist a
sufficiently small positive constant € depending on ||ni, | g2(rs) and ||(uin) 2| m2(rs), and a positive
constant Ay depending on |1 || g2(r3) and ||win|| g2(rsy, such that if A > Ay,

[(uzin)oll 2 + [ (us in)ol [ <€ (1.6)
and
M = | npdrdydz < 167°. (1.7)
T3
Then the solution of (1.5) is global in time.

Remark 1.1. For the three-dimensional space, the index 167% in (1.7) seems to be the sharp
threshold for initial cell mass. Recall that ng satisfies (see also (6.16))

1 1 1 1 1
oo :ZAnO — ZV - (noVeg) — ZV - (nxVeyg)o — Z(uo -Vng) — Z(u;é - Vng)o. (1.8)

When the velocity u vanishes and n(t,x,y, z) = n(t,y, z), which does not depend on the variable
x. Then (1.8) is reduced to

1 1
Onoy = ZAHO — ZV - (ngVeg) + “good terms”, (1.9)

which is similar to the 2D Keller-Segel equations and the critical mass is fTQ nodydz = 8m =
% ng ndxdydz. It implies that the critical mass threshold for the initial cell mass to the system
(1.8) is just 167%. A new observation is the logarithmic Hardy-Littlewood-Sobolev inequality and
the dissipative decay of the (Usp,Uso) (see Lemma 4.3 in Section 4.2 for more details) to estimate
the norm of ||no|| Lz

Remark 1.2. The small constant € in (1.6) depends on ||niy||m2(rsy and ||(uin) 2| m2(rs), which can

be found in (6.8), that is em%ESg < C. Moreover, the estimate of E5 is decided by (6.14), (7.4)
and Corollary 8.1.

Remark 1.3. In a very recent work [10], the first three authors investigated the suppression of
blow-up and the nonlinear stability of the PKS-NS system via the 3D Couette flow in a different
domain of T X R x T and ¢ =y. When A is big enough, as long as

{ A%+<”uin||H2(’H‘xRxT) + ||(nin)(0,7é)||L2(1erx1r)) <,

_ 24 3
M = [, g indedydz < 272,

the solutions for the PKS-NS system are global in time, where a new energy estimate for %n<07¢)
was introduced to control the density. It’s still unknown whether the threshold for initial cell mass
can be 1672, since it is difficult to apply the logarithmic Hardy-Littlewood-Sobolev inequality without
the dissipative decay of (s, Uso) at this time.

Remark 1.4. According to the standard arguments, the result of local well-posedness of the system
(1.5) exists, which can be refered to [10, 21, 37], and we omitted it.

Here are some notations used in this paper.

Notations:
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e For given f(t,x,y, z), the Fourier transform can be defined by
f(t, r,Y,z Z fk17k27k3 k1x+k2y+k32),

k1,k2,k3s€Z
where fi, ki, (£) = i Jra F(6 2y, 2)e B8R0 tka) dly 2.
e Especially, we use u;o, and u; . to represent the zero mode and non-zero mode of the
velocity u;(j = 1,2, 3), respectively. Similarly, we use wy o and w, . to represent the zero

mode and non-zero mode of the vorticity ws, respectively.
e The norm of the L space and the time-space norm || f| zaz» are defined as || f||zr(rs) =

(Js |f|pd:1:dydz)% ,and || fllzare = |||l zocre) HLq(o,t) . Moreover, (-, -) denotes the standard

L? scalar product. For simplicity, we write || f||1scrs) as || f]| -
e For a > 0, we define the norms

_1 _1
e fl17a e et PVl

A5 A ’

_1 _1
1F1%, = lle* “fllzoo 2+ e TVATO, f T2 +
a L>*L L?L

1A% = I G + 5 IIVfIImz

e We sometimes denote the partial derivatives 0,, 9, and 0, by 0, 0, and 03, respectively.
e In this paper, unless otherwise specified, we use the Einstein summation convention.
e The total mass ||n(t)||;1 is denoted by M, and let m := ||ng||z1. Clearly,
M = |[n(t)l[r = l[ninll 1,
ol M
m = | (oll s = AEL — 2

T T

e Throughout this paper, we denote C' by a positive constant independent of A, ¢ and the
initial data, and it may be different from line to line.

2. KEY IDEAS AND PROOF OF THEOREM 1.1

2.1. Fourier analysis. For the given function f, by Fourier series, we get

f(t7 z,y,z Z f’ﬂ,kz,ks klz+k2y+k32)’

k1,k2,k3s€Z
where f;hk%kg (t) = ﬁ Jps f(t, 2y, z)em Rrethaythaz) dudy .
According to the frequency ki, f can be decomposed into

[ = f%+ fo,

where

fety2) = > T e A (T (AT = > Fouraty (1)l 20 TH52).

k2,k3€Z,k1#0 ko,k3€Z

In fact, fy is the zero mode, and f is the non-zero mode.
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Furthermore, according to the frequency ks, the zero mode fo can be decomposed into two
parts fo = f, + fo satisfying

Fult) = Faoolt) = s [ 0.9, 2oy

folt,y.2) = 3 Foas (t)eiF2vHhs2),

k2+k2£0

(2.1)

where f,(t) is called the average of f in the periodic domain T®.

Assume that f satisfying

f|t:0 = fin‘
The function f is divided into three different modes:
fta,y.2) = falt, 2,y 2) + folty. 2) + folt).

Then we consider the dynamics for different modes. The non-zero mode f. experiences the
enhanced dissipation [2]:

{6J+ymf—%Af—Q

_1
1£2(®)llz2 < Ce™ P (fin) 2l 2
The non-average part fy experiences the heat dissipation with
- L~
[fo()]lr2 < €724 fin|z2-

The average part f,(t) is a constant satisfying
?O(t) = (fin)O‘

What we need to emphasize is that the decomposition of different modes and the application
of the corresponding dynamics are the keys to research the blow-up suppression problem in the
periodic domain T%.

2.2. The decomposition of the first component of the velocity. The first component u, o
is affected by the 3D lift-up effect and is the worst part (see Section 2.1 in [6]). Therefore, we
must handle it more carefully and meticulously.

Recall that wu; ¢ satisfies

1 U9 00, U U300, U ux - Vu n
Dyuir o — ZAULO b g = — 2,00y 1,0Z 3,00zU10 (up = 1,4)0 ZO'

First of all, we decompose u; ¢ into uyo(t,y,2) = Gi(t,y, 2) + B1(t,y, 2) + Ba(t, y, 2), satisfying

- —1 = u U 57;G u— - Vu
5tG1 AGl — 205%™ 3,0 1 ( #* 1#)0’
0 1 U2 an 1 us OazBl no
B —_ _ ) B + , |
t121 !ABl = — : ( )
0By — —1 — 2,00, B + 8ZB
t122 | ABQ + Ug o = — 2,092 u3,0 2 7
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along with the initial conditions
Gil=0 = (U)o, Bili=0 =10, Ba|=o = 0.
In this way, G1(t,y, z) is a good term satisfying the following energy estimate

1
Gz + 7 1VGa 2 < Ol (rimdolln + €)-

In addition, according to the frequency ks, we decompose Bi(¢,y, z) and By(t, y, z) into two parts

Bi(t,y,2) = B(t) + Bi(t,y,2),
By(t,y, 2) = Ba(t) + Ba(t,y, 2),
satisfying
{ 8tE1(t,y, 22__ %A];\é/ll(t, Y, z) = —%(ug,oayﬁl + ug,oazf%l) + S1o(t, Y, 2), (2.3)
OBy (1) = my = 45,
and
{ OBs(t,y.2) = ABs(ty, 2) + Tizo(t,y, 2) = 5 (4200, By + u300:B2), (2.4)
0B (t) + Tno(t) = 0.

Lastly, we rewrite above decompositions into

U1<t,y,2> = G1<t,y,2> + ]§1(

t? y? 2)7
Us(t,y,2) = Ba(t,y, 2) + Ba(t) + By(2),

satisfying Uy (t,y, z) + Ua(t, v, 2) = w1 0(t, v, 2).
In this way, we decompose the velocity u; into the good part U;(¢,y,2) and the bad part
Us(t,y, z) satisfying

{ 0,U; — AU, = =L (12,00, Uy +u500.Uy) + Siig(t, y, 2) — 220,
U1|t:0 = (ULin)o,

and

{ 0;Us — AU, + us g = — 5 (u2,00, Uz + 13,00 Us) + 3715,
Usli—o = 0.

For the good velocity U;, the H! norm is enough for us to finish all calculations, and it has a
good relation with the cell density ng by

[U1[ Lot < Cl(uain)ollmr + l[nol[Loer2 + €).-

For the bad velocity U,, when it satisfies % + |0, Us|| o= < ¢ for some small ¢, the

operator Ly can be regarded as perturbation of £, which allow us to finish the time-space estimates
for the zero modes. Here, £y and £ can be found in (5.10).
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2.3. The construction of energy functional. Firstly, we introduce the energy functional

Era(t) = fluzollv + [[Vuzplly, + [[Vusolly, + [[Auzolly,

+ || min{(A~5 + A—lt)% 1} Ausollve,

Era(t) = AN AU o2 + A2 ||V AUy | p2g2) + 0, Un| oo,

Epa(t) = Ha sl x,,

Eaa(t) = | Az zllx, + 10wa 2]l x, + A73 ([|0yw2 2]l x, + 102002 2] x,)

133(t)
Ey(t) = [|05uz2 | x, + [|03us £ x,.
where a and b are given positive constants with 0 < a < b < 2a. Moreover, we denote

E\(t) = Eva(t) + Eip(t),  Ea(t) = Eau(t) + Eza(t).

To close the energy, when estimating the nonlinear interactions between the non-zero modes of

|72 oo oo,

the velocity of || 'V (u - Vug £)|| 212, it is required that the degree of A must be strictly less
than g (see Lemma 3.2). To this end, we introduce the first auxiliary energy

_2
E5.1(t) = A75 (| Aug 2| x, -
Besides, to estimate E, and handle the nonlinear interaction between the bad component U, of
u1,0 and the non-zero mode u., we also need the second auxiliary energy
3

Esa(t) = Y (183usellx, + 10:(0: = 50, )uzllx,) + 18- VW | x,.

j=2
where the definition of £ and the expression of W can be found in Section 8.
Let us briefly describe the roles of the above-mentioned energy functionals.
e [} is introduced to control the zero modes of the velocity wy. F;; is used to control the
good velocities ug o and uzo. ;9 is used to control the bad part Uj of the velocity u; .
e [, is introduced to deal with the non-zero mode of the cell density ny and the velocity u...
e [3is introduced to estimate ||ng(t)||z2 and deal with the nonlinear interaction items in the

density n.
e [, is introduced to deal with the nonlinear interaction items with 3D lift-up effect in u..

2.4. Main steps.

Proof of Theorem 1.1. We prove Theorem 1.1 in the following three steps.

Step 1: Let’s designate T as the terminal point of the largest range [0,7] such that the
following hypothesis hold

Ei(t) <2E,, Ey(t) <2E,, FEs(t) <2E;, Eu(t) <2E;, E5;:(t) <2E; (2.5)

for any ¢ € [0,T], where Fy, Es, F3, E4 and Ej are constants independent of ¢ and A, and will be
decided during the calculation.

Step 2: We need to prove the following propositions:
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Proposition 2.1. Assume that the initial data (ni,, uin) satisfy the assumptions of Theorem 1.1
and (2.5), there exists a positive constant Ay independent of A and t, such that if A > As, there
holds

E(t) < B
for all t € [0,T].
Proposition 2.2. Assume that the initial data (ni,, uin) satisfy the assumptions of Theorem 1.1

and (2.5), there exists a positive constant Ay independent of A and t, such that if A > As, there

holds
Es3(t) < Ej3

for all t € [0,T].

Proposition 2.3. Assume that the initial data (ni,, uin) satisfy the assumptions of Theorem 1.1
and (2.5), there exists a positive constant A7 independent of A and t, such that if A > A, there
holds

for all t € [0,T].

Step 3: Combining the above propositions with the well-posedness of system (1.5) given by
Remark 1.4, and taking A; = max{A,, As, A7}, we complete the proof.

O

3. A PRIORI ESTIMATES

Firstly, we give some relationships between velocity v and the new vorticity ws «, which will
be frequently used in the later calculations. Since div u, = 0, the result follows immediately from
Fourier series (see Lemma 3.13 in [10]), we omit the proof.

Lemma 3.1. There holds

1(0z, 0:)Optu| 2 < C([|Ozwa izl 12 + [[Aug ]l 2),

(Or, 0:)0yuz . < C(]|0 12);

(Or, 0:)0zuz| o < C([| Oz, ;ﬁHLz + HAU2¢HL2)7

(92, 02 )us 2] o < C(|0awa,zll 2 + || Dua £l 22),
(0z, 0-)
(0z, 0-)

(3.1)

Or, 0:)0:Vuzl| 2 < C([|0:Vwr 2| 12 + [V AUz 2| £2),
Oz, 02)0, Vuzl| » < C(|0y Vo |2 + |V Aug 2] 12).

Secondly, we present the nonlinear interactions between the non-zero modes of the velocity,
which will often be used to estimate F;, Ey and Ej.
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Lemma 3.2. It holds that
e 3 P 2., < CATES,
e St G|y < CASES,
4730, (us - V) 2o < CATHBS,
(e - Vitig 2)||22,2 < CAZHEEL, (3.2)
204730, (uy - Vg 2)||22 10 < CARFEOEL,
(g - Vg 2|30 < CASES,
(us - Vg 2)|2272 < C(ASTSCE3E2 + ASE),

where a is a constant with o € (%, %)

Proof. For convenience, we denote by
[y = 10awa 2l L2 + [[ A 2 2,
[y = [Vwoz L2 + [[Aug x| 2,
Iy = [0:Vwa x| 12 + [[VAug 2| 2,
[y = |10, Vug £]| 2.

According to the definition of Fs(t) and assumptions (2.5), there holds

_1 _1 1
le®* *Tallre  fled *(Ta, Dy)llre | [l *'To|re
+ i + i
A Az As
which will be frequently used in later calculations.
Estimate of (3.2);. Using (A.2), in Lemma A.3 and (3.1); in Lemma 3.1, we have

_1 _1
HeaA 3tF1||Loo + + HeaA 3tF4HL2 S CEQ,

NI

lusllZee vz < C(100usllz3llusl| 72> + 0u0-usll73ux]|72*") < CTY.

Therefore, by (A.2) and (3.1),, we arrive
luel* 172 < C(I0urllZ3lusll72 + 1020 1sll3 sl 72 Vgl 2 lugllLes < CTT,
which indicates that
_1 2 2
204 g2 < CAB(|Ounpll, + 1 Duzpllk,) < CATEL.
Estimate of (3.2),. Using Lemma A.3 and Lemma 3.1 again, there hold
lu2 2l Zee, 2 < CllOatuz 2l 2|05 Va2l < CTF,
luelZee r2 < C(10:ulzz + 1(0s, 0:)Ouupll72) < CTY,
sl T pz . + 0yuglliers < CT3,
10y ullzeera ~r2,
H(amaz)u#H%;OL%Z < CThTs.
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Therefore, one gets
luze - Vuellze <lluz0pugllze + llus20yurze + llus20:uz 7o

S P TR 0 Ay A SO [ YO0 I
<O(INTy 4+ I31%),

which implies that

4 s - Vus|aye < CASES.
Estimate of (3.2);. For j € {1,3}, by Lemma A.3 and Lemma 3.1, we have
ol s+ 100t gz < C0a(0e, Y g2 < OT2

and
100504 2512+ 105uslZs, 12 < OO Tkl 2940yl 2 < CTT,
which indicate that
10 (uj,£05uz) |72 < CTITs. (3.3)
Using (A.2),, (A.2), and (A.2)., there hold

1o < Cll0: Va2 |72V Aun 7571 < CTE*°T5*

100tz £17ge, 12 + 2,2

and
2 2 2
HayuaéHLgOLgﬂ < C|(9,0:)0yux||12 < CT3,

which show that
100 (g 20yuz) |72 < CTE3 102 (3.4)

Combining (3.3) with (3.4), we conclude that
o440, (use - Vg [y < CAFFEL.
Estimate of (3.2),. By Lemma A.3 and Lemma 3.1, direct calculations show that
lug2e < CIOa iz + 150z 2 52) (V2 tll 2 + |1 Dt 122) < CT4T,
IVuslBess + I Vugldess < CT3, (35)
IVuz 2l 7o, 12 < CllONV Uz 2| 12|V D 2757 [ Aun 2|75 < CT I3 7T

Combining above results with
IV (g - Vus)llze < CUIVuelzors IVuzl7e 1o + lluell e | Auszll7)
< C(DuI3 T TS + T,
there holds .
€47 (s - Vg ) Fap0 < AZT3OES.
Estimate of (3.2)5. For j € {1, 3}, using Lemma A.3 and Lemma 3.1, we have
10:uj 2 Zge 2 . < OTH,  [|9jus 7z 12 < CT1T,
which along with (3.5), indicates that
102 (w2 05us,2)|I7> < CTITs. (3.6)
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For j = 2, by Lemma 3.1 and Lemma A.3, there holds

luz 2l Zee < CllO:Vuz 2] 72* | Auapll737H < CTE T, (37)
10,5 21z < Cll(Bry 8-Vt gl < CT2, '
which along with (3.1), and (3.5), shows that

10: (2, 20y us ) |[72 < C(LaL3*TT20T5 4 Iy T 1T3). (3.8)
Combining (3.6) and (3.8), we obtain that

_1 1,2
6% 740, (s - Viug 2)[|7pe < AZT5°Ey.

