QUANTUM COHOMOLOGY, SHIFT OPERATORS, AND
COULOMB BRANCHES
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ABsTrACT. Given a complex reductive group G and a G-representation IN, there is an associated quantized Coulomb branch
algebra AgN defined by [Nak16; BEN18]. In this paper, we give a new interpretation of AZ,N as the largest subalgebra
of the equivariant Borel-Moore homology of the affine Grassmannian on which shift operators can naturally be defined.
As a main application, we show that if X is a smooth semiprojective variety equipped with a G-action, and X — N is a
G-equivariant proper holomorphic map, then the equivariant big quantum cohomology Q H 2, (X) defines a quasi-coherent
sheaf of algebras on the Coulomb branch with coisotropic support. Upon specializing the Novikov and bulk parameters, this
sheaf becomes coherent with Lagrangian support. We also apply our construction to recover Teleman’s gluing construction
for Coulomb branches [Tel21] and derive different generalizations of the Peterson isomorphism [Pet97].
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INTRODUCTION

Main results and background. This paper concerns the interaction between quantum cohomology [Wit91; KM94;
CKO99], shift operators [Sei97; OP10; Iril7], and Coulomb branches [Nak16; BEN18; BDGH16; Tel21] arising from
3d N = 4 supersymmetric gauge theories.

Let G be a complex reductive group and N a representation of G. Let Ag n denote the corresponding Braverman-
Finkelberg-Nakajima (BFN) Coulomb branch algebra, and AEN be the quantized Coulomb branch. Let X be a smooth
semiprojective variety (see Section 3.1) equipped with a G-action, and let f : X — N be a proper G-equivariant
holomorphic map. Below are the main results of this paper.

Theorem 1. There exists a module action
Se,N,x AN Ocpy) QHE:ch( ) —Q chx( ) )]

of the quantized Coulomb branch algebra AEN on the (G x C;')-equivariant big quantum cohomology of X, such
that Sq N, x (I', —) commutes with the quantum connections for any I" € AZ,N-

Theorem 2. There exists a ring homomorphism
Vonx: Agn — QHE(X) 2

from the Coulomb branch algebra Aq ~ to the G-equivariant big quantum cohomology of X. Moreover, the support of
QHZ.(X) in the Coulomb branch Spec Ag N is coisotropic. Upon specialization of the Novikov and bulk parameters
to complex values (whenever such a specialization is possible), the support becomes Lagrangian.

Theorems 1 and 2 highlight a deep relationship between equivariant quantum cohomology and the geometry of the
Coulomb branch. As we will see, the action S N, x is defined using a generalized version of non-abelian shift operators,
which encode enumerative data from X into the algebraic structure of AEN. In Theorem 2, the coisotropic property
comes from the fact that the module action (1) is a quantization of the ring homomorphism (2); see Proposition 5.20.

By specializing the equivariant parameters H& (pt) (and k) to zero, we obtain the following non-equivariant limits
of shift operators (Corollary 5.26):

Senx: Al N © QH®(X) — QH*(X)[h],
SGNX -AGN®QH.( ) - QH.(X)

New non-equivariant invariants in the quantum cohomology of X can thus be obtained via Sg n,x and ng% X see
Example 6.2 for an explicit example. One can interpret Theorem 1 as identifying AZ,N as the subalgebra in Ag that
captures precisely those shift operators for which a non-equivariant limit exists.

Let us also emphasize that these results depend crucially on our use of equivariant Novikov variables, which will
be explained in more detail later in this introduction.

To motivate the above theorems, let us review the relevant geometric structures.

Quantum cohomology and shift operators. The equivariant (big) quantum cohomology ring Q H2 (X)) is a deformation
of the classical equivariant cohomology ring H2(X) over the Novikov and bulk parameters, defined via genus-zero
Gromov—Witten invariants.

Shift operators are endomorphisms of equivariant quantum cohomology that play an important role in symplectic
topology, mirror symmetry, and representation theory [Sei97; OP10; MO19; Iril7].

When G = T is a complex torus and X is a smooth projective variety equipped with a T-action. Let C; denote
an additional one-dimensional torus acting trivially on X. Then for each cocharacter \ : C* — T, there exists a shift
operator

S/\ QHTX(CX( )—>Q TXCX( )

These operators satisfy the relations

Sx (S)\Z (Ot)) = Sxi4x (Oé), (3)
Sx(P(a, h)a) = P(a+ A(h), h) Sx(), €
for any cocharacters A, A;, A2 : C* — T, any a € QH;XC; (X) and any P(a,h) € H;XCX( t), regarded as a

polynomial function on Lie(T" x C}).



The Teleman/Gonzdlez—Mak—Pomerleano generalization. A non-abelian generalization of shift operators was devel-
oped in [GMP23b], building on the ideas introduced in Teleman’s ICM address [Tel14]. Suppose G is a reductive
group acting on a smooth projective variety X (which corresponds to the special case N = 0 in our setting). In their
proposal, there should exist a module action

GoxC) ° .

SG,X : Ho © " (GrG) ®C[h] QHGXC;S (X) — QHGX(C;; (X)a (5)
where Grg = Gx/Go' is the affine Grassmannian of G, C; acts on Grg by loop rotation, and H .GO*‘(CrXL (Grg),
also denoted as A, is the equivariant Borel-Moore homology of Grg, equipped with the convolution product; see
Section 1 for more details.

When G = T is a torus, the ring HIo*Ch (Grr) is a free HS . (pt)-module with basis {t*} indexed by
h

cocharacters A : C* — T'. The convolution product satisfies
AL X AL+
okt = ¢ 1+ 2

t* % P(a, h) = P(a+ A(h), h) * t,

for any cocharacters A\, A1, Ao : C* — T and any P(a,h) € H? (pt). Setting Sy := St x (t*, —), the module

TxC)
property implies (3) and (4).

Coulomb branches. The motivation behind the works of [Tel14; GMP23b] is that the affine scheme Spec HZ© (Grg)
arises as the Coulomb branch of the 3d A/ = 4 supersymmetric pure gauge theory associated to the gauge group G.
The Coulomb branch is a moduli space of vacua of the theory and dictates the 2d mirror symmetry of G-actions.

More generally, given a representation N of G, there is a corresponding 3d N = 4 supersymmetric gauge theory with
gauge group G and matter N. The Coulomb branch of such a theory was first described in the physics literature [SW],
and a rigorous mathematical definition was given much later by Braverman, Finkelberg, and Nakajima in [BFN18].
They defined the quantized Coulomb branch algebra AEN as a subalgebra of A%, and the Coulomb branch is the
spectrum of its classical limit

Ag N = Ag,N/h'AZ,N C Ag.
In [BEN18], it was proved that Aq  is a finitely generated commutative algebra, and that the quantization AEN
induces a Poisson structure on A¢ n, which defines a symplectic structure on the smooth locus of the Coulomb
branch. The Coulomb branch Spec A¢ N is expected to capture the 2d mirror-symmetric information of G-equivariant
fibrations X — N.

Theorem 1 is an extension of Teleman’s proposal to full generality, where we have general gauge group G and matter
N, and also general X which may not be projective. A major obstacle is the possible non-compactness of the 7'-fixed
locus X7 (where T C G is a maximal torus), which prevents us from applying any of the previous constructions. As
we will see shortly in the description of the construction of S n, x below, a new understanding of AZ’N precisely
provides the key for overcoming this difficulty.

Relations with earlier constructions.

The case G = T and N = 0. Shift operators were originally introduced by Braverman, Maulik, Okounkov, and
Pandharipande in [OP10; BMO11; MO19] for small quantum cohomology. The version on equivariant symplectic
cohomology was constructed in [Lic21]. The classical limit as &4 — 0 corresponds to the so-called Seidel elements
or Seidel representations, which had appeared earlier in [Sei97]. A generalization of shift operators to big quantum
cohomology was developed by Iritani [Iri17] to study toric mirror symmetry. This corresponds to the “G = 7" and
N = 0” case of Theorem 1.

The case of general G and N = 0. Non-abelian shift operators in the case N = 0 were suggested in [Tel14], and
constructed in [GMP23b] using symplectic geometry in the setting of compact monotone symplectic manifolds. This
is (the symplecto-geometric version of) the “general G and N = 0” case of Theorem 1 restricted to small quantum
cohomology. We also note that the non-abelian generalization of Seidel elements were studied in [Sav08] via the
homology of the loop group of the Hamiltonian symplectomorphism group; the ideas therein might have influenced
later development. In [GMP23a], a non-abelian version of Seidel representation was also constructed for equivariant
symplectic cohomology.

Here, K = C((t)) and O = C[[t]] denote the formal Laurent and power series rings, respectively.
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The map ¥ x in the special case where G is simple and simply connected, and X = G/ P is a partial flag variety
was studied in [Cho23], whose setting is closer to ours. However, their treatment of Novikov variables was specific to
that particular case. In contrast, our approach uses equivariant Novikov variables, allowing the construction to extend
to more general X and arbitrary G.

The main focus of [Cho23] is to show that the non-abelian shift operators recover the Peterson isomorphism. In
Section 6.3, we show that our generalization likewise induces an analogue of the Peterson isomorphism, valid for more
general G, including groups that are neither simply connected nor semisimple. In this broader setting, equivariant
Novikov variables play a crucial role, as certain Lagrangians in Spec A¢ n appear only when we incorporate these
variables.

The case of general G and N. Our paper is the first to define the shift operators S¢ N, x and ¥ n,x for general
choices of G, N, and X. In particular, our construction recovers the following special cases:

(1) In the case G = T with X7 compact, shift operators were defined in [Iril7] using localization. Under the
assumptions of op. cit., there always exists a G-representation IN and a proper holomorphic map f : X — N.
Then, the shift operators of op. cit. can be recovered by localizing our construction of S¢ N, x (Remark 5.25).

(2) We also recover the case X = N studied in [GMP23a], which builds on Teleman’s description of the Coulomb
branch Spec A n as a gluing of two copies of the pure gauge Coulomb branch Spec Ag (see [Tel21]).
Their construction relies on the observation that the gluing maps coincide with certain Seidel elements in
the case X = N. In contrast, our result yields a new, self-contained proof of Teleman’s gluing construction
(Theorem 6.5).

We remark that even in the abelian case, the construction of shift operators when the T-fixed locus X' is noncompact
has not previously appeared in the literature.

Shift operators for quasimaps. In [Tam24], the author provided a construction of non-abelian shift operators using
quasimaps for G = GL,,. Their computation offers a new proof that A?}Ln is a quotient of the shifted Yangian (see
also [BFEN19]).

Open-string analogue. The first-named author and Leung have attempted to construct Lagrangians in the Coulomb
branch Ag N using equivariant 2d mirror symmetry, motivated again by ideas of Teleman [Tell4]. The abelian
case was discussed in [CL.24a]. The non-abelian case involves studying non-displaceable (real) Lagrangians under a
Hamiltonian action. The case of general G with N = (0 was studied in [CL.24b]; see Section 1.8 of [CL.24a] for a
discussion of the case with general G and arbitrary N.

The construction of S¢ v, x-

Equivariant Novikov variables. Given G and X, weletT € H (';X e (X) be a general point, treated as a formal variable.
h

We define C[[ge, 7] to a formal completion of C[[r]][H5*" (X;Z)]? along the cone of effective curve classes (see
Section 3.1). In this paper, the equivariant quantum cohomology ring has underlying vector space given by a completed
tensor product

Hg(X)lga, 7]l = H&(X)® Cllga, 7).
The quantum product is defined using equivariant genus-zero Gromov—Witten invariants.
The case N = 0. We begin with the construction in the pure gauge case. Note that when N = 0, the variety X is

projective. The first step involves a convolution-type operation.
We define a map (see Definition 2.1)

tw = (). o (r)" : Hy'© % (Gr) oc He ¥ (X) — B (Gic o X)
via the correspondence
G}C x X
= ~ : (©)
GI‘G x X GIC XGo X

2We use H, to denote Borel-Moore homology and HS™ to denote ordinary (i.e., singular) homology.
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The map tw is twisted-linear in the following sense. The projection

u: Grg = GK/GO — [pt/Go] @)
induces a pullback homomorphism
HéXCX (pt) — Héoxcrf (Grg).
Forany P € H?, . (pt)and T ® « € Jirgan (Grg) ® 2P (X), we have
h

w(l'® Pa)=tw((*"PNT)®@a)=uv*"PNtw(l® a),

which in the abelian case reflects the twisted-linearity relation (4) (Proposition 2.9).
The second step involves counting curves in a certain associated X-bundle. By a theorem of Beauville and
Laszlo [BI.95], there is a canonical principal G-bundle £ over Grg x P! together with a trivialization

(2 5|Grc><Spec((C[t*1]) — G x Grg x Spec(C[t_l])

over Grg x Spec(C[t~1]); here we use t to denote the coordinate on PL. The trivialization ¢ will play a crucial role
in the general N case below.

Let £(X) := £ X X denote the associated X -bundle. The restrictions of £(X) to Grg x {0} and Grg x {0}
are isomorphic to Gx Xg, X and Grg x X, respectively.

Let Eff (£(X))%¢ € HSY(E(X); Z) denote the subset of effective section classes, i.e., those effective classes whose
image in Hy"(Grg x P';Z) is equal to [pt x P1].

For 5 € Eff(£(X))%c, let M (X, 8),, be the moduli space of genus-zero stable maps to £(X) with curve class 3,
and n + 2 points 4o, Yoo, Y1, - - - » Yn, such that yg and y, lie over the 0 and oo fibres, respectively. Let evg, evo, €vy, ...
be the evaluation maps. We define

GoxC) ( GX(CX(

SG'X H G’C XGo X)%H X)[[unTH

by the formula

Gex= Y 2L v ( Tt 1m0, ]>

BEES (£(X))%c n=0 "

where pry : Grg x X — X is the projection map, [M(X, B),]"™" is the virtual fundamental class of the moduli
space, and S is the image of 3 under the natural map

H(E(X);Z) — Hy%(X:Z)

induced by £(X) = £ xg X — [X/G]; and the definition of 7 € H®

Xy (E£(X)) is given in Definition 3.13.

The module map S x is then defined to be the composition

'O (Gr) ocp He X (X)llaa, 7l] —2— B (G 6o X)llac, 7]
Sa,x
20X, 7 (X)lge 7).

up to intertwining with Poincaré duality.
We conclude with two remarks about the construction above.

(1) First, to obtain a well-defined notion of virtual fundamental classes, we must approximate the Borel-Moore
homology of Gr¢ by the homology of resolutions of its affine Schubert varieties.

(2) Second, the use of equivariant Novikov variables is essential in this construction. When G = T is a
torus, one can define a map HY(£(X);Z) — HY(X;Z) depending on the choices of suitable section
classes (see [Iri17]). In the cases studied in [Cho23], the natural map H(X;Z) — H;’rd’G(X; Z) is an
isomorphism. In [GMP23b; GMP23a], equivariant Novikov variables appeared implicitly by the consideration
of vertical Chern classes (cf. Lemma 3.11).



The general case. Since Ag N is a subalgebra of A¢, one might be tempted to define S N, x as the restriction of
S, x. This idea works for the map tw, but fails for the map gg, x.

As mentioned above, the main issue that the 7-fixed locus X7 may not be compact. In this case, the evaluation map
eV (or its restriction to the T'-fixed locus) may fail to be proper. Hence, the pushforward ev.. is not well-defined in
general, even via localization.

Our strategy is to cut down the moduli space M (X, 3),, to a smaller subspace on which the evaluation maps become
proper. A key ingredient in our approach is a reformulation of the quantized Coulomb branch algebra ‘AZ,N which we
now describe.

Recall that in [BEN 18], the authors considered an infinite-rank vector bundle 7~ = T over the affine Grassmannian
and a fibrewise linear subvariety R C 7. The quantized Coulomb branch algebra AEN is defined as the equivariant
Borel-Moore homology of R. Let S := T /R be the fibrewise quotient. We prove the following theorem in Section 1.

Theorem 3. The quantized Coulomb branch algebra ‘AEN is isomorphic to the following subalgebra of Ag:

e(8) N HE " (Grg) € AL.

The heuristic behind Theorem 3 is as follows: if one “resolves” the affine Grassmannian by the vector bundle 7,
then the pullback of S admits a canonical section whose zero locus is precisely R. The term “stratified” in Theorem 3
means that S restricts to a vector bundle over each affine Schubert cell in Grg. See Section 1 on how we can make
sense of the symbol e(S)N.

Here we highlight a novel relation between Coulomb branches and shift operators. One can understand Theorem 3
as stating that AZ’N is cut out from AL, by the stratified bundle S. We further show that the pullback of S to M (X, ),
admits a canonical section whose zero locus is proper with respect to the evaluation map ev, (Proposition 4.4).

Now we can continue our construction of the shift operators for general N. For simplicity, we will denote the
pullback of S to the various spaces by the same symbol. The twisting map tw now restricts to give a homomorphism

tw: AG,N ®(C[h] H.GX(Ch (X) — 6(8) n H.GXCFL (GIC XGo X)
As just mentioned, there is a canonical section of S over the moduli space M (X, 3),, and the restriction of ev, to
its zero loci Z(X, ), is proper. As an example, the subspace Z(X,N)y C M(X,N)q = I'(Grg, E(N)) consists of
those sections that are constant over Spec(C[t71]), with respect to the trivialization of ¢.

