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ABSTRACT. Given a toric Calabi-Yau orbifold X whose underlying toric variety is semi-
projective, we construct and study a non-toric Lagrangian torus fibration on X', which we
call the Gross fibration. We apply the Strominger-Yau-Zaslow recipe to the Gross fibration of
(a toric modification of) X to construct its instanton-corrected mirror, where the instanton
corrections come from genus 0 open orbifold Gromov-Witten invariants, which are virtual
counts of holomorphic orbi-disks in & bounded by fibers of the Gross fibration.

We explicitly evaluate all these invariants by first proving an open/closed equality and
then employing the toric mirror theorem for suitable toric (parital) compactifications of X.
Our calculations are then applied to

(1) prove a conjecture of Gross-Siebert on a relation between genus 0 open orbifold Gromov-
Witten invariants and mirror maps of X — this is called the open mirror theorem, which
leads to an enumerative meaning of mirror maps, and

(2) demonstrate how open (orbifold) Gromov-Witten invariants for toric Calabi-Yau orb-
ifolds change under toric crepant resolutions — this is an open analogue of Ruan’s crepant
resolution conjecture.
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1. INTRODUCTION

In this paper, we study mirror symmetry for toric Calabi-Yau orbifolds from the SYZ
perspective [100]. SYZ mirror symmetry for toric Calabi-Yau manifolds was studied in [20],
and it was conjectured that the SYZ map, which is defined in terms of genus 0 open Gromov-
Witten invariants, or disk invariants, is equal to the inverse of a mirror map [20, Conjecture
1.1] (see also |23, Conjecture 2]). Such a connection between disk invariants and mirror maps
was first envisioned by Gross and Siebert [67, Conjecture 0.2] where they expressed it in
terms of tropical, instead of holomorphic, disks. This conjecture leads to explicit formulas for
computing disk invariants, and also provides an enumerative meaning to mirror maps, which
was originally anticipated in the SYZ proposal.

The conjecture was proved in [23] for the total space of the canonical line bundle over a
compact toric Fano manifold in any dimension. In this paper, we generalize the SYZ construc-
tion and prove this conjecture for all semi-projective toric Calabi-Yau orbifolds (Theorems
and , and in particular all semi-projective toric Calabi- Yau manifolds (Corollary .
We call this the open mirror theorem. The main new ingredients in this generalization in-
clude the introduction of orbi-disk invariants defined in [28] (cf. also [18]) which are the
orbifold analogue of disk invariants, computation of these invariants by constructing various
toric (partial) compactifications of X', and a comparison of the mirror maps of these toric
compactifications and that of X. Roughly speaking, the use of orbifold techniques allow us
to extend the scheme of proof in [23] to all semi-projective toric Calabi-Yau manifolds.

On the other hand, it is natural to work in the orbifold setting since all the techniques
involved in [20, 23] adapt naturally to orbifolds. More importantly, the open mirror theorems
in this more general orbifold setting can be used to deduce an open crepant resolution theorem
(Theorem , which gives a precise relation between the orbi-disk invariants of X and the
(orbi-)disk invariants of its (partial) crepant resolutions. This gives an affirmative answer to
Ruan’s crepant resolution conjecture [96], 13, 134} [36] in the open sector.

A more detailed introduction and description of our main results are now in order.

1.1. Mirror symmetry for orbifolds. Mirror symmetry, which was discovered by string-
theoretic considerations, may be roughly understood as an equivalence between the symplectic
geometry (A-model) of a manifold X and the complex geometry (B-model) of another mani-
fold X called the mirror of X, and vice versa. Originally formulated for Calabi-Yau manifolds,
mirror symmetry for non—Calabi-Yau geometries, such as Fano manifolds and manifolds of
general types, has also been investigated extensively, see e.g. [6], [54], 80, [70] [69] [76, [75] O8] 411
63, 1].

The famous homological mirror symmetry (HMS) conjecture, proposed by Kontsevich in
his 1994 ICM address [79], formulates the mirror symmetry phenomenon mathematically
and intrinsically as an equivalence between the derived Fukaya category of Lagrangian sub-
manifolds in X and the derived category of coherent sheaves over the mirror X. The HMS
conjecture has been proven in various Calabi-Yau geometries, see e.g. [95] 07, 99].

