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Appendix 5: Integration

Definition 1
Given a bounded function f over [a,b]. For a partition

Pa=zy<oi1<---<x,=0

we define
norm P = max {|zy — xp11| | 0 <k <n-—1}

S(P,f)=>> sup{f(z) | x € [mr_1, z4]} (xr — 241)
s(P,f) =Y inf{f(x) | & € [rx_1, 2]} (2x — 24 1)

k=1

—b
Upper Riemann sum = / f(z)dx = ir]%f S(P, f)

b
Lower Riemann sum = / f(x)dx =sups(P, f)
Y _a P

We say that f is Riemann integrable if both upper and lower Riemann sum exist and
are equal. In that case, we denote

/abf(x) dx :7if(x) dx :sz(:v) dx

Proposition 1
For any bounded function f over [a,b] and partitions P, @), we have

b —b
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Proof
Suppose @ is a partition of [¢,d]| C [a, b]:
Qic=y<y<--<y,=d

Then we have

s(le.d], f) < s(Q, ) < 5(Q, ) < 5([e,d], f)
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Therefore, for any refinement P’ of P,
s(P, f) <s(P', f) <S(P, f) <SP, f)
So, if P, () are two partitions of [a, b], there exists a refinement R of them and

s(P, f) < s(R, f) < S(R, f) < S(Q, f)

b —=b
Hence, both/ f(z) da:,/ f(z) dx exist and

—a

b —b
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Theorem 1
If f is a piecewise continuous function over [a, b, then f is Riemann integrable.

Proof

Given sufficiently large n € Z", we will construct a partition P,.

Suppose [ is continuous over (¢, d) C [a,b]. By continuity,
1
Vo € (¢,d), 36, > 0,Vy € (¢,d) such that |z —y| < 0., |f(z)— fly)| < -
WLOG, we may assume (z — 0, + 0,) C (¢,d). So, as long as + < d — ¢

1 1
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z€(c,d)

defines an open cover of [c, d]. Since [c,d] is a compact set, we have a finite subcover:

1 1
[C,C—I—E)U(xl—5x1,x1+5zl)U---U(xm—&gm,xm%—&;m)u(d—E,d]

where c < 21 < 29 < -+ < x,, < d. Take
1
Zp = C, 21 € (x1_5$17c+ﬁ>722 € (x2_5127x1+5r1)7“'7

1
Zm S (xm - 6mm7mm—1 + 5zm,1)7zm+1 € (d - ﬁ;xm + 5zm)72m+2 - d

Then,
Qn:c=20<21<-<Zpa=d

defines a partition of [c, d] such that

Vi<k<m, 2241 € (X — Opp, Tk + 0s) = [2ks 2k+1] C (Tg — Oy Tk + sy )

— Vst € ozl F(s) = FO) < £() = flon)| + 1f () = )] <
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Therefore, if A, B are upper, lower bounds of f over [a, b] respectively, then

S(me) _S(me)

= (Z sup {f(z) | = € [z1, Zrs1]} (241 — Zk)) - <Zinf{f($) | @ € [2k, Zrs1]} (241 — 20)

k=0

= (up {f(2) [z €le,a]} —inf {f(2) | 2 € e, z1]}) (21 =€)
+(sup {f(2) | # € [z, d]} —inf {f(2) | @ € [zm11, d]}) (d = 2m11)

+ D (sup {f(2) | @ € [on, 2mi]} —f {f(2) | @ € [om 201]}) (21 — )

2 &2 20A—-B) 2(d—c)
< (A-B)- — — <
< )n + E n(2k+1 zi) < - + "
Since f is piecewise continuous, we have

a:cl<d1:CQ<d2---cp_1<dp_1:cp<dp:b

such that f is continuous over (cg,dy) for all 1 < k < p. As long as % < dj — ¢, we
can construct a partition @, of [cg, dx] as above. Thus, for sufficiently large n, we can
construct a partition P, of [a, b] by assembling all the partitions @,, of [cg, dk]. So,

0< S(Puf) — s(Py ) < XA g 2 —)  AA—Byp | 20—

n n n
k=1

— lim (S(Py, f) — s(P., f)) = 0

n—oo

By squeeze theorem,

S(Pu f) — 5(Pu, f) = S(Po ) — / f(x) d, / f(x)dz — $(Py. f) > 0

— thPn,f /f and lim s(P,, f) = /f

n—oo

n—oo

— / flaydo— [ f(0)de = lim (S(P,. £) = s(P ) =
/. .