We may therefore define
S GxC} GXC}
SeNx 1 e(S)NHS ™ (Gx xgo X) — Hd 7" (X)[[gc, 7]]

by the formula

- B n i
Senx(e(S)N~y) = Z Z % P x s €Voox <ev3(7) H ev; () N[Z(X, 5)n]v1r> 7
(=1

BEEM(E(X))sec n=0
and set Sg N, x = §G7N7 x o tw, up to intertwining with Poincaré duality.

Remark 0.1 (Independence of the choice of representation). A priori, the construction of S¢ n, x depends on the choice
of the representation N and the map f: X — N. However, we will show that this dependence is in fact superfluous.
More precisely, suppose IN’ is another representation of G, and g: X — N’ is a proper G-equivariant morphism. Then
we show in Corollary 5.2 that S¢ n, x and S¢ v, x agree on the common domain of definition:

(Al ~n NAE ) Ocp) QHE;X@; (X).
Therefore, they extend to the same map on the localized algebras
A’C-L;,N,loc ®(C[h} QH(.;X(C;( (X) = Ag,N’,loc ®C[h] QH&XC; (X)

Remark 0.2 (Relation with 2d and 3d mirror symmetry). In the context of 3d mirror symmetry, an equivariant fibration
X — N corresponds to a 3d brane on the Higgs branch of the associated gauge theory. It is expected that there exists
a mirror 3d brane supported on the Coulomb branch, reflecting the 2d mirror of the fibration X — N (see [CL24a] for
further discussion). This mirror brane is expected to be a Lagrangian in Spec A n produced from Theorem 2.
In the special case N = 0, this perspective is useful in the study of quantum cohomology of GIT quotients [PT24;
[ri25]. The categorical generalization of this correspondence, in terms of wrapped Fukaya categories, was also
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conjectured in [LLS25]. If one interprets the quantum cohomology QHg (X)) as a closed-string incarnation of the
(equivariant) 2d mirror of X, then one may expect a corresponding open-string construction of the Lagrangian

Supp QH&(X) C Spec Ag N-

As mentioned above, such a construction was achieved by the first-named author and Leung in the abelian case
in [CL24a] and in the non-abelian case in [CL24b] (see also [CL24a, Section 1.8]). We conjecture that these
Lagrangians coincide with those given by Theorem 2.

Applications.

Rationality of shift operators. Shift operators for non-compact spaces are often defined via localization [BMO11;
Iri17], as operators on

Qg (Xioe = Frac( e, o (00) @ (o) Qi (X).

In contrast, the subalgebra Ag)N C Ag captures those shift operators that can be defined without localizing the
equivariant parameters. In the abelian case, this recovers the observation of Iritani [Iril7, Remark 3.10] that the shift
operator associated to a semi-negative cocharacter does not require localization, so they admit non-equivariant limits;
see Remark 4.10.

A new characterization of the Coulomb branch. In many cases, one can go further and show that A¢ N is the largest
subalgebra of Aq capturing those shift operators that do not require localization. This is formulated precisely in
Theorem 4 below (see Section 6.2). Recall that T' C G denotes a maximal torus.

Definition 0.3. The G-representation N is called gluable if, for all nonzero T-weights &1, &2 of N, &; is not a negative
multiple of &s.

Theorem 4. Under the assumptions of Theorem 1, there is a commutative diagram

N id@ve, .
AeNn —— Ac Qme,pr) AcN s Ag Qe (pr) QHE(X)

J L

A id @, toc .
——R Ag Qe (pt) @HE(X)oc

Ac —— Ac ®ne,por) Ac
Moreover, if N is gluable and X = N, then the above diagram is Cartesian.

The gluable assumption is satisfied if one replaces G with G x CJ;;, where the additional C}; -factor acts on N by

scaling. This recovers Teleman’s gluing formula for Coulomb branches [Tel21].

Peterson isomorphisms. The Peterson isomorphism theorem (cf. [Pet97; LS10; LL12; Cho23]) asserts that there is an
isomorphism

H-GO (Gre)oc = QHE(G/B)r=0
when G is a simply connected semisimple group.

In Section 6.3, we compute the map V¢ x (after setting 7 = 0) for the case where X is a partial flag variety.
In particular, this shows that ¥ ¢, p is birational, thereby extending the Peterson isomorphism to general reductive
groups. The computations closely follow those in [Cho23], except that we incorporate equivariant Novikov parameters.

In Section 6.4, we prove a version of the Peterson isomorphism under the assumption that all weights of N are
positive (resp. negative) with respect to a central C* C G; see Corollary 6.13. We also obtain a generalization of
Teleman’s result on the stratification on pure gauge Coulomb branches to Spec A n; see Corollary 6.12.

Structure of the paper. In Section 1, we review the definition of the Coulomb branch and prove Theorem 3. The
twisting map tw is discussed in Section 2. Sections 3 to 5 are devoted to the definition and properties of shift operators.
The proofs of Theorem 1 and Theorem 2 are given in Section 5. Several applications and computational examples
of shift operators are presented in Section 6, including Theorem 4 and the different generalizations of the Peterson
isomorphism.

Conventions. In this paper, H, will always denote Borel-Moore homology and H2*® denotes the ordinary homology.
All varieties, schemes and stacks considered in this paper are over C.
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1. CouLOMB BRANCHES

In this section, we give a short treatment of the Coulomb branch and set up notations that will be important for later
sections. We work over the complex numbers C.

Lie-theoretic notations. We let G denote a connected complex reductive group, 7' C G a Cartan subgroup, and
W = Ng(T)/T the corresponding Weyl group. We write ® for the set of roots of G. We fix a subset @ C & of
positive roots, or equivalently, we fix a Borel subgroup 7’ C B C G.

The coweight lattice of G is denoted by A, and its submonoid of dominant coweights is denoted by A™.

Affine Grassmannian. For a C-algebra A, let G4 denote the sheaf® on the category of affine schemes over C (that is,
the opposite category of the category of C-algebras) defined by sending a C-algebra R to G(R ® A).

Denote O = C[[t]] (the ring of formal power series) and X = C((t)) (the field of Laurent series). In particular, we
have

Go(R) = G(R[[t]]),
Gr(R) = G(R(®)),
for any C-algebra R. The affine Grassmannian of G is defined as the quotient
GI‘G = GK/G@.
Let Z be the Iwahori subgroup
Z={g9€Go:9(0) € B},
that is, Z is the preimage of B under the evaluation map ev,—g : Go — G.
For A € A, let t* denote the corresponding point in Grg. Define the Z-orbit
C\=T-t*C Grg,

and let C'< denote its closure. Each C'y is isomorphic to an affine space, and C< admits the structure of a projective
variety. We define a partial order on A by declaring that ;1 < X if and only if C;, C C<,. In particular,

Can=|]Cu
n<A

We remark that Cy (and hence C<)) is Go-invariant if and only if A € A™.

Equivariant Borel-Moore homology. In this paper, if X is a complex quasi-projective variety, we use Ho(X) =
H*(X,wx) to denote the Borel-Moore homology groups of X with complex coefficients, using the classical
topology. Here, wx is the dualizing complex of X . Similarly, if K is an algebraic group acting algebraically on X, we
define the equivariant Borel-Moore homology HX (X) := H*(X,wx), where both K and X are considered with
the classical topology. We refer to [BL.94] for the basics of cohomology of equivariant sheaves.

3Sheaves are defined with respect to the fppf topology.



The pure gauge Coulomb branch. Let G; = G 4i¢ for any positive integer i. For each \ € AT, the action of G on
C<) factors through G for all sufficiently large ¢. We set

HJ°(O<y) = HJ(C<y)
for any such choice of 7. It is easy to see that this definition is independent of . We define
AG = .H—.GO (Grg) = h_r)n H.GO (CSA)'
AEAT

We can similarly define HI° (Grg), HE (Grg), and so on.

There is a convolution product * on .4 turning it into a finitely generated commutative C-algebra [BFMO05; BEN18].
The resulting algebra (A, ) is called the (pure gauge) Coulomb branch algebra. The affine scheme Spec Ag is
smooth and is known as the (pure gauge) Coulomb branch. We now briefly review the construction of the convolution
product.

We follow [MV07; BEN18]. The convolution product on HS® (Grg) is defined using the diagram

GI‘G X Gl"G <L G)C X GI‘G L> G;C XGo GI‘G L> Grg, (9)

where p and g are the natural projections, and m is given by m([g, ¢']) = [9¢']. Let Go acton Grg and Gk X ¢, Gra
from the left, and let Go x G act on G x Grg by

(91,92) - (9,[9]) = (91992 "+ [929'])-
Then p is Go x Gp-equivariant, m is Gp-equivariant, and ¢ is equivariant with respect to the first Gp-action on
G x Grg. The convolution product is given by

myo(q*) top*: Ag ® Ag — Ag. (10)

Since we are dealing with infinite-dimensional spaces and groups, the Borel-Moore homology groups and the
homomorphisms among them must be treated carefully. We briefly explain this, and refer to [BFN 18] for more details.

For A € A1, we write G,%’\ for the preimage of C<) C Grg in Gy, and let K; denote the kernel of the natural
homomorphism Gp — G;.

Let A1, A2 € AT and set A3 = A\; + \a. Choose positive integers ¢ > j > 0 such that the actions of K; on Cl,,
and the actions of K; on Cy,, C,, and G,%Al /K are trivial. The diagram (9) induces the diagram below (we use the
same symbols for the induced maps):

CSM X CS,\2 <L (G,%Al/Kj) X C§>\2 4q> G%Al XGo CS)\Q L) C§>\3‘ (11)
The product (10) should be understood as the direct limit over A1, Ay € AT of

m. o (¢*) Lo p* i HS (Cen,) ® Hy? (Cen,) — HE (Ce,),

where p*, ¢*, and m™ are homomorphisms induced by the diagram (11). Explicitly:

e The map
Pt HE (Cax,) ® HY (Can,) — HIH ((GI%AI/KJ') X CSAz)
is the pullback along p.
e The map

¢ HE (G xao Cany) — HEO ((GRM /1K) x Can, )
is the pullback along ¢, with respect to the inclusion G; = G; x {e} C G; x G}.
e The map
m, : HS (G,%\l XGo CS)\g) — HE (C<y,)
is the pushforward along m.

Note that ¢* is an isomorphism because the G'j-action makes (G,%)‘1 /K ;) x C<,, into a principal G ;-bundle over
<A
GE ! XGo CS)\Q .



Quantizations. Let C; be a one-dimensional complex torus, which scales the parameter ¢. It is called the group of
loop rotations, and there are induced actions on G, G, and Grg. For z € (Crf and g(t) € G, the action is given by

z-9(t) = g(21),

and the other actions are defined similarly. See Section 3.2 and Appendix B for more discussion on the group of loop
rotations.
Note that the diagrams (9) and (11) are equivariant with respect to the loop rotations. Let /i € Héx (pt) be a

h
generator, so that H ¢, (pt) = C[#]. Then we define the (pure gauge) quantized Coulomb branch algebra as
h

GoxC[
Al = HS (Gr).
The same reasoning as above gives the product map

AL @y Al 22 HOOX 9O (Grg x Grg) — HIO™ (Grg) 2 AL

As shown in [BEMOS5], this defines a noncommutative product structure on A%, with % a central element. The
commutator on Ag induces a Poisson bracket on Ag = Ag / h.Ag. It was shown in [BFMO5] that this Poisson bracket
defines a symplectic structure on the pure gauge Coulomb branch Spec Ag.

The BFN Coulomb branch. Let N be a complex representation of GG, and we fix a decomposition

N
N=(PC
i=1
into one-dimensional T'-representations, where each &; is a character of T, and C¢, denotes the corresponding one-
dimensional 7T-representation. We define the following spaces:
T =TanN = Gk Xgo No,
R=Raen=1(9,8) €T :gs € No},
S=8¢N=TaN/RaN-
Suppose d is a positive integer, we write 7 for the vector bundle
T = Gk xgo (No/t"No).

If A € A, we write ng)\ for the restriction of 7% to C<. If, furthermore, gt!Np C N for all [g] € C<, then we
write R‘é » as the image of R<x = R|c_, in ng)\. Note that the fibrewise quotient

SS)\ = TSdA/R%)\

is independent of the choice of such d. Moreover, S := S<,|¢, is a vector bundle, whose rank is denoted by d. For
p € Grg, we write S), for the fibre of S< at p, for A € A satisfying p € C<,. This definition is independent of the
choice of \.

For later use, we record the decomposition

S P W, (12)
(€i,0)<0
as T-representations. In particular,
dy=— Y (&N (13)
(€:,2)<0

For each A\ € A, we choose an integer d so that R y 1s defined, and we use the same symbol 23 to denote the
corresponding Gysin pullbacks -

HE(TE,) — HE(C<y),
where K stands for one of Go, Go % CJ, To, or Tp x C; . The following is a reformulation of the definition of the

Coulomb branch in [BEN 18], which follows from Lemma 5.11 in loc. cit.
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Definition 1.1 ([BEN18]). The Coulomb branch algebra A N is the sum over A € AT of the images of HE© (R%,)
under the composition -

HEO(RL,) — HEO(TL) 2 HE® (Ccy) — HE® (Grg),

where the first and last maps are pushforwards along inclusions.
Similarly, the quantized Coulomb branch algebra AZVN is defined as the sum over A € A™ of the images of

HJo" (RZ,) under the composition
H.Go XC) (Ré,\) . H.Go xCy (ng/\) A, H.GO xCp (CS)\) N H.Go><1<Ch (GI“G).

An alternative description. We now give a new and alternative description of the Coulomb branch algebra Ag n and
quantized Coulomb branch algebra AEN.

Lemma 1.2. There exists an  x C; -equivariant resolution of singularities*

pr i Can — Ccy
such that py " (S|c, ) extends to a (neceisarily unique) T x C) -equivariant quotient vector bundle S< of py ' ('TSd)\).
Moreover, we may assume that px and S<y are Go x C -equivariant if X € A™.

Proof. Let d > 0 be a sufficiently large integer such that S< is well-defined. Consider the Grassmannian bundle
Gr(dy, ngx)’ which parameterizes rank d quotients of ng)\. The vector bundle S) defines a section of Gr(d}, TSdA)

over Cx. Let C' denote the closure of the image of this section. By construction, the section C'y — Gr(dy, T<d/\)
extends uniquely to a Z x C} -equivairant (or Gp x C} -equivairant when A\ € A*) map

C\ — Gr(dy, TZ)).
As aresult, Sy extends to a quotient bundle of the pullback of TSdA to C'y. We then choose 5§ atobeanZ x Cj -

equivariant (or Go x C; -equivariant) resolution of '\, which always exists (see Theorem 3.27 of [Kol07]). (|

We now fix the 7 x (C; -equivariant resolution p) : ég,\ — C<) and g‘g,\ for each A\ € A, and p), is assumed to be

Go » C[ -equivariant when A € A™.
Proposition 1.3. Let A € A, and let d be a sufficiently large positive integer such that R% y is well-defined. Then the
following subspaces of HI© (Grg) are equal:

(1) The sum of the images e(ggu) NnHIe (5’§M) in HIo (Grg) under the pushforward

H[°(Cg,) 5 HI®(Cep) € HIP (Gro),
taken over all u < A;
(2) The image of HI® (R‘é ) under the composition
HJ®(RL,) — HJP(TZ,) = H]P(C<y) C H]®(Gre);
(3) The direct sum

P Hi(pt) - pi- (e(8<,) N [Cs])

159
i.e., the free HY.(pt)-submodule of HI© (Grg) with basis {p,.. (e(g'gﬂ) N [GS“D Fu<a

Moreover, each element e(§§ w) N [5 <) is independent of the choice of resolution. The same equivalences hold
when To is replaced by To x C;. Furthermore, (1) and (2) remain equivalent when Tp is replaced by Go or
Go » CJ, and only dominant coweights are considered.

“That is, ég A is non-singular and p, is a proper birational map.
11



Proof. We only prove the proposition for T; the case for T x C;* proceeds similarly. The cases for Go and Go x C[f
are obtained by taking Weyl invariants.
We first show that (1) C (2). Consider the fibre diagram

/
—14d _Pe d
P TS, T

| -

5Su — OSH
Let z,* be the Gysin map for the vector bundle p7; " ’T over 5§ u» then fory € H To (CN’S 1), we have
pue (€82 N7) = pue (e(8<,) N 57P")
= e 5" (B e(8<,) NPE) (14)
= 2 g (B e(S<) N 5177)

Let 7%‘1 denote the kernel of the projection p,,' 74, — S, and ¢ : ﬁ% — p;, T2, be the inclusion. Since
gﬁu =p, ' T /R<u’ we have:
pree(S<,) OHTO(pH T ) C [,*H;TO(R%H).
As a result: B _
pM* (E(SSM) n 7) € Z;(\ p;;,*L*H:Fo (R%M) C Z:k\ L*H;To (R%u)7

where the last inclusion follows from p’u(ﬁ‘é ) € RZ,. This proves that (1) C (2).
To prove (2) C (3), note that there is an affine stratification

RE = || Ry, (15)
159\
where Rf = R%, |c, and hence
HI°(RL,) = @D Hi(pt) - [RL,].
n<A

Putting v = [éﬁu] in (14), and using ggu = p;ngu/ﬁ%H again, we obtain :

pus (e(S<u) N[C<u]) = 25 7 [RE,) = 23[RE,,

where the last equality follows from the fsict that 7?‘% ,, s mapped birationally to R‘é ,, under ,0;. This proves (2) C (3)
and also establishes that the class p.. (e(S<,) N [C<,]) is independent of the choice of resolutions.