On the other hand, an incredible geometric consequence of mirror symmetry is the compu-
tation of Gromov-Witten invariants for a generic quintic 3-fold in terms of Hodge-theoretic
data of its mirror. This is the famous mirror formula, predicted physically by [14], and proven
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mathematically by independent works of Givental [55] and Lian-Liu-Yau [8§]. Nowadays the
mirror formula has been generalized to various settings, including [56], [89, 90, 91], and [33].

In all these developments in mirror symmetry, orbifolds have been playing a significant
role, starting with the first constructions of mirrors for Calabi-Yau hypersurfaces in weighted
projective spaces [15, 61]. In recent years, it has become even clearer that orbifolds are
indispensable in the study of mirror symmetry. For instance, many known constructions of
mirrors naturally produce orbifolds. In dimension 3, crepant resolutions of these orbifolds
are taken as the mirrors. This, however, cannot be done in general in higher dimensions due
to the possibly non-existence of crepant resolutions. It is therefore very natural to consider
mirror symmetry for orbifolds.

Indeed, much progress in mirror symmetry for orbifolds has been made in recent years.
The HMS conjecture for orbifolds has been proved in various cases, e.g. weighted projective
planes [5], weighted projective spaces in general [], toric orbifolds of toric del Pezzo surfaces
[102], toric Deligne-Mumford stacks [43], etc. On the other hand, mirror theorems showing
that the A-model (i.e. Gromov-Witten theory) of an orbifold is equivalent to the B-model
of its mirror have also been proven for various classes of orbifolds, e.g. P!-orbifolds [94],
weighted projective spaces [35], complete intersection orbifolds [32], toric Deligne-Mumford
stacks [31], and the mirror quintic orbifold [85].

1.2. SYZ mirror construction. In 1996, Strominger, Yau and Zaslow [100] proposed an
intrinsic and geometric way to understand mirror symmetry for Calabi-Yau manifolds via
T-duality. Roughly speaking, the Strominger-Yau-Zaslow (SYZ) conjecture asserts that for
a pair of Calabi-Yau manifolds X and X which are mirror to each other, there exist special

Lagrangian torus fibrations
X X
B

which are fiberwise dual to each other. Mathematical approaches to SYZ mirror symmetry
have since been extensively studied by many researchers including Kontsevich-Soibelman
[81], B2], Leung-Yau-Zaslow [87], Leung [86], Gross-Siebert [64], 65 66, 67], Auroux [3], 4],
Chan-Leung [24], Chan-Lau-Leung [20] and Abouzaid-Auroux-Katzarkov [I].

A very important application of the SYZ conjecture is providing a geometric construction
of mirrors: It suggests that, given a Calabi-Yau manifold X, a mirror X can be constructed
by finding a (special) Lagrangian torus fibration X — B and suitably modifying the complex
structure of the total space of the fiberwise dual by instanton corrections. For toric Calabi-
Yau manifolds, Gross [62] (and independently Goldstein [57]) constructed such a special
Lagrangian torus fibration which we call the Gross fibration. In [20], the SYZ construction
was applied to the Gross fibration to produce an instanton-corrected mirror family of a toric
Calabi-Yau manifold, following the Floer-theoretic approach pioneered by Auroux [3], 4].

In this paper we consider the SYZ mirror construction for toric Calabi-Yau orbifolds. A
toric Calabi-Yau orbifold is a (necessarily non-compact) Gorenstein toric orbifold X whose
canonical line bundle Ky is trivial. We also assume that the coarse moduli space of X is a
semi-projective toric variety, or equivalently, that & is as in Setting . Following [62], we
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define in Definition 4.7 a special Lagrangian torus fibration
w:X —B

which we again call the Gross fibration of X'. A special Lagrangian torus fibration
WX — B

on a suitable toric modification X’ of X is also defined; see Definitions |4.17 and [4.20| for
details.