Estimate of (3.2)g. According to (3.7) and (3.8), after replacing uz » with u; . , we can prove

that
102 (ug 20yt ) || 72 < C(DaT3* T TT720T5 + T3 2°T17'T3). (3.9)
Similar to (3.6), for 7 € {1,3}, by using (3.1)3, one deduces
192 (43 4511, 4) |22 < CT,T3T, (3.10)

Collecting (3.9) and (3.10), there holds
14720, (s - Vun ) 720 < CASES.

Estimate of (3.2);. For j € {1, 3}, using Lemma A.3 and Lemma 3.1 again, we have
||ajU3’¢||%§?ZL% S CHaZajVUg’?gH[gHazajU3775||L2 S C’FIFg,

which along with (3.5); and (3.5), indicates that

IV (s 205us, 2|72 < Cllujell T IVOjus £ll7e + IV zll 7oy N|05us 2l 12)

3.11
< O( T3 + 31 1). (3:1)
According to (3.5); and (3.7), one obtains
IV (uz 2 0yus )72 < Clluzpllioe 10y Vs 2172 + | Vuizgllie 121051522 ) (3.12)
< O T g s+ T3 T
Therefore, we infer from (3.11) and (3.12) that
_1 1 4
€472V (s - Vg 4)|[7212 < C(AST3°ESEZ + ASE3).
We finish the proof. O

Next, we give the nonlinear interaction between the zero mode u; o and the non-zero mode .
Recall that the zero mode u; o is decomposed into two components with u; o = U; + Us, where
U; is the good component and U, is the bad component.

The following result will be used in estimating the energies {||Aus £||%., |[Vws,£[%,}. Conse-
quently, to close the energy estimates, the degree of A must be strictly less than 1.
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Lemma 3.3. It holds that

04”4010, Vs 4B < CAH[UL | Seis 1,

1 010,002 s plogs < CASUL g (100 2%, + D011, ),
164 U 02un 2 |2age < CA UL |2 e (|00wn s % + | Atg 2|12 ), (3.13)
04”4010, 0.0 4 a1 < CARU g (10002 21, + [ Aewr 2], |
€470y, 0.)UrdsuslEags < CATNUL e (10002 413, + 1502 413, ),

_1 2
||eaA 3tayUlayU2,7é||%2L2 < CA3||U1||%°°H1||AU2,76||§(Q'

Proof. Using Lemma A.2 and Lemma A.3, we have

100,V 432 < U310Vt 4
< O UL (10 ts 121020, T 12 + 18 Vs ]32),

which implies that

_1 1
|e*4 3tU13zVu2,7é||%2L2 < CA:> ||U1||%°°H1||Au2v7é”§<a'

For j € {1,3}, by Lemma A.2, Lemma A.3 and Lemma 3.1, there holds
HUlaﬂc(awaaz)uja#H%?
< CHUl H%Il Haa:(aza az)ujﬁénL2 Hax(aa:? az)vujﬁé”LQ
< O U3 (10swa 2l 22 + | Dz 2]l 22) ([10: Vewa 2l 22 + |V Auz 4| 2)

and

_1
140,04 (B, 0.ty 2z < CATNOL e (1000 2, + 102 41, ),

which give (3.13),, (3.13); and (3.13),.

Using Lemma A.3, we obtain that
1@y 00U s s < VUl spl
< C|IVUL172010:(02, 02 )us| 12|02 (0, 0:) Vuse 2
< ClIVULZa (10002122 + | Atz ]| 12) (100 Ve 2l 2 + [V Az ]| 12),

which indicates that

o VU upFage < CAXUL R (100l + Az ], ).
Using Lemma A.3, we obtain that
10, U18yuz 2|72 < HVUl”%?HayuZ#H%;?ZLg
< CIVUL L2 Aus el 22|V Atz 4]

and

_1 2
o410, Undy i g3z < CAR UL 3w | Dt
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U

The following result is only used to estimate [|(9, 0 )ws,«||%,. Hence, as long as the degree of
A is less than g, the energy estimates become achievable. Sometimes, we need to use the results
of Lemma 4.1, and we will prove them in next section.

Lemma 3.4. Under the conditions of Theorem 1.1 and the assumptions (2.5), there exists a
constant As independent of A and t, such that if A > As, it holds that

et 24Dy, 0.) (s, £ VU |[F2ge < C(AS|UL [ s B3 + AESUET),

1 (3.14)
et 0. (us VU2 2 < O(AS U |[Fopn B5 + AS B3 E™),
where « is a constant with o € (%, %)
Proof. First, for j € {2,3}, direct calculations show that
105 (s, 2 VUL 22 < C (|05, VUL 22 + [z 20,V UL22) -

||8Z(u37¢VU1)||%2 S O (||8Zu3,¢VU1||%2 + ||U37¢82VU1||%2) .
By Lemma A.3, there hold
10ju2,.V U172 < CI[VUL || 2] Aug 2 12]|V Aug £ 12
and
10213 VU172 < ClIVUL|[721104(05, 0z )us 21| 121105 (8z, 0:)Dyus | 2
< O E (10sw2 2|2 + [ Dug 2l 22) (102 Vwz 2l 22 + 1V Aug, ]l 22),
which indicate that
_1 2 2
e #1051z, 2 VU722 < CAS||UL | Foo g [| A 2|1k, < CAS Uy |[7c i B3,

_1 2 2
e 0.3 . VU |22 < CAS|[ UL T (|0pw2 2%, + [ Dussllk,) < CAS|UL[7 e g B
(3.16)

_1 _1
Then, we need to deal with [e®* *uy .0,V U |2, and |[e®* *fus .0, VU;||2,,.. Since it is
dlfﬁcult to estimate ||0;VUq| L L2 the traditional Sobolev embedding is insufficient to handle
o4ty L0, VUL 2,y and (o4 0,90, 2,
According to (2.2) and (2.3), U; satisfies
@Ul — %AUl = %ﬁo — %(Ug}oayUl + U3708ZU1> — %(U;ﬁ . V’ul’;ﬁ)o,
Ui li=0 = (U1,in)o-

Therefore, for the given positive constant €;, we have

(3.17)

_1 _1
A% EleielA 3tljl efelA 3tA[h

(e Uy + —

X )+ .

_1 _1 _1
—adBiny emad Ty 00Uy em 9N T uy - Vg 4)o

A A A ’

ol

e
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~1
e—14 3tAU,

where j € {2,3}. Multiplying —*———==* on both sides of the above equation, the energy
estimate shows that

_1
le= 4 AU 1350

_1
||e_€1A StVUl H%OOLQ +

e A B |2 A AT 2 —a AT 2 (3.18)
<||U1 ||2 + C(He “ nOHL2L2 + ||e “ ujvoaleHL2L2 + ||e El U;ﬁ ’ vu1’5£||L2L2)
= in|| g1 .
’ A
When A > A,, by Lemma A.2 and Lemma 4.1, we get
[2,0l|7 0 e 4 [z 0ll7ee e < Cl[uzoll o gz + [usollfe ) < Ce?, (3.19)
which implies that
_1 1
||e_€1A gtujvoaleuiﬂLz < 062”6—6114 3tAU1H%2L2 (3 20)
A - A ' '
Using (3.2), and (3.20), we infer from (3.18) that
1 1
ot et AU, 2.y, e 2., B
le= A5V |2 0 + T < c(uul,mui,l + T A-?)
Due to
[7oll7: < llnollze < Cllnflrere=|nolln < CE3M
and )
_1 A3
—€e1 A7 3¢t||2 <
e ||L2(0,T) =9
there holds
1
_1 e~ 1A AT |12 EsM  Ej
||e—e1A StVU1||%mL2 + “ 1||L2L2 S C(HULinH?{l + 3_2 _i) (3.21)
A €1A3 As
3
When A > max{A,, 61_%M%E32,E212} =: A3, by (A.2),, (3.21) and Lemma 3.1, we have
1 1
e **us 20,V UL 722 < C|| At 4|38 [z 2|5, > (e~ EAU 352 (3.22)

< CAE}*E3 %,
where « is a constant satisfying o € (%, %) By (A.2), and Lemma 3.1, there holds
lus 217, 12 < ClIV (Ds 02 )uz 2l 121Dy 02 )uz 2l[35 ™ (g 2117227
< Cl10ywatllre + | Auzzll ) (10swz pll 2 + | Dtz el p2)* ™ flus 2 [172%,
which along with (3.21) implies that

_1
et *tus 0.V U 722 < C([|0ywazllxa + 10Uz 2] x,) (| 0atwo, 2]l x, + | Auz £l x, )

_1
Qs 13,2l VO AT, |3, (3.23)
< CAs B2 B2
Collecting (3.15), (3.16), (3.22) and (3.23), we finish the proof.
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Furthermore, we show the the nonlinear interactions between the bad component Uy of u;

and the non-zero mode u.

Lemma 3.5. For j € {2,3}, there holds

3
2

_1 1
e N U0,u; 43212 < CAETEZ (8)([|0awo zll x, + (| Duz £ x,) 2,

w1

(
430, Un0%u, |22 < CABE2ES (|00 s, + | Dz pllx,)
640, Us0u0y2 s e < CALERE] | Dus e,
o0, (uy s VUL 32 < CABZEF || Ay 4],
||eaA_%taz(u37¢VU2)||%2L2 < CE%A%E4(||63;WQ,7£HX¢Z + [[Aug 2] x,)-

Proof. First of all, there holds

t
10,Us [ < / 10:0,Us(s) | . ds < CEnt.
0

_1
For the given positive constant e,, since lim;_, A-ste—@A St = 0, there holds

1
HeieQA B’7t”8][J'2HHI < CA%El

Iz
By Lemma A.2 and Lemma A.3, we have
1 3
IVU200u2]172 < IVUslfee 2100t 21012, < CIV U0 100w 117211000521 2
which along with (3.25) and Lemma 3.1 indicates that

a—>b b+3a

1 t 1
T R S A
0

Af%s 2 % %
1072 72 1020052 | 72 ds

3
2

< CAETE} (1) ([0awa el x, + | Auazlx, ).

Similarly, one obtains that
1002021 422 < 10.Us |2 21020 4132 < CO U 0200

|12]|02V w1 £ | 12

1
< Cl10:Usl3 107ur 2l 2 ([0awa 2l 2 + | Az,
By the divergence-free property

PBHEA™

|L2 + ||VAU2’¢||L2).

aiUL?é = —0,(Oyus + + 0,us3 2),
we can prove the second result.
Using Lemma A.2 and Lemma A.3 again, by Holder’s inequality, there is
10,020,052 42 < C1105 Ul 10, Dy o1 10,0, Va1

1 1
< C|0;Usll3p |02z 211 22l Atz 2117211000 Va2 2,

(3.24)

(3.25)
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which implies that
64”0 Us0u052, e < CASERER | Dun ],
According to Lemma A.2 and Lemma A.3, by Hoélder’s inequality, we get
102 (u2, £ VU2) |72 < CIVUs3n[[Vuz . 2| Atz 12

1 3
< ClIVUs |l lluz zll 7ol Aua 27

which indicates that
_1
1€ 710, (us, .V Uy) |72 2

azb 4= %y 2 bA~ St 3 aA~ 5t 3 2 s 3
<Cfles IV Ol || lle™® *fun el 72palle™ * Auzpllfepe < CEYE} Al Aus ],

Using Lemma A.3, there holds
[0utt3 2 ez < C110:Byts 41210t
1 1 1 1
< Cllus 2l 22 102us 21 22 10yus 21| 72110, 07 s 4| .2

and
lus 21|75 2 < ClI(0z, 0:)0yus 2]l 121|(Os, O: s 2 2

1 1 1 1
< Cllus 2l 71005, 02)us 2| L2110y s 21172119y (07, 02 Yz, 2] -

x) Tz T Tz

Using Lemma 3.1, we get

_1
162470, (us, 2 VU |212 < CEAS Ey()|Ouwn e x, + [ Dz 2]l x, ).
O
Lastly, we show the the nonlinear interaction between the zero modes {ugg,u30} and the
non-zero mode u. The proof can be found in Lemma 3.16 of [10], and we omit it.
Lemma 3.6. For j € {2,3}, it holds that

1
aA” 3t

e *tu0(0n, 0:) Vugl[z2 2 < CA(unoll oz + s oll Lo s ) (10w 2, + [Au2 £]1%,),

_1 2
||eaA REAVT U;:éH%?L? < CA3(||ug]

Loenr2 + Uz 0l Lo i) (100w2 %, + [ Dua %, ),

_1
||eaA St@ZUj,OVU¢”%2L2 S OA(HUQ’OH%OOHQ + ||u3,0|

Lo ) ([0awa 2%, + | Duaz]I%,),

1 1
et 0y u3,0(0z, 0. Jun £l 72pe < CAS (Juollfoe o + lusollfoe ) | Duz £, -

4. ESTIMATES FOR THE ZERO MODES OF VELOCITY F(t): PROOF OF PROPOSITION 2.1

In this section, we give some estimates for the zero modes of the velocity, which will be used
in estimating the zero mode of the density and the non-zero modes.
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4.1. Energy estimates for uy( and u3o. We recall that

Outno — 3o + 1 Tuslo + 50,70 + 10,P% 0,
Orusg — & Az + 5 (u- Vug)o + 10. P + 0.P* =0, (4.1)
Oyugo + Oz uzp =0,

where
APN = —2A0,uy + Oyn,
APN = —div (u - Vu).

Lemma 4.1. Under the conditions of Theorem 1.1 and the assumptions (1.6) and (2.5), there
exists a positive constant A, 3 independent of A and t, such that if A > Ay 3, it holds that

|uz,0llve + llusolly, < Ce,
[Vugolly, + [[Vusolly, < Ce,
[ Augplly, < Ce,

| min{(A~5 + A7)z, 1} Ausylly, < Ce.

(4.2)

Proof. Estimate of (4.2);. Due to V - ug = 0, we have

< 8yP0N’°,uQ70 >+ < 8ZP(§V’“,U370 >= — < Pév’“,ﬁyulo + 82U370 >=0, for k € {1,2}

< Ug - VUZO,UQ’O >+ <ug- VU3’0, Uz,0 >= 0.

When A > max{1,e 9E}*} =: Ay, using Lemma 3.2 and assumption (1.6), energy estimates of
(4.1) show that

1
Jugoll7oer2 + llusollzeo 2 + 5 (IVuolli2re + [ Vusoll72r2)

A
CllluzPllz2p2
A

CE#
< (ugin)oll72 + | (usn)oll7> + A; < Cé.

<[ (uz,in)ollZ2 + 1 (usin)ollze +

Estimate of (4.2),. Multiplying 2Auy on (4.1); and 2Augo on (4.1)s, energy estimates give
that
d

dt
<C

1
([IVusgoll7 + [Vusoll72) + 1 ([[Auzpll7> + [|Ausoll32) s
4.3

[ug - Vug ol 72 + lluo - Vusoll7 + [luz - Vuzll7
A Y
where we use < %Pév’“, Augpg > + < 8ZPéV’“, Auzo >=0 for k € {1,2}.