To see that the elements {p,,. (e(S<,) N [C<,]}u<n are linearly independent over H3.(pt), it suffices to show that
both the Gysin map HJ© (TZ,) — HJ°(C<,) and the pushforward HJ©(R%,) — HJ°(TZ,) are injective.

The former is clear because T<d>\ is a vector bundle over C< . For the latter, note that there is an affine stratification:

4= T,
pn<A

which is compatible with (15). Therefore, it suffices to show that each pushforward H®(R%) — HJI°(T?) is
injective. This is equivalent to verifying that the element e(S,,) = e(7,¢ /RZ) € H3(C,) = Hj(pt) is nonzero.
However, by Equation (12), the fibre of S,, at ¢t is a T-representation with no zero weights, hence e(S,,) # 0.

Finally, it is clear that the subspace defined in (3) is contained in the subspace defined in (1). U

‘We introduce the notation
(S) HGO GI‘G Z Im (6 S<)\ H.Go(ég)\) %H?O(Grg)) 5
AEAT

and similarly for the versions of Go x C;, T, or Tp x C; -equivariant Borel-Moore homology.
Now, the following theorem follows immediately.
12



Theorem 1.4 (=Theorem 3). We have
w
AG,N = e(SG,N) n H.GO (Grg) = (6(8G7N) N H.TO (GI"G)) ,

and similarly

GoxCx ToxCy v

Al = e(Som) NVHE " (Gr) = (e(San) N HL ™ (Gro))

The following proposition follows from Proposition 1.3 and [BEN18]. An independent proof is given in Appendix A.

Proposition 1.5. The subspaces e(S) N HE© (Grg) and e(S) N qoe e (Grg) are stable under the convolution
product.
We remark that localization
ToxC} . ToxC}
(G(SN) N I—I.O><1 n (GrG)>] = FraCHTX(C; (pt) ®H; » (pt) (G(SN) N H.OX‘ n (GrG)) (16)
oc g XCE

is independent of N ([BFN18]).

2. TWISTING MAPS AND TWISTED LINEARITY

2.1. Twisting maps. Let X be a smooth quasiprojective variety with a G-action. Consider the space Gk Xg, X,
where Go acts on X with via the homomorphism ev,—g : Go — G. It is equipped with a left Gp-action via
h-[g,z] = [hg,x]. There is a Gp-equivariant morphism G X g, X — Grg by sending [g, ] — [g] € Grg. We will
consider the G p-equivariant Borel-Moore homology of Gx X, X, defined using finite-dimensional approximation.
For each dominant coweight A € AT, consider the G p-invariant closed subset

G Xgo X C G Xao X. A7)
We define

HEO Gk xgp X) = lim HE® (G xg, X).
AEAT

Convolution. We have a correspondence similar to the convolution diagram (9) (we will use the notations pg x and
gc,x if we need to specify G),

GI"GxX&GK;XX&GKXGOX

which induces the following map,

(%) o px + HEO" O (Grg) @ HE™ S (X) — HEOF (G x g0 X). (18)

As in the discussion following (10), the above should be understood using finite-dimensional approximations. For
A€ AT, leti > j > 0 be positive integers such that the actions of K; on C< and G,%)‘ /K are trivial. Then there is
a corresponding diagram (we use the same notations for the maps in the finite-dimensional approximation):

Car x X 2 (GPME) x X 20 G2 xgo X (19)

The map (18) should be understood as the direct limit over A € A of

(%) opk « HE O (Cax) @y HE O (X) — HE O (G %o X),

where p% and ¢% are homomorphisms induced by the diagram (19). Explicitly:
o The map p% is the pullback along px:
P+ HY O (Can) @y HYOF (X) — HIO O (G 1) % X))
o The map g% is the pullback along gx, with respect to the inclusion G; = G; x {e} C G; x Gj:
G HOTT (G xgo X) — HO O (G /K) % X))

Note g% is an isomorphism, and that this construction is independent of ¢ and j. Similarly, there is also T x C; -
equivariant version of (18), as in the following definition.
13



Definition 2.1. The twisting map is defined to be the composition (g% ) ™' o p%, namely,

twe - H.Goxcrf (Gre) ®cp) H.Gox(cﬁx, (X) — H.Gox(Crf (Gx o X),

as well as its Tp-equivariant counterpart:

twg : I{.TONC;L< (Grg) ®(C[h] I{.GON(C;‘< (X) — H.TOXC; (GK; XGo X)

Note that we use the same notation tw to denote both homomorphisms. This abuse of notation should cause no
ambiguity, as the first homomorphism agrees with the restriction of the second to the subspace of ¥ -invariants.
The following proposition is obvious if one notice that both px and gx are quotient maps for a free G-action.

Proposition 2.2. There is a commutative diagram

HEOCR (Grg) @y HEO O (X) —6 gEO* S (G gy X)

| F ,

HﬁGoxGoxGo)NCrf (G x X) —— H.(GOXGO)NC; (G x X)

where the action of Go X Go X Gp on G x X is defined as follows: the first two factors act on Gy from the
left and right respectively, while the third factor acts on X. The bottom horizontal map is induced by restricting the
equivariance to the subgroup

GoXAGOCGoXGoXGo.

In other words, one may regard tw¢ as identifying the equivariance on X with the equivariance on Grg coming
from Grg = Gx/Go. One can also understand this as saying there is the following fibre product identity:

[Go\Gra] Xpi/Go) [Go\X] = [Go\(Gk Xao X)]-
Proposition 2.3. There is a commutative diagram.

To xCX

HIP* (Gre) @ep HEO O (X) 225 BT (G x gy X)

: I

T@NC: GoNC: T@XC:

H, (GI‘T) ®(C[h] H, (X) — H, (TK XTo X)

! |

ToNCY ToxCy ToxCy

H, (Grr) @cqn) He (X) T H, (T X710 X)

(20)

such that all the maps in the diagram are W -equivariant.

Proof. In the proof below, we omit the finite-dimensional approximations for clarity, as the necessary constructions
should now be clear.
Consider the diagram

Gr0XX<ﬂGKXXm—YX>GKXGOX

A

GI‘TXX&T)CG(QXXL)TKGC)XGOX-

H I ]

P, Xx qr,Xx
Grrp x X «—— T x X ———— T X7, X

Here, the second row is the base change of the first row via the inclusion Grr — Gr¢. Since pushforward commutes

X X
with smooth pullback in a fibre diagram, the restriction of tw¢ to H. JoxCr (Grr) ®cpp HIon (X) is equal to
(46.x) " opGx 0wl = (aGx) " ot opK = oo (gX) T o Pk

14



This proves the commutativity of the upper square in (20). For the lower square, note that we have the following
commutative diagram:

HETOXGOXG@)NC; (TICGO % X) SN H.(ToxAGo)X(Cn (TICGO X X)

J |

(T(g><T(9><Tc))><(:;< (ToXATO)X(C

H, " (Tx x X) ——— H, (T x X)

Here, the horizontal maps correspond to restrictions of equivariant parameters. The left vertical map is the composition

(ToxGo xGo)XC)

ToxGoxTo)xC)
H (ToxGoxTo)xC}

(TICGO X X) — He (T)CGO X X)

~ HST@XT@XTO)X]C;L( (TIC % X),

and similarly for the right vertical map. In view of Proposition 2.2, this proves the commutativity of the lower square
in (20). =

For the purpose of defining the shift operators (see Definition 4.8), we require the following variant of the twisting
map. Let A be a coweight, and define the fibre product
G 1= G Xarg C<n. @1)
Using the same construction as above, we obtain a map

GoxC) GoxC)

P (Cen) ®cm HY O™ (X) — HIOO (G xgo X).

By abuse of notation, we also denote by the same symbol the following map, obtained from tw< by applying Poincaré
duality twice.

tW<A H

Go ><1(C

twen s HEO S (Can) e Hy o (X) — Hy e (G X0 X). @)

Similarly, one can define the T(»-equivariant version (and its Poincaré dual Ver51on):

GoxC} ToxC)

Cr) @cpy HS ™7 (X) — H. (G xco X).

For later use, we record the following lemmas, whose proofs follow immediately from the compatibility of smooth
pullbacks with pushforwards, and cap products.

ToxC)}
twen : ];I(9 h(

Lemma 2.4. The map twg is compatible with tw < in the sense that the following diagram commutes:

o (C<x) Oy H{o o X)) = HYo (G xo X)

I l

o (Grg) ®cin) HyerCn (X) e, HIo"C (Gx xgo X)

Lemma 2.5. Suppose we have another resolution é’g » — C<\ which factors through ég » — C<i. Then the
following diagram commutes:

tw<>\

ToxCr , =~ ° ° ~

HloxCh (C/gA) Rcir) HG@N(C;L( (X)) —> HT G (G;CS/\ XGo X)
T C .

fTex (C<,\) ®ctn) He, o e (X) BLELN HT ) (G,C XGo X)

Here, é%/\ and tW’< \ are defined analogously. The vertical maps are pushforwards.

GoNC

Lemma 2.6. Supposel’ € H, ToxCy (C<)\) and o € H, " (X), we have

tWS)\ (e(SSA) NI'® Oé) = e(§§>\) U tWS)\(F &® a),
15



where the bundle §§ x on the right-hand side is understood as the pullback along the projection
é%)\ XGo X — 6§)\.

2.2. Twisted linearity. It is clear that twg(— ® —) and twp(— ® —) are H, 7.“@ ..cx (pt)-linear in the first argument.
h
However, linearity in the second argument is more subtle, which we will explain now.
There is a morphism u : [Gp\Grg| = [Go\Gk/Go| — [pt/Go] — [pt/G], where the second map is induced by

evi—g : Go — G. The pullback map on cohomology
u* : Ha(pt) — Héomcg (Grg)

X
defines a second H (pt)-module structure on H.G oG (Grg). More specifically, the map u* sends a characteristic

class ¢, (V) € H&(pt) to the cohomology class
u*(ck(V)) = Ck(G)C XGo V) € H(.}oxtc;f (Gr(;).

Here, V is a G-representation, and Gk X g, V is the associated vector bundle on Grg. Then, the second module
structure is given by
He(pt) @ HEO (Grg) — HE'S (Grg),
PRT+— u*(P)NT.
By viewing G X, X as the quotient of G x X by the action of G, one similarly obtains the homomorphism

u* H&(pt) — HéoxC; (G}C XGo X)

(23)

by considering the map Gx x¢c, X — [pt/Gol.
Now we can explain the twisted linearity of tw¢ in the second factor.

Proposition 2.7. Let P € H}, .. (pt). Then

xC)
tweg(l® (PNa)) =tweg((v"PNT)®@a) =u"PNtwg(l’ ® ).
Proof. By Proposition 2.2, we may understand tw¢ as the map

HEG@XGOXGO)NC; (GIC % X) SN HSGoXGo)N(C;f (GIC % X)

obtained by identifying the second and third copies of G». The proposition follows by observing that: 1) the second
Go corresponds to the second H (pt)-module action on H, .G oxCy (Grg) via u*; 2) The third G corresponds to the

standard Hg (pt)-module structure on Jivg xCh (X). O
Remark 2.8. There is a parallel story for H$.(G/T) replacing HS© (Grg ), as explained in [Pet97]. Specifically,
H3(G/T) = Hy(pt) @pe, (o) H7(Pt)
carries two distinct H%.(pt)-module structures. Moreover, for any T-space X, there is a natural isomorphism
HH(G/T) @py (or) HP(X) = H7 (G X7 X)
which mirrors the twisting map construction introduced in this section.

Comparison with the previous construction. Let G =T be a torus. We now compare our version of the twisted map
with that of Tritani [Iri17]. For A € A, let X* denote the fibre of T)c X7, X over the point [t] € Gry. The variety
X* is isomorphic to X as a T-variety, but carries the loop rotation action:

zn-x=Nzp) -z, forzpeCl ze XA,

Consider the diagram:
TxX

X/ \XA

where the map a is projection to the second factor, and b is the action map of for the T-action on X (not X ™).
16



Taking 7 = 1 in (19), one observes that the map

twr ([t ® —): Hy o (X) — Hy o (X7)
is given by the composition
. a* . (b*)—l R \
HTX(C; (X)) — HTxTxC,f (TxX)—— HTX(C; (XH).

Here, T x T' x C; acts on T' x X by the formula

(21,22, 25) - (z,2) = ()\(zh)zlzzgl, 29).

To compute a* and b* explicitly, let E = ET and E’ = EC; be contractible spaces equipped with free right actions
by T and C}, respectively. Also let E* = E as a T-space, but C; acts on E* through . Then a* and b* correspond
to pullbacks along a’ and &’ in the diagram:

(E/\ x B x EI) ><T><T><(C;L< (T X X)

/ X)
(Ex E') Xpyox X (E* x E') X XA

where
a/(eheQae/azax) = (6276/71'), b/(€1,€27€/,z7.’17) = (617€I72 : LU),

with z -  denoting the original T-action on X.
The map a’ is a weak homotopy equivalence with inverse

¢ (B % B') Xpyex X — (B* X E X E') Xpypyex (T % X)
d(e,e,x) = (e,e € 1,x).
One can check that ¢’ is indeed well-defined, and that b’ o ¢’ = id.

One can summarize the above as follows. The identity map (E x E’) x X — (E* x E') x X* is equivariant with
respect to the group automorphism

TxC; —TxCy, (z2) (2X(zr)"" 21), (24)

and the induced map on 7' x Cj-equivariant cohomology is naturally identified with twr([t*] ® —). We record this
in the following proposition.

Proposition 2.9. Let ®,: H? (X)) — HS X*) be the (twisted) homomorphism induced by the identity map
TxC TxC
R I

id: X — X, which is equivariant with respect to the group automorphism (24). Then ®, agrees with the twisting
map twr([t*) @ —). In particular, for P(a, ) € Hp < (pt)and a € HY, . (X), we have
h h
twr([t*] ® Pla, h)a) = P(a + \(h), k) twr([t)] @ a).

Remark 2.10. @ is the same as the twisted homorphism defined in [Iril7, Section 3.1].

3. SHIFT OPERATORS [: PREPARATION
3.1. Quantum cohomology.
Assumptions on the space. Let X be a smooth, semiprojective complex variety with an algebraic G-action. By
semiprojective, we mean that X is quasiprojective and that the affinization map
aff : X — X .= Spec H(X, Ox)
is projective. We assume that X carries an algebraic G-action commuting with an auxiliary CJ;-action satisfying:
(1) all C},-weights on H%(X, Ox) are non-positive; and

(2) the CX -invariants satisfy H(X, Ox)Can = C.
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These conditions imply in particular that X Can s compact. We refer to CJ;, as the group of dilations or the conical

action, not to be confused with the group of loop rotations, (C; , Which acts trivially on X.

These assumptions ensure that X has nice cohomological properties, including Proposition 3.1 below; see [Iril7].
Note that in [Iri17], it is assumed that the conical group CJ, is a subgroup of G, which is required for defining shift
operators in their setting. However, we do not need this assumption in the Coulomb branch setting, as will be explained

in Section 4.
Proposition 3.1. The G-action on X is equivariantly formal.

Proof. See [Iril7, Proposition 2.1]. In loc. cit., only abelian G were considered, but the same proof applies to any
reductive group G. ]

Equivariant quantum cohomology. We fix a graded C-basis {a; },c; of H&(pt) and a graded H (pt)-basis {¢; };VZO
of H%(X). We denote ¢; ; = a;¢;. Let {7%7} be coordinates on H&(X) dual to the basis {¢; ;}, and set
T =, ;7" bi ;. We declare the degrees of the coordinates 7 to be

deg 77 = 2 — deg(¢r,5)-

We write C[[7]] = C[[7"7]], where the odd variables (i.e., 7"/ for deg ¢; ; odd) anti-commute. In other words, this is
the tensor product of the formal power series ring in the even variables with the exterior algebra in the odd variables.

Remark 3.2.
(1) If K C G is a reductive subgroup, then the restriction of {¢; };-V:o gives a graded H7y, (pt)-basis of Hy. (X).
We always assume that such a compatible choice of basis is made.
(2) We may use the notation 7¢ to indicate the dependence on G. In this paper, we always assume 7 = 7 unless
otherwise specified.

Remark 3.3. The introduction of the variables 7% is in order to define the quantum connection V5, (26) and shift
operators (38). More specifically, this is due to the grading operator px (27) and the assignment 7 — 7 (30) not being
H? (pt)-linear. For the sole purpose of defining equivariant quantum cohomology, it is possible to take H& (pt)-valued
coordinates instead of the C-valued coordinates 77,

Let K C G be a reductive subgroup, we write
Clax] = ClH;"" (X; 2)
for the group algebra of the abelian group H. ;’rd’K(X ;Z). The ring Clgx] is equipped with a grading determined by
degq” = 2(cf (X), B).

Let Eff(X) C H$(X;Z) be the subset of effective curve classes. We denote ¢, : HS"(X;Z) — HY™(X;7)
the natural map. We define H2(X)[[gk, 7]] to be the graded completion of Hg (X)[[7]]@cClgx] along the direction
Eff(X)°. Concretely, an element of H&(X)[[gx,7]] is a formal sum

S desm [[ (0
B,m icl
0<j<N
where 3 ranges over HS""™ (X;7), m = {m; ;} runs over multi-indices with finite support on I x {0,1,..., N},
and the product is taken in some fixed order on this index set. The sum is required to satisfy the following:

(1) Each cg p, lies in H&(X).
(2) There exists a finite subset S C Hy" " (X; Z) such that ¢g.,,, = O unless 8 € S + 1. (Eff(X)).