As in the manifold case, the discriminant locus IV C B’ (resp. I' C B) can be described
explicitly. In particular, it is a real codimension 2 subset contained in a hyperplane which we
call the wall in the base B’ (resp. B). The wall divides the smooth locus B = B'\ I" (resp.

By = B\T') into two chambers B’ and B’ (resp. By and B_). Over By, the fibration p/
restricts to a torus bundle p' : ] — By, and the dual torus bundle

i )E'é — By
admits a natural complex structure, producing the so-called semi-flat mirror of X.

This does not give the genuine mirror for X because the semi-flat complex structure cannot
be extended further to any partial compactification of ?36. This is due to nontrivial mon-
odromy of the affine structure around the discriminant locus I'. As instructed by the SYZ
proposal, we need to deform the semi-flat complex structure so that it becomes extendable to
a suitable partial compactification. More concretely, what we do is (following Auroux [3, [4])
to modify the gluing between the complex charts over the chambers B’ and B’ by instanton
corrections, which in our case come from genus 0 open orbifold Gromov-Witten invariants, or
orbi-disk invariants, of X (cf. the manifold case [3, 4, 20, [I]). The latter are virtual counts
of holomorphic orbi-disks in the toric Calabi-Yau orbifold X with boundary lying on special
Lagrangian torus fibers of pu over the wall in B. A suitable partial compactification then
yields the following instanton-corrected mirror, or SYZ mirror, of X:

Theorem 1.1 (See Section [.3). Let X be a toric Calabi-Yau orbifold as in Setting
and equipped with the Gross fibration in Definition . Then the SYZ mirror of X (with a
hypersurface removed) is the family of non-compact Calabi-Yau manifolds

X = {(U,U,Zl, s 7Zn71) S C2 X ((Cx)nil ‘ uv = g(Zl, ce ,Zn,1>}7

where the defining equation uv = g is given by

—

n—

m—1
w = (1+6d)+ » (1+6;)z + 2(1 +6,)q2% + Z (r + 8,)q~2 27,

1 Jj=n veBox! (X)age=1

.
Il

Here 1+, and 1, +9, are generating functions of orbi-disk invariants of (X, F,.) (see Section
for the reasons why the generating functions are of these forms).

Remark 1.2.

(1) The SYZ mirror of the toric Calabi-Yau orbifold X itself (i.e. without removing a
hypersurface) is given by the Landau-Ginzburg model (X, W) where W : X — C is
the holomorphic function W := u; see [20), Section 4.6] and [Il, Section 7| for related
discussions in the manifold case.
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(2) Several explicit examples will be discussed in Section [6.5, For instance, when X =
(C?/Z,,], the mirror is given by the equation

—_

m

uv = H(z — Kj),

=0
where k; s explicitly defined in (6.22)).

To the best of our knowledge, this is the first time the SYZ mirror construction is applied
systematically to construct mirrors for orbifolds.

1.3. Orbi-disk invariants. To demonstrate that X is indeed mirror to the toric Calabi-Yau
orbifold X', we would like to show that the family X is written in canonical coordinates. This
can be rephrased as the conjecture that the SYZ map, defined in terms of orbi-disk invariants,
is inverse to the toric mirror map of X (cf. [67, Conjecture 0.2], [20, Conjecture 1.1] and
[23, Conjecture 2]). To prove this conjecture, knowledge about the orbi-disk invariants is
absolutely crucial.

One major advance of this paper is the complete calculation of these orbi-disk invariants,
or genus 0 open orbifold Gromov-Witten invariants, for moment-map Lagrangian torus fibers
in toric Calabi-Yau orbifolds. Our calculation is based on the following open/closed equality:

Theorem 1.3 (See Theorem and equation (6.1))). Let X be a toric Calabi-Yau orbifold
as in Setting [{.3 and equipped with a toric Kahler structure. Let L C X be a Lagrangian
torus fiber of the moment map of X, and let 5 € mo(X, L) be a holomorphic (orbi-)disk class
of Chern-Weil Maslov index 2. Let X be the toric partial compactification of X constructed
in Construction [0.1] which depends on 5. Then we have the following equality between genus
0 open orbifold Gromov-Witten invariants of (X, L) and closed orbifold Gromov-Witten in-
variants of X :