For j € {2,3}, by Holder’s inequality and Gagliardo-Nirenberg inequality, there holds
IVujollze < llujollr2ll Aujoll 2,
[uo - Vuol|72 < Cll(uz, uz)ol 2|V (w2, us)oll 2 | Vs ol 2| Ao | 2 (4.4)
+ O (uz, ua)o|72 | Vgl 2 [ Aujol 2
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According to (4.4) and Young’s inequality, we rewrite (4.3) into

d 1 VU 42 vu 42 C u * VU/ 22
_HV(U2,U3)0H%2 < - (H 270!L I 3,0!L ) I # 75HL
dt 24\ luzoll7 lus 0|7 A (4.5)
. O||(U27U3)0||%2||V(U27 us)ollzs + 11wz, us)ol| 72|V (uz, us ol 7
) :
Thanks to (4.2);, by taking € small enough, we infer from (4.5) that
d Uz - Vus|? Ug, ug)ol| 42|V (ua, us)ol?
%”V(U27U3)0H%2 < CH # " ?éHL2 —i—O“( 2 3>0||L2‘z|4 ( 2 3)0||L2. (46)
From this, along with Lemma 3.2, (1.6) and (4.2);, when A > As;, one deduces
Clluy - Vuy|?
Vs + [Vusless < Izl + Mol + 2T lione | g
CE4 (47)
< N (uzgn)ollz + 1 (us ol + Af +Ce" < Ce.
3
By Lemma A.2, (4.2); and (4.7), we have
luo + Vuzoll7ape < Cll(uz, us)olfoe | Aujoll7o 2 < C€|| Aol 7 -
Integrating in time for (4.3) and taking e small enough, we obtain
Au 22 2 —+ Au 22 2
N | R 1
4 (4.8)
2 2 lug - Vug|Zop2 2
<C | [[(uzn)ollz + [l (s in)ol[r + y <O

Estimate of (4.2);. The H? energy estimate for (4.1); shows that

IV Augpll7s

. A (4.9)
<[(uzim)oll7 + 1 (IV (uo - Vuzo)l[72p2 + [V (g - Vo ) Fage + 1 AP 1Z2r2) -

Using Lemma A.2, (4.2); 5 and Q,u3 ¢ = —0,us, for j € {2, 3}, there holds

V(ug - Vu j,0 i ¢
IV( - LY <3 (lluzol[Zoe 2 + [z o]

| Ausol|Foo 12

Foort) ([[Vugolliem + [Vusoll72m)

(4.10)
§C€4 + C€2HAUJ2,0“%OOL2.
Moreover, due to div (u - Vu) = 0,(u - Vuy) + 0y(u - Vug) + 0, (u - Vug), there holds
Idiv (u - Vu)oll72 < 110, (u - Vua)ol72 + [10:(u - Vus)ol[72
<18, (uo - Vg o)l|72 + 10 (uo - Vuz o) 172 + 10y (us - Vg 2)[|72 + 1102 (uze - Viug 2)|[72-
From this, along with Lemma 3.2 and (4.10), we have
AP |2 div (u - Vu)ol|? Ej
I8P oz M (0 Fllone < o (o F) b cmliers, ()
2 3

where a € (3,32) is a constant.
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Then using assumption (1.6), (4.10), (4.11) and Lemma 3.2, we get from (4.9) that

IV Aus |72,
A

By taking € small enough, one obtains

4

E
122a) + O Auzo|7oo 2

2 3

||Au2’0||%ooL2 + < ‘f‘O (

| Ausll3, < C€

12
provided with A > max{As;, (E3e ')} =: Ay,
Estimate of (4.2)4. Taking H? energy estimate for (4.1),, there holds

|V Aus, 0HL2

d
EHAU:%,OH%2 1

which follows that

(HV(Uo Vugo)lfe + 1V (uz - Vg 2)|I72 + [ AP 12:)

in{A~3 + A1, 1
mln{ 32— ) }HVAUS,OH%Z
. 2 (4.12)
<= (IV(uo - Vugo) 2 + (A3 + AV (s - Vug 2|32 + ARV + [ Busollf2)
Thanks to (4.2)3, (4.10) and (4.11), we get

||V(U0'VAUJ',O)H%2LQ < Ce ’|AP(§::||%2L2 <C <€4_|_ E; > (4.13)

d
p (min{ff% + A7, 1}HAUS,OH%2) +

1 2
27 3¢

_1
Notice that [|(A~% + A~'¢)e~oA e < CA™5, using (4.2),, (4.13) and Lemma 3.2, one obtains
Imin{(A~5 + A71)2, 1} Ausll3,

U3,in 2 E4 C 2 _1 _1
S—H( 5 20HH2 +C € + l_22a + —H(Aiﬁ —+ Ailt)eiaA StHLgOHGQGA 3tv<u;£ . VU3’¢)||%2L2
A3 Az 3 A
Mz in)ol2 cofles 1% n B3B3 oe (1 §>
- A3 As—32  As—sa )’ 274)°

A > max{Asp, (||(U3,in)0||H2€_1)37 (E2E5€_1)3i%} =: Ay,

we infer from the above inequality that
[ min{(A=5 + A7)7, 1} Aug,|2 < Ce,

The proof is complete. 0
4.2. Heat dissipation estimates for u;y and u3y. Next, we consider the standard heat equa-
tion in (y, z) € T?:

0f~ ;Af=g t€[0.T] (4.14)

where g(t,y, z) is a given function. By performmg a decomposmon similar to (2.1), we obtain the
following heat dissipation estimate for the non-average part f = D k31i2 40 Fra (£)eik20ks2).
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Lemma 4.2. Let f(t,y,z) be a solution of (4.14), there holds
_t 1 _t Y _t 1o
e FlEere + eV e < O (Ifnllts + Alle? (=2) 371722
where § = 374z 2 40 Ga by ()22,

Proof. Doing the Fourier transform to (4.14), the Fourier mode f satisfies

~ k3 + k2 N
atfkmks A 3fk2,k3 ks ks kg + k?2> > 0. (415>
The solution of (4.15) is given by
—~ k2+k3 t k3 +k3 (s—t)~
fk’z,k3 = (fln)k’z,k3 +/ e 4 gk27k3(3)ds - F( 1) + F( 2)- (416)
0

For Fiy), due to k2 + k2 > 0, there holds |Fjy| < e~24|fiu|, which shows that
HeﬂF(l)Hioo(o,T) < ’fin|2'

For F|y), using Holder’s inequality and k3 + k3 > 0, we have

k%+k2 2+k2(s 9
[Fey| <lle™27 07 |2 fle™5 Gy, 1 ()] 2

1 1
A LR Lo PN A 2 st
S(m) o™= >9k2,ks<>“”§(m) €5 G s (5)] 2.

This implies that

”eﬂF(Q)H%OO(O,T) < CA(k3 + kg)flﬂeﬂﬁkg,ks”%2(0,T)-
Collecting the estimates of Fiy), F{2), and using the Plancherel’s theorem, we get from (4.16) that

_t 7 o
le2a 17 ooz =T > [le24 fiy by ()7 0r)

k24+k3>0
_t _t
<|TJ? Z (HQQAF(l)”%OO(O,T)"‘”e%F(?)H%OO(o,T))
k3+k2>0 (4.17)
-~ 1yt~
<O Y (1Fadrasal? + ACE + B eH it 20
k34+k2>0

<C (1l finll2z + Alle? (=2) 74513212

t

We also need to estimate %Heﬁ Vﬂ]%z 2. Multiplying (4.15) by e24, the energy estimate gives
that

2(k3 + k3)
3A

s L/ L CAlleR G|
ot ool < 5 (1o o ) l1h + S Gha

||e fk‘27k3||L2 t=0 ]{%—l—k% )

which follows that
k3 + k3

e Frusalie < € (1(Fdeaal® + AGKE + )7 eH G nall32) -
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From this, along with the Plancherel’s theorem, we get

Lo+ 5 1 . 1
BV IR = TP 3 et (A + ) el B

k2+k2>0
3 _ _t o~
<CITP 3" (Ikasal® + AGS + KD e Gilife)  (418)
k3+k3>0

<C (Ifinlle + Alle?s (=2) 32212
Combining (4.17) with (4.18), one obtains
_t 1 _t Y _t _1_
o7l 2 + 175V Flifae < € (11 fullEz + Alle? (=2) 3513212
The proof is complete. ]

Similarly, we decompose the velocity us o and us in the same way of (2.1), satisfying

u2,0(t7 Y, Z) = E2,0(75) + 62,0@7 Y, Z)7

- 4.19
uso(t,y,2) =Tso(t) +uso(t,y, 2). ( )

In this way, combining with Lemma 4.2, we can prove a typical heat dissipation estimates for
Us0(t,y, 2) and Uso(t,y, z). Furthermore, for j € {2,3}, W, o(t) is a constant satisfying

- 1
ujo(t) = W /Tz(ujjin)odydz.

Lemma 4.3. Under the assumptions of Lemma /4.1, it holds that

t o _t 1 b~ o~
||eﬂu270||%ooL2 + ||62AU370||%00L2 + Z <||82AVU270||%2L2 + ||82AVU370||%2L2> < 062.
Proof. Applying Lemma 4.2 to (4.1); 5, and noting that V - u = 0, we get
_t o~ t o~ 1 t o~ t o~
le2a T 0| Foe 2 + [l€2A Tz 0| Foe 2 + 1 <||62AVU2,0H%2L2 + ||62AVU3,0||%2L2>

1 e T 1 Rt
SC(H(U?,in)oH%z + [[(ugin)oll7 + ZHeQi“ (ugug)yll72r2 + ZHthA (ustn)ol|72 2

(4.20)
1 LN 2 1 L~N1 2 1 LA/JV'Q 2
+ Z“e“ (uzus)gllzzze + ZHGQAPO z2r2 + ZHe“ Py || z2e
=C (I (uzin)ollZz + N (usin)ollze + I+ -+ + I5) .
For ]1, as <UQU2)O = 2@27()&270 + 62706270 + (U27¢U,27¢)0, there holds
C t o~ 2 t o~ ~ 2 _t_ 2
h<~ (HGQAUQ,Ouz,OHmm + |le2auy otz o[l 7272 + [[€24 (Uz,;«éw,#)OHLzm) (4.21)

=: 111 + Lip + L1s.
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Thanks to dyu;0 = 0 for j € {2,3}, we find
_ _ 1
(@0l = [(@jim)o| < = il [[(tjn)oll 2 (4.22)

From this and Poincaré inequality, I;; can be controlled by

C R
I < — || (uzn)ol[22]|e27 Vo 22 2.

For I 5, using Lemma 4.1 and Poincaré inequality, one deduces
C - o C o o
Iy < ZHUQ,OH%?LOOHeQAu?, 7 N Dug | 72p2 €24 0| T oo 2 < C€[le2a Ty 0|70 2.
When A is sufficiently large and using Lemma 3.2, we arrive
C . ogat CE;
iz < ZHGQG HugP|[72r2 < < Ce.
Collecting 117 — I3, (4.21) yields that
C RS e
Il < —H(Ug m) ||%2 ||62A VUQ’OH%QLQ + C€2||82A u2,0||LooL2 + 062. (423>
The estimates of I, and I3 are similar to I;. Note that

(usug), = Us,0Us,0 + U3l + Us Uz + (Us2Us2 )

(usug), = 2TUs oz, + Usolso + (Us2Us.2£),-

Using (4.22), Lemma 3.2 and Poincaré inequality, we have
C o o~ o~ 2
L=7 le22%3 017212 + €23 s 0T 07212 + [l s 0Tz 0|72 2 + [|€2 (g 15 ) HL2L2)

Crl._ o e
§—<HUso()llLoo|leA 2, o(O)l|7e lle2a Tz 07212
(4.24)

A

—~ t o~
T ol e olZogs + 04 P ||W)

C RS
=<7 ([[(uzim)oll 72 + l(usin)ol72) €25V (1,0, s 0) |22 12 + C€||e2T U g||2 e 2 + Cee

and

C e t
I3 SZ <||92AU3 0l3 0||L2L2 + |le2au 0u3,0||%2L2 + [|e24 (U3,¢U3¢)0||%2L2>
(4.25)

C
<

(HU3 o(t) |2 oe 12T T o]|22re + [[TT.0]1 20 oe €2 T 0] 2o p2 + (€294 |ug] HL2L2>
e C TR
<O||e2aTi 2 w2 + ZH(UB in)ol|22]|e27 Vg o222 + Ce®.

Taking the Fourier transform for (1.4);, the Fourier mode 13,?1[ Yo ks fOllows that

—(/{Z% + /{Zg + k?%)PIi\lf,lsz,kg = ikl(—2Aﬂ27k1,k2,k3 + ﬁkl,kg,kg)'
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For the Fourier mode ﬁé\[ ko ks OF ﬁév U with k; = 0 and k3 + k3 > 0, we have

_ikl <_2Au2,k1,k2,/€3 + nkl,kzks)

ﬁ]’ﬁ\lflk2 k'3 |k1:0,k%+k§>0 = 2 2 2 — O
o ki + k3 + k3 k1=0,k2+k2>0
This implies that

It follows from (1.4), that
AP&VZ = —div (u . VU)O = —82(U2U2)0 - 28y@Z(UQU3)O - 8§(u3u3)0.

y
Therefore, for I5, one obtains

C t T L t T L t T .
I5 < 1 (Heﬂ(uwﬂo”%zm + [le27 (ugus)y || 7212 + Heﬂ(U3U3)0||%2L2> <C(h+1+1I). (4.27)
Combining (4.23), (4.24), (4.25), (4.26) and (4.27), we get from (4.20) that

- ~ 1 ~ -~
le# ol 12 + leFtsollfe 2 + — (117 Vitallfaz + €75 Vsl 3212
<C (I(wainollZ= + usinloll2z) + C* (N5t ollfe 2 + e 032
c 2 2 Lo~ 2 e TNIE. 2 (4.28)
+Z(WWM%MW+WWm%MJ(W“VWMh%rHW“V%MWm>+C€

<Cé (1 < + [lez Ay,

Ce?
sz ) + = (17T VilaolFape + 1e¥t VilgolFops )

where we use assumption (1.6).

Hence, when € is small enough satisfying € < ﬁ’ we obtain from (4.28) that

_to~

e le¥ Vo |32z + ek Viigollfsz ) < C€.

o

2,013 2 + He2Au3 oll7oer2 +

The proof is complete.

4.3. Energy estimates for u, .

Lemma 4.4. Under the assumptions of Lemma 4.1, it holds that
Uz < C ([ (wrin)ollm + lInol[eerz +€) -

Proof. Multiplying AB; on both sides of (2.3)1, and applying Hélder’s inequality, the energy
estimate shows that

d = 1, . = C C
EHVBlHé + ZHABl\@ =7 (luzollze + llusollz=) [VBi72 + = H”0HL2 (4.29)
Using (3.19) and Poincaré inequality
IVB |72 < C||AB |7,
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when choosing € is small enough, we infer from (4.29) that

d on IVBil3. | Clliol3 IVBi]2: = Cllnoll3
—|IVB,]|%. < — L LY < L L 4.30
gl VBile < =5ae t T S 2AC ’ (4.30)
where we use
1720]l22 = [Ino — 7ol 2 < Clinol| 2
According to (4.30), there holds
IVBi[[F e < Cllnolfe e
Otherwise, there must be a time ¢ = t*, such that
IVBAlZ:li=t = CllnollZe 12 (4.31)
4IVBi|| >0, |
Let t = t*, using (4.31);, we get from (4.30) that
d, ox IVBi]2: = Clinoll3 7017 12 — lImol|Z2le=e-
— || VB, |7 < — L L — [T0lzeeL L <0. (4.32)
dt” 1llz: t=tx 2AC t=t 2A -
A contradiction has arisen between (4.31) and (4.32). This shows that
IVBil[7 2 < ClinollFee 2 (4.33)
By Poincaré inequality, there holds
I1B1ll22 < C|VBy]|2.
Then it follows from (4.33) that
IBil e < O VBl poere < Cllnol|poer2. (4.34)

Note that the estimate of G is similar to (4.2); 2, so we omit it. For (2.2);, energy estimates
show that

1
1G] oo + ZIIVGﬂlizm < Cll(urin)oll i + Ce. (4.35)
Combining (4.34) with (4.35), we conclude that
U1l < C(|]]§1\|LooH1 + [|G1lleem) < C([(urim)ollzr + |70l ooz +€) -

The proof is complete. O

Lemma 4.5. Under the assumptions of Lemma 4.1, there exists a positive constant Ao independent

of A and t, such that if A > As, it holds that
AU oo 2 VAU 22
IAUs[lom: | gl\LH N
A Az

H@tUQHLmHQ S OG.

Proof. Estimate of ]§2(t, y, 2). For (2.4);, the H* energy estimate shows that
|4%Bolfe |, [VABofays

L2

A? A3

C - C ~ N
< ZHVAuz,oH%sz + FHVA (u2,00,Ba + 13,00.B2) || 3212 (4.36)
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Using Lemma A.2, Lemma 4.1 and Poincaré inequality, one obtains

IV A (u200,B5) |22 C _ N
A:ZS/ Lk SF (HVU2,0H%2H?HayB?H%oon + ||U270||%00H2||V8yB2||%2H2>

- - (4.37)
cce (HNBZ\@W . HVNB2\@2L2>
— A2 A3 Y

s, 0 VADBy + Vg 0 AD.Bal|2, -
A3

¢ = IVAZB, 125,
S FHuS,OH%ooHIHazBQH%QHAL S 062 A3 L°L , (438)

and

HAUg,ovazBﬂ’%sz C O HAZBZH%OOL?

Ve < EHAU&UH%?L2H§2H%®H4 < Ve (4.39)
Due to |[Ba|%s < [[Ba|m2[|Ballas, and
1Bz 2 < /Ot 10:Ba(s)|[12ds < t]|0B2| o2,
there holds N N _
IBelle o IBIlBllat < 4,8, Bl (4.40)

At — A1t
From this, along with HVAu&oaz]A?;zH% < C’HVAU370||%2||@]§2H§{2, we get

- Bol?, ~
IV Az 00.Ba 22 <COf min{(A™5 + A7t)2, 1}V Aus 2 (” AQHJZ‘“’ + HB2H§I4)

<Cllmin{(A~3 + A7)}, 13V A ol[32 (A0 Ball e e + [1Balle)
which implies that

V A 00 B[22 = ABollf
| U3,(143 272 < O (Hath“%wIp + w> ’ (4.41)

A2

where we use Lemma 4.1 and Poincaré inequality.
Combining (4.37), (4.38), (4.39) and (4.41), we get from (4.36) that

|87Bsfere |, VA" Bl

Lo°L2
A A - ~ 4.42)
<C||Auzoly, + C0iBa|} sy + CE (”NBXZEEWLQ + "VA2;2||%2L2> . (
When e is small enough satisfying C'e? < %, using Lemma 4.1, (4.42) yields
||A2]N32||%OOL2 n ||VA2]§2||%2L2 < 062_'_062”@]”32”%001{2' (4.43)

A? A3
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From (2.4); and (3.19), direct calculations indicate that

-~ A]g o2 ]. ~
J0Ball e <VEBEEE i st L (sl + luollima) [V Ball e
ABy|| _ VB, 1~
S || f4||L L2 + ||U/270HLOOL2 + CEH i|1|L L2 .