(3) There exists a finite subset R C Z such that (cg m,)q = 0 ford+>_ m; j deg 77 +deg q® ¢ R, where (cg,m)d
denotes the degree d component of ¢g .

50ne can see that the product on C[[g¢]] is well-defined as follows. Choose a closed embedding X < P™ x C". It suffices to verify that the
moduli stack of stable maps to X of degree less than or equal to a fixed number E has only finitely many components. This follows from the fact
that this moduli stack is a closed substack of the corresponding moduli stack of stable maps to P x C™, which has quasiprojective coarse moduli
space. We thank Hiroshi Iritani for explaining this argument to us.

18



Definition 3.4. The G-equivariant quantum cohomology of X with K-equivariant Novikov variables is the ring

QHE(X)lar, 7],

whose underlying vector space is H%(X)[[qx, 7]]. Its ring structure is defined by the big quantum product x, where

;L s qb*ﬁ
VxRV = Z Z oy

BEEf(X) n=0

n+3

(evl evs(y H evy (T MO nt3(X, ﬁ)]m>

forvy,y € H&(X). Here, Mg ,,4+3(X, ) is the moduli stack of genus-zero stable maps to X with n + 3 marked points
and curve class 3, and [M g ,+3(X, 3)]¥"" denotes its virtual fundamental class. Note that evs is proper, thanks to X
being semiprojective. The product , on a general element of H% (X)[[¢k, 7]] is then defined termwise on its power
series expansion.

From now on, we will simply write ¢*° as ¢” whenever no confusion is likely to arise. It is clear that if
K; C Ky C @G are reductive subgroups of G, then there is a natural ring homomorphism

QHG(X)lax,, 7] — QHE(X)([gx, 7]]- (25)
Quantum connection. We consider the trivial (C; -action on X. We follow the notations in [Iri25, Section 2.1].
Definition 3.5 (Quantum connection). The equivariant quantum connections are the operators
Vi, Vi, Vo 2 H e (0 lasc, 1] — B o () fare, 7)),
defined as
Vs = Opig + ¢ jr),
Vo, = hop — h™ (Bxr) + px, (26)
Vpga, = Dqdy + hY(Dx),

where D € H%(X) and Dqd, is the derivation on C[[gx]] with Dgd,q” = (D, 8)¢®, while Ex is the Euler vector
field and p x is the grading operator, defined respectively by the formulas

deg(t%7) ,
EX = C?(X) + Z (TT ’j(bi,j
and
1 .
x(dij) = 5 (deg(di;) — dim X)) i ;. (27)
Definition 3.6 (Fundamental solution). The fundamental solution to the quantum differential equation is the operator

Mix : HE, oo (X)llae, TR = HE, oo (X) ([, 7II[[R71]
defined by

% n+2
My =r+ Y Y LpDoer, (evlmﬂevu [M0n+2<m>]m>

0#£B€Ef(X) n=0 h—v
where 1 is the equivariant first Chern class of the universal cotangent line bundle at the first marked point.
The following proposition is well-known (see [Giv96; Pan98; CIJ18; Iri25]).
Proposition 3.7. The operator M x is invertible and satisfies the identities
V., iioMyx =My 00,44,
Vo, © My =My o (A0 — B~ (c§ (X)U) + px) (28)

c
Vpga, ©Mx = Mx o (Dqdy + h~'(DU)) .
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3.2. Universal G-torsor. We fix the standard affine chart C = Spec C[t] C P! and take the base point 0 € C C P*.
By the Beauville-Laszlo theorem [BL95] (see also [Zhu17]), the affine Grassmannian Grg represents the functor on
the category of C-scheme.

ZH{(P@)’

In particular, there exists a universal G-torsor £ — Grg X P!. If p € Grg, we denote &y the restriction of £ to p P!

We now make the correspondence between a map f : Z — Grg and the pair (P, ¢, ) more explicit. Suppose first
that f factors through a map f : Z — Gx. Then P is the unique (up to isomorphism) G-torsor over P}, with local
trivializations

P is a G-torsor over P, / ~
Yoo : Pl joy), — (P1\ {0})z x G is a trivialization o

Yoot Plzx@n oy — (Z x (P*\{0})) x G,
and
®o - P|Z><Spec(9 l) (Z X SpeCO) X Ga
such that the induced automorphism

(poo|Z><Spech o (‘PO‘ZXSpecK)_l : (Z X SpeCK) xG— (Z X SpeCK:) x G
is given by left multiplication by the map

7 x SpecK) x G — Z x Spec K L G.
( p p

The existence of such a torsor P is the content of the Beauville-Laszlo theorem. In general, there exists an fppf cover
|| Z; — Z such that the pullback of f to each Z; factors through Gc. One can then construct P and ¢ by gluing the
corresponding G-torsors and local trivializations over the cover, using fppf descent.

Under the above correspondence, the subgroup Gc;-1; C Gy acts on Grg by modifying the section ¢ over
P!\ {0}, while loop rotation acts by scaling the coordinate on P!. More explicitly, for z € C;, let m, : P! — P! be
the morphism given by ¢ +— 2~1¢. There is an action of Gep—1) ¥ C; on Grg given by

9= (91,2) - (P,p) = (m;P, g-mZp),
where g; is regarded as a morphism Spec C[t~!] — G.

The action of Ggp-1) ¥ C;; lifts to the universal torsor &, in the sense of the next lemma, which follows from the
functorial description of Grg.

Lemma 3.8. Suppose f : Z — Grg is a morphism from a scheme Z corresponding to the pair (P, ps), and let
9= (91,2) € Gep—1) X Cp. If (P, L) corresponds to the map g - f = Z — Grg, then there exists a G-equivariant
isomorphism
gs : P = mLP’
such that miol 0 gy = g1 - Poo-
In particular, if H C G¢p-1) % Cp and f : Z — Grg is an H-equivariant morphism corresponding to the pair
(P, o), then there is an induced H-action on P such that the projection P — Z x P! is H-equivariant (where C;*

acts on P! by scalar multiplication).
Strictly speaking, we have defined the action on & only at the level of C-points of G¢y-1) % C;. In Appendix B,

we will describe the action of Gejp-1) X C & as a group scheme by considering its R-points, and in particular show that
the actions defined above are algebraic.

Example 3.9. Suppose G =71 = C* and A = 1. Then
E =&l =2 Op (—1)* = C?\ {0}.
Let u, v be coordinates on C2, so that the projection C2\ {0} — P is givenby t = v/u. Indeed, there are trivializations
©o: Op1(=1)"|speccyy = SpecC[t] x C*,
Yoot Op1(—1)"[specci-1] — Spec Ct™'] x C*,

given by
v U
@0(”7’0) - (Evu) ) L)Ooo(ua’u) - (E),U) .
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It is clear that the transition function o © @y ! corresponds to left multiplication by ¢ = v/u. The subgroup®
C* xCf C Cat,l] x C; acts on Op1 (—1)* by (g, z1) - (u,v) = (zrgu, gv).
More generally, if G = T is abelian and A € A is arbitrary, then
gtA = O]pl(—l)x X% T,
where C* acts on T via A, and T’ x C; acts on & via (g, 25) - (u,v,9") = (zru, v, 99"). O
3.3. Seidel spaces. For each A\ € A, we fix an Z-equivariant resolution of singularities p) : 5’§ A — C<, satisfying
the conditions in Lemma 1.2. Let £< be the principal G-bundle on C< x P! induced by the morphism
59\ 2, CSA C Grg.

Ifp € C<y, we write £, for the restriction of < to p x PL. In particular, there is a canonical isomorphism &, 22 & o2 (p)
If X is a G-variety, we call
5<>\(X) = 59\ xXag X

the Seidel space associated to X and ég A-
By construction, there is a 7' x C;-action on £« (X) such that the projection

™ ES/\(X) — ég)\ X Pl

is equivariant, where C;’ acts on P! by scalar multiplication. Moreover, if A € A™, this action can be upgraded to a
G x Cj -action.

Example 3.10. The bundle &;» (X) is isomorphic to Op:1(—1)* X¢x X, where C* acts on X via the cocharacter
A: C* — T. The action of T x C; on & (X)) is given by (cf. Example 3.9)

(g7 Zﬁ/) : (u7v7x) = (Z}'LU,’IJ,gl')~
This space is 7' x C; -equivariantly isomorphic to the Seidel space E defined in Section 3.2 of [Iril17], but with the
roles of 0 and oo swapped. ]

Section classes. An effective curve class 3 € HJ(E<)\(X);Z) is called a section class if w.3 = [pt x P!]. Denote
by Eff (€< (X)) the subset of section classes.
The projection £<) x X — X is G-equivariant, and hence induces a pushforward map in equivariant homology:

HY(EA(X):Z) — Hy"(X;2Z).

For any € H$"(E<x(X); Z), we denote by 3 € Hy“ (X, Z) its image under this map.
Let TV €<\ (X) == ker(dm) = E<\(T'X) be the relative tangent bundle of 7. The following lemma is immediate.

Lemma 3.11. deg(¢?) = 2¢, (TY"E< (X)) - B.
Fibres at 0 and co. There are Gp-17 x Cj -equivariant isomorphisms
E(X)largx{oy = Gk Xco X,
E(X)|arexfoo) = Grg x X.
These are straightforward consequences of the construction of £, see (65) in Appendix B. We denote
L Xeno =11 (Cn x {0}) — E<n(X),
oot X<ro0 = 71'_1(59\ x {o0}) — E<r(X).

Recall that é,%’\ denotes G'x Xarg 6§ » (see (21)). The following lemma follows immediately from Equation (29).

(29)

Lemma 3.12. There are T x C] -equivariant isomorphisms
~ A<
XS/\,O = GE XGo X,
Xﬁ)voo = CS)\ x X.

Moreover, these isomorphisms are G x C; -equivariant if \ € AT

6CX and C ‘é[ 1) have the same underlying C-points
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. < . . . ..
In particular, px »: X<y 0 — G,EA X G, X 1s aresolution of singularities.

Definition 3.13. We define a map

HEon(X) = Hy o (Ea(X)), 77, (30)
as the composition of the following maps:
. pr} ° . -~ .
GoX(C;;(X) ? H(ToXGoXGO)N(C; (ES/\ XX)HH(T@XAGO)NC;((S‘S)‘ XX) —)HToN(C;;(gS)\(X))’

where we identify Héxc; (X) with HE M (X), and similarly for the other terms.

The following lemma is an immediate consequence of Definition 3.13 and the considerations in Proposition 2.2.
Lemma 3.14. Let

F=1l®TecH (G x X) = H

(TxGoxG)xC) TxC) (CS)‘) ®C[ﬁ] H? (X)

GxC)

Then the restriction of T to X<y is equal to tw<x(T), and the restriction of T to X<y ¢ is equal to the image of T
under the restriction of the equivariant parameter

H (G x X) — H?

ASA ~ I7®
(TxGo xG) T (TxGoxnyucx (G x X) = H,

TX(C;; (ég)\ X X)

Remark 3.15. 1t follows from Lemma 3.14 that when G = T is abelian, the class 7 agrees with [Iri17, Notation 3.8],
except that the roles of the zero and infinity fibres are reversed (cf. Example 3.10).

Moduli spaces and virtual fundamental classes. Let 3 € Eff(E<)(X))%*¢. Recall that M ,12(E<r(X), 3) denotes
the moduli stack of genus-zero stable maps to £<(X) with n + 2 marked points and curve class 5. A typical object
in this moduli stack is a stable map

g (ZayO,yooayla" 7yn) - gS)\(X)a

where X is a genus-zero nodal curve and yg, Yoo, Y1 - - - , Yn € 2 are the marked points.
Since < (X) is smooth, the moduli stack admits a virtual fundamental class ([BF97]),

[Moms2(Er(X), B € He % (Mo,ni2(Er(X), B)).

Definition 3.16. Let M < (X, 8),, C Mg n+2(E<x(X), 3) denote the substack consisting of those stable maps o such
that o(yo) lies over 0 € P! and 0 (yoo) lies over oo € PL. In other words, we have the fibre diagram:
Max(X, B)n 25 Mo pia(E<r(X), B)
l J(prﬂ,,1 0 Evo) X (prp1 0 Eves) (€2))]
{(0,00)} ———— P x P!
Here, Evg and Ev, denote the evaluation maps at the marked points yy and y~, respectively. We also denote
Mor(X), = | ] Mr(X, B)n.
BEEM (E<x (X))see
In particular, the evaluation maps restrict to
evp : M<x (X)) — X<ro, eVeo : Mca(X)p — X< oo

In order to distinguish between the evaluation maps on M and M, we use the different symbols ev and Ev, respectively.
We define the virtual fundamental class of M < (X, 5),, to be

vir

[MA(X, B)n]"™ = i [ Monra(E<a(X), B)] (32)
where j!M is the refined Gysin pullback
! TxC) TxC)

.]M He (HO,H-&-Q(SSA(X)vB)) - H-—4 (MSA(Xa ﬁ)n)
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defined via the fibre diagram (31) (see [8.3.21] in [CG97] or part 3(ii)(b) of [BFN18]). The degree of the virtual
fundamental class equals twice the virtual dimension of M< (X, )., which is computed as follows (cf. [FP97;
CK99)):

Vdim(MS)\<X,6>n) = dimé‘S)\(X) +c1 (ng)\(X)) ﬁ +n-—3
=dim X + dimC,\ +c (Tvertgg)\(X)) ﬁ +n
= dim X 4 dim Oy + ¢ (X) - B + n. (33)

If p is a point in Grg or in CN’SA, the substack M, (X, 8)n C Mo.ni2(E,(X), B) is defined similarly. We write
Pro_, Mcx (X, B)n — C<, for the projection.

4. SHIFT OPERATORS II: DEFINITION

We assume that X satisfies the conditions in Section 3.1, that IN is a representation of GG, and that there exists an
equivariant proper morphism
f: X —>N.
Our goal is to construct a homomorphism
SeNx: Al N Ocim) He, ox (X)llaa, 7] — Hey ox (X)]lgG, 7]]

that endows H®

ey (X)llge, 7] with the structure of an A, -module.

4.1. The tautological section and its zero locus. Throughout this section, 5 will always denote a section class.

A lemma on £,(N). Recall in Section 3.2 that we have a trivialization of £ over Grg % {oo}. Let p € Grg, there is
thus an induced local trivialization of the vector bundle £,(N) over P!

QOOO(N) : SP(N)|SpeCC[t*1] = Specc[til] x N

over Spec C[t~1]. We write ¢, (IN) simply as ¢, when no confusion arises. Suppose s is a section of the vector
bundle &,(N), which corresponds to a morphism s, : Spec C[t~!] — N under ¢,. We regard s as an element of
Nc(;-1). Recall the bundle 7 = G X, No.

Lemma4.1. s, € 7).

Proof. Let p be a lift of p in G, and recall that 7, = pNo C Ny. There is a trivialization of £,(IN) over Spec O:
00 : Ep(N)|speco — Spec O x N

such that the transition function ¢ 0 !': N — N is given by the action of p € Gc. Let s : Spec O — N be the

morphism induced by s under ¢, and regard it as an element of No. Then we have s = psg € T, as claimed. [

The tautological section. Let A € A, and let p) : 55 x» — C<) be aresolution as in Lemma 1.2. We will construct a
section of S< over MS,\(X)n7.
Leto : (2,90, Yoo, Y15 - - - » Yn) — E<a(X) be a stable map representing a point in M < (X),,. By the definition of

the section class, there exists a point p, € C< and a unique irreducible component Xy of ¥ such that the composition
25 E(X) - Cay x P!

restricts to an isomorphism r : X9 — p, x P!. Composing o o r~! with the projection M<(X),, — M<\(N),
gives a section & of the vector bundle &,(N) = &, (,,)(N).
By Lemma 4.1, the image 7 lies in 7, = T, (p,)-

Definition 4.2. Let can<(X) be the section of [S'Vg A over M« (X),, given by the assignment
0 — [Too;

where 0 € M<(X),,, and [G] denotes the image of 7, under the projection 7,,, — (gg A)pe -
Moreover, if /3 is a section class of E< x (X'), we denote by can< (X, 5) the restriction of can< » (X ) to M<x (X, 8).

If p € C<, then the maps can, (X): M, (X), — S<i|, are defined analogously.

TThat is, a morphism Mo (X)n — §S>\ of spaces over 6’3,\.
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The zero locus.

Definition 4.3. We denote by Z< (X, 5),, and Z<(X),, the zero loci of can< (X, 8) and can< (X)) respectively.
We also write ZSN/\ (X, ), and ZgN)\ (X)), if we want to emphasize the representation N.

In contexts involving multiple representations, we include a superscript to indicate the representation, denoting, for
example, ZSNA(X)" and cangA(X)n.

If p is a point in Grg or in 6’9\, the substack Z,(X, f)n C M, (X, ), is defined similarly. We regard ev, as a
morphism M<(X), — C<y x X.

Proposition 4.4. The restriction of the evaluation map evs, : M<x(X), — ég A X X to Z<x(X),, is proper.

Proof. Since the morphism M < (X),+1 — M<x(X),, that forgets the last marked point (and stabilizes) is proper,
it suffices to consider the case n = 0. For simplicity, we write M<(X)o = M<,(X).

We first consider the case X = N. It suffices to prove that for any p € CN'S . the restriction of the evaluation map
eveo : M,(N) — E,(IN) to the zero locus of can,(IN) is proper. We regard can,(N) as a map M,(N) — (59\)]0.

