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Appendix 1: Formal Definition of Limits

1.1 Limits of sequences

Definition 1
For a sequence (a,),ez+, we say that lim a, = L if
n—oo

Ve >0,IN € Z*Vn> N, |a,—L| <e

We say that lim a,, = oo if

n—o0

VM eR,IN € Z*,Yn> N, a,>M

We say that lim a, = —o0 if
n—ro0

VM eR,IN € Zt*,¥Yn >N, a,<M

\n,ay)

lim a, = L
n—o0



(n,a,) °

M| ® o 1

lim a, = o0
n—oo

Theorem 1: Squeeze Theorem (Sandwich Theorem)
Suppose (an)nez+, (bn)nez+, (Cn)nez+ are three sequences such that

b, < a, <c, for sufficiently large n

(That is, AN € Z*,Yn > N, b, < a, < ¢,)

Then,
lim b,=1lime¢, =L — lima,=1L
n—oo n—o0 n—oo
Similarly,
lim b, = oo (DNE) = lim a, = co (DNE)
n—oo n—oo
lim ¢, = —oc0 (DNE) = lim a, = —oco0 (DNE)
n—oo n—oo
Proof

Let Ny € Z* such that
Vn>No, bnga/ngcn

By definition, given € > 0, there exist Ny, Ny € Z such that

VYny > Ny,ng > No,  |by, — L, |cn, — L| <€
Take N = max{Ny, N1, Na}. Then, for all n > N, we have

|b, — L|,|c, — L <e and b, <a, <c,

— —e<b,—L<a,—L<c,—L<ce
= |a, — L| <€

as desired. The result about +oo follow directly from definitions.
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Proposition 1

For any sequence (ay,)nez+,

lim a, =L <= lim (a, — L) =0

n—o0 n—oo

Proof

Straightly from definition. O

Proposition 2

Suppose (a,)nez+ be a sequence such that lim a, exists. Ve € R,
n—ro0

lim (ca,) = ¢ ( lim an)
n—o0 n—o0

Proof

Let lim a,, = L. By Proposition 1, we may assume L = (0. The statement is trivial when
n—oo

c=0.
Suppose ¢ # 0. Given € > 0, there exists N such that

Vn >N, |a,| <=

]

Hence, for any n > N,
lcan| < |c||lan| < €

O
Proposition 3
For any sequence (ay)nez+,
lim a, =0 <= lim |a,| =0
n—oo n—oo
Proof
=
Straightly from definition.
=
Since
vn€Z+a _|an| <a, < |an|
and
lim (—|a,|) = — lim |a,| =0 = lim |a,|,
n—00 n—00 n—00
the result follows from the squeeze theorem. O



Theorem 2

Suppose (an)nez+ and (b, )nez+ are two sequences such that lim a,, lim b, both exist.
n—oo n—oo

lim (a, £0,) = <lim an> + <lim bn>

n—00 n—00 n—00
lim (a, -b,) = (lim an> . <lim bn>
n—oo n—oo n—oo
a lim a,
lim — = 212 provided that lim b, # 0
n—oo b, lim b, n—0co
n—oo

a, < b, for sufficiently large n = lim a,, < lim b,

n—oo n—o0

Proof

Let lim a, = L and lim b, = M.

n—oo n—oo

lim (a, +b,) =L+ M

n—oo

By Proposition 1, we may assume L = M = (0. Given € > 0, there exist N, Ny such that

an > Nl,TLQ > NQ, |CLn1 — 0|, ’bn2 — 0| < %

By taking N = max{N;, Ny}, for any n > N

| + Dn] < an] + [ba] < €

lim (a, —b,) =L — M

n—oo

As before, we may assume L = M = 0.

lim(=b,) =0 <= lim |-0b,| =0 < lim b,=0
n—oo n—oo n—oo
Therefore,
lim (a, — b,) = lim (a, + (=b,)) =040

n—o0 n—oo

lim (anb,) = LM

n—o0

By definition, there exist N such that

Vn>N, |b,—M| <1l = |b,|<|M|+1

Thus, for any n > N,

0 < l|apb, — LM|
— |apb, — Lb, + Lb, — LM|
< Jan = LfIbal + |LlIb, — M)
< Jan — LI(M] + 1)+ |L|lb, — M|
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and the result follows from squeeze theorem.

n—o0 n

1 1
Obviously, it’s enough to show lim — = U if M # 0. Also, we may assume M = 1.
By definition, there exists /N such that

3 1
<b, < - = — <2

1
Y N b, -1l <= = =
n>N, | <3 2 2 0]

Therefore, for any n > N,

0<

by — 1] < 2|by — 1]

1 1
- 1= =
w =

and the result follows from squeeze theorem.

a, <b, for sufficiently large n — lim a, < lim b,

n—oo n— o0
Let ¢, = b, — a,. It suffices to show lim ¢, = L — M > 0. Assume not.
n—o0
L—-—M
AN € ZT,Yn> N, |c,— (L—M)| < %
So, for some sufficiently large n,
L—-—M L—M
0§0n<(L—M)+| |:—’ |<O

2 2

which is a contradiction.