Taking A for (2.4)4,

there holds

R T 1 - - _
atABQ — ZA2B2 = —ZA ('U/Q,O&yBQ -+ U37082B2> — AUQ,()’

which follows that

|0:ABs 2 <

|A%Ba g 111200, Ba + 1500 B5) 3. 2
Ve + A2

+ || Atiao|| 700 12

Using Lemma A.2, Lemma 4.1 and Poincaré inequality, we have

HA(Uzoasz)Hioop

ABo2..

and

||u370A8,,;]§2 + VU&O . vazj_5)2||%ng C

]
A2 = A2||“2 0||L°°H2||8 B2||LooH2 < Cé? 2

A?Bs %2

I
A2 — A2||u30HLOOH1HB2||LooH4 < Ce 2 yE

Note that ||Au;>,7062,]§2||%2 < C||Ausp|? 2||B2||H3, by (4.40), and we get

||Au3,08z]~32 ||

IBall7
A-t

2, <Ol min{(A~3 + A7')2, 1} Aug |2 ( + ||A8z1§2||%z>

<Cllmin{(A~3 + A7), 1} Dugo 22 (A%10Bsl3e + 14%Bs |22

which along with Lemma 4.1 implies that

Collecting (4.46), (4.

| Az 00.Bs 2 ~ |AZB, |2 .. ;.
A2 L= L S 062 H&tBQH%ong + TLL .
47) and (4.48), we get from (4.45) that
g A2 oo T2 = ~
10, ABs |2 s < C% + Ce(|0,Ba[ 3 g2 + || Atino]| 700 p2-

Combining it with (4.44), Lemma 4.1 and Poincaré inequality, one deduces

|A%Bg][3 2

e + CE0,Ba[3 e ppo + CE2.

10:Bal|? sz < C

Substituting (4.43) into (4.49), we have

which indicates that

10:Ba |2 e 2 < CE||0Bs||2 e 2 + C,

10:Bal[? o e < Cé

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)
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provided with e is sufficiently small satisfying Ce? < % By (4.50), we infer from (4.43) that

AZB, |12, VAZB,|2
I jQHL e | A32||L2L2 <ce. (4.51)

For j € {2,3}, combining (4.50) with (4.51), and using Poincaré inequality
IV/Bs |72 < C||V7 ' Ba|[7:.

one obtains

ABy|| VAB ~
| 2/|1|L H2 X l A§HL2H2 + 18,Bs|| ooz < Cee. (4.52)
2

Estimate of By(t). According to (4.1),, Ty satisfies ;s = 0, which implies that
Us0(t) = (Uz,in)o-
Therefore, we rewrite (2.4), into
OiBa(t) = —Tp(t) = —(Usin)o-
By Holder’s inequality, there holds
|0:B2(t)] < Cl(uzn)oll 2. (4.53)

Furthermore, By(t) only depends on ¢ and does not depend on any spatial variables, and 9,B, is
a constant. Using assumption (1.6), we infer from (4.53) that

|ABs||per |[VAB:|| 252
+ 3

A n + [|0:Bal|porz < O (ugin)ol| 2 < Ce. (4.54)

Estimate of B (t). Next, we rewrite (2.3), into

M

(9t§1 (t) - m

Moreover, B1(t) only depends on ¢ and does not depend on any spatial variables, and ;B is a
constant. When A > max{%, Ay 3} =: Ay, we obtain that

||AE1||LOOH2 ||VAE1||L2H2
+ 3
A A2

= cM
+ [|0:B1 | 2oz < S Ce. (4.55)

Combining (4.52), (4.54) and (4.55), we conclude that

AU, || ooz |[VAU,| 24
+ 3

A + [|0:Us|| poo 2 < Cle.

The proof is complete. ]

Corollary 4.1. Under the conditions of Theorem 1.1 and the assumptions (1.6) and (2.5), ac-
cording to Lemma 4.1 and Lemma 4.5, when A > As, there holds

Ei(t) < Ce=: E;.
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5. ESTIMATES FOR THE NON-ZERO MODES

5.1. Energy estimates for Es;(t).

Lemma 5.1. Under the conditions of Theorem 1.1, the assumptions (1.6) and (2.5), there exists
a positive constant Az independent of t and A, such that if A > As, there holds

By (t) < € (I(@2nan)llz +1)

Proof. According to (1.5)1, the non-zero mode 9?n satisfies

1 1 1
0020, + yOing — ZA@in?g =— ZV 02 (un)y — ZV - 02(nVe) 4. (5.1)
Noting that for given functions f and g, we have
(f9)z = fogz + [290 + (f292)2- (5.2)
Therefore, by decomposing u; g = Uy + Uy, we rewrite (5.1) into
U NO? 1 1
DOy + (y+— ) Ons — e __lg. O (ugnz)y — 5V - 0;(nVe),
A A A A (5.3)
1 1 '
— AV (02uzng) — AV 02(Ugn),

where Uy = (Uy, ug0, u3)-

Moreover, a careful deformation of the nonlinear interaction term 92(u; 4n.). plays a crucial
role. Specifically, it can be expanded as follows:

O (urgns) 2 = (Fpur gns) 2 + (ur,207m2) 2 + 305 (s £0sm12) 2.

When A > Cc™, it follows from (1.6) and Lemma 4.5 that HAUQ'# + 10, Us|| g < Ce. By
applying Proposition A.1, we get

1 1 1 1
0241, <O (I@Em) Al + e U002 e+ ol ot o[

1 -1 1 1
+ ZHebA g0 (ug, ug) £\ 7202 + —§HebA s 0dur )70
A3
A Pl 1 bA’%ta 9 2
+ A§||e Uy 20z T2 + Alle U1 2Ot T2

1 _1 1 _1
IR ((n us) ) P + P OV 112
=:C (|(Pnin) |7z + Tia+ Tio+ -+ Tis).
Estimate of 7} ;. By Lemma A.7, we have

1 3
1052l L2zs < ClOZnLN far 2V OGnL ] 12 2 (5.4)

and
[Uollzs < Cl|Usllar < C(||ULllar + [Juzollar + (lus ol a1)-
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Then using Lemma 4.1, Lemma 4.4 and ||ng||3.;. < CMEj;, we obtain

_1 _1
1" M U002 ne 1722 <|UolFoe palle™® 1 02ns 7210
_1 1 _1 3
<CNU| il 102m 4] 2o o €™ ¥V 04|20 < CASHIES,
where H2 = H(uLin)()HHl + E3 + M+ 1.
Estimates of T} ; and T3 3. Using ||nol|eopoe < ||0]|poer < 2E3 and Opuy £ +0yug 2 +0,u3 2 =

0, we arrive at

_1 _1
€™ ng0Bus 42 e < OB 031 413210 < CABRES, .
1 1 1 .
€47 0P (1, ) 23y < CER 02z, ) 43210 < CAVER B,

Estimate of T 4. Since ||nz||pecope < 2||n||peor < 4E3, by an argument similar to (5.5);, one
obtains

_1 _1
||ebA 3t bA Stai

O zlljzre < Cllnlpere<|le [
< CAE3) 32 02, u5) Iy, < CABE,

Estimate of 7} 5. By (3.5),, we have
_1 _1
1 w4 B2ns 2 e < Nun glle poe 2204|3210 < CATES.
Estimate of 7} 3. By Lemma A.3 and Lemma 3.1, one obtains that
_1 _1 _1
R =g 1 L R R 1 L R
_1 _1 _1
< C“eaA StﬁzﬁzuL#H%mLQHe““ “a_,%n#HLszHeaA 3t8§8yn¢||Lsz < OA%E;1
Estimate of T} ;. According to (3.5), there holds
_1 _1
14 (s, us) 2 B2nsllFare < Nugllfo e e 02nsl[32p0 < CASES. (5.6)
In addition, there also holds
_1 _1 1
e 2403 (g, ug) pnglFare < npllZoopoolle™ *10% (ug, us) £l 22 < CASESER. (5:7)
Using Lemma A.3, we get
||3I(UQ,U3)¢836TL¢H%2 SHaﬂcu#HQLg?ZLgHaacn#H%gOL%,Z
<C|[(0x, 0:) 05tz |2 [| (O, 0:) Dutie |11 02|72
which along with Lemma 3.1 shows that
_1
e Dy 4D sl|F2 0 < CASES. (5:8)
It follows from (5.6), (5.7) and (5.8) that

_1 2
e 7405 (ugng) 4| T2re < CAS(Ey + ESER).
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Estimate of 7} 5. Due to (5.2), there holds
e 32 (nVe) 22,0 .
<C (e g0V esl[Baps + e 00, TcolRags + 4 0212V e 4l urs ) o
Applying Lemma A.8, Lemma A.9 and ||ng||pecr=~ < ||n||per=, we get
e 032V esla e < lnoll3e el 202V e 22,0
< CEe |y < CASESES
and
e 102 Veglape <IVeoli gl 10242 pe < CAIng — A2 o020 1%,
<OA o f e ol o 102045, < CAS E3(ES + ML),
Using (5.4), Lemma A.3 and Lemma A.9, one obtains that
e 02 (n 4V 2) 43y
<CIVesrl2mpalle? 0n sl 2eps + Cllnla el 02V el 2,
O ey Il 0.V 2 e
<COlnglBe e 0 2 ol 2412, + Clinl 3 gl 002422 0
e[ [N P PO P 5
<CASEX(E? + E2),
where we use ||n||epe < 2||n||fepe. Thus, we infer from (5.9) that
[P 20V e) 4130 < CAB(E3 + E3 + M),

In conclusion, we obtain that

E4—|—E4—|—E4—|—M4—|—H4
1020, sc(nwinmyniﬁ s By B )

A
When A > max{A,, (B4 + E4 + M* + H + EH)°} =: Aj, one deduces
Eaa(t) = [|02n4llx, < C ((02nm)£]r2 + 1)

o=

The proof is complete. O

5.2. Energy estimates for E,,(t).

Lemma 5.2. Under the conditions of Theorem 1.1 and the assumptions (1.6) and (2.5), there
exists a positive constant Ay independent of t and A, such that if A > Ay, there holds

B 2(t) < C (|| (win) 22 + Ea+1).
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Proof. 1t follows from (1.5) that

ws + YOyws — % Aws + Dot = —50.(u- Vuy) + 50, (u - Vug) + £0.n,
Oy Aug + YO, Ay — %Ang = —%8118171 — %(8:% + 0%)(u - Vuy)
+50y [0x(u - Vuy) + 9.(u - Vug)] .

For convenience, we denote

1
ﬁz@t—ky&,;——A,

U 1 (5.10)
2
L:V = at + (y + —)835 — —A.

As previously mentioned, we have decomposed the non-zero mode u; ¢ into two parts u; o = Uy +
U,. According to the nonlinear interaction, we will reformulate the coupled system {0, wa 2, Aug 4}

and (0y, 0,)wa 2.
Using uy 0 = Uy + Uy and (5.2), the velocity w, » satisfies

Op [(ug - Vug £) 2 + Uy - Vug 2 + uy - Vug ] N O:nyz  0;Us0purz

Lywyz + Oug z =

A A A
_ &Z [(U;ﬁ . V’U/L;ﬁ)# + U() . VUL;A + U - V(Ul + Ug)]
A 9
where Uy = (Uy, ug0, u3). Precise calculations show that
((93 + 63)(U281U2’75) = Ugax(ai + az)UQﬁA + 82(8ZU2833UQ7¢) + aZUgavaUQﬁ,,g. (511)

Due to div ux = 0, we have

8y [&C(UQ@xul,#) + 8Z(U26mu3,¢)] = ay (—Ugaxayllgﬂg + aZUanUJg,#)

5.12
= —Ugaxaj?ig’?é — %Ug@aﬁyuz# + 3y(8ZU28xu37¢). ( )
Using (5.11) and (5.12), Aug . satisfies
Lo At s — — 0pOyns _ (82 + 83) [(u7g . Vuz;,g)?s + Uy - Vug + + up - Vg
Vet A A
4 &ﬁw [(U;ﬁ . V’U/L;ﬁ);ﬁ + U() . VUL# + U - V(Ul + Uz)] _ 8jU28x8ju27¢
A A
Gyﬁz [(U# . VUg’;ﬁ)?ﬁ —+ U() . VUg};é + 'LL;A . VUg’O] 8y(8ZU28zu3,7g) — 8Z<(9ZU2895'LL2’75)
+ + .
A A
Therefore, one obtains that
( EVW2,;£ i aZUQ,;é _ 3x[(u¢~VU3,¢)¢+fﬁ~VU3,¢+U¢'VU3,0] + denzy 62U2(qu17¢
_62 [(u;,,g-Vu1’¢)¢+Uo-Vu1,¢+’LL¢-V(U1+U2)f
A )
LyDNuy 4 =  Du0yny  (9340)[(up-Vug, )z +Uo-Vug,ztuy - Vuzo] (5.13)

A
+8118:[@7&~Vu1’¢)¢+U0-Vu17¢+u¢-V(U1+U2)] o 0;U20,0jus,

A
0y 0= [(uy-Vug 2)x+Uo-Vug z4uz-Vuzo| | 0,(8.Us0pus 2)—0.(0.Usdpuy )
+ A + A :
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Taking 0, for (5.13), and applying Proposition A.2, we derive

1
10am21%, L e B‘tazuzaw(uz,¢,u3,¢>||%2Lz)
A3 A
1
+CA™! (He“A 0, [(ug - Vurz) e + U - Vg z + uy - V(UL + Us)] || 7212

1052, 2[I%, + [[Auz 2%, < C(H(uin)#H?{z +

+ (e (0, 02) [(ug - Vg 2) s + Uy - Vg + g - Vg ] |72
+ e (02, 82) [(ug - Vg )2 + Ug - Vg 2 + u - Vug) ||%2Lz>

_1 -3
+ CAT (et 10, Uz0%u 42 + [l 10,020,002,

=1 C (|[(uin) £l + Top + Too + -+ Tog) .
(5.14)

Estimates of 7,5, T5 ¢ and 75 7. By Lemma 3.5, Lemma 4.5 and Young’s inequality, we have

E2 + E?

2
Too+To6+To7 < C% + C(E3(t) + Ej(t)).

1

Estimate of T 3. Using (3.2),, (3.13)45, (3.24),, Lemma 3.6, Lemma 4.1, Lemma 4.4, Lemma
6.4 and Lemma 4.5, there holds

E§+E2+Hf+1+

Ths <C
23 = =

Ce(E3(t) + E3(1)).

Estimate of 75 4. Using (3.2),, (3.13), 5, Lemma 3.6, Lemma 4.4 and Lemma 6.4, we get
E3+H!+1

T, <C
24 S N

+ CEFE;(t).

2
gOé

N

Estimate of Ty 5. Using (3.2);5, (3.13), 5, Lemma 3.6, Lemma 4.4 and Lemma 6.4, we arrive
E3+H!+1

Ths <C
25 S N

+ CEE;(t).

2
gOé

N

Therefore, we infer from (5.14) that
E3+E{+H{+1
As—3e

|Ousn %, + 18221, < € () s + + (B0 + BR0). (515)

For j € {2,3}, taking 0; to (5.13),, one gets

0,0, 0:(0,U50, 0;,U
,Cvajw%?g + 8j82uz¢ =7 An;é — ]< jl UL#) — (@-y + JA 2) az(x)Q,;é

n (’L&c [(u?g . V’LL3775)75 -+ Uo : VUgﬁé + UL - VU370]
A
_ ajaz [(u75 . VUL#)# + UO . Vulﬁé + U - V(Ul + Ug)]
1 .
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Applying Proposition A.1 to it, due to

0;U,
<
A HLooLoo <¢

we obtain that

18502 211%, [ (in) 212 10,m2]1%
19220 <o (E2TH2 ) Ay L%, + | Oawn ek, + e
A3 As

_1
+ CA™ [ 310, Un0,us 4132 2,

+T31+T32)

3

where

_1
T371 = A_g ||eaA 3t8$ [(U7g . VU37¢)7& + U() . VU3’¢ + U¢ . V’LL370] ||2L2L2,

Typ = A5 29, [(uy - Vs ) s + Up - Vg o + iz - V(U + U)] |20
It is obvious that
E3+H!+1
Az—3o
Using (3.2), (3.13);, (3.14), Lemma 3.6, Lemma 4.4 and Lemma 6.4, we get
E} + E} +2Hil +1 L oeE),

T30 <Ths <C + CeE5(t)

Ts0 <C

373
By using (5.15), it learns from (5.16) that
0y 0:)ws 13 Ei+ Bl + HY 41
1202 < 0 (sl + ZEELIEL apy) + 2520

2 1_2
3

Az~ 3¢

When e is small satisfying Ce? < 1 and
6
A> (Ey+ E{+ Hf +1)%% = Ay,
we infer from (5.15) and (5.17) that
E35(t) < O ([I(uin) 17 + E(t) +1) .