Note that we may identify the moduli space M ,,(N) with the vector space of global sections of the vector bundle
E,(N) over p x PL. Under this identification, the map can,(N) sends a section s to [s]. It is clear from this
description that can, (N) is a linear map. Note that the composition

Rp = Tp = (S<a)p

is zero. If can,(N)(s) = 0, then we must have s, € R,,, which means s, € No NNg¢p;-1) = N. We can summarize
this by saying that the assignment s — s, gives an injective linear map of vector spaces ker can,(N) — N. However,
the evaluation map ev also sends s — S, so this proves the lemma in the case X = N.

For the general case, we consider the commutative diagram:

ZA (X, B) <P Man(X,B) =5 £.,(X)

J{Z(f) ‘ J{M(f) J{S(f)

€

ZSA(N) (J—N> MSA(N) L gS)\(N)

It suffices to show that M (f) is proper, since this implies the properness of Z(f), and hence of the composition
E(f)oeva 0jx = eve ofn © Z(f). In particular, this shows that ev, ojx is proper.
Properness of M( f) follows from the semiprojectivity of X. Indeed, f : X — N factors equivariantly as

X P« N—N,
where h is a closed embedding. Then there is a corresponding factorization of M(f):

Mar(X, 8) 2% Moy (P x N, hoB) — Moy(N).

The natural map induces an isomorphism
MAP" X N, b f) = M (BT, (pren )« f) X M<x(N).

Since £ is a closed embedding (cf. [FP97, Section 5.1]) and M < (P™, (prp. ). 3) is proper, the map M(f) is also
proper, as claimed. (]

4.2. Section-counting map.
Virtual fundamental classes. Consider the fibre diagram
ZaA(X, B)u = Mar(X, B)a
l lcanSA(X) ) (34)
Cay ———— S<

where the bottom row is the inclusion of the zero section. We define the virtual fundamental class

[Za(X, B)n]™ = sk [M<a (X, 8)0] ™, (35)
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where j% denotes the Gysin pullback

S DS (M (X B0) — 1S (2o (X, 0,

taken relative to the diagram (34). Here, d) denotes the rank of the vector bundle SS » (see (13)). We record the
following.

vdim(Z<\ (X, B)n) = dim X + dim Cy + ¢ (X) - B — dy + n. (36)
We write ev, in place of evy, ojx for simplicity.

Definition 4.5. We define the section-counting map
Sno<a: e(S<)) UHS, cx (Xaxo)llae: 7ll — Hi, o (X)]lgG, 7]]

by setting
Sn.<a(e(S<x)Uny) i= Z Z = PD O PI yy €Voox <ev0 H Vi (T) N [Z<n (X, B)n ]Vlr> (37)
BEE(Eox (X))see n=0 " =1
for v € HTch(XS/\’O) Here, pry: X<y oo = C</\ x X — X is the projection map, and PD: HTXC "X) —
H ;ilgxx ~*(X) is the Poincaré duality map. The formula for an arbitrary v € H, G (X<x0)llgg, )] is defined

termwise on its power series expansion.
The above definition makes sense due to the following two lemmas.
Lemma 4.6. There exists a finite subset S C H"" (X Z) such that
{B e HC(X:2)| 8 e Eff(é’SA(X))SeC} C S+, (BE(X)),
where i: X — E<»(X) is the inclusion of a fibre.
Lemmad.7. Lety € H, }X cx (X<x.0) be a homogeneous element. Then, each summand in the power series expansion

of the right-hand side of (37) is of degree deg e((gg,\) Uvy)—2dim Cy = 2d)—2dim C+deg ~y, which is independent
of B and n.

Definition 4.8. We define the shift operator with matter N to be the map

San.x s e(Sn) N HL T (Gra) @cp Hy o (X)llaa, 7] — Hi e (X)llac, 7]
which sends
e(S) N [C<r] ® a — Sn.<» (6(59) Utwen ([59] ® a)) . (38)
The map S¢ n,x is then extended H}X cx (pt)-linearly in the first argument. And for a general element of
H?, cx (X)[lgg, 7]], the assignment S . x is then defined termwise on its power series expansion. Here tw<y

is the tw1sting map defined in (22).

Note that by Lemma 2.6, the expression (38) can also be written as the composition Sy <y © tw< ,\(e(gg A) N
[C<a]l®a).

We will simply write S¢ N when the space X is clear from the context, and we write Sg if the representation
N = 0. We will show in Corollary 5.9 that S¢ n x is W-equivariant and in particular its restriction to the subspace
of W-invariants gives the map (1).

Proof of Lemma 4.6. We first reduce to the case where X is compact. Indeed, if C' is a curve on £< (X)) representing
a section class, we may use the C;j-action to move o so that it lies in E< (X cx ). Hence, we may replace X by X ¢,
which is compact.

Next, we use the T-action to move the curve C to a T-invariant curve. In particular, its projection p = Pra_, ()

must be a T'-fixed point in CS A- We have
Ep(X) = & 1) (X),
where ET denotes the universal T-torsor over Gry x PL. Therefore, we may reduce to the case where G = T is abelian.
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Now let C' C EpT (X) be a T-invariant curve representing a section class with irreducible components Cy, . .., Cp,.
Then one of them, say Cj, must be the constant section

Const, = EpT XT T

for some 2z € X', and all other components lie in the fibres of £/ (X) — p x P'. Let Fy, ..., F}, be the connected
components of X7, and let 8; € Eff (£<(X))*° be the class represented by Const,, for some (any) y € F;. Then the
above reasoning gives

[C] € Z>oB1 + -+ -+ Z>o Bk + Eff (X).
Therefore, we may conclude the lemma by taking S = {1, .., Bx}. O

Proof of Lemma 4.7. Using (36) and Lemma 3.11, we see that for any i, € I and j, € {0,1,..., N}, the degree of

B n .
a PD O PT x4 €V oox (ev0 H Liede % i) N2 (X, ﬁ)n]wr>

is equal to

2¢¢(X) - B+ 2dim X — 2vdim(Z<(X, 8),) + degy + Z (deg 7%t + deg ¢, ;,)
(=1
= 2dy — 2dim Cy + deg~. O
We adopt the cohomological convention for degrees in Borel-Moore homology. In particular, an element of

Hkac (Grg) has degree —k.
Since tw<) increases the degree by 2dim C) (due to Poincaré duality), we obtain the following corollary of
Lemma 4.7.

Corollary 4.9. Sg N preserves cohomological degrees.

Remark 4.10. Suppose G = T is abelian, and let A € A be semi-negative with respect to X, in the sense that {(\) < 0
for every weight ¢ of H(X, Ox) (cf. [Iri17, Definition 3.3]).

It is easy to show that there exists a representation N with A-non-positive weights and a proper 7T-equivariant
morphism f: X — N. By Equation (12), we have S;x = 0, and hence Z<»(X), = M<)(X),. In this case, the
properness statement in Proposition 4.4 follows from [Iril 7, Lemma 3.5].

Remark 3.10 of [Iri17] also notes that the semi-negativity condition implies that the shift operator is defined without
localization. One may regard Proposition 4.4 and Definition 4.8 as generalizations of this observation. In Section 5
below, we will explain in detail how our construction of shift operators compares with that in [Iril7].

By the H7, cx (pt)-linearities of tw<y and FSVN,S A, we can extend the shift operators to the localized Coulomb
branch algebras (see (16)).

Definition 4.11. Define
Seioc  (e(S8) NVHLT (Gra))  Gep Hyer (X)llge: 7] — Hi., o (Xtocllac 7]

by extending Frac H?, . (pt)-linearly in the first argument. Here H? . (X)oc = FracH? . (pt) ®pe (o)
xCp xCp TxC} TxC) p

To><1(c

Hp. cx (X) is the locahzed cohomology.
The Seidel representation.

Definition 4.12. Setting 7 = 0 defines the equivariant Seidel representation,

SEN: e(Sn) N He” ™7 (Grg) @c QHE(X)lgc, 7)) — QHE(X)[[4c 7]]-
The equivariant Seidel map is then defined as the map

T@ ><1(C

\I/G N X €(SN) N HTOX(C

I'— S5 O(F 1).

Remark 4.13. Similar to Definition 4.11, we may define the localized Seidel representation and the localized Seidel
map by extending Frac H ° «C (pt)-linearly. We will denote them by SG N.loc ad ¥G N loc respectively.

(Grg) — QHg(X)(lga, 1],
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4.3. Independence of resolutions. In this subsection, we prove basic properties of S¢ N, including the independence
of choice of resolutions C< .

Proposition 4.14. Let P € H¢, (pt). Then

xC[
SG,N(F ® (P U Oé)) = SG,N((U*P N F) ® Oé),

where u* : HE(pt) — H}O e (Grg) is the second module structure defined in Equation (23).
h

Proof. It follows from Proposition 2.7 and the projection formula. ]
The following proposition explains the origin of the name “shift operator”.

Proposition 4.15. The map St N is twisted-linear, i.e., for P(a,h) € H3, ox
h

Srn(e(Sx) N [t>‘} ® P(a,h)a) = P(a+ A(h),h) Srn(e(Sip) N [t’\] ® a).

(pt) and any cocharacter \,

Proof. Tt follows from Proposition 2.9 and the fact that §N§ Ais H ;X o (pt)-linear. a
h
Let 1 denote the class [C<o] € HIo" (Grg). For any G-representation N, we have S<g = 0, so that 1 €

To ><1(C;l<

e(Sn) N He (Grg).
Proposition 4.16. The operator Sg n(1, —) is equal to the inclusion
i (Ol 1) € 3, (Xl )

Proof. Note that S;o = 0, and by definition, tw<( is the inclusion map. Therefore, it suffices to show that the
section-counting map

Scot B, (X)lga,7]) — H3, o (X)lge.7]
is the identity. Lety,7" € H3, .. (X). Since
h
Moa(X xP',(0,1)) = X x Mo(P', 1),

1

it is immediate that that (L., toox’ >é( (f)]_Pl) = (v,7'). Note that 7+ = 7 ® 1. Hence, it suffices to prove that the
Gromov—Witten invariant

X xPp?
<W®PD([0])7 T®1...,7®1, 4 ®PD([oo])> (39)
N—————
n times 0,(3,1)

vanishes whenever 3 # 0 or n # 0. Indeed, the forgetful morphism
pr: Monia(X x P (B,1)) = Mo nya(X, B)
has relative dimension 3 if 8 # 0 or n # 0. Therefore,
pr, (Evg(1 @ PD([0])) U Eve (1 ® PD([o0]))) = 0,

and by the projection formula, the invariant in (39) vanishes when 3 # 0 or n # 0. O
Proposition 4.17. The operator Sg N is independent of the choices of resolutions C <A-

Proof. Suppose 5’< » — C< is another resolution of C'< on which Sy extends as in Lemma 1.2. Replacing 5’< \ by
a resolution of the fibre product 5’< A XCcy 5§ A if necessary, we may assume 5’< » — C<) factors as

5’%/\ L> 65)\ — CSA-
Let us denote

Gy = twey ([CN'gA] ® Oz) , aISA = tw’SA ([ééﬂ ® a) .
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Let £<(X) and E.,(X) denote the Seidel spaces corresponding to C’< » and C< \» respectively. We write

e Hy CX(ES,\(X)) and 7 € HY.‘X(C;( (E£\(X)) for the assignments (30) associated to E<x(X) and £, (X),

respectlvely By Lemma 2.5 and the projection formula, these classes satisty

~

<y = r*&’g)\, 7 =r.7. (40)

Here, we use the same symbol 7, to denote the pushforward maps H?, X (G;C<A XGoX) — H? G,?‘ XGo X)

To (CX(
and H:'F cx

Write S and S’ for the respective section-counting maps (4.5). It remains to verify that
S(e(S<x) Udly) = §'(e(S<a) Ud<y).
Note that the moduli spaces are related by the fibre diagram

(EL, (X)) — H}XCX (E<a(X)), whenever there is no confuswn.

MOJH—Q(EIS)\(X)vﬁ) — MO,TL+2(5S)\(X7 T*/B)

pré'gxl lprésx

~, . ~
C2y C<a.

Therefore, by functoriality (see [BF97, Proposition 5.10]), the virtual fundamental classes are related by Gysin pullback
[Mons2(ELA(X), BT = r'[ Mo ni2(E<x(X), . B)]™,
and hence the same is true for the zero loci (see [Ful98, Section 6.4])
[ZEA (X, )l = 1 [Z<a (X, )] ™

Denote by evy, ev. , pr'y the evaluation and projection maps for the spaces associated with C~"< - Using the above, we
then compute

n

PD o pry, evi, (eVo (@) [T evir () N 25, (X, B)n ]“’)

{=1

S’ (e(S<y) yual,) = Z

B n

M8
3\%\

1

n

OPIx, CVoox Tx (eVO (Oé<)\ H GV ) N TI[ZS)\(X7 T*ﬁ)n]vir>

M8
3\%\

n=1 (=1

PD
PD

M8
s \%\

O PTI'x 4 €Voox (eVo 79N H vi(F) N[Z<a (X, B)n ]V")

Il
—

n

(S<x) Udcy).

Here, we have used the identification 7, 3 = 3 and the last equality is by projection formula and (40). ]

>
K
S(e

5. SHIFT OPERATORS III: PROPERTIES

In this section, we establish several key properties of the shift operators. In particular, we prove Theorem 1 and
Theorem 2 as stated in the introduction. Throughout, we assume that the pair (X, f: X — N) satisfies the assumptions
outlined in Section 4.

5.1. Change of representations and groups. In this subsection, we study the compatibility of shift operators under
changes of the representation or the group. All the properties proved in this subsection are stated for S n, but the
analogous statements all hold for S’éﬁ% and ¥ ¢ v with similar proofs (e.g., by specializing 4 = 0 in all the constructions
and maps).

Proposition 5.1 (Change of representations). Suppose V is another G-representation, and either of the following
holds:
(a) V contains N as a subrepresentation.

(b) N is a quotient representation of V, and the morphism f : X — N factors through V. — N.
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Then S¢ v is equal to the restriction of Sg N along

e(Sv) N HI ™% (Grg) € e(Sn) N HEC ™ (Grg).

Proof. We prove case (a); the other case proceeds similarly.

Write V. = N & N’, and choose a resolution C< such that both Sn and Snv extend over it. Since the composition
X — V — N is zero, we have can®, (X) = 0. Moreover, since can¥,, (X) = (canl¥, (X), can; (X)), it follows
that

Z;/)\(Xv ﬂ)n = Zg)\(Xa 5)71

for any 5 € Eff(E<x(X))%°.

We also have the identity

[Z20(X, B)n]"™ = e(Snvr,x) N [ZEN(X, B)u]™,

which follows from (35) and excess intersection formula associated to the diagram:

ng(Xa ﬁ)n j—X> MSX(Xa ﬁ)n

l lcangg(x)

C<a SN,<x

H l

Ccn — Sv,<x = SN,<x D SN <

Let evly and ev’, denote the evaluation maps on ZY, (X, 3),,, and writing d<) = tw<x([C<x] ® a). Then we
verify B

Sen(e(Sv)N[Ci] ® )

= gN <A (e(gNé,\) U e(gN/é,\) U &S)\)

)

n

=3 > L PDopry.evl, (evéi‘(aq) [Tevi () ni2d(x, MV")
2l

=1
= SG,V e(Sv) n [CS)\] ® Oé). |

Corollary 5.2. Suppose N’ is another representation of G, and g: X — N’ is a G-equivariant proper morphism.
Then
SenT ®a) =Sen(I'® a)

T@NC; T@XC;

for any T in the intersection of (e(Sn) N He (Grg)) and (e(Snv) N H, (Grg)), and o € H?, .« (X).
h

Proof. Let V=N ® N, and let P € H;xcg (pt) be such that PT' € e(Sy) N Ha® nCE (Gre). By Proposition 5.1,
we have

Sen(PT ®a) =Sqgv(PT'® a) = Sg.n (PT @ ).
The result then follows from the lemma below by taking R = H3, cx (pt). O

Lemma 5.3. Let R be an integral domain, and let (,{': A — B be homomorphisms of torsion-free R-modules.
Suppose that  and (' agree on a submodule A’ C A such that

Frac(R) ®g A = Frac(R) ®p A’

Then ¢ = (.
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Proof. Leta € A. Since Frac(R) @ g A = Frac(R) ®g A’, there exists r € R\ {0} such that ra € A’. Then
r¢(a) = {(ra) = ¢'(ra) = r('(a),

and since B is torsion-free over R, it follows that {(a) = ('(a). O

Recall that the localization ( (Sn) N He ToxCy (Gr(;)) is independent of the representation N (see (16)). The
loc

following is now immediate.
Corollary 5.4 (Independence of N and f). The localized shift operators Sg N 1oc is independent of f : X — N.

Change of groups. Next, we study the functoriality with respect to changing groups.
Following [BFN 18, 3(vii)(c)], let G’ — G be a finite covering, and suppose that IN is a G-representation, so it also

has an action of G’. Then the Pontrjagin dual F of 71 (G)/71(G’) acts on e(Sn) N ale X " (Grg) such that
F
e(Scrn) (VHL© ™ (Grar) = (e(Sen) 0 HI® ™ (Gra))

Proposition 5.5. Let G’ — G be a finite covering, and let N be a G-representation, then Sq W is the restriction of
Sa.N to e(SN/) N IT[TOx‘(C (GI‘G/).