Theorem 3: Monotone Convergence Theorem
Suppose (a,)nez+ is a sequence which is either

increasing and bounded above for sufficiently large n
or
decreasing and bounded below for sufficiently large n

Then, lim a, exists.
n—0o0

Proof

Suppose (a,)nez+ is a sequence which is increasing and bounded above when n > N.
Let S ={a, | n > N}. Since S is bounded above,

supS =L
for some L € R. Given € > 0, assume SN (L — ¢, L] = (. Then,

S is bounded above by L —¢ = L =supS < L —¢,



which is absurd. Thus, we know that a,, € SN (L — ¢, L] for some m > N.

As a,, is increasing when n > N, for all n > m,
L—-e<a,<a,<supS=L = |a,—L|<e¢

and we are done.

If (an)nez+ is decreasing and bounded below for sufficiently large n, then (—a,)pez+ is
increasing and bounded above for sufficiently large n. O

1.2 Limits of functions

Definition 2 (limit at infinity)
For a function f(z), we say that lim f(x) =L ( lim f(x)= L) if
T—r00

T—r—00

Ve>0,dN e R,Vz > N(z < N), |f(z)—L|<e

We say that lim f(x) =oc0 ( lim f(x) = o0) if

T—r—00
VM e R, AN e R,)Vz > N(z < N), f(z)>M

We say that lim f(z) = —oo ( lim f(x) = —o0) if

T—r00 T—r—00

VM e R, AN e R,Vz > N(z < N), f(z)<M

y= flx)

lim f(x)=1L

T—00



y= f(x)

Definition 3 (limit at a point)
For a function f(z) and a point a € R, we say that lim f(z) = L if

Tr—a

Ve > 0,30 > 0,Vz such that 0 < |z —a| <9, |f(x)—L|<e

We say that lim f(x) = oo if

r—ra

VM € R,36 > 0,Vz such that 0 < [z —a| <9, f(z)>M

We say that lim f(z) = —oc if

T—ra

VM € R,30 > 0,Vx such that 0 < |z —a| <, f(x) <M




M

[}

lim f(z) =L

Tr—a

li_r>n f(z) =00



Definition 4 (one-sided limit)
For a function f(z) and a point a € R, we say that lim flz) =L (lim f(x)=1L)if

r—a Tr—a

Ve > 0,30 > 0,Vr such that a <z <a+d(a—d <z <a), |f(r)—L|l<e

We say that lim f(z) =00 (lim f(z)=o00) if

T—a Tr—a—

VM € R,30 > 0,Vrsuch that a <z <a+d(a—0 <z <a), flx)>M

We say that lim f(z) = —o0 (lim f(x) = —o0) if

T—a T—a—

VM e R,30 > 0,Vrsuch that a <z <a+d(a—0 <z <a), flx)<M

Proposition 4
For any function f(z),

lim f(z) =L <= lim f(z)= lim f(z)=1L

r—a T—a~ z—at

The same hold if L is replaced by oo or —oo.

Proof

Straightly from the definitions.

Theorem 4: Sequential criterion
For any function f(x),

lim f(x) = L <= V(an)nez+ such that a, # a and lim a, =a, lim f(a,) =1L

T—ra n—oo n—o0

The same hold if a or L is replaced by oo or —oo. Moreover,

lim f(z) =L <=

z—at
V strictly decreasing (ay)nez+ such that lim a, =a, lim f(a,) =L,
n—oo n—o0
lim f(z) =L <
r—a—
Vstrictly increasing (a,)nez+ such that lim a, =a, lim f(a,) =L

n—oo n—o0

The same hold if L is replaced by oo or —oo.

Proof

For lim f(z) = L:

r—a

—

Given € > 0, there exists 6 > 0 such that
O<|z—a|l<d = |f(x)—L|<e
Since lim a, = a,

n—oo

INeZ*¥Yn>N, |a,—a|<d
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As a, # a,
0<la,—a|<d = |fla,) — L| <€
By definition, lim f(a,) = L.
n—oo
P

Assume the contrary:
dep > 0,V > 0,3z such that 0 < [z —a| <0, |f(z) —L| > €

Then, for each n € Z", we can pick a,, such that

1
0<la,—al<— and |f(a,) —L|>e€
n
to form a sequence (ay,),ez+. By construction, a, # a. In addition, lim a, = a by squeeze
n—oo

theorem. By the premise, we should have lim f(a,) = L.
n—o0

By taking € = %0,
€0

AN € ZT,Yn > N, |f(a,) —L| < 3

In particular,

€
€ < |flany1) — L] < 50

which is impossible.