6. ESTIMATES FOR L?-NORM OF THE DENSITY

First, we derive a lower bound for n that decreases exponentially.

Lemma 6.1. For allt € [0,T], there holds

1
N (t)

n) |l

Loo(T2)

where § > 0 is a constant.

35

(5.16)

(5.17)

(6.1)
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Proof. Substituting the minimum point (Zmin (%), Ymin(t), 2min(t)) into (1.5); and using (1.5)2, we
obtain

(atn) ($mina Ymin; Zmin)

1
:Z(An) (:Bminv Ymin, Zmin) - y(axn) (zmina Ymin; Zmin) - Z(u : VTL) (l‘mina Ymin; Zmin)
1 1
- Z(vn : vc) (xmina Ymin» Zmin) - Z(nﬁc> (xminu Ymin» Zmin)
1 1
Z - Z(nAC) (xmina Ymin, Zmin) 2 _Zﬁn(xmina Ymin, Zmin)7
which follows that p .
—n_. > Fn. ) )
dtnmm(t) > Annmm(t) (6.2)

Due to ny, > 0 in (z,y,2) € T3, there must be a § > 0, such that ny, > & > 0. Therefore, we get
by (6.2) that

t 1— -
nmin(t) Z ninefo _ant Z 56_Zt.

The proof is complete. ]
Motivated by [1], we next consider the following 2D free energy of ng on T2 :
1
L[neg] = / {no log ng — §(n0 —)co | dydz.
T2

Lemma 6.2. Under the conditions of Theorem 1.1 and the assumptions (1.6) and (2.5), there
exists a positive constant As independent of t and A, such that if A > Ay, there holds

Ling(t)] < L[(nin)o] + C, for te[0,T]. (6.3)

Proof. Using (1.5), direct calculation shows that

d 1 1
%E[ng] =7 /T? no|V logng — Veo2dydz — 1 N noto - Veodydz
1
+ 1/, [(neVer)o + (neus)o] - (Vlogng — Vey) dydz (6.4)
T
1
= — — no|V logng — Veo2dydz + Jy + Js.
A Jre
For j € {2,3}, by (4.19), we decompose u;o(t,y, 2) = U;o(t) + ujo(t,y, ), therefore
1
Jl = — Z , Tlon’OajCOdde
. r . (6.5)
= - — noﬂjpajCOdde — —/ ’I’LoajpajCOdde =:Ji + Jia.
A T2 A T2
For Ji1, using (1.5); and integration by parts, we have

1 1
Ji1 = —T;0(t) / (82 + 02) codjcodydz — <0 (t)n(t) [ Djcodydz = 0.
A T2 A T2
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For Jya, due to ||no||zs < Hnoﬂél HnOH%m, by Lemma A.8 and Hélder’s inequality, there holds
Jio < gl Vel N lzs < S mollm o — s ol
<Slmoll ol ol el Tolls < Smt Il ol
Combining Ji; and Ji5 via (6.5), we obtain that
7 < Sl ol

For J,, using Lemma A.9, (6.1), Hélder’s and Young’s inequalities, one obtains

1 2 1
Jo <— ](n;,ch;g)o—l— (n2tz)ol dydz + — [ no|Vlogng — Veo|* dydz
2A Nno 2A T2
1
< A\ B (19l + fusl2e) + 515 [ ol Viog o = Veof* dyd

1 =
< Aéeﬁun#niw (gl + llugl3s) + 5 / o |V log g — Vol dy.

Combining J; and Jy, we get by (6.4) that

d ]_ 2 O 1 g ~
Eﬁ[n o] < — 24 "0 |V logng — Veol|” dydz + 5 72| 2oo 12501 2

+

1 a
. Aéeﬂuwn%w (s + lll32)
which follows that
L[no] — L[(nin)o]

C
< — —/ / no |V logng — Veo|* dydzds + m3|]n|]LooLoo/ @ 0llz2ds (6.6)
T2 .

t
b e oo/ 5% (2 + lfuzlZ) ds.
Using Lemma 4.3, we have

Jo 0l r2ds _ Ce [y e 71ds
A - A

Moreover, by Lemma A.1, Lemma 3.1 and assumptions (2.5), one deduces

< (Ce. (6.7)

_1 _1
M M uy||7 < C T ((|0pwatll 72 + [ Aug £172) < CE3,
_1
and €24 *f||n,||2, < CH@%”#H%@ < CE?Z. They imply that

_1 1
luglfe < CEZe® 7 lngll7. < CEje 4 ™.
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3

Therefore, when A is sufficiently large satisfying A > (%) 2 we get

b S -1 * -1 C’E’214l
/ eA5(||n¢||%g+||u¢||%2)ds§C’E22/ o4 by cEg/ emod dsgy = CE2AY
0 0 0 a
Combining it with (2.5) and (6.7), (6.6) yields
I v 5 CE2E?
Lng] — L[(nin)o] < — —/ / no|Vlogng — Veo|*dydzds + Cem3 B3 + —2—2.
214 0 T2 A§a5
Hence, when
EIEZ\® (m\® [1)®
A 2 max A27 A3a A4a = ) E s\ = A5a
ad a da
as long as € is enough small satisfying
5
em%ng <C, (6.8)
we obtain that
Llno] — L{(nin)o] < C.
U
Next, as in [1] or [17], we use (6.3) and (A.6) to get a bound on ||nglog™ ngl[z1.
Lemma 6.3. Under the assumptions of Lemma 6.2 and m = |[(n)ol|lrr < 8w, there exists a
constant Cpiog (Nin) such that
/ nolog™ nodydz < Criog .(Min)- (6.9)
T2

Proof. Let Y = (y,z) € T? be fixed. Define the cut-off function ¢(7) € C* such that
supp(yp) = B(Y,1/4),
p(r) =1, Ve B(Y,1/8), (6.10)
supp (Vio(7)) € B(Y, 1/4)\B(Y,1/8).

By periodically extending ng(7) and co(7) to R?, we can rewrite the equation —/A\cy = ng — 7 that
holds on T? as the following equation that holds on R? :

AL (p(T)eo(T)) = = 2V,0(T) - Veco(T) — co(T) Drp(T) — p(T) Areo(T)

= — 2V, (1) - Voco(T) — co(T) Dro(T) + (no(7) — 1) (7). (6.11)
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Since ¢(Y) =1 as Y € B(Y,1/8) and supp(y¢) = B(Y,1/4), using (6.11) and the fundamental
solution of the Laplacian on R?, we get

co(Y) = co(Y ) (V)
— 2i / og([Y = 7) [(no(7) = Mp(7) = 2V-p(7) - Vco(7) = eo(7) Arip(7)] dr

= - QL log(|Y — 7[)(no(1) — m)ep(7)dr — - / Vi - log(|Y = 7[) Vo (7)] co(T)dT
T Jly—r|<1 T Iv-risd
ol |<l10g(|Y—TI)ATsD( Jeo(T)dr

(6.12)
Due to the support of ¢, we can identify the above with an analogous integral on T? with |Y — 7|
replaced by d(Y, 7). Multiplying (6.12) by —1(n¢(Y) — 1) and integrating with respect to Y over
T2, we have

1
/ o(Y) =7) co(Y)dY
//T? T2,d(Y,r) <1 log d(Y,T) (no(Y) =) (no(7) — ) (7)drdY

4

(6.13)
o / /W 121 <d(y< (no(Y) —7m) V.- (logd(Y, 7)V,(T)) co(T)dTdY

1
- — // (no(Y) —m) log d(Y, 7)Arp(T)co(T)dTdY.
n T2xT2,1<d(Y,r)<1
By using (6.10)s, one deduces that

//Y log d(Y,7) (no(Y) —m) (no(7) — M) p(7)drdY

<1
=1

// log d(Y, 7)no(Y)no(7)drdY — —// log d(Y, 7)no(Y )no(7)drdY
T2 x T2 d(v,r)>1

>3
d(Y,r) %

//;<d(Y <1 logd(Y, ) (no(Y') = 7) (no(7) — 1) (7)drdY.

4

log d(Y, )ng(Y)drdY —|— — // logd(Y,)drdY
d(Y,m)<

<1

—8
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Combining it with (6.13), we have

~5 [ o) = meay)ay
//” log d(Y, 7)no(Y )ne(r)drdY — —//YT l1ogd Y, 7)no(Y)no(7)drdY

8

- —n// log d(Y, 7)no(Y)drdY + — // log d(Y, T)drdY
d(Y,r)<i d(y,r)<i

—8

T / /zlséd(Y,T)S log d(Y, ) (no(Y) =) (no(r) — ) p(r)drdY
1 J—
+ — / [<d vy (no(Y) —=m) V- (logd(Y, 7)V,p(7)) co(T)dTdY

2m ) Ji<avnsd
1

- — // (no(Y) —m)logd(Y,7)Aco(T)co(T)drdY =: 1y + T1o+ -+ L1 7.
A J Ji<avn<t

First of all, direct calculations show that
ILQ + ]173 + ]1,4 + 11’5 > —Cm?.
Moreover, in the region % <Y —7< i, note that

V- flog(IY = 7)Vro(7)]| < 8|Vrp(7)] + log 8] Arp(7)] < C,
[log([Y — 7[)Arp(7)| < log 8] Arp(7)] < C,

we have
Lol + 1] < 0/ nO(Y)dY/ CO(T)dT—{—C'ﬁ/ co(r)dr < Cmlleo| iy,
T2 T2 T2
Denoting K(7) = —5=log|7| to be the fundamental solution of the Laplacian on T?, as —Acy =

no — n, by Young’s inequality, we obtain
lcollzr(re) = [[K * (no — 0|1 (r2) < || K|[pi(r2) |0 — Bllpr(rey < Cm
This follows that
L+ 17> —Cm?2.
Combining the estimates of I; o — I; 7, we conclude that

1

1
1l / (o — McodY > / / log d(Y, 7)no (Y no(r)drdY — Cm?.
2 T2 47T T2 x T2



SUPPRESSION OF BLOW-UP FOR PKS-NS SYSTEM 41

From which along with (6.3), we arrive at

Cl(nin)o] > /

’]I‘Q

1
nglogngdY — / 5(710 —n)cdY — C

’]TQ

1
> / nolognedY + — / log d(Y, 7)no(Y)no(7)drdY — Cm?* — C
T2 4T Jr2sr2

7

= (1 — ﬂ) / nglog nodY
8 T2

2
+ = < / no log nedY + — / / log d(Y, T)no(Y)no(T)deY) —Cm?—C.
81 T2 m T2 % T2

Applying (A.6) to it, one obtains

L[(nin)o] > <1 - 827?) /11‘2 nglognodY — C(m) — Cm?,

which implies that

. 2
/ No log TLodY S E[(nln)O] + C(m) + Cm
T2

_m
1 81

< ClLiogL(nin) < 00
under the condition of m < 8m. Due to

log™ ng = —min{0,logngy} = { (;logno, 0< Zg ; i
there holds

0 0<nyg<l1
+ _ ) 0 y
/TQ nolog™ nodY” = { J2 o log nodY, ng > 1.

/ No 10g+ nodY < C’LlOgL(nin) < Q.
T2

This shows that

The proof is complete. l

The following lemma gives a uniform in time L? bound of ng.

Lemma 6.4. Under the assumptions of Lemma 6.2, there holds
[ollze < C ([[(nin)ollz +m + 1) =: Hy. (6.14)

Proof. Let @ > max{1,7} be a constant, to be chosen later. Noting that (ng —Q); = max{0,ny—
@}, and using (6.9), we have

/ (ng — Q)ydydz = / (ng — Q)dydz < / nodydz
TQ ’I’L0>Q ’n0>Q (615)

CrLio
/ no logt nodydz < —LlgL
no>Q log Q

1
:/ ) log™ nodydz <
no>Q 108" Mo

Recall that ng satisfies

log @

1 1 1 1 1
Oy ZZATLO — ZV - (noVeg) — ZV “(neVeg)o — Z(UO -Vng) — Z(u¢ - Vng)o. (6.16)
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As (ng— Q)+ (np—Q)_ = 0, multiplying (6.16) by (no — Q) and integrating with respect to (y, z)
over T2, we get

22y = — ng — Q)+ Angdydz — ng — Q)+ V - (ngVey)dydz
0~ Q)+ agen) = = ( [ (0= Q)5 2mg [ (0= Q)7 (0¥

— /1r2(n0 — Q)+V - (nxVey)odydz — /T2(no — Q)+ (up - Vng)dydz (6.17)

_ / (no - Q)+('L[,¢ . Vn7,g)0dydz) =N Jl 44 J5.
T2

For J;, integration by parts shows that

:——/ IV((no — Q)4)|*dydz.

For Js, using (1.5) and integration by parts, we have

Iz :i 2 ((no — Q)+)2 (no — m)dydz + % /TQ(HO — Q)4 (no —m)dydz
_! 3Q—n 2 Q? - Qn
=51 L, (0= Q) dyd + = | (0 = @)1) dydz + == | (0 — @)y
<o [ (o= Q) dydz + 22 (o=@ ) dydz + Q'm
24 Jr 2A A

For J3 and J5, by integration by parts, one deduces

C(ll(nzVez)oll7z + ll(nzuz)olz2)
< . 2 L L2)
J3+J5 16A/ |V o )|dyd2+ A
For J,, using V - ug = 0, for j € {2,3}, we have
1 1
J4 = — Z (TZO — Q)+uj70(9jn0dydz = —Z (TLO — Q)_s_uj"oaj (’I’LO — Q)+dydz
T2 T2

1
= — ﬂ /‘]I‘2 ijgaj((no — Q)Jr)Qdde =0.

Collecting Jy — Js, we get by (6.17) that

s o TNV =@l N0 = @, 3QU(m0 — Q)2
Sl — @)1 < - T — el [0 =5 - o

QQm C
+ 1 + 7 (102 Ver)ollze + I (ugenzollzz) -
Using Lemma A.7 and (6.15), one obtams
1(no = @)+ 1Zs(r2) <Cll(no — Q)+l IV ((n0 — Q)-) I72r2)

OLlo L 2
<LV (0 - Q)2) [en,

Thus, we choose ) depending only on Cp g1, such that

7 1 1
—57llV (70 = @)4) llz2zz) + 57100 = Q)4 llzage) < =571V (0 = @)4) lz2ra)- (619

2dt
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Similarly, it follows from Lemma A.7 and (6.15) that

I(no — Q)+ 1|72(r2) 1

—[IV ((n0 = Q) ) lI72(2) <

Substituting (6.19) and (6.20) into (6.18), we get

d 1 30
@H(no — Q)¢ 72y < - FH(HO — Q)47 + — (o = Q)¢ ll72(r2)
2Q2m c
+ 25+ = (e Ve 2z + Iueneolages) ) -

We denote G(t) b

C t
G(t) = — (Y e)oll720r2) + [ (ugns)ollzageey ) ds,  for ¢ > 0.
A Jo

- < - 1(no — Q)+ 17212
C“(n() Q)+ ||L1(11‘2) Cm? LA

43

(6.20)

(6.21)

Then using Lemma A.1, Lemma A.9, Lemma 3.1 and assumption (2.5), direct calculations indicate

that

G(t) < (Hn#HLwLwHVC#HL?L? + ||n7é||LooLoo||“¢||L2L2)

QD>|Q

2 102
C’EE3<C

<—[Inll7e oo (10un2)%, + 100w22ll%, + 1 Aus £[%,) <
A3

provided with A > As. Moreover, using Young’s inequality, we rewrite (6.21) as

(00— @)+ 22 — 1) — (9C2m*Q2 + 40m*Q?)}

d
p (l(no — Q)+ 1l72 — G(t)) < — S ACT?

X [H(no — Q)4 |32 + (902m4Q2 + 4Cm3Q2)%] ,

which implies that
1m0 — Q)41 — G () < [|(minoll3 + 2 (9C*m'Q? + 4CHP Q)=
Combining it with (6.22), one deduces
[(no — Q)+ llz2 < C ([[(nin)oll2 + m +1).
By decomposing ng = (ng — Q)+ + min{ng, @} and using (6.23), we get
Irollz2 <l (0 — Q) lz2 + [l min{ng, QY112
<[l(no — Q)+ llz2 + Q2m= < C ([[(min)ollze +m + 1),

which gives the result.

The proof is complete.