(1.1) nts(ptli Loy, 1) = (pt] 1oy, 1014050

This theorem is proved by showing that the relevant moduli space of stable (orbi-)disks
in X' is isomorphic to the relevant moduli space of stable maps to X as Kuranishi spaces.
The key geometric ingredient underlying the proof is that the toric compactification X is
constructed in such a way that (orbi-)disks in & can be “capped off” in X to obtain (orbi-
)spheres, and that the deformation and obstruction theories of the two moduli problems can
naturally be identified.

The closed orbifold Gromov-Witten invariants of X appearing in are encoded in the
J-function of X. We will evaluate these invariants via the toric mirror theorem, but we
remark that this requires extra care since X' can be non-compact. Fortunately, X is semi-
Fano (see Definition and semi-projective, so the equivariant toric mirror theorem of [31]
still applies to give an explicit formula for the equivariant J-function of X. Extracting the
relevant equivariant closed orbifold Gromov-Witten invariants from this formula and taking
non-equivariant limits then yield explicit formulas for the genus 0 open orbifold Gromov-
Witten invariants of X and hence the generating functions which appear in the defining
equation of the SYZ mirror X':
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Theorem 1.4 (See Theorems [6.19| and |6.20)). Let X' be a toric Calabi-Yau orbifold as in
Setting[{.3 Let F, be a Lagrangian torus fiber of the Gross fibration of X lying above a point
r in the chamber B, C By.

(1) Let 14-6; be the generating function of genus 0 open orbifold Gromov- Witten invariants
of X in classes Bi(r) + o, with o € HI(X) satisfying c¢1(X) - a = 0 and Bi(r) €
mo(X, F.) the basic smooth disk class corresponding to the primitive generator b; of a
ray i . Then

1+ =exp (—AF(y)),

after inverting the toric mirror map (6.15)).
(2) Let T, + 0, be the generating function of genus 0 open orbifold Gromov-Witten in-

variants of X in classes B,(r) + a, with o € H{I(X) satisfying ¢1(X) - a = 0 and
Bu(r) € m(X, F,.) the basic orbi-disk class corresponding to a Box element v of age

one. Then
7, + 0, =y exp (— Z cl,Z-AgY(y)> :
i¢l,
after inverting the toric mirror map (6.15)).

Here the functions A (y)’s are given explicitly in (6.13).

These generalize the corresponding results in [23] to all semi-projective toric Calabi-Yau
orbifolds. In particular, this applies to the toric Calabi-Yau 3-fold X = Kp, which cannot be
handled by [23] (see Example (4) in Section [6.5).

1.4. Applications. We discuss two major applications of the explicit calculations of orbi-
disk invariants in this paper.

1.4.1. Open marror theorems. The first application, as we mentioned above, is to show that
the mirror family X is written in canonical coordinates. This concerns the comparison of
several mirror maps for a toric Calabi-Yau orbifold X'. More precisely, the SYZ construction
yields what we call the SYZ map F5Y%, defined in terms of genus 0 open orbifold Gromov-
Witten invariants (see the precise definition in ([7.2))). In closed Gromov-Witten theory, the
toric mirror theorem of [31] involves a combinatorially defined toric mirror map F™™™" (see
Section 2.4 and the formula ) We prove the following open mirror theorem:

Theorem 1.5 (See Theorem . For a toric Calabi-Yau orbifold X as in Setting the

SYZ map is inverse to the toric mirror map, i.e. we have
JT_'SYZ — (Imirror) -1
near the large volume limit of X.
We remark that an open mirror theorem was proved for compact semi-Fano toric manifolds
in [21) 22] and some examples of compact semi-Fano toric orbifolds in [18]. On the other hand,

open mirror theorems for 3-dimensional toric Calabi-Yau geometries relative to Aganagic-Vafa
type Lagrangian branes were proved in various degrees of generality in [60, 1T, 42| 44].
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By combining the above open mirror theorem together with the analysis of the relations
between period integrals and the GKZ hypergeometric system associated to X done in [23], we
obtain another version of the open mirror theorem, linking the SYZ map to period integrals:

Theorem 1.6 (See Theorem . For a toric Calabi-Yau orbifold X as in Setting there
exists a collection {I'y,... I} C H,(X;C) of linearly independent cycles such that

(o = exp (—/ QfSYZ(W)) ., oa=1,...,7,
Ta

To, :/ Q]_‘SYZ(qﬂ-), j:m,...,m'—l,
FJ'—m-&-r’+1

where qq,’s and Ty, ’s are the Kdhler and orbifold parameters in the extended complexified

Kdhler moduli space of X.

In particular, we have the following relation between disk invariants and period integrals
in the manifold case:

Corollary 1.7 (See Corollary. For a semi-projective toric Calabi- Yau manifold X, there
exists a collection {I'y,..., '} C H,(X;C) of linearly independent cycles such that

(o = €XP <— Q]_‘SYZ((LT)) , a=1,...,7
Ta
where q,’s are the Kdahler parameters in the complexified Kdhler moduli space of X .

Our results provide an enumerative meaning to period integrals, as conjectured by Gross
and Siebert in [67, Conjecture 0.2 and Remark 5.1]. One difference between our results and
their conjecture is that we use holomorphic disks while they considered tropical disks. On the
other hand, their conjecture is much more general and is expected to hold even when X is
a compact Calabi-Yau manifold. A more precise formulation of the Gross-Siebert conjecture
in the case of toric Calabi-Yau manifolds can be found in [20, Conjecture 1.1] (see also [23,
Conjecture 2]).

Corollary proves a weaker form of [20, Conjecture 1.1], which concerns periods over
integral cycles in X (while here the cycles I'y, ..., T, are allowed to have complex coefficients),
for all semi-projective toric Calabi-Yau manifolds. The case when X is the total space of the
canonical line bundle of a toric Fano manifold was previous proved in [23]E|

1.4.2. Open crepant resolution conjecture. The second main application concerns how genus
0 open (orbifold) Gromov-Witten invariants change under crepant birational maps. String
theoretic considerations suggest that Gromov-Witten theory should remain unchanged as
the target space changes under a crepant birational map. This is known as the crepant

1As explained in [23] Section 5.2], to prove the original stronger form of the conjecture, what we need are
integral cycles whose periods have specific logarithmic terms. It turns out that such cycles have already been
constructed by Doran and Kerr in [40, Section 5.3 and Theorem 5.1], at least when X is a toric Calabi-Yau
3-fold of the form Ky where Y is a toric del Pezzo surface. Doran suggested to us that it should not be
difficult to extend their construction to general toric Calabi-Yau varieties. Hence the stronger form of the
conjecture should follow from Corollary and their construction; cf. the discussion in [39, Section 4]. We
thank Charles Doran for pointing this out.
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resolution conjecture and has been intensively studied in closed Gromov-Witten theory; see
e.g. [96l 13 B4, [30, 36] and references therein. In [I8], a conjecture on how generating
functions of genus 0 open Gromov-Witten invariants behave under crepant resolutions was
formulated and studied for compact Gorenstein toric orbifolds. In this paper, we apply our
calculations to prove an analogous result for toric Calabi-Yau orbifolds:

Theorem 1.8 (See Theorem . Let X be a toric Calabi-Yau orbifold as in Setting
and let X' be a toric orbifold which is a toric crepant partial resolution of X (such an X" will
automatically be as in Setting . Then we have

SYZ _ 7SYZ
fX - X/ 9

after analytic continuation and a change of variables.

See Section [§ for more details.

We shall mention that there are recent works of Brini, Cavalieri and Ross [16], 12] on open
versions of the crepant resolution conjecture for Aganagic-Vafa type Lagrangian branes in 3-
dimensional toric Calabi-Yau orbifolds. Ke and Zhou also informed us that they have proved
the quantum McKay correspondence for disk invariants of outer Aganagic-Vafa branes in
semi-projective toric Calabi