The arguments for

lim f(z) =L, lim f(x)=1L, lim f(z)=L, lim f(x)=1L

z—at T—a— T—00 T——00
are similar. The sequences constructed in “<" would be given by

.1 (1
0< an—a<m1n{—,an1 —a},O <a—ay <m1n{—,a—an1},an >n,a, < —n
n n
respectively.
For lim f(x) = oc:
r—a
—

Given M € R, there exists ¢ > 0 such that
O0<l|r—a|<éd = flx)>M

Since lim a, = a,
o IN€Z"Vn>N, |an—da| <35
As a, # a,
0<la,—al<d = fla,) > M
By definition, nlggo f(a,) = oc.

<
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Assume the contrary:
My € R,V§ > 0,3z such that 0 < |z —a| <, f(z) < M,

Then, for each n € Z", we can pick a,, such that
1
0<la,—al <= and f(a,) < M,
n

to form a sequence (ay,),ez+. By construction, a,, # a. In addition, lim a, = a by squeeze
n—o0o

theorem. By the premise, we should have lim f(a,) = co.
n—o0

By taking M = M, + 1,
AN € Z*,¥n> N, f(an) > My+1

In particular,
MO > f(CLN+1> > MO +1
which is impossible.

The arguments for

lim f(x) =00, lim f(z)=o00, lim f(z)=o00, lim f(z)=o00

z—at T—a~ T—00 T——00
are similar. The sequences constructed in “<" would be given by

. 1 ) 1
O<an—a<m1n{—,an_1—a},0<a—an<m1n{—,a—an_1},an>n,an< -n
n n

respectively.

Observe that

lim f(z) = —00 <= lim(—f(z)) =00 (clear from definitions)
Tr—a Tr—a
<= V(ap)nez+ such that a, # a and lim a, =a, lim (—f(a,)) = o0
n—oo n—oo
<= VY(ap)nez+ such that a, # a and lim a, =a, lim f(a,) = —oc0
n—oo n—oo
Similarly, the equivalence regarding
lim f(z)=—o00, lim f(z)=—o0, lim f(z)=—00, lim f(z)= —o0
r—at r—a— T—00 T—r—00
also hold. 0
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Theorem 5
Suppose f(x) and g(x) are two functions such that lim f(z) and lim g(z) exist.
Tr—a

Tr—a
Ve e R,

lim(f(z) £ g(x)) = (lim f(x)) + (lim g(ac))

lm(f(z) - g(x)) = (lm f(2)) - (lim g(z))
 f@)  lmf@) | |
lﬂm = W provided that glgllgg(x)#o
lim(cf(z)) = e (lim f(x))

f(z) < g(x) around a (not necessarily at a) = lim f(z) < lim g(x)

T—ra Tr—a

(That is, 30 > 0,Vx such that 0 < |z —a| < d, f(z) < g(x))
The same hold if a is replaced by a™,a™, 00 or —co.

Proof

Suppose lim f(x) = L and lim g(x) = M. Given sequence (a,),ez+ such that a, # a and
T—ra Tr—a

lim a, = a, by sequential criterion,
n—oo

lim f(a,) =L and lim g(a,) =M = lim (f(an) +g(a,)) =L+ M

n—oo n—oo n—oo

Hence, by sequential criterion,

lm(f(z)+g(z)=L+M

Tr—a

The others can be handled similarly. O

Proposition 5
For any function f(z),

(a) lim f(z) = L <= lim(f(z)—L)=0

T—a r—a
(b) lim f(@) =0 <= lim[[(x)| =0
The same hold if a is replaced by a™,a™, 00 or —oo.
Proof
By sequential criterion. 0
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Theorem 6: Squeeze Theorem (Sandwich Theorem)
Suppose

g(x) < f(z) < h(z) around x = a (not necessarily at a)

Then,
limg(z) =limh(z) =L = lim f(z) =L
T—a r—a Tr—a
Similarly,
aljlg}1 g(x) = oo (DNE) = il_r)% f(z) = co (DNE)
ilgé h(z) = —oco (DNE) = iliré f(z) = —oo (DNE)

The same hold if a is replaced by a™,a™, 00 or —c0.

Proof

Suppose
Vz such that 0 < |z —a| <€, g(z) < f(z) < h(x)

Given sequence (ay,)nez+ such that a, # a and lim a, = a,
n—oo

AN eZ"',¥Yn>N, 0<]|a,—a|l<e = g(a,) < fla,) < h(a,)
by sequential criterion and squeeze theorem for sequences,

lim g(a,) = lim h(a,) =L = lim f(a,) =L
n—00

n—o0 n—0o0

Hence, by sequential criterion,
lim f(x) =L

Tr—ra

The others can be handled similarly.
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