(6.22)

(6.23)
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7. ESTIMATES FOR L*-NORM OF THE DENSITY Fj3(t): PROOF OF PROPOSITION 2.2

Proof of Proposition 2.2. For p =27 with j > 1, multiplying (1.5); by 2pn®*~! and integrating by
parts the resulting equation over T?, one deduces

d 2(2p—1 2(2p—1

EHn”H%z + <Z—p)||Vnp||%2 = % /11‘3 nPVe - VnPdrdydz

2(2p—1 2p—1 2p—1
<22 v vl < 22 wer 4+ R v,

Using Holder’s inequality and Gagliardo-Nirenberg inequality, we get

1 3
In?VelZ2 < InPILallVellZs < Clin?lI7: VP12 VellZs + ClIn”|IZ: Vel 2,

which follows that

d 202p—1
e+ 222 Dy,
2p C(2p—1)p 1 3 C(2p—1)p
< HV Wl5e + == I 15 IVRP ] Vel + —=——=IIn" 5[ Vel 1
5(2p 1) C(2p—1)p’ C(2p—1)p
S—HV (|72 + ————— |7l Vell7a + ————In"|| 7| Vel 7.
4A A A
Consequently, there holds
d 1 Cp®
D+ Livnrz < e, (14 Vel (7.0

Using Gagliardo-Nirenberg inequality
2 3
Il < € (I 15 IVn2 15 + Il )

we infer from (7.1) that

10
][ Cp
Elln”lliz < - L [P ([72 (1 + ([ Vel Fopa) -
2AC’||nP||z1

Applying Lemma A.8, Lemma A.9, Lemma 6.4 and the assumption (1.6), there holds
Vel peors <[ Ver|roors + ([ Veol|poora
<C (92n4ll ez + lInollLer2) < C (Ey + Hy).

Therefore
10
[[nP]| 2 Cp
Elln”lliz < - L+ InP||72(1 + E5 + HY),
2CAHnPH21

which indicates that

sup 7|2 < max {8c3<1 B+ ) eup ann%launfnuiz} . (7.2)
>0 >0
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Next, the Moser-Alikakos iteration is used to determine Ej3. Recall p = 2/ with j > 1, and we
rewrite (7.2) into

271 12 97 2 9i+1
sup [ |n(t)|* " dxdydz < max {C’lp <Sup In(t)] dxdydz) 2 [ || dxdydz}, (7.3)
T3

t>0 JT3 t>0 JT3
where €} = 8C3(1 + ES 4+ H®)2. From Lemma 6.4, we note that
10| oo re < Hi.
Hence
Sup [n(®)llz2 < Tll[nollLoerz + InsllLers < [T|Hy + Ea.
By interpolation inequality, for 0 < # < 1, we have
Ininll 2 < inl|Z2 7l 1= < lninllze + lrnllzee < [THHL + By + [l 2

for j > 1. This vields that
2 |nin|2f+ldxdydz <2(|T|H, + Ey + Hnin||L0°)2j+1 < K2j+1,
"]1‘3

where K = 2(|T|Hy + E3 + ||nin]| 2)-

Now, we rewrite (7.3) as

>0 Js >0 Js

2
sup |n(t)|2ﬂ+1dmdydz < max {014096j (sup |n(t)|2jdxdydz) ,KQJH} .

For j =k, we get

sup [ |n(®)|*" dedydz < C*4096% K2
>0 Js

where a, = 1 + 2a,_1 and b, = k + 2b;_;.
Generally, one can obtain the following formulas
ap =2 —1, and b, =281 — Lk —2.
Therefore, one deduces

1
1 PYESE ok _q o
0 ( o df”dyd2> T <0 006" K.
T3

t>0

Letting k — o0, there holds

sup [[n(t) | < C(1+ By + HY)3(ITIHy + Bs + [|nin]| =) =: Bs. (7.4)
24
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8. ENERGY ESTIMATES FOR F4(t): PROOF OF PROPOSITION 2.3

To estimate ||02us .||x, and ||02u3 «]x,, it is important to introduce the new quantity W

defined by
W =g+ + Kus -,

where

U, a9,V
a1 and kK = o,V
The similar quality was first proposed by Wei-Zhang in [36] and further applied in [6] and [10].

For j € {2,3}, there holds (u - Vu;)x = ug - Vujx +uy - Vujo+ (uz - Vuj )2 Then we infer
from (1.3) that

V=y+ (8.1)

N N.

Loty o + U10gug 2 + 92,1+92.2+G2 3 Oy(P, ' +P,?) 0

VU2, A A A o (8.2)
U1 0,u3, 93,1+93,2+G33 9:-(P,1+P,?) o

Lyug s+ ——% + o + —2—7%— =0,

where Ly can be found in (5.10) and
91 = U0yt z + 300U, gja = uz - Vo, Gz = (uz-Vujz)e. (8.3)
Due to div u = 0, we have
div (u- Vu)z = 0p(u - Vuy)x + 0y(u- Vug)x + 0,(u - Vus) .
= div (uyz - Vug)z + 2(0yu1,005ug £ + 0.u1,00,u3 2) + 20,922 + 20,95 2,

which along with 9,V =1+ 8?’% implies that
Ny No .
Pt + P, —on- (o + div (u-Vu)x  Oyny
A v 24 24
_ 0, Uy 0,U, div (uyz - Vug)s
=—207" (142 . ~—0,
((+ A)aUQ’;A—i‘ Aa’u;:,’?g‘f’ 24
+ ayUlaqu;é + 8zUlaxu3,7é + ayg2,2 + 8293,2 B 8$7’L7£
A A 2A
— _ont{ovaw - Oyga2 + 0,932 n Pi+Po+ P
veoE A A ’
where
div (ux - Vu Ogn
P171 = ( 7&2 7&)#, P172 = GyUlﬁqu# + 8ZU18xu377g P173 = — 7 . (84)
Using the above decomposition, we rewrite (8.2) into
EVUZ,;& . 28yA‘1(8yV8IW) + Ulazuz,;é + g2,1+92f,‘2+02,3 _ 23;;&71(331512,24-&93,2)
+28yA71(P1,1+P1,2+P1,3)
A ' (8.5)

_ U109, us 31+93,2+G3 20.A71(0 +0. g
£VU3,7A —20./\ 1(8yV8xW) + U 25,# 4 $3atgatCGas (Oyg2,2+0293,2)

A ] A
20.:A"1(P11+P12+P13)
+ Y .
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Therefore W = ug + + Kus »+ satisfies

—~ U, 0,w  GW 4+ G? Ak 2Vk - Vug 4
— = _2rr VA 8.6
LyW+ ———+ y Ok — — | us 1 , (8.6)
where s
LyW = Ly W —2(0, + x0.)ATH9,VI,W)
and

G = Goy + kG — 2(9, + k) APy + Pra+ Pr),

G® = go1 + g2 + K(gs1 + g3.2) — 2(0y + KD) AT (Dyg0.2 + 0:932)-
In addition, AW satisfies
2VE - Vusg

AW =A (-
oo - o (-0

) + good terms.

2Vk-Vug +«
A

To remove the singular term A (— , motivated by the quasi-linear method in [36], we

introduce the following decomposition
Vk - V'ngﬁ,g = p1VV . VU37¢ —+ pg(az — Hay)u:),’;g, (87)

where
Oyk + KOk 0.k — KOyK
p1 = av—Qy P2=———"""5 -
L,V (14 K2) L+k
As (0, — k0,) has a good commutative relation with Ly, it is a good derivative. Thus the second
term in (8.7) is good. To handle the first term in (8.7) and obtain a sharp threshold of velocity,
we need to make a further decomposition for W as follows

(8.8)

1
— W L Zw®
W =W + ,

where W® and W® solve
Ly AWM = good terms,
LyW®P = —p1VV - Vug 4,
W) = w(0), W®(0) = 0.

Furthermore, an additional quantity W®) is also needed satisfying
LyW® = —VV . Vuz,, WH(0)=0.

We denote
AU377§ = (AUg)# — 2893W(3)) + 2833W(3),

which satisfies

Lo (Bug.s — 20,109 =20, (0,V0,I1) - A(Uljxu&#) - Sl T =
8.9
N 20. (0yga2 + 0.93.2) n 20 (P + Pip + Pry) — AV Oyus + i

A A

and
LyW® = VYV . Vug 2. (8.10)
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In this way, by space-time estimates, we will prove that
Ej(t) < E3,(t) + E35(t) < C (|luwll +1)
where EZ | (t) and E3,(t) are the auxiliary norms defined by
_2
E5q(t) = A75 | Aug 2| x,,

3

Esa(t) = ) (107us2]lx, + 110(0: — 60y )ujllx,) + 10,V W],

=2
Lemma 8.1. Under the result of Lemma 4.5, it holds that
k[l < CATH AU, |2 < Ce,  |hllws < CA™H|AUg||p2 < Ce,
HatHHHl S CAilHatU2||H2 S CA71€, HatleLz S CA71||8tU2||H2 S CA71€,
o1l + [|p2ll 2 < CATH| AUy g2 < Ce,
where the definitions of k, p1 and ps are given by (8.1) and (8.8).

The following lemma gives the estimates of W and W®) associated with good derivatives.
Lemma 8.2. Under the conditions of Theorem 1.1 and the assumptions (2.5), it holds that

() 1O2WE3, +110:(0. — 50, WO, < CALEZ,(),
(i) WO, < CeATEZ (1), [0.YWO|R, < CAEZ (1),
(i) [2.(WC — W), < CANCE,(1).

Proof. Estimate (i). Applying Proposition A.3 to (8.10), we obtain
1 1
WO, + 10:(0: — kO,)W DI, < CA3 (||t MOHVV - Vuz 2) |72,

e 50,(8, — K0,)(VV - Vg 1) [2ay2) = CAY (I + L) 1

Recalling that V =y + W, by Lemma 4.5 and Lemma 8.1, we have
[VV e <14+ A7 VUs|le < C (1+ A7 AUy 2) < C, (8.12)
1(0: = £0,)VV |z < CAT (1 + ||l 2) [| AU =2 < C. (8.13)

Then for I, using (8.12), we have

I < OV g€ V023 41y < CAO2us 4, < CAEZ (1),
For I, using (8.12) and (8.13), we deduce that
10:(0: = £0,) (VV - Vg ) [l12 < C ([IV0:(0: — K0y )us 2]l 2 + IV Ozus 2| 12) ,
which implies
Iy SCA (0,0 — 5, )us 43, + 10%us 21%) < CAE2 ().
Combining the estimates of I; and I, (8.11) gives the result of (i).
Estimate (ii). Notice that

LyOPWP = 2L, W = —pVV - VOPuy
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and 92W®(0) = 0. Then applying Proposition A.1, there holds
[G2W 3, < CAN o TV - Voug 4l e
Using Lemma 8.1 and (8.12), we obtain
I VV - VO us £ 12 < Cllpalla2l|VV || 1 VO us 2| 12 < Cel| VOzus 2] 12
This indicates that
2R, <CEAT [ VDR 4y < CE A ORus 4k, < CEATER(D).  (814)
For j € {1,2,3}, we get
Ly 0,0,W® =0,0,L, W@ — 9, VIPWP = —0; (0 VV - V,uz z) — 0;VOW P
satisfying 0,0, (0) = 0. Applying Proposition A.1 to it, one deduces
10,0,W 2%, < CAHIM M OVEW D |2aps + CA 0TV - Vlyuy ylay (815)
Due to (8.12) and Lemma 8.1, there holds
10,V EW |2 < [0,V || [02W P 12 < ClOTW || 12,
lp1VV - Vs £l 2 < Cllpill 2 VV | [ VOsus £l 12 < Cel| VO us 2| 12,
which implies that
170,V EW Oy < Ol M EW Ry < CATRWOR,
[ S VY - Vs 232y < Ol 10025 43y < Ce*Al|0gus %, -
Substituting the above estimations into (8.15) and using (8.14), we arrive at
10.9W O, < CAY W, + CEA2|02us 43, < CEAER, (1),
Estimate (iii). Due to
Lv(prf) — Ly f =01 — A Apy) f —2A7'Vp -V f
=01 + AT A1) f =247V - (f V)
and Ly, W® = p, L, W) there holds
Ly, (W® — p W) =0,Ly (WP — p W) =0, (mLy W — Ly (W)
=~ 9, [(Opr + A 2p)WD — 247V - (WOVp))]
=—AQ+2A7'V - (9,WPOVp,),
where AQ = (9;p1 + A~ Npy) 0, WS,
Applying Proposition A.1, we get
0.7 — WO, < C (A VQIRp + A M WOV Ry) . (816)
It follows from Lemma 8.1 that ||Vl < ||p1|lpz < Ce and
18ip1 + AT Apa|lz2 < [[Ouprllzz + A7 o1 |2 < CA7 e
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Combining them with Lemma A.5, one obtains
IVQ|l 2 =[[VATAQ 2 = VAT [(Opr + A7 Lp1) 0. W 12
<C||0up1 + A Apy || 2 (HaxW(S)Hm + |05 (0, — kO,) W(S)HL2> (8.17)
<CA'e (|RW D 12 + [102(0: — k)W || 12)

and
10.W V1|12 <CIVpr|lr (|0:W P12 + (1020 — k9, )W || 12)

<Ce (12W P12 +110:(0: — kD)W 12) .
Substituting (8.17) and (8.18) into (8.16), and using the result of (i), we have

(8.18)

10.(W® — p WO, <CA™'é (IIe”"‘_ﬁaiVV(?’)llisz + [le* *10,(0, — ffé‘y)W(S)llisz>
<CA L A5 (12W %, + 1102(0. — kO)WP|5,) < CA§62E§,2(t).
O

Lemma 8.3. Under the assumptions of Theorem 1.1 and (2.5), it holds that
[T (U022 < C (ol + 1) (AF|AWO |, +EATE2,(0)
[V (ULt 2) 252 < C (Nunan)ollfs + HE) AEZ(0), (8.19)

44U (s 2) g2 < C (ol + HE) AFCDE2 (),

[ P l2aye < C (l(unam)oli + H?) ASEZ, (1),

where o € (%, %) and the definition of Hy is the same as in Lemma 6.4.
Proof. Estimate (8.19);. Recalling that W = W 4+ LW ® we have
_1 1 1 _1
[0 g < [0 T2 Ry + e V(U)o
Using Lemma 4.4, Lemma 6.4, Lemma A.2, Lemma A.3 and
_1 _1
"4 240,V fllrere = |t P VAT (A )lz2zz < 1A x,
one obtains
_1
"V (U0, WD) 22 e
_1 _1
SHUluigszguebA 3tvaxw(l)Hi§,z,zL§o + HVU1H%§°L§JHGM StaxW(I)H%gng?z
_1 _1
<CIU e i ([ 210, VW D | 22 [P * 10, AW D[ 22 (8.20)
-1 éfa -1 lel
+ HebA B‘tawi(l)||22L2HebA gtaxAW(l)”[ﬁLQ?)
<C (llGuran)ollip + H7) AXAW O,
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where o € (%, %) Similarly, by Lemma 4.4, Lemma 6.4, Lemma A.2, Lemma A.3 and (ii) of Lemma
8.2, there holds

_1
le* 1V (U0, W @) 222
_1 _1
<ONU F oo (€4 10, VWP p2p2]je?d 210, AW D) 122 (8.21)
_1 _1 ’
+ HebA 3t3sz(2)||?£;§;v”ebz4 3ta$Aw(2)||%024221)

<C(l|(um)olli + HD) A0 VW P, < Cll(urinollzn + HY)e*ASEZ,(1).
Collecting (8.20) and (8.21), we get the first result.
Estimate (8.19),. By Lemma 4.4, Lemma 6.4, Lemma A.2 and Lemma A.4, we arrive
_1
" 2 (U105us.2) 722
_1 _1
VU B Dyt 225 o + 101 2 00 a2
_1 _1

SO par (€9 (Dr, 0. = 60, )Optts oz + 1o (D, 0z — 10, VDot 212 )

<O (1644 9(s. 0 — 50,0005 4 s + s 20,0, 4312

<C (I(urin)ollz + HY) AEZo(t),

where we use Lemma 8.1 and (0, — k0,)VO,us» = V(0, — k0y)0pus + + VKO,0yus3 +.

Estimate (8.19)3. Due to Lemma 4.4, Lemma 6.4, Lemma A.2 and Lemma A.3, for j € {2,3}

and « € (3, 2), there holds

1 _1
e YU U172 SHUlH%tOOLgoLg“ebA Staiuﬁﬂﬁm%;y
1 _1
<CIU [l O 2| 7275 e 1V O 135,

<C (II(urin)ollz + HE) A3CHVEZ (1),

Estimate (8.19)4. According to Py = 0,U0,us + + 0,U10,u3 2 in (8.4), using Lemma 4.4,
Lemma 6.4 and Lemma A 4, for j € {2,3}, we get

1 1 1
" PrallFage <l 20U 005 217212 < 105U Tgepz_lle™ " 0oty 272 ro

_1 _1
<ONU g |68 240, 0. — £0,)Dpuj pl|r2r2 | * 1V (D, D — KDy) D || p2 12
<C ([ (wrn)ol| % + H?) ASE2,(1).
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Lemma 8.4. Under the assumptions of Theorem 1.1 and (2.5), it holds that
1 5
||ebA Sth3,1H%2L2 < CAs¢e? (Egl(t) + Egz(t)) )
1 1
€40 (g2 + rgs, ) lzae + lle® Ougillfar: (8:22)
1 1
+ ||ebA gthg,gH%sz + ||ebA gthggH%ng S C’EQAE;Q(t).
Proof. Estimate (8.22);. By Lemma 4.1, Lemma A.2 and 0,u30 = —0,usp, we get
IV (w20, uz.0) 72 < CAE, (8.23)
which along with (3.19) and

2 _2
|L2 < A3||8§u37¢||%2 + A 3||AU3775||%2

Vs £]|7> < [Jus || 2| Aus
shows that

_1 -3
1" ¥V gs 1722 = |l PV (un,00yus » + us00:us.2) 1722

_1 _1
SHV(UZ,OaUz,O)H%nwHebA 3tVU3,#H%O°L2 + H(UQ,O,U&O)H%OOLooHebA 3tAU3,¢Hi2L2

<OAS|Vug 2||%, < CASE(||0%us 2] %, + A3 || Aug £|%,) < CASE (E2,(t) + E2, (1)) .