Proof. Note that the equivariant cohomology with respect to G and G’ coincides since the coefficient is C. The map
G’ — @G induces a closed embedding Grg: — Grg. For a coweight X € Agr mapping to \ € Ag, there is a natural
identification C< s 2 C<y, which induces an isomorphism Sgr <y 2 S¢. <. Therefore, Ser n(e(S<x)N[C<r]®a)
coincides with S¢ N (e(S<x) N [C<r] ® a). O

Next, consider a short exact sequence 1 — G — G — Tr — 1 of connected reductive groups, where T’ is a torus.
LetNbea é—representation. Recall that the quantized Coulomb branch algebras for (C:’, N) and (G, N) are related via
quantum Hamiltonian reduction with respect to T, the Pontrjagin dual of 7 (Tr) (see [BFN18, Proposition 3.18]).
Specifically, we have
TO ><(C

(e(S N) N He (Gré))T"Y = e(Sg, )ﬁHG(M(C (Grg), 41

and

G@ ><1C

e(San) HI (Gra) = (elSa) N HIT T (Gro)) @y o He ey (00 “2)

Now suppose that X has a G-action such that f: X —Nis é-equivariant and proper. Consider the shift operator
We will construct a reduced operator SredN as follows.

Sé,N

First, we restrict Sg  to the subalgebra (41). This map descends to H2, .. (X)[[qc, 7]] (rather than g4), since for
any section class S of the Seidel space corresponding to a coweight A € AG C Ag, the assignment 3 +— B factors

through HS (X, Z) — H. 2@ (X, Z). Next, we quotient out the Tr-equivariant parameters by composing with the natural

projection map H2 . (X)[[qc,7]] — H}XCX (X)[[gc, 7]]- Finally, by Proposition 4.15, the map descends to
h

Sigd + eSo) N HI S (Grg) @cm HE o (0)llac 7] — H o (Xl 7))

Proposition 5.6 (Quantum Hamiltonian reduction). The shift operator Sg N coincides with the reduced operator

red
SG N’

Proof. This follows dlrectly from the construction, after specializing the twisting map, the evaluation maps, and the
projection map from G- (or T- -)equivariance to G- (or T-)equivariance. The only map that requires verification is

tw<x. Note that for any f € H_(pt) and " C HTM(C
twax (@ (fUa)) = fUtwar(I'® a).

In other words, the map tw< for the group G, when restricted to the subalgebra in (41), descends to the quotient in
(42). O

(Grg) we have

5.2. Properties of shift operators: the T-compact case. In this subsection, we assume that the T-fixed locus X7 is
compact. We will explain in the next subsection how to remove this assumption.
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Extension to localizations. Let A € A and 8 € Eff (<, (X))*°. By comparing (32) and (35), and applying the excess
intersection formula ([Ful98, Theorem 6.3]), we obtain:

(x ) [ZA (X, B)n]"™ = e(S<x) N IM (X, B)n]*™
= e(8<x) M i [Momia(E<r(X), B)].

Therefore,

=3 > L PDopry, evace (evi(7) H evi (#) N [Z<r (X, B)u]™)

) N g [ Mona2(E<r(X), 5)]Vir>

1
=M =M =M

NE
2%y

-

o}

O

e

s

2

8
—
S
=)
c
cn
Q
u:j:

Z %PDoer* U Evoos (EVO L0*<’}/Ue S<)\ H vy (T [Mo’nJrQ(gS)\(X)’B)]vir).

Here, all the pushforwards are understood as using localization.
Originally, SN < is defined on the subspace e(S< A)NH? TxC (X<x,0)- By the above computation, we may extend

the definition of Siy, < to HTX(CX (X<x,0)10c to obtain a map SS,\ thatis independent of N. Fory € H;XCX (X<x,0)10cs
h h
we set

S<,\ Z Z - PD 0PIy, Log EVoos (Evo o+ (7Y H Evy (7 Mo a2 (E<n(X), /B)] vir)'

,BnO

Equivalently, let {n;} isa H, < (pt)-basis of H?

TxCy
Then
B
S =23 5o [

B,i n=0 n! [Mo,nt2(E<x(X),B)]Vir

(X<x0), and {1} the dual basis under the Poincaré pairing.

Ev{ o (y H Vi (F) EVE Lo Py (01). 43)

Similarly, for any y € A and v € H}XCX (X<x.0)10c. We define:
h

[ee) qi . n . « .
Sen (v nl / Ev 0«(7) | | EVE(F) EvE teos (1) 44
; z; b (8o o (€ (X),8) v E:l_ll

A localization formula. Fix A € A. For any u < )\, let F, denote the T x C;-fixed locus of py'(t*). Let

p€H cx (F.) be the Euler class of the normal bundle of F), in Cen.

Recall that we denote X* = t*Gp Xg, X C Gk Xge X. The restriction of the X-bundle X< o — 59\ to I},

is naturally identified with F}, x X#. Let px x: X<y 0 — G,%A X @, X be the resolution map induced by p) (see
Lemma 3.12), whose restriction to F,, x X* is equal to the projection map

pPryn: F x X* — X

Since each F), is proper, we can define the pushforward (px ). in cohomology via localization.
Letv € H;XCX (X<x,0)10c, and define
h

1
= ). (22l ) @)
e W
Then we have the equality

(Px A )Y = D

B
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in the localized cohomology ring

. <A
HTXCX(G’E XG@ loc @ TXCX loc~

pn<A

Proposition 5.7. For any ~y € H “cx (X<x0), let vy, be defined by (45). Then we have

= ZSW ’)/,L .
m

Proof. We apply the virtual localization formula [GP99], following closely the proof of [Cho23, Proposition 3.12].
We write M,, = Mo n4+2(E<x(X),B) and M, , = Mo n+2(Emn(X), ) for a section class 5 in E<(X). The
latter is empty if /3 is not represented by a curve contained in ;. (X). We have

F,x&uw(X)=F, XGSA En(X) — E<n(X),

and hence inducing

cE, x My, ~F, X AMnc—>Mn.
Taking T" X C; -fixed loci, we obtain
MXE | | F ML

n<A
Therefore, the virtual localization formula implies that
1= Y G (- 1R B, 6)
n<A
Now let ¢ € H' <X
F, x M, — M, , be the projection. We compute:

(X). Let us write Ev,,; : M, ,, — Eu(X) for the evaluation maps on M, and Pryz,

T\
st
=
-
(=)
*
2
—=
st
b
¥
g3
<
~
8
*
il
=
>
&

S B Tl En et
-y / B BV jit0e(7) [ Bvi(7) pr BvY . 1oc(0)
n<A [FM]X[]\/IH, L]V" e“ =1
=3 [ Bt () TLBVA) B 1 (6),
< Y M un]v =1

Here, the first equality follows from (46) and the last equality follows from (45). In view of equations (43) and (44),
the result follows. O

To X(Ch (

Corollary 5.8. ForanyT € HTON " (Gry)ioc = He Grg)ioc and any o € HEY'X(CX (X)[lgc, 7)), we have
h

Se.Noc(I' ®@ @) = S7 N j0c (I ® ).
Proof. This follows from Proposition 2.3 and Proposition 5.7. ]
Corollary 5.9. The map S N, x is W-equivariant.

Proof. By Corollary 5.8 and Proposition 4.17, S¢ N and St N ,10c agrees on their common domain of definition.

By Proposition 2.3, the map tw is W-equivariant, so it remains to show that 9 vatA is also W-equivariant. Observe
that the Gy -1 x Cj -action on £(X) induces an N (T')-action on

| ] & (X)
HEA

which is compatible with the natural N (7T')-actions on both T X1, X and on Grr.
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This implies that @g,p\ is W-equivariant, because the integrand in (44) involves Gromov—Witten invariants of
L, ea €+ (X), which are invariant under the N (7")-action. O

In view of Corollary 5.9, it makes sense to take the WW-invariant part of S¢ v, x. This gives a map, still denoted by
the same symbol,

SaNx Al N Ocm Héx(C;f (X)[lga, 1] — HE;X@; (X)llga, 7]l

Module property. For each A, consider

Ser = ASM 0®y: Hﬂ.“xc,f (Xocllaa, 7]l — H;,XC; (Xoellae, 711,

where @) = twr ([t*] ® —) is the twisting map (see Proposition 2.9), and gtx is defined in (44).

Proposition 5.10. For \,p € A, a € H} . (X)and P € H} (pt), we have
h

TXC)
Sprin(@) =Sp (S (@), Spp(Par) = @A(P) Spa ().

Remark 5.11. Consider the pairing (—, —)x on H}, . (X) given by (a, /)y := ®x(e, @), where (—, —) is the
h

original Poincaré pairing. Let S{' denote the “adjoint” of S;» in the sense that (S (a), o) = (a, Spx (@) .

The operator S agrees with the shift operators defined in [Iri17, Definition 3.9], provided that in loc. cit. one
replaces all d — omin with d. The appearance of the adjoint is due to a difference in the conventions for the zero and
infinity fibres in our definition of Seidel spaces versus that in Iritani’s (cf. Example 3.10).

The following is a slight modification of [Iril7, Definition 3.13].

Definition 5.12 (Shift operator on the Givental space). Let Fy, I, ... be the fixed components of X7. Let N; =
@a N; o denote the normal bundle to F; in X, where N; ,, is the subbundle on which T acts via the character o € AV,
Let7; ,1,7i,a,2, - .. denote the Chern roots of N, .

Let A € A, and §; = By ; € Eff (€2 (X)) be the class of the section & (x) for a point z € F;. We define

- HO__ (ri,a,; +o+ch)
AN = g [ s € Hy oo (Fioellde, 7]l

a,g c=—00

The shift operator on the Givental space
St* : HY."XC;( (X)loc[[QGa T]] - HT.“X(C,LX (X)IOCHQG7 TH

is defined via the following commutative diagram:

HE, ox (Xocllaa, 7]] f 3 o (Xtocllac: 7]

| |

. @, ®roA;(N) R
H3 oo (X oc g, 7] - H3, o (X ocllgc: 7]

Here, the vertical arrows are the natural restriction maps, and the bottom arrow uses the decomposition
T ~Y
HY.“X(C;; (X )loc = @ Frac(H;XC; (pt)) ® H.(Fz)7
i

where A;(\) is interpreted as the operator of multiplication by A;(A) on the i-th summand.
Lemma 5.13. We have Sy = Mx S ML

Proof. This is essentially [Iril7, Theorem 3.14]. After addressing the differences in conventions for 0 and oo

(see Example 3.10), the argument in loc. cit. carries over to our setting upon replacing each occurrence of o; — opin

with 3;. O
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Proof of Proposition 5.10. The second equality follows from Proposition 4.15, so it suffices to prove the first. By
Lemma 5.13, it is enough to show that Syx+u(a) = Spa (S (). By localization, we may assume that « is the
pushforward of a class in H, ;X e (F;). This reduces the problem to checking the identity

h

Prrpu(Ai(A + ) = PA(AI(A)) - Papp(Ailp)),
which follows from a direct computation. |
Theorem 5.14. The operator S N, x defines an AZ,N-module structure on the equivariant quantum cohomology ring

QM .. (%)llac, 7).

Proof. LetT =, ax[t’] and " = 7 b, [t"], where a,,, b, € HY

TxCX (pt). By Corollary 5.8 and Proposition 5.10,

we have

SG N(F SG’N F a ZGXSV\ (Zb Stu )
:ZCLA(I))\ lt t/\+#(04)
A

=SenT*T", ).
Here, we used the formula
[t)\} by = Py(by) * [t’\],
which is twisted linearity of convolution product (11) (see [BFN18, Section 4(ii)]).
Together with Proposition 4.16, the theorem follows. (|

More properties. We now collect other properties of Sg n, x that follow from the localization result of Corollary 5.8.

Proposition 5.15. For any I' € AZLN’ the shift operator Sg N (I', —) commutes with the quantum connections (see
Definition 3.5), i.e.,

[VTW ) SG,N(Fa _)] = 07 [Vﬁan7 SG,N(Fa _)} = 07 [VananG,N(R _)] = 0.

Proof. By localization, it suffices to consider the case where G = T is abelian. By (28) and Lemma 5.13, the claim
reduces to showing that S;» commutes with 9,.:.;, hd, — h~ 1 (cI (X)U) + px, and Dqd, + h~1(DU), which follows
easily from a direct computation (cf. [Iri23, Corollary 2.11]). (]

Proposition 5.16. There is a commutative diagram:

A Sopy HY o (X)llgr, 7] ———— 13, o (X)lar, 7]
e(Sn) N Ha® ™ (Gro) @ Hy, o (X)llag: 7] =25 Hy (X467

Proof. This proposition asserts that Sg N = S7.N ®c{qr,7]] Cllgc, 7]], when restricted to the common domain of
definition. This follows directly from Corollary 5.8, applied both for G and for 7. ]

By specializing 7 = 0, we also obtain properties for Seidel representation and Seidel homomorphisms.
Corollary 5.17. The map S N is compatible with the quantum product, in the sense that
Sh= N a1 %, ag) = SGfN(F,al) *r Q.
In particular,
St a) =T¥en) % a
Proof. This follows from Proposition 5.15. Setting 72 = 0 in the equality [V .i.;,Sg N (I", —)] = 0 yields the desired
result. ]

Corollary 5.18. The map ¥ g  is a ring homomorphism.
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Proof. This follows directly from Theorem 5.14 and Corollary 5.17:
SEN(T#T,1) = SER (T, SEN (T, 1)) = Ta N () #r Ton (). O

For a,b € Ag N, choose lifts a, be AEN. There is a Poisson algebra structure on A¢ 1y given by the bracket

{a,b} = %(&'5455) mod h.

It is known that this Poisson bracket induces a symplectic structure on the smooth locus of Spec Ag n (see [BEN18,
Proposition 6.15]).

Definition 5.19. A closed subscheme Z C Spec.Ag N is said to be coisotropic if the radical of its defining ideal
is a Lie subalgebra of Az n. A coisotropic subscheme Z C Spec Ag N is said to be Lagrangian if dim Z =
1 dim Spec Ag,n = dim T

Note that these definition agree with the classical notions of coisotropic and Lagrangian subvarieties in the smooth
case (see [CGY97, Proposition 1.5.1]).

Proposition 5.20. The subscheme V (ker ¥ N x) C Spec Ag N is coisotropic. Moreover, if all infinite sums involved
in the quantum product and shift operators converge upon evaluation at a homomorphism
q0: Clge, 7] — C,
and if we denote by
V8N x: AeN — QHE(X)
the resulting specialization, then V (ker \I/(g’N) ) is Lagrangian.

Proof. This follows from [Gab8&1, Theorem I] (see also [CG97, page 56]). O

5.3. Properties of shift operators: the general case. In this subsection, we show that the results in the previous
subsection hold without the T'-compact assumption.
Set G = G x CJ;;, where CJ, is the group of conical action (see Section 3).

Lemma 5.21. There exists a @-representation Vanda é-equivariant proper morphism g: X — V.

Proof. Let VV be a finite-dimensional G-invariant subspace of H°(X,Ox) such that the corresponding map
Sym®* VY — HY(X,Ox) is surjective. In other words, the induced morphism Spec H°(X,Ox) — V is a closed
embedding. The composition

X — Spec H'(X,0x) =V

is clearly C:'-equivariant and proper, as required. ]

Theorem 5.22. Corollary 5.8, Corollary 5.9, Theorem 5.14, Proposition 5.15, and Proposition 5.16 all hold without
the T'-compactness assumption.

Proof. Let Vand g: X — V be as in Lemma 5.21. All the stated properties have been established for Sé,v,  inthe
last subsection. By Proposition 5.6, these properties also hold for S¢; v, x .

Now, by (5.4), Sg,n,x and Sg v x,loc agree on AEN C ‘Ag,Vqloc' Therefore, the desired properties of S¢ N, x
follows from the corresponding properties of Sg v, x 1oc- |

Corollary 5.23. Corollary 5.17, Corollary 5.18 and Proposition 5.20 also hold without the T-compactness assumption.
Proof. The same arguments as in the proofs of Corollary 5.17, Corollary 5.18 and Proposition 5.20 apply verbatim.
Corollary 5.24. Theorem I and Theorem 2 are valid.

Remark 5.25. Suppose X T-compact, Iritani in [Iri17] defined shift operators for the T-action on X. By the proof
of Lemma 5.21, there always exists a T-representaion IN with a equivariant proper map f : X — IN. Therefore, the
shift operators St defined as in Equation (38) recovers Iritani’s definition, up to adjoint and Novikov variables (see
Remark 5.11).

The following corollary follows from Theorem 1 immediately.
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Corollary 5.26. There are linear maps
SaNx: AN © QH®(X) — QH*(X)[l4c, T]][A],
SGNxt Acn ® QH(X) — QH*(X)lge, 7.
obtained by specializing the equivariant parameters H.(pt) to zero. Moreover, Sg,zlg,  defines a module action.

Note that C;* acts on X trivially, so it makes sense to refer to S¢ v, x and Sg N.x as the non-equivariant limits of
the shift operator Sg N, x. See Example 6.2 for a sample calculation.