Theorem 2
If a bounded function f over [a,b] is Riemann integrable, then for any sequence of parti-
tions

P,ia=x,0<xp1 < < Ty, =0

such that lim norm P, = 0 and any choices t, x € [Ty k-1, Tn k]
n—oo

i S tne)ens ) = fim (P ) =l 5(F. ) = / 1o

)



Proof

b
Let I = / f(z)dx. Suppose A > f(x) > B for all z € [a,b]. Given € > 0, there exist

partitions an, Q2 of [a,b] such that
€
S(@u, f)~ 11— 5(Qa f) <
Let
Q:ia=xg<x; << Ty =0
be a refinement of @1, Q2 (WLOG, m > 1). Then,

€

S(Q)f) _8<Q7f) < S(Ql,f) _S(Qz,f) < §
Notice that

JLI{}onormPnzo — IN € Z",¥n > N, normPn<m

:62

Therefore, for all n > N, let @),, be the partition defined by combining P,, (. Since we
are, at worst, inserting x1, ..., x,, into m different intervals of P, with width < e,

S(P,, f) — S(Qn, f) <mey(A—B) and  s(Qn, f) — s(Py, f) < mex(A— B)

= S(Pu, f)—s(Pn, f) < S(Qu, )= 5(Qu, f)+2mex(A—B) < S(Q,f)—s(Q,f)+§ <e

Thus,

n—o0

By squeeze theorem,

= lim S(P,, f) = lim s(P,, f)=1
n—o0

n—o0

Finally, the result follows by applying squeeze theorem on

mn

S(Pm f) > Z f(tn,k)(xn,k - xn,k*1> = S(Pm f)

k=1



Proposition 2

For any Riemann integrable functions f, g (over the corresponding interval),
Ya,b,c,a, B € R,

bf(x)dx = —/af(:v)dx

abf(a:)dx _ /f dx+/f

f(@) < gx) on [a,b] —> /f dx</a o(z) da.

(af(z) + Bg(x)) is Riemann integrable over [a, b] and

/ab(af()Jrﬁg x—oz/f dx+5/

Proof
fabf( dr = — fb x)dx

Directly from definition.
f;f(x) de = [7 f(z)dx + fcbf(x) dx

Trivial if a = b,a =cor b=rc. If a < ¢ < b, then define the partitions

c—a

P, : a<a+di<a+2di<---<a+nd,=c whered; =
n

h—

Qn @ c<cH+dy<cH+2dy<---<cH+ndy,=>b where dy, = ¢

n
R, : a<a+di<a+2di<---<a+ndi=c<c+dy<c+2dy<---<c+ndy=5b

Then,

lim norm P, = lim norm ), = lim norm R,, =0
n—0o0 n—oo n—oo

Hence,

S(Ry, ) = S(Pn, f) + S(Qn, [)
:>/f a:—hm S(Rn,f)—hm S(Pn,f)—i—thQn, /f d:v—l—/f

If a < b < ¢, then

/acf<x)dx+/cbf(x)dx=/abf<x)dx+/bcf<w)dx_/bcf(x)dx:/abm)dx

The arguments regarding the other orders of a, b, c are similar.
b b
f(z) < g(x) on [a,b] = [, f(z)dzx < [, g(x)dx

Let (P,),ez+ be a sequence of partitions of [a, b] such that lim norm P, = 0. Then,
n—oo

b b
S(Pu, f) < S(Pn,9) = / f(z)dz = lim S(P,, f) < lim S(P,,g) = / g(x)dx

n—oo n—o0
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L (af(z) + Bg(x)) do = o [} f(z) dz + B [} g(x) da
Let [ :/ f(z) dx and J:/ g(x)dx.

Let (Pp)nez+, (P))nez+, (Qn)nez+ and (Q),)nez+ be four sequences of partitions such that
S(Py, f),S(Qn,g) are decreasing sequences, s(P., f),s(Q’,,g) are increasing sequences
and

lim S(P,, f)= lim s(P.,f)=1 and lim S(Q,,¢9) = lim s(Q,,9) =J

n—oo n—o0 n—oo

Let R, be a refinement of P,, P, Q,,Q.. Then, S(R,, f),S(R,,g) are decreasing se-
quences, s(R,, f), s(R,, g) are increasing sequences and

lim S(R,, f) = lim s(R,,f)=1 and lim S(R,,g)= lim s(R,,g9) =J
n—oo

n—o0 n—00 n—oo

Suppose «a, 5 > 0.
as(R, ) + Bs(Rn, 9) < s(Rn,af + Bg) < S(Ro,of + Bg) < aS(Ry, ) + BS(Ry, g)
By taking n — oo, we know that af + (¢ is Riemann integrable and
b
[ @r)+ s9(a)) s = lim s(Rusaf +5) = al + 5
For the special case « = —1, 5 =0,

_S(Rmf> S S(Rm _f) S S(Rm _f) S _S(Rmf)

Then, again, —f is Riemann integrable and

/ ' f@)yde = - / ) d

If a>0,8 <0, then

—g Riemann integrable = af + 89 = af + |5|(—g) Riemann integrable

[ @@+ sg@nds = [ (af(e)+ |Bl(-gla)) ds
— o[ s@)dn+ |8l [ (~go) s
= a/ f(:z:)da:—\ﬂ\/ g(x)dxr = ol + BJ

The case when a« < 0,8 > 0 is handled by interchanging f,g. The case when o, < 0
can be handled similarly. O