Estimate (822)2 AS 9271 + /19371 = (Ug’oay + U37082) W — U37¢(U2’an + ng&z)f{, by (319) and
(8.23), we get

_1 _1 _1
[ % (9o, + ko) [Fase < CAE ([ VIWIE, + [l fus 2V, )
Direct calculations show that
_1 _1
e VW, < e T, VW, < [18. VW%, < E3o(t).
On the other hand, using Lemma 8.1, one obtains
lus £ Villz2 < [lus zll 22Vl e < Cll07us 2]l 22,
IV (us, 2V ) |22 < Nlus 2 Vilm < Cllus 2l [[Val a2 < C|VOzus 2]l 12,
which indicates that
_1 _1 1 _1
e VR, <O (1o 02 s e V02 o )
<O Pus 2ll%, < CEZ,(t).
This gives
1
||ebA 3tV(92,1 + /@]371)”%2[/2 < CEQAEiQ(t). (824)

Recall that 0,051 = (u2,00y + u300,)0,us . By (3.19), we have

_1 _1
" " OgallZere < Iz, s 0)[ ool Vhttg 4] Fasa < CEAEL(1). (8.25)
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For goo = uy - Vugg and j € {2, 3}, it follows from Lemma A.5 and Lemma 4.1 that

IVg2.2llr2 =V (uj205u20) |2 < CllOjuzollm ([[uj 2l + [1(0: = Ky )uj 2| 1)
<C|[Vuzollm (IVOzuj 2l 2 + 1|V 02(0: — K0y )ujzl|2)

and
HebAi%tVQMH%?H <Cé <HebA7%tvaguj,#Hi2L2 + HebAi%tvax(az - ’iay)uj#H%?B)
<CEA (||07u) 2%, + 110:(0: — k0, )uj2ll%,) < CEAEH(t).
For g3 = uyx - Vus o, we rewrite it into
g32 = (u2,7£ay + U3,¢az) Uus,o = Wayuzxo + ug + (6‘ZU3,0 - fi@yuao) )

which implies that

_1 _1 _1
1" 2V g3 2llfape <l *V(Wdyuso)llZara + "'V (us 2 (0.us0 — £0yus,0)) |[722-

By Lemma A.2, Lemma A.3, Lemma 4.1 and 0,uz o = —0,usp, we get
_1
le* NV (Wyus0) 1722
_1 _1
<[le* VW Lo 2 10yusolliopoe + 16" WLz 12 IVOusollf; po
_1
<C (lusollzeme + luzollfeps) €™ VoW |7y < CEAEE,(1).

As Uy(0) = 0, using Lemma 4.5, there holds
t
AUz < [Us(8) 12 < / 10:Us(s) |l eds < Cet.
0

On the other hand, ||[AUy(t)| g2 < CAe. Therefore
|AUs||2 < CeAmin{A~'t, 1},
which implies that
&)l < CATY|AUs]|2 < Cemin{A~ ¢, 1}.
From this, along with Lemma 4.1 and Lemma 8.1, one obtains
16V us ol g <Cll&llm ([Vusollzz + | Ausol 12)
<l I8l s ([ Fusollzz + [ Ausollz2)

<Cemin{A't,1}2 (|Vusolz2 + || Ausol r2)

1
SCE <||VU370||L2 + || min (A_% + A_lt, 1) ’ AU3,0HL2) < 062.

53

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)
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Due to Lemma 4.1, Lemma A.5, (8.30) and 0,us30 = —0,us0, we arrive
16409 (g 4 (B.tuz0 — ks 0)) 122y
<O (10:t5 0l e s + 1590l ) (1624 s 42200 + 12473400, — 10 s o
<Ce (1M 0Py 22 + V(0 — 50, s 2310 ) < CEABR (1),
Combining (8.28) with (8.31), we get from (8.27) that
JeP 4 gy 2210 < CEAEZ(8).

Then (8.22), follows from (8.24), (8.25), (8.26) and (8.32).

Lemma 8.5. Under the assumptions of Theorem 1.1 and (2.5), it holds that
P4 VGO 2, <CATHE) + CATTIE) + CAS T2 BB}
+ C (I m)olliy + HF) ASEZ,(t) + CASES,
1
e IV GP 7o <CEAES (1),
where o € (1, 3).
Proof. Due to (8.3) and Lemma 3.2, there holds
_1 _1 1,2
" ¥V Gallfays < Ml PV (ug - Vuz )4l < CAZTES.
For Gs3 = (uyz - Vug£), in (8.3), using Lemma 3.2 and Lemma 8.1, we have
_1 _1 )
€4 kG gl2aga < Cllnlm e Huy - Vg 42 < CABEL.
On the other hand, by Lemma 8.1 and (8.29), one deduces

16V Gagllz <C||kl| 2|V (use - Vg 2)||z2 < Clliel| 2l ]| 25 |V (g - Vg )| 2
<CO(A™H) 3|V (ug - Vug )| 124

which along with Lemma 3.2 and (A~3t)2 < Cle(2a-n)A~51 implies that
-1 2 1.1 -1
e T Gy 2y <CAFI(A™ )M 40V (s - T ) 20
2 -1 a1 2
SCAiﬂleQaA 3tV(u¢ . VU3’¢)"%2L2 < CA§+§E22E52 + CA§E§
It follows from (8.33) and (8.34) that

_1 2 a1
|64 PN (kGa3) 32,2 < CASEy + CAS T2 EER.

(8.31)

(8.32)

(8.33)

(8.34)
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Using Lemma 3.2, we note that
T T SC(||ebA_%t@ac(U7é V) + €450, (1 - ity ) [
11750, (uy - Vg ) |[2y2) < CASHEL 4 CAMEOED
From this, along with (8.4), (8.19), and Lemma 8.1, one obtains
474V (8, + kD)8 (Pus + Pra + Pra)) e
<O (I P s + €4 P g + e Pyl (8.:35)
<SCAST B + CA OB 4+ C(||(urm)ol 2 + HY)ASE2,(t) + CASE2.
Based on the above estimates, we conclude that
1 VGO |2,,, <CAVRES + CAYOES { CASHY E2ES

) 1 (8.36)
+ C ([(urin)ollzn + HY) ASEZo(t) + CAS E.

For G® = Go1 + G222 + k(931 + g32) — 2(0, + ﬁ@z)A*1(8y9272 + 0.932), by Lemma 8.1 and
Lemma 8.4, there holds
1 1 1
1" IV GP) 1320 <C(J1" PV (ga1 + Kgsa)llTope + 1€ 7TV gaalliaps (8.37)
_1 )
+ [l TV gsalare) < CEAES (1),

Combining (8.36) with (8.37), we finish the proof.
U

Lemma 8.6. Under the assumptions of Theorem 1.1 and (2.5), there exists a positive constant
Ag independent of t and A, such that if A > Ag, then there holds

E4(t) + E5?1(t) S C(||(um)¢“H2 + 1) = E4 + E5.
Proof. Step 1. Estimate || Auz . — 20,W®)||x,. Applying Proposition A.1 to (8.9), we obtain
1Aus 2 — 20, W5,

1 1
<O(|I(Ausim)l|72 + As[|e™ P AV Oyus 4|72

AR Y000 g+ V(U Dt ) .
+ %Heb/‘étv(gm + 931+ g3z + Gag)llizge + %Hewét(ﬂ,l + Pio+ Pig)l7ar2),

where we use 9,W®)(0) = 0. Due to [|AV |~ < CA™Y| AUy 2 < C, there holds
[ 3 AV O3 4 s <IAV [l D 4221 59)

_1
<Ol HPuy 4| 2are < CAS||0Pus 4|%, < CASE2,(L).
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Moreover, for ||0,V]|zs < C(1+ A7|AUy| g2) < C, one deduces
10:(0,V W) 2 < |0,V || a3 [|0:W || o1 < CIVOW ]| 2,

_1 _1 (8.40)
164 210, (8, VO, W)|[322 < Clle*t PV, W |22, < CA%E;Q(t).
Recall that G35 = (uz - Vug £), in (8.3), by Lemma 3.2, and we get
e 1V Gyglf3ere < € (AFHEEZES + AYEY) (8.41)

2 1)

Collecting (8.39)-(8.41), and using (8.35), Lemma 8.3 and Lemma 8.4, we get from (8.38) that

where « € (

|Aus =20, WO, < C (11 (ui) ol + AT E2(2) + ASTSESES + ASE] + @A ER () +1)

(8.42)
21 21
provided with A > max{As, E;7°, E5~*, (|[(u1,in)ol|5: + H?)2} =: Aq,y.
Step II. Estimate ||AW®||x,. By (8.6), there holds
~ U,0,W  GY+G® Ak 2Vk - Vu
ﬁvW—f‘ lA + A :<tl€—7)U37¢—T&¢.
Using the following decomposition
Vk-Vug 2 =p1VV - Vuz 2 + p2(0, — kOy)us ~
and W = WU + 2W® we get
—~ U,0,W G+ G® A
£VW(1) + 1A + :Z - <8t/£ — 71{) U3 £
) . ) . (8.43)
=7 (MVV - Vug 2 + p2(0. — KOy)us 2) — Z£VW(2) = —292(@ — K0y Jug 2 — 771
where .
Ji =Ly WP £ 20, VV - Vug . (8.44)
Applying Proposition A.4 to (8.43), one deduces
AW DR, <CIAWD0)[[7: + A7 PV (p2(8: — KDy Jus 2) |72
+ A—1||ebA7§th11||%2L2 + A||ebA7§tV((8t/£ - A_lﬁli)’ltgﬁg)H%QLz (845)
_1 _1
+ AT IV (U0W) 1o + AT V(G + GP)[7212).
It follows from Lemma 8.1 that ||p2||z2 < Ce and
10k — AT Ak g < ||0wk|| i + CA™|k||gs < CA™ e (8.46)

Hence we have
I (p2(. — 10, s 2) 12 < Cllpallma [9(0: — w0, s all e < CellVL0: — 0, s gllo.  (8.47)
Besides, using (8.46) and Lemma A.5, there holds
IV (8 — AT AR)ug z) |12 < CAT e (|[V2usz £ 12 + [V, (0. — KOy )us 2]|12) - (8.48)
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For Ji; in (8.44), we rewrite it as follows:
Ju =LyW® —2(0, + kd,)ATH9,VOW D) + 20, VV - Vug 4
= —2(9, + kO)AT(B,VOWD) + pVV - Vug » (8.49)
=— (0, + kO.) A9,V J1a) — (0, + KO)ATHO,V p1Auz ) + pVV - Vg 4,

where Ji5 = 20,W® — pi Aug 2 = 20,(W® — p W) — py (Aus . — 20,W?) . Using Lemma 8.1
and (8.12), we arrive

Jiz < C([|0:(W = pu W12 + ]| Ausp — 20,W | 12)

and
10, + K0)ATH DY Tl < C (10,87 H0VTia) i + Il s 05710,V o) )
< Ol sl < C (10.(WE = py WD) |12 + €| Aug » — 20,W [ 12) .
Thanks to VV - Vus » = 0,V (0, + k0, )us », there holds
— (0 + KONV prAuz ) + p1VV - Vug 4
=— [(0y + kD) ATV, 0,Vpr] Dusg 4
=— [8yA_1, (3pr1} Aug x — K [8ZA_1, Gprl} Aug 2.
From this, along with (8.12), Lemma 8.1 and Lemma A.5, we get
| = (8, + kD) AT (0,Vp1Aus ) + p1VV - Vg 2| i
<N 8,010,V ] sl + Il [0, 0,V 1] Bt ol (8.51)
<Ce (IV0Pus ol + 1100 — 50,) Vg 112
Then we conclude from (8.49), (8.50) and (8.51) that
IV T2 <C ([[0:(WP = oy W) |12 + €| Aug 2 — 20, WP 12)
+ Ce (IVPus sl 2 + V0.0 — 10, s 4l 2).

(8.50)

(8.52)

Collecting (8.42), (8.47), (8.48), (8.52) and (iii) of Lemma 8.2, when A > Ag;, one obtains
AT T g + A7 T (a0 — 0, s ) [
+ AT (O — R 2) [0
<CA™ ([0, (WO = pu WD) 3, + [ Aug 2 — 20, W3,
+Ce* ([07us 2%, + 110:(0: — KOy )us 2%, )
<Ce (|I(uin) 2l + E51(8) + E5o(1) +1)
Combining above with Lemma 8.3 and Lemma 8.5, when
A > Cmax{e (|| (o} + HE), (7 Bp) 7, (BpBs) 72, Ag 1} = Ago,
we get from (8.45) that
JAWO R, <O ()2l + @E24(8) + @EZa(0) + 1) + CAS (ol + H) AW,
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This implies that
[AWOR, < O ()£ + B2, (1) + E2,(0) +1). (8.53)

Step IIL. Estimate [|0%u; .|| x, + [|0:(9. — k0,)u; 4| x,. As W = WO + LW for j € {2,3},
we rewrite (8.5) into

2 : , A :
Lyuje =20, 0,V W) + 50,0710,V 0,W) - Ula;“” Gt gt G

4 20; A0y g22 + 0.032) N 20, A (P14 Pia+ Pi3)
A A '
Applying Proposition A.3 to it, there holds

10ut5. 1%, + 19002 — 50, ) 21,
<O(l )2z + e 10,0,V 0,W V) |22 + A3 4 40,V 2W |2,
AU, 0205 2 + AT 0, (g5 + G
AT gy 4 gg0)|2age + AT (P + Pra + Prg)|[Bags),
where we use [|02/]|12 + 040 — £0,) fll2 < C(1L+ [l p=) 1.V L2 < ClOLY f]] 2

By Lemma 4.5, we arrive

(8.54)

1e*47%10;(8,V 8, W M) 222 <C ([VV 3o + IV2V[[Foe e ) e ¥ VO, W D2,

AUs||3 w2

H
<c (14 1922 Y pawors, < cpawip,

and
AT,V B < A0V el HOEW P e < CATHDEWR
Due to Lemma 8.1 and Lemma 8.4, one obtains
e Dugia e < C (1249 g0 + g ) g + 164 0ugsa 3210 ) < CEARZ (1),
Moreover, it follows from Lemma 3.2 that
470,320 < Cll™  Dulay - Vi) < CAFF B,
By combining the above estimates and using Lemma 8.3, Lemma 8.4 and (8.35), when
A> Cmax{eﬁ (|1 (wrn)ol 7 + Hf)ﬁ ,Aga} = As.
we get from (8.54) that
105w, 21%, + 1102(0: — KOy )u;£lI%,

(8.55)
<C (Il(uim) el + 1AW DU, + AW O, + E2,(0) +1)
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Step IV. Estimate EZ,(t) + EZ,(t) and E}(t). For W = W® + LW ® | there holds

1 1
10:V WLy, < 10:VIWPlx, + 0. YWV [y, < 0. YWy, + [|AWD]x,,

which along with (8.55) gives
_4 .
E35(t) <C (I (uin) £ll7 + [AWWIE, + A5 WP, + B2, () + A0, YW P%, +1).
By (8.53) and (ii) of Lemma 8.2, the above inequality indicates that
Ego(t) < C (I (uin) £l + € B354 (8) + 1) + Ce*E5,(#).
Taking € small enough satisfying Ce? < %, we have
Eg,z(t) <C (H(Um)#H%I? + 52E§,1(t> + 1) : (8.56)
Using (8.42) and (i) of Lemma 8.2, one deduces
18us 2%, <C ([1Aus 2 — 20 WPNE, + [0 WP%,)

<C (l(usm) 2l + ASEZo(t) + ASTEESES + ASEL + ARER (1) + 1) &0
Combining (8.56) and (8.57), when A > Ag, there holds
B3 (1) + B3 () = A3 || Aua 2%, + E25(8) < O (Il(uin) 2l + 1) + CEE3, ().
Choosing € small enough satisfying C'e? < %, we conclude that
Ei(t) < C(B21(t) + E25(t) < C (|| (win) 272 + 1) -
The proof is complete. ]

Corollary 8.1. Under the assumptions of Theorem 1.1 and (2.5), according to Lemma 5.1, Lemma
5.2 and Lemma 8.0, there ezists a positive constant A > max{As, Ay, Ag} =: Az, such that if
A > Az, there holds

Es(t) < C ([(D5mun) 22 + [I(uin) £l 52 + 1) = Es.

APPENDIX A. SOME USEFUL ESTIMATES AND LEMMAS IN THE PROOF

A.1. Several useful lemmas. We first prove an embedding inequality for non-zero modulus
functions.