5.4. Product formula. Recall that for a product variety, its quantum cohomology satisfies a Kiinneth formula [Beh99].
The equivariant version also holds: if X; and X, are smooth semiprojective G-varieties, then

QHE, ox (X1 X Xo)l96 6, Taxal] = QHE ox (X1)l96, 76 ] ®He o) QHE, ox (X2)llge, 76]l. (47)

Here, 7¢ x ¢ is the bulk parameters associated to the G x G-action on X; x X5. The left-hand side is defined to be the
G x G x C[ -equivariant quantum cohomology under specialization of equivariant parameters along AG C G x G.
This compatibility reflects a similar structure on the level of Coulomb branches. Indeed, the diagonal map
A GYG — GI‘G X GIG
induces a pushforward homomorphism

Go)ﬂc; GoxC;f

A* : H. (GI‘(;;) — H. (Grg) ®Hz;><">< (pt) H. xCy (GI‘G). (48)

Setting 71 = 0, the spectrum of this map gives the flat Spec H&(pt)-group scheme structure on Spec Ag o, realized as

the regular centralizer of the Langlands dual group G ([BFMOS5]).
Moreover, if N; and N are two representations of G, it is clear that A1 (Sa,N, BSaN,) = Se.N,eN,- Therefore,
(48) restricts to give a homomorphism (denoted by the same symbol)

. h h h
A Agnien, — Aon @re o0 AG N,
“h
In particular, for each representation N, there is a group scheme action of Spec A on Spec Ag N

Proposition 5.27. Let f; : X; — N; be a G-equivariant proper morphism for i = 1, 2, satisfying the assumptions of
Section 4. Then we have

SG,N1®N2 (F XM ® 72) = (SG7N1 ® SG,Nz)(A*(F) MR ’72)7 (49)
forany T € AL Ni@Ny» any vi € H?, (X)llag,7c]), for i = 1,2. Here the tensor product between the +;’s on
’ n

the left-hand side is taken over H (';X e (pt), and on the right-hand side taken over C. We have used the identification
h
given by Kiinneth formula (47).
Proof. Using the same reasoning as in Theorem 5.22, we only need to prove the G = T case.
To simplify notation, we write a* := e(Sy, 12 ) N[t], b := e(Sn,.2) N[t for A € A, and ¢* := (SN, aN,.00) N
[tA]. Then we have
A (M) =at @b
For any v, € H:.rx(c; (X1)[lgr, 7]l and 2 € H:.rx(c; (X2)[lgr, 7]], we have
(St.x, ®S7,%5) © (Aulc®) ® M1 ® 12) = St.x, (@ ® 1) @ S1, %, (B © 72). (50)
On the other hand, we have
STxr.x:x X, (@ @) ® (71 @ 72)) = Srxr.x, 5%, (@2 @ 1) @ Srsr x, x5 (1 @ 0Y), 71 @ 72))
= Srxr,x,x %, (6} @ 1) @ 71 @ S1,x, (0%, 72))
= Sr.x,(a* ® 1) ® St x, (" ® 72). (51)

Here, the first equality follows from Theorem 5.14; the second equality follows from the fact that Eﬁofg (X1 x Xy) &
X1 x & (X3), and so only sections that are trivial in the X-direction contribute (see Proposition 4.16 for a similar
argument). The third equality holds for similar reasons. Now (50) and (51) agree. Moreover, St 7 x, x x, ((a* @) ®
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(71 ® ¥2)) is equal to the right-hand side of (49) after specialization of equivariant parameters along AT C T x T.
This completes the proof. O

6. APPLICATIONS/CALCULATIONS

6.1. Examples. To illustrate the rationality of W7 1y, we compute from definition (38) the map W7 n for X = N.

Proposition 6.1. Let G =T = (C*)* and X = N = @/_, C¢,, then

Urn(eSa )N ) = [ &%, and
7:£5(A)>0

& (N)
o Ie,00506

\IJT,N,IOC([t)\]> = gﬁij(k) ’ (52)
J

Hj:gj(,\)<0
Proof. Let [t*] € Grp, by Example 3.10, the associated Seidel space is given by

En(N) = D Or (=& (N).

It is straightforward to verify that the only contribution comes from 2-points invariants. The associated moduli space
of sections, with marked points on the fibres over 0 and oo, is

—£(N)+1
Mp(N)o = H® (PLEn(N)) = P ¢ &V,
7:£ (M) <0
and its virtual fundamental class is
vir () —
Mor (N)o"™" = e(H' (B €0 (N)) N [M (N)o] = [T 77" n[Mo (N)).
365 (X)>0
By the proof of Proposition 4.4 in the special case X = N, we have
Zo(N)z= [ C.
3:£; (M) <0
The inclusion Z;x (IN)g — M (IN)g is a regular embedding. Consequently,
vir j A)—
ZaMN)o] "= I &7 n[2a@)l.
jfj(A)>0
Finally, the evaluation map ev, : Z,x(IN) — N is simply the inclusion. Thus, we obtain
(X .
Urn(eSp) NN =a" [ &' e B N)lgr][[7])
§i&5(N)>0

as desired. By (12), we obtain (52). O

Next, let us consider a slightly more sophisticated example. This demonstrates the existence of non-equivariant
limits as in Corollary 5.26. As we will see, the statement of Corollary 5.26 cannot possibly hold without the introduction
of G-equivariant Novikov variables.

Example 6.2. Let G = GLy act on P! by fractional linear transformations, and consider the induced action on
X =T*PL Let T = (C*)? C GL(2, C) denote the subgroup of diagonal matrices. The cohomology of T*P* admits
the following presentation
(C[I, ay, a2, h}
((z +a1)(z +a2))’
where 1 is the pullback of ¢; (Op1 (1)) along T*P! — P!, and a; are the equivariant parameters of 7.
37

H.

sxmply
((CX)QX(C;; (T P ) -




Let us denote ¢% , (resp. ¢5¥,) to be the T-equivariant Novikov variables associated to the constant section at 0
(resp. 0o) of the Seidel space £, (X ). One can compute that

a1 — as + h 00
Siao (1) = T —a)? (‘I%(Lo)(x +az) — g7 0T + a1)> 5
as — a1 + h

Sy (1) = (a5 0y @+ a1) = g o) (@ + a2))

(a1 — az)?
Notice that there exists a G-equivariant proper morphism 7*P! — gl,. For simplicity, let us denote the fixed point
classes z; = [t(19] and zp = [t(OV)]. In this case, a class p(a1,az)z € A?Cx)g o1, if and only if p is divisible by
(a1 — az)?. On the other hand, we find
Siexyz,gr, e (a1 — a2)’21 © 1) = (q%(m) — a7 (1,0)) P,
Siexyzgt,rer (a1 — a2)?22 ® 1) = (a750.1) — q%(m))h%
It is more interesting to consider the non-abelian shift operators. Consider the class
e(8)N[Ccr0)] = (a1 — az) (21 — 22) € Alyy,, 41, -
Let 1 : Clgr] — CJqc] be the base change map, then the relevant G-equivariant Novikov variables are identified as
follows
g6 = n(ar,a,0) = (0T 0,1):  da =147 0,1) = 1(97,0,1)):
Then, we find
SaLs,g,7p (6(S) N [C<1,0)] ® 1) = (96 — 6) (22 + a1 + a2) — (96 + qg)h-
Note that 2 + a1 + as is the negative of equivariant Euler class of T*P'. So,
SGLa,gt, 71 (e(S) N[C<1,0)] ® 1) = —(qa — aq)e(T*PY) — (g + q)h.
In particular, we have
Sein gt 1o (€(S) N[C<10)] ®1) = —(g6 — gg)e(T"PY).
Note that the expression admits a non-equivariant limit only after identifying the gr variables via n. Without this
identification, the cancellation needed for existence of the limit does not occur. O

Example 6.3. It is known that for adjoint matter g, the Coulomb branch AG’g is isomorphic to C[T™* Zv“] w (see [BEN18,
Section 6(vi)]). Continuing from Example 6.2, we may compute explicitly the Seidel map

UGL,,qn,,mp1: C[T*(C)" — QHEy, (T*P)[[gc])-

It sends
22 = 46ds a'nt e oggtdn
2tz —qe —4g, (01— a2)(z1 - 2) = (g0 — qg) C(TPY).

]

6.2. A new characterization of the Coulomb branch. In this section, we characterize the Coulomb branch algebra
as the largest subalgebra of the pure gauge Coulomb branch algebra for which the shift operators are defined before
localization. First, let us introduce the following definition, which appeared in [CL24a] and [GW25].

Definition 6.4. The G-representation N is called gluable if for all nonzero T-weights &1, &>, we have &7 is not a
negative multiple of &;.

In particular, the G x CJ;-representation, where CJ;, acts on N via scaling, is gluable.

Theorem 6.5 (=Theorem 4). Let N be a gluable G-representation. Then the following diagram commutes:

Ac N 2 Ag @me,(pt) Ac,N Ac ®ue, oty QHE(X) |96, 7]]

l l

A, id ©W e toc .
Ac —— Ac Qne, (o) Ac — R Ag Que, (pt) QHE(X)ocl[gG, T]]-

Moreover, if N is gluable and X = N, then the outer square is Cartesian.
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We remark that the last statement of Theorem 6.5 recovers Teleman’s result that the Coulomb branch Spec A, CX N
is the affinization of the scheme obtained by gluing two copies of Spec AGX(C,Zf along a rational map.

Proof. The first assertion follows directly from the construction.

For the second assertion, it suffices to prove the claim for the Ti»-equivariant version of the diagram. The Go-
equivariant case then follows by taking W -invariant parts of the homomorphisms.

We begin by recalling that the Coulomb branch algebra admits a natural filtration (see Proposition 1.5):

€<SN) HTO GI‘G U Im( S<)\ H.To(ég)\)) .
AEA
The diagram (53) consists of homomorphisms of filtered H3.(pt)-algebras. To show that it is Cartesian, it suffices to
verify this on each filtered piece.

For clarity, denote the entries in the Tp-eqvuiariant version of (53) as follows: let A, B, C, and D correspond
to the top-left, top-right, bottom-left and bottom-right entries, respectively. Define the pullback P := B xp C =
ker(B @ C' — D) in the category of filtered HY.(pt)-modules.

Since both B — D, C — D and A — C are all injective, the induced map A — P is injective. So, it suffices
to show that A — P is surjective. By induction on A, we may reduce to showing that the map on associated graded,
grA — grP, is surjective.

Recall that the filtration on A is given by

TON(C ToN(C

F*A=H,""(R%,), F*4A=H,"""(R,).
Let e € H2(pt) be the Euler class of the tangent space of Cy at [t*]. The natural map F<*4A — F*A is the
pushforward map associated to the closed subset R‘i N R‘é - The long exact sequence in Borel-Moore homology
yields an isomorphism
g A s HTO(RY) = H (o) - e(S) - <[]
On the associated graded level, the bottom horizontal arrow in the diagram sends
(1) — [N @ [ — [ @ U ([t]).
Meanwhile, for the pullback P,
gr' P C gr*HJ® (Grg) = Hi(pt) - %[tA]-
Suppose that c[t*] € gr* P. By definition of pullback, we must have
cePr N loc([t]) € HE.(N)[[ar, 7]].

When N is gluable, by Proposition 6.1, the denominator of U n 10c([t*]) is exactly e(S;x), and no cancellation of
equivariant parameters occurs. Thus, ce is divisible by e(S;x).
Hence, c[t*] lies in the image of gr* A, and the map gr* A — gr* P is surjective. This completes the proof. O

6.3. Peterson isomorphism for reductive groups. In this subsection, we set 7 = 0 and consider only the small
quantum cohomology.

We compute the homomorphism ¥ x = ¥ 0, x in the case where X is a partial flag variety. The main result is
Theorem 6.9, which generalizes the Peterson isomorphism for simply connected groups [Pet97; LS10; Cho23].

The ideas for the computations presented here are all from [Cho23], and we do not claim originality for it. The only
new input here is the use of equivariant Novikov parameters. We hope that Theorem 6.9 offers compelling evidence
that working with equivariant Novikov variables is the natural setting for studying quantum cohomology.

We begin by introducing some notations. Let R be the set of roots of G, and let Rt C R be the set of positive
roots. Let P D B be a standard parabolic subgroup of GG, and let Rp C R be the set of roots of the Levi subgroup of
P, so that R; = Rp N R*. In particular, we have the decomposition

LieP =Lie B® @ g-a-
aGRIt
We denote the Weyl group of P by Wp. Throughout this section, we regard the quantum cohomology vector space as

QH&(G/P)lac) = Hg(G/P) © C[H;™(G/P. L)),
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and we will show that the image of ¥ ¢, p is actually contained in this space.
Let X = G/P and v € W/Wp. Let £p(v) denote the length of the minimal representative of v in W, respectively.
Define

o(v)=BvP CG/P, o (v)=B vPCG/P.

Then dim(o(v)) = £p(v) and dim(c~ (v)) = dim G/P — £p(v).
In Appendix C, we will show that M < (G/P, /3) is smooth of expected dimension for any 3 € Eff(E<»(G/P))%°°.
Moreover, since eve, : M<A(G/P, 3) — G/P is B-equivariant, it is transverse to all B~ -orbits. Therefore,

Veop(Cal) =Y 0" Y #(M(G/PB) Xy, 0 (v)) - o(v), (54)
B UEW/WP
where #(5) for a set S is 0 if S is infinite, and is the cardinality of S otherwise.
Let v € W, and consider the point s , € £<x(G/P) representing the constant section
f,’tj; X7Tv C 5)\ Xa (G/P)7
where £7 is the universal T-torsor over Grr x P1. Let By, € H3(E<,(G/P); Z) be the corresponding section class.
We write A = wy (A7), where A~ is antidominant, and w, is the longest-length element in the coset wy Staby (A7).

Definition 6.6. We say that A\ € A is P-allowed if for any o € R},

_ )0 ifwy(a) <0,
(@A >_{—1 if wy(a) > 0.

Lemma 6.7. Let § € Eff (<A (G/P))*°, and let v € W. Suppose
M (G/P,B) Xey,, 0 (v)
is finite. Then v € waWp, X is P-allowed, and
MSA(G/R 5>\,uu> Xeve, 0 (Wx) = {Sk,wx}-

Proof. Let s € M<\(G/P, ) Xev., 0~ (v). Since the space is T-invariant, s must be a T-fixed point, hence lying
over some t* € C<).
1) Showing that ;s = X\: Suppose i < A. Then s descends to give a point in

M<u(G/P,[s]) Xev,, 0 (v),
but
dim M<,,(G/P, [s]) Xev., 0~ (v) < diIm M<x(G/P,[s]) Xev,, 0 (v) =0,
a contradiction. Therefore, 1 = A, and we must have s = s ,, for some w € W.
2) Showing that v € wWp: Since eveo(sxw) = WP, we have wP € ¢~ (v). On the other hand, since evy is

B-equivariant and o~ (v) is B~ -invariant, we must have o(w) N o~ (v) = wP, this shows that v € wWWp.
3) Showing that v € w)Wp: This condition is equivalent to requiring that for all « € R \ R},

(v(a),\) <0, and equality holds only if v(a) < 0.
Leta € Rt \ R}. Then the normal bundle to sy , in the direction of —v(«) is
Op: ((v(a), A).

We must have (v(«), A) < 0, because otherwise we can deform s, ,, while fixing the infinite point.

Moreover, if (v(a), A) = 0, then we can deform s ,, while moving the infinite point in the —v(«) direction. We
must have v(a) < 0, otherwise this deformation remains contained in ev_ (B~ (vP)).

4) Verifying that ) is P-allowed: We introduce some notations. For a € R, we write U, : C — G the inclusion
of the corresponding root subgroup. If f € K, we also write U, (f) for the corresponding element in Gx.

Let o € Rf. If wy(e) < 0, then U_,, (o) (2)t* - wy = wy, for any z € C, and t € C*. Therefore, s can
deform to the constant section s, over U_,,, (a) (z)t’\ € C) with value wy. This contradicts to our assumption that
M<x(G/P, B) Xey.. 0~ (v) is finite unless U_,,, (o) (2)t* = t* for any z € C. This means

(A7,a) = (AN wa(a)) >0,

and must in fact equal O because A~ is antidominant.
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If wy () > 0, then U,l,u(oé)(,zt)tA -wy = wy, forany z € C, and t € C*. Similar to the above case, we must have
<)‘770[> = <)\,w>\((1)> > -1

Since A~ is antidominant, (A, ) can only be 0 or —1. The former case, however, implies wy(«) < 0 by definition
of wy. Therefore, we must have (A~, ) = 0.
This confirms that \ is P-allowed. O

We want to calculate the class 3y, € HYY(G/P;Z) = HE (pt; Z). Let EP be a contractible space with a free P-
action, and BP = EP/P. The long exact sequence of homotopy groups associated to the fibration P — EP — BP
shows that 71 (BP) = 1 and m2(P) = m1(P). In particular, the Hurewicz theorem in algebraic topology implies
HyF (pt; Z) = HS™(BP;Z) = m1(P).

We identify mq (T') with A; and for A € A, we write Ap for the image of A under the natural map w1 (7') — m1(P).
We write Ap for (A7) p

Lemma 6.8. (3, = v 1(\)p € m1(P).

Theorem 6.9.
@ ro(wy) if \is P-allowed,
0 otherwise.

Vao/p([C<n]) = {

In particular, the homomorphism
Ag — QHE(G/B)lgq]

becomes an isomorphism if we localize Ag by all class [Cwo(A*)] Jorall A= € A~.