Lemma A.1. Let f be a function such that f, € H*(T?), there holds
1f2llz2ers) < CllOuf 22y < OV f2llL2(rs).-

Proof. Tt follows from Poincaré inequality immediately and we omit it. U

The following lemma can be used to estimate the L> norm for the zero mode.
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Lemma A.2 (Lemma 3.1 in [10]). For a given function f(x,y,z) and fo = ﬁ Jo [t @y, 2)d,
we have

a—=

Vol < C (10 foll 7l foll 2 + 10:5 follz2110- Follyz I foll 32 + 1l folzz )

oa—=

[ foll= < C (Hayfollizllfo\liz +110:V foll 2 *10: foll 22110, foll 12 + Hfolle) )
Ifollzeezz < C (Ilfollz2 + 110: foll 221 foll 1) -
[ follzgerz < CUIOyfoll 72l foll 72 + [ follz2),

(A.1)

where o 18 a constant with o € (%, %) )

The following lemma can be used to estimate the L norm for the non-zero mode. We only
prove (A.2), ,, and the remaining results are similar to Lemma 3.2 in [10]. The proof is omitted.

Lemma A.3. For a given function g = g(x,y,2) and o € (%, %), if go = ﬁ Jro(t,x,y, z)dz = 0,
then we have

oa—=

1 Y 1 1 1
190l e < C 18V llZl|0:0:-911 1210291 72 * + 10V gl 22102911 22),

oa—=

1 Y 1 1 1
9l < C18:V gl 2:110:0:91l 321029l 72 2 + 10:V gl 72 ]1029]I22)

a—=

1 1 1 1 u
19| zee. 22 < Cmin {[|9,gll2.l901 72 + 10:-Vgll 221109172 * lgll 2% + llgl 2,

o—=

1 1 1 1 Y
10911 22191122 + 1102911 22118-V gl 72 2 10ygl 12 + Nlgllz2},

1 a—1L —a
91222, 22 < C (1102911711009l 2 * 10,91l 2% + 10291l 22) (A.2)
lgllzee.22 < C (110291221911 2* + 10:0-9l1Z21lgll =)
11—«

1912z zz.. < CllOegllz=llgllz-"
Igllzerz, < Clgllzz + 10:901Z21lgll2").

Y,z

1 1
9l ez, < C (1109l 22 llgllZ + llgllz2),

—a 3 a—1 a—3 3 _2q
91,2 < C (1029221191112 + 10:0:9172 102911 * 19:911 2 * 9172 )
Proof. Due to gy = 0, we denote g(z,y,2) by 9 = 4 .czr0 Giy oy (y) e F127k32) then

1 R 1 N
lgllze < >0 NGkl <C > (Grs s Wl 22 10y Ghs s | 22 + Gk sl 23)- (A.3)
k17#0,k3€Z k17#0,k3€Z
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First, there holds

1 R 1
Z ||gk1,k’5||z?2/||aygk‘17k3||z§

k17#0,k3s€Z
~ 1 ~ 1 1 ~ LN 1 1
_ Z Hklaygkl,k3||zl2!||k3gk‘1yk3||[2,§|k1k3|a 2 + “klaygh,/%||[2,§||gk1,k3||[2,§|k1|a 2
k1 20, kn €7 K] (LT + [k3]®)
-~ 1 ~ _ ~ _1 - Lo 1 1
< Z Hklaygkhksui%”klk?’gkhk:’,H},;auki’%gkl,kSH(zg *+ ”klaygkl,ksHigHgkl,ksuzg‘kl‘a 2
k1#0,k3€Z ’kl,a(l + ’k3’a)
Using Holder’s inequality, we get
1 R 1 1 B _1 1 1
> Gk1 k511 22 110y G s | £ < C(110:0,91172110:0-9 121029l 72 2 + 1020591 3211091l 2).
k17#0,k3€Z
(A.4)

Thus, one deduces

1 - _ - _1 - - -~
||klgk‘1,k3||2§Hk1k3gk1,k3||1L§a||k§gk1,k3||z§ 4+ ||klgk1,k3”%§||gk1,k3||1L§a

A PEDY Tl (T [kal®)

k1#0,k3€Z

o—=

1 1
< C(110:97:110:0-911 12" 102912 * + [10rgll22).-
(A.5)
Combining (A.3), (A.4) and (A.5), we finish the proof of (A.1),.

Similarly, we can prove (A.1),. O

Lemma A.4. For a given function g = g(x,y, 2), if go = ﬁ Jr9(t,z,y, z)dx = 0, there holds

9llzee.z2 < C||(Os, 0 — 'fay)glﬁzHV(@xa 0, — ’fay)g”[i,%

Y,z

19l 2., < Cll(O, 0: = £I,)g 2

Proof. Let G(X,Y, Z) such that G(x,V(t,y,2),2) = g(x,y,2). Note that (0, — k0y)g(x,y,2) =
07G(x,V(t,y,2),2) and ||g||r2 < ||0x9]|z2. Then the results follow from (A.2), and (A.2).. O

Lemma A.5 (Lemma 5.5 in [36]). Under the conditions of Lemma 8.1, if 0, f1 = 0, Pofo =0, it
holds that

| fifelle < Cllfillas ([ follzz + [[(0: — kOy) fall2) ,
IVATY fif)lle < Cllfillze (1 fallze + 1082 — £0y) fallL2)
IV(fifo)llez < Cllfullar (L fallar + 1092 — &0y) fol 1)
and for j € {2, 3},

[0; 7% AlA Ll < Cllfillme (1Y fallzz + 102 = £0,)V fall12) -

Next, we introduce a logarithmic Hardy-Littlewood-Sobolev inequality that plays an important
role in estimation ||ng||z2 and can be found in [29].



62 SHIKUN CUI, LILI WANG, WENDONG WANG, AND JUNCHENG WEI

Lemma A.6. Let M be a 2D Riemannian compact manifold. For all m > 0, there exists a
constant C(m) such that for all nonnegative functions f € L'(M) such that flog f € L', if
Sy fdz =m, then

2
| fogsans 2 [ [ raswiosd.y) = ~Com) (A0
M M JmJIm
where d(z,y) is the distance on the Riemannian manifold.

The following Gagliardo-Nirenberg-Sobolev inequality on T" is frequently used in the proof.

Lemma A.7 (Lemma 9.2 in [24]). Suppose f € C(T"),n > 2, and the set where f vanishes is
nonempty. Assume that q,v > 0,00 > q > r, and % — % + % > 0. Then

3 =

1fllze < Cln, @IV AN 0=

—|— Q|

3=

S |-

1
2
For a fized n, the constant C(n,q) is bounded uniformly when q varies in any compact set in
(0, 00).
A.2. Elliptic estimates. The following elliptic estimates are necessary.
Lemma A.8. Let ¢y and ng be the zero mode of ¢ and n, respectively, satisfying

—ACO +n = No,
then there hold

[Aco(t)][z2 < [Ino(t) ||z,
[Veo ()| < Clino(t) — 7|8
[Veo(t)||pr < Cllno(t)| 2, (A7)

for any t > 0.

Proof. The basic energy estimates yield
[Aco(®)][72 + [RIP|TI? = [no(®)|72,

which implies (A.7),. Using Gagliardo-Nirenberg inequality and Holder’s inequality, we have

I9eo®llz= <C (IVeo@IEallAe0(t) s + 9ot
<Cl|Aco(t)][zs < Cllno(t) — 7| s,
which gives (A.7),.
Moreover, it follows from Lemma A.7 and (A.7), that

IVeo®)lles < ClIVad)z2lAco)lz: < CllAco(®)llz < Clino(®)]lL2,

which gives (A.7),. O
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Lemma A.9. There holds
105 e (t)] 2 < (| 09ns ()] 2,
105V e ()]s < Cll05ne(t) |22,
foranyt >0 and 57 > 0.

Proof. By integration by parts, we have
[Ace ()72 = Ine ()]l

Using Gagliardo-Nirenberg inequality and Lemma A.1, we obtain

1 7
I9es@lles < € (les®lFDea@I: + lleat)l2) < Clinat)] e
0

A.3. Space-time estimates. First, we need to prove the following space-time estimate, and this
result is also an improvement on previous time-space estimates [9, 36], which allows us to estimate
the non-zero mode n. in the periodic domain T?.

Proposition A.1. Assume that f satisfies

of - gor+ v+ 28N op—o.p 4 st Vg

fort € [0,T], where f, fi, fo and f3 are given functions and Pof = Pofi = Pofa = Pofs = 0. As
long as
AU || oo
A

for some small ¢ independent of A and t, then there holds

_1 1 _1 _1
1520, < € (I0imlZe + 1™ % figllfese + A€ fo l3aga + Al fy 4ll3asa )

w.o

where “a” is a positive constant.

+ |0/ Us| o1 < ¢, (A8)

Proof. Our proof was inspired the coordinate transform method of [36]. First, we state the follow-
ing result, which is classical.

Lemma A.10. Let g : T> — R* be a C* map such that |Vl < &. Then it holds that

@) [[fodd+ g)llee ~ [ fllee, IV (fo(Id+g) lr ~ [IVfllze for every 1 < p < 400 and
feWlr. Here A~ B means C™1A < B < CA for some absolute constant C.

(i) There exists a unique C' solution h to h(x,y, z) = g ((z,y, ) + h(x,y, 2)) satisfying | V| L=~ <

ClIVygllre.
Then, we define the map (Id + g) : T> — R3 by

($7yﬂz)'—>(X7KZ):(x7V(t7y7z)7z)7 V:y+
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Denote
F(t,z,V(t,y,2),2) = f(t,z,y, 2),
Fi(t,z,V(t,y,2),z) = f;(t,z,y,2), for j =1,2, (A.9)
Fs(t,z,V(t,y,2),2) =div f3(t,z,y, 2).

According to (A.8), by choosing ¢ small enough, there holds

1

1 C C
7 IVUzllz= < 2Vl < [ AUs[[2 < 5,

which along with Lemma A.10 implies that F'(t, X,Y, Z) € C" is well-defined.
Let wi(t,Y, Z),wy(t,Y, Z) and w,(t,Y, Z) be such that

Us(t
w(t Vit 2).2) = 2y )
w8 V(.22 = DS vy oy, (A.10)
wt Vit 2),2) = EPUED g vy )

Direct calculations indicate that

hf =0+ wdy)F, Oof =0xF,

A1l
Oyf = (1 +wy)OvF, 0.f=(07+w.0y)F. (A.11)
Therefore, we obtain that Vd,f = YOxF, and
Af=(2+02+02) f
=0% F + 0y [(1 4+ wy) Oy F| + 0. [(07 + w.0y) F] (A12)
= (0% + 02 + 02) F+ [(1 +w,)? + w? — 1] 02F + 2w,070y F + (wyy + w..) Oy F '
=AF + G&%/F + 2w, 070y F' + HayF,
where
G=(1+w,) +w?—1, Ht,V(ty,z2),2) = W.
Using (A.11)-(A.12), we write the operator Ly into
1
Lvf =0f = O+ VLS
1
= (0 + wdy) F — = (AF + GO F + 2w.0,0y F + HOy F) + YOx F (A.13)

A

=LF — % (GOFF + 2w.0,0y F) + <wt — %) Oy F,
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where £ = 9; — £/ 4+ Y8x. Due to (A.10) and (A.11), there hold

o,/ avaf
e 8,F = 0. f — N

G(t,V(t,y,2),2) = (1 T ayfg) (a UQ)
=(0,V)* + (9.V)* —

Oy F =

which imply that
2 2 _
Oy G + 207w, :8y (V)" + @ V) =~ 1) +2 {82 — (&Z_V) ay} a0,V

o,V o,V
20,V 0,0,V 0,V
=202 T2 VR 992 2 3 A.l4
o,V 9,V oV — ) V@ 0,V ( )
=2AV = zAU2 =2H.
A
Combining (A.13) and (A.14), one deduces that
Evf =LF — %(%(GGYF) — %(92 (wzayF) + (wt + %) (9yF <A15)

From (A.9), we get Ly f = OxFy + F5 + F5. Then (A.15) yields
1 2 H
£F :axFl + FQ + Fg + Zay(GéyF) + Zaz (wzﬁyF) — (wt + Z) ayF.
This implies that

_1 1 _1
171, SC(HF(O)Hiz +[le™* IV P [Fage + AS|le™ P By faga + Al VAT Fy[Fap

1 1 H
+Z +A% o4 3t(wt+ )aYF

_1 _1
=C(IFO)s + 1 TR ey + A B

_1
(@, 2w,)

2
L2[2 L2[2 ) <A16>
1
+ Al VAR |20y + K+ Kz).

For K, recall that w, = % and

9,U, > 10.U,\° VU2 20,U,
—= 2 2— = Y —Z — —= Y
G=(0,V)+(0,V) -1 ( +1> +( 1 ) 1 =t

Then using (A.8), one deduces

1
le **Oy F||Za
A (A.17)

2
Ky <([|G][7oe poe + 11202 [0 1 )

<C(c' + A)IF,
where we use the Poincaré inequality ||[VU;l[2 < C||AUs|| 2.
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For K5, as w; = 8t:€2 and H = AEQ, using (A.8), we have

2 1 Cc?
) e Oy F||7p < E”FH_QXQ

Combining (A.17) with (A.18), then choosing ¢ small enough, we get by (A.16) that

1 H
Ky <A} (Hwtuiw 5

Loo L

_1 _1
171, SC(IIF(O)H%z + eV F [Fape + AS|le™ P Py e

1
P Al YA R ).
It follows from Lemma A.10 that
_1 _1 _1 _1
e TV |72 < Clle® 'V fl72pa, (€4 T F|| 7202 < Clle™ ¥ fl|72p0
and
A5y 2 A3t 2 A~ Bt 2 A=t 2
| V722 < Cle” Vfillzerz, e By||72p2 < Clle” follzep2-
Next we claim
VAT F| 2 ~ [[VAT |2
AsV =y + % and (A.8), we get

[VUslli~ |, [V*Uslle
A A

AU, | 42

IVV o 4+ |[V2V ][ <1+ n

<1+C <C.

Denote 5 5 5
Fi=NAF, filt,z,y,2) = Fi(t,z,V(t,y,2),2),

.]EQ:A_lfa ]52(7573?7%2) :FZ(tax>V<t7yaz)>Z)'
Then using (A.20) and (A.23), one deduces
IVATYF|2, =||[VE |2 = - < F,F, >= — < f,0,V fi >
=<V, VO,V ) >< IV all2 [V O,V f1)l e
<OV follez (IVV | IV Fill e + V2V [ pe || full2)
<OV foll 21V fill iz < CIV foll 2V fill 22,
which implies } §
IVE |2 < OV fal| 2.
On the other hand, there holds
IVAT |7 =V fallfe = = < [, fo >= = < F,F2/9,V >
= < VF,V(F3/0,V) >< ||V E|| 12|V (F2/0,V) ]| 2

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

Notice that 9,V = £9,Us+1 and % |[VUs| 1 < 1, we have 1 < 9,V < 3. Along this with (A.23),

we get [|[V(1/0,V)||r~ < C, and
VAT flle =V all72 < CIVE |2 (IVEs| 22 + || Fo]l12)
<CO|VE 12|V Es|| 2 < C|VE| 2|V fo 2,

(A.26)
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which gives
IV follzz < ClIVE[ 2. (A.27)
Combining with (A.24)-(A.27), we conclude that
IVAT g2 = [VE 2 ~ [V foll2 = VAT 22,
which indicates (A.22) holds. Similarly, we obtain

le** VAT | aye < Clle® M fill72 2. (A.28)
From (A.19), (A.21) and (A.28), we complete the proof. O

To estimate the coupled terms (Aug «, Oyws ), we also need the following proposition.
Proposition A.2. Let (hy, hy) satisfy

Lyhy =V g,
Lyhy + axazA_lhl =V g2,
fort € [0,T]. Assume that
|AU, || poo g2
A

for some small constant ¢ independent of A and T. If Pohy = Poyhe = Pyg1 = Pyge = 0, then for
a > 0, it holds that

+ 10, Us|| oo < ¢ (A.29)

_1 _1
B, + ez, < € (N agn) 23+ W) 2 + Allet ™ g o3+ Allett g 4 10

Proof. From Proposition A.2 in [10], we find that if (hq, hy) satisfy
Oihy — %Ahl +y0zh =V - g1,

Othy — %Ahz + yOphy + 0,0, A" Thy =V - go,
for t € [0, T, then it holds that

1 1
sl + 2 £, < € () 2l + )£ 2+ Alle™ g oo + Al g 4 asa)
Next following the same route as in Proposition A.1, we complete the proof. [l
Proposition A.3 (Proposition 4.7 in [36]). Let f satisfy

Lvf=hH+[fa+f3

fort € [0, T]. Moreover, Uy satisfies (A.29) and Pof = Pofi = Pofa = Pofs =0, then for a > 0,
it holds that

a -3 1 a -3
102 £211%, + 110:(0: — 60y) f2llx, < C(I1(fu)£llFr + le®d P A frpllFare + A3l *10; fopl[72 1

1 4 _1 a _1
+ Adl|e" M0,(0: — £0y) fopllTors + Alle™ ¥0: fpll7ar2)-
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Proposition A.4 (Proposition 4.9 in [36]). Let f satisfy L’T/f = f1 fort € [0,T]. Moreover,
U, satisfies (A.29) and Pyf = Pyfi =0, then for a > 0, it holds that

1872, < € (A fu)2lEe + Alled 0 filass )
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