Proof. The last statement follows from the first. To prove the first statement, we observe that

dim M<x(G/P, Brwy) Xeve 0 (wy) =dimCy +dimG/P+ Y (a, A7) =€ (wy),
a€RT\R},

and
dimC)y = — Z (0, A7) = |[RT| + £(w)).
aERT
If )\ is P-allowed, then
fws) = £ (wp) + [Rp + 3 (@, A7),

+
a€ERY

To see this, notice that £(w)) (resp. £p(wy)) is the number of o € R* (resp. o € R* \ R}) with wy () < 0, and
Y ac R (v, \) is minus the number of v € R} with wy () > 0. Combining the above formula together, we see that
dim M<x(G/P, Bx.w,) Xeva, 0 (wx) = 0 when X is P-allowed.

Now the theorem follows from Equation (54), Lemma 6.7, and Lemma 6.8. O

Proof of Lemma 6.8. Consider the diagram

m2(E<r X (G/P)) —— m(E<A(G/P)) —— m1(P) 1 m1(E<x X (G/P))

| |

7o(EP) ———— my(BP) ——— m(P) —— m(EP),

where the rows are the long exact sequence associated to the fibrations P — E<) — E<A(G/P)and P — EP — BP
respectively. The vertical homomorphisms are induced by the classifying map £<(G/P) — BP corresponding to the
principal P-bundle <) — E<x(G/P). By a diagram tracing, it remains to show that the boundary homomorphism
72(E<x(G/P)) — m1(P) sends By, to v 1(A).
Let Op1 (—1)* be the C* bundle associated to the tautological bundle of P!. By checking the transition functions,
it is easy to see that the restriction of £<x to By , is isomorphic to Op1 (—1)* x,-1(5) P.
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This implies that there is a commutative diagram

7T2(]P)1) _— 7T1((CX)

H |

mo(P) ———— w1 (P)
H

|

m2(E<A(G/P)) —— m(P),

where the horizontal maps are boundary homomorphism associated to the fibrations C* — Op, — P!, C* —
Op1(=1)" Xy-1(0) P — P, and P — E<y — E<x(G/P) respectively. Note that the left lower map sends [P!] to
B, and the right upper map sends the generator 1 € Z = 71 (C*) to v=!(\)p. Now the lemma follows from the
convention that the upper boundary homomorphism sends [P!] to the generator 1 € 71 (C*). |

Remark 6.10. There is a ring homomorphism
C[A]"Y = C[AT] — Ag,
which sends ¢*  to the class [C<_wy(x—)]- The induced morphism
Spec. Ag — Spec C[A]Y

has fibres that are, set-theoretically, equal to the supports of QHg(G/P) (after specializing g¢ accordingly). This
gives a foliation of the Coulomb branch by the Lagrangians corresponding to partial flag varieties (cf. [Tel14]). This
statement can be proved using ideas similar to those in [Cho24] for simply connected G.

6.4. Peterson isomorphism with matters. In the case when N = 0 and X = G/P is a partial flag variety, by a
theorem of [LS10] and also [Cho23], the Novikov variables qﬁ lies in the image of the homomorphism H, ;f °(Grg) —
QHY(G/P)[gc]. In particular, this implies that for different G/P and G/P’, or for G/P equipped with different
symplectic forms, the corresponding Lagrangians Lo n(G/P) and Le n(G/P’) have empty intersections.

The analogous statement for general N is not true. The Novikov variables ¢” may not lie in the image of
e(Sn) N HIo(Grg) — QHY(G/P x N)[gg]. Nevertheless, Corollary 6.13 provides partial results, identifying a
subset of quantum Schubert classes which do lie in the image of the Seidel map.

Proposition 6.11. Let Y be a smooth projective G-variety, let N be a G-representation and NV be its dual represen-
tation. For any A € A, we have

Vo Ny xN(e(Sn) N C<y) = Yo nv,y(e(Snv) N C<y), (55)
under the pullback isomorphism H(Y) = HA(Y x N).

Proof. By Proposition 5.27, we reduce to the case Y = pt. By Proposition 5.6, we may replace G with G x C*,
where C* acts on N via the scaling action. Now, we may apply Corollary 5.8 to reduce to the abelian case, which
follows from the calculation in Proposition 6.1. ]

Now we set 7 = (0 and only consider small quantum cohomology.

Corollary 6.12. The equivariant Seidel map V¢ N,g/BxN induces a birational morphism Spec QHg(G/B x
N)lgc] — Spec Ag n.

Proof. This follows from (55) and the N = 0 case (Theorem 6.9). O

The following proposition is a generalization of Section 6.3. The assumption is satisfied if G = G’ x CJ;,, where
the C};)-factor acts on N by scaling.

Corollary 6.13. Let p : C* C G be the inclusion of a central subgroup, and let N be a representation whose
C*-weights are all positive (resp. negative). Let X = G/P x N, and fix A\ € A. Then for sufficiently large n > 0, we
have

(/\fnp);a(w/\),

47 (),

\I’G’,N,X (e(gﬁ)\—np) N [6()\—np])

resp. Vg N, x (6(§§,\+np) n [é}_,.np])
4
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under the pullback isomorphism H%.(G/P) = H(G/P x N).
Proof. This follows from Theorem 6.9 and Proposition 6.11 applied to Y = G/P, along with the observation that

SNV, <r—np = 0 (resp. Snv, <r+4np = 0) for n sufficiently large. O

Remark 6.14. For each specialization ¢: Clgg] — C, we obtain a Lagrangian subvariety
L. = Supp (QHE;(G/B x N) ®clge] (C) .

For any two distinct specializations ¢; and ¢», it is easy to see that the corresponding Lagrangians L., and L., are
disjoint. Therefore, the previous corollary may be viewed as a generalization of Teleman’s result in the case N = 0
[Tell4, Theorem 6.8].

APPENDIX A. STABILITY UNDER THE CONVOLUTION PRODUCT

Proof of Proposition 1.5. Let A\, Ao € At be dominant coweights, and let d > 0 be a sufficiently large positive integer
such that Rﬁ is defined for all p satisfying p < A1, p < Ao, or p < Ay + Ao. It suffices to show that under the product
map (11), the image of
(2"HJ°(R2,,)) @ (27 HI€(RLy,))
is contained in 2* H'© (R%/\ﬁkz)’ where z* : HEo(T4) — HF°(Grg) is the Gysin map.
Consider the following diagram

d d P 1/pd d
Ry, X Ry, P (RS, XRy,) &——F—— 72
N N N
d d 4 —1/7d d d
To, xTE, «—p 1(T§)\1 X T§A2) (Gr)<n, X <5,

T ZJ ZJ

Con, % Oy +—— (Gr)<n, x Cxn, (Gr)<n X C<n,

Here,
Z = {(g1,192, 5]) € (Gr)<r, X R%,\2 91925 € No},
and j is defined by
(91,92, 5]) = (91, 92, [92, 5])-
The Go x Go-action on p~! (T2, x TZ, ) is given by:
(9:9") - (91,51, [92, 52]) = (991(9") ™" '51,[9 92, 52))
s0 j is Go x Gp-equivariant. There is a section ¢ of (the pullback of) ngAl over p‘l(R% A X R% »,) defined by

P91, 51, (92, 52]) = [91, 51 — gas2];
whose vanishing locus is Z. Therefore,

PP HIOXCO(RE,, x RL,,) =25 (p) HIO¥ OO (RE,, x RLy,)

CzyHZo*Co (P_l(R%,\l X R%,\Q) (56)
CzsHEo*Go (7).
Next, consider the diagram
7 — R%,\ﬁ/\z
N N

d m’ d
(Grc)<n XGo TS, — Tai4n

241\ ZST
—
(Gr)<a XGo C<rg — > Oxi4,-
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Here, Z' = Z/Go is the image of Z under the canonical map
(Gric)en, x TZy, = (Gr) <, Xco T,
Hence,
m.(q") " 2 HO 90 (Z) = muzZ HO (Z')
= z;(m') HJ° (Z') (57)
C ZSH?O(R%A1+A2)-
Combining (56) and (57), we obtain
m.(q*) " ptay HEexGe (R%)\l X R%)\g) C ziH® (R%,\NLAQ%

as desired. O

AprPENDIX B. UNIVERSAL (G-TORSOR

In this subsection, we will define in terms of functor of points an ind-scheme £ equipped with an action of
Gepi-1) % Cj which is a G-torsor over Grg x P!, It is best to work in the language of functors of points, since the
algebraic loop group G is highly non-reduced (see [Zhul7, Remark 1.3.10]).

Universal G-torsors on the loop group. Here Ggp—1) is the fppf sheaf which sends any C-algebra R to G(R[t™]).
The space £ is understood as the universal G-torsor.

Let R be a C-algebra, and v € G(R((t))). By the theorem of Beauville and Laszlo ([BL95]), there exists a unique
G-torsor & r,~ on Pk, equipped with trivializations

w0y éR,’y'SpecR[[t]} = Spec R[[t]] x G,
vl éR)7|SpeCR[t71] = Spec R[t 1] x G.

0l = 7-@) on £ Ry lspec R(#)- In simple terms, £ R, is obtained by gluing trivial G-torsors over Spec R([[t]] and
Spec R[t~!] using ~ as the transition function.

Moreover, if f: R — S is a C-algebra homomorphism, and v € G(S((t))) is the image of ~ under the map
Gi(f): G(R((t))) — G(S((t)), then there is an isomorphism

sy =€y xRS (58)

such that gog/ =l xp Sand L =l xgS.

Conversely, if P is a G-torsor over Pk, with trivializations ¢ and ¢, over Spec R|[[t]] and Spec R[t~!] respectively,
then there exists a unique v € G (R) = G(R((t))) such that ¢, = ¢y when restricted to Spec R((t)). The following
lemma summarizes the above discussion.

Lemma B.1. The loop group Gy represents the functor

Isomorphism classes of the pair (P, o, 9o ) :
P is a G-torsor over P},

@ is a trivialization of P over Spec R][t]],
Voo IS a trivialization of P over Spec R[t™1]

R+—

By abstract nonsense, there exists a universal bundle £ — Gx x P! with trivializations o and @ of & over
G x Spec C[[t]] and Gx x Spec C[t~}] respectively. We will now describe them explcitly.

We understand schemes as functors from the category C—Alg of C-algebras to the category Set of sets, via the
functor of points construction. If f: R — S is a C-algebra homomorphism, we let £ Rr~(S) s denote the preimage of
f € Spec(R)(S) under the natural projection £ , — Spec R. In particular, the isomorphism (58) implies that

Es.ar () (S)ias = Ern(S)s (59)
for any v € G (R).
Now &£: C—Alg — Sets can be defined as follows. We set

ER) ={(v,2) | 7 € G(R(1)), = € Erq(R)iay}
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for each C-algebra R; and
Ef) v a) = (Ge(H(), Ern(f)(x))
for each C-algebra homomorphism f: R — S. Note that £ (f)(z) € gAS,G)C(f)(’Y)(S)idS in view of (59).

The (Gcpi-1) x Go) % Cy-actions on E. Welet Cy acton Go, Gk, and G[i-1) by loop rotations defined as follows.
Let R be a C-algebra. Each element z € C; (R) = R* induces an R-algebra automorphism m} of R[[t]] by sending
tto z~1t. By abuse of notation, we denote the composition

G(m})
—_—

Go(R) = G(R[[t]]) G(R[[t)]) = Go(R),

also by m}.
The action of C; on G is then given by

Ci(R) x Go(R) — Go(R)
(2,9) = m: " (g).

*—1

It is notationally more instructive to write ¢ = g(¢) and m}

G|y-1) are defined similarly.
We write (Gep-1) X Go) % C; for the semidirect product in which C;* acts on Gcji-1) X Go via loop rotation. It
is clear that (G- X Go) x Cp acts on G by

(9(t), h(t),2) - (1) = g(8) y(2t) (1)~

for any C-algebra R, any (g(t), h(t),z) € (G(R[t™']) x G(R[[t]])) x R*, and any v(t) € G(R((t))). In view of
Lemma B.1, one can understand the action of G(R[t~!]) (resp. G(R][[t]])) as changing the trivialization ¢, (resp.
o), and z € R* acts via the pullback along m;': PL — PL.

We are going to show that this action lifts to an action of (G¢p-1] X Go) Cy on £ Let Rbea C-algebra,
(g(t),h(t),2) € (G(R[t™Y]) x G(R[[t])) = R*, and let y(t) € Gx(R), " = (g, h, ) - 7. Namely

7' () = g(t)y(zO)h(t) "

Note that oy = m*h - @7 and @l = mig - L are local trivializations of £r - over Spec R[[t]] and Spec R[t™!],
respectively. One checks immediately that . = m¥~y’ - ) over Spec R((t)). By the theorem of Beauville and Laszlo,
there exists a unique isomorphism

(9) = g(zt). The loop rotation actions on Gx and

S ~ * O
gzt Ery — MER A,

such that ngogl 0Vgn.=hand mipl 0¥y p. =@
Now let (¢'(t), W' (t),2') € (G(R[t™1]) x G(R][t]])) x R*, then we have

(g' (), 1'(1),2) - (9(), h(t), 2) = (g (t)g(2t), W' ()h(2t), 2'2). (60)
We denote the right-hand side of (60) by (¢”, k", z"), and write "' = (¢”,h",2") - v € G(R((t))). We claim that
mz’ﬂg/,h/7zz 0] ’[997h,z = 199”7h”,z”~ (61)

To see this, it suffices to check that both sides of (61) agree with the unique isomorphism ¥: & Ry = m} zé Ry~
satisfying

1
* Y _ * 1 Y
mL oy o9 =mL,h" gy,

1"
* Y . * 1 Y
My Poo Oﬁ*mz’zg P
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This is immediate for the right-hand side of (61). For the left-hand side, we compute
miey oMV p 2 0 Vgh. =mi(mipg 0Vg hr,zr) 0 g n,:
=mi(mih ¢ )odgn.
=m.h" - mipg 0y n.
=mi b -mih-p]
=m5 h" ]
The other equality m?, ¢ om0y pr . 0 Vg p. = mb B - 2 can be checked in the same way.

Moreover, let f: R — S be a C-algebra homomorphism. We write vs = Gk (f)(7), g5 = Gep-11(f)(9), ete.
Then we have

Vgs,hs,zs = Vgnz XR S, (62)
because both sides agree with the unique isomorphism 9 : g, —> my 5’3,7/5 with mJ (gog/)g o) =mj} hs-(¢])s

and m%_ (oL )s o9 =m? hs - (¢L)s
Now we can define the action

Op: (Ge[t™'](R)) x Go(R)) x C (R) x £(R) — E(R)
by
Cr(g(t), h(t), z,7(t), ) = (9(O)y (2R (1), V(g,n,z) (@) (63)
By (61), this defines an action of (G¢[t~'](R)) x Go(R)) x CX(R) on £(R). In view of (62), we obtain an action
of (Ge[t™!] x Go) x C) on €.
Since the projection £ — G/ is clearly (G¢p-1) x Go) x Cj -equivariant, and Grg = Gx/Go,

E=£/Go (64)

is a G-torsor over Grg. Moreover, there is a canonical trivialization ¢, of £ over Grg X Spec (C[t’l]. Moreover,
there is a remaining action of Gicj-17 x CJ on £.
The trivializations ¢ and (. induce the isomorphisms

Elaex(oy =G x G, Elaex{o} =G X G.
Since G acts by changing the trivialization g, these identifications descend to isomorphisms

Elaraxioy =Gk Xao Gy Elargx{} = Gra x G. (65)

AppeEnDIX C. REGULARITY OF M <)\ (G/P)

In this appendix, we show that the restriction of T'€<»(G/P) to any stable map ¢ : ¥ — £<»(G/P) has vanishing
higher cohomology. By a standard argument (e.g. [Cho23]), this implies that the moduli space M < (G/P) is smooth
of the expected dimension.

Using semicontinuity of the dimension of cohomology, one may assume that o is 7T-invariant. Moreover, since
G/ P is convex, it suffices to verify the case where 3 22 P!, and () is a genuine section over some 7-fixed point
pE ég)\ lying over a point t* € C<,.

Under this assumption, there exists v € W/Wp such that o maps ¥ isomorphically onto the constant section curve
Sec, ., over the point p € C<, with value [v] € G/P.

Letv(Rf) = {au, ..., ax}. Suppose that cv; (1) > 0 if and only if i < 7.

Consider the map

V =CXinlaw=1 o,

rooq(p)—1
s=(siy) 1<icr —exp Y Y st Xa, | p
1<j<a;(p) i=1 j=1

Let &y (G/P) be the pullback of E<»(G/P) along V' — 55,\.
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Since H'(Secy.., TSec, ) = 0, it suffices to show that the normal bundle to the curve Sec,,,, in £y (G/P) has
vanishing higher cohomology.
In fact, £y (G/P) is obtained by gluing V' x Spec C[t] x G/P with V' x Spec C[t~!] x G/P via the transition
function
rooi(p)—1

(s,t,x)— | s,t,exp Z Z si,jthai th-x
i=1 j=1
The transition function for the normal bundle is therefore equivalent to a block-diagonal matrix with blocks
B, ..., By, where:
e Fori < r, the block B; is the matrix D, (,,) defined below;
e For ¢ > r, the block B; is the 1 x 1 matrix with entry o (p),
We define

ti-=m —1 0 0 1 00 0 t 0 0 0

1 0 0 0 —t 1 0 0 0 1t 2 t

0 0 1 ofp. [0 01 of_10 o0 1 0
n

0 0 0 1 0 0 0 1 0 0 0 1

The claim now follows by induction on n.
To conclude, the normal bundle is a direct sum of line bundles Op: (¢) with £ > —1, and hence has vanishing higher
cohomology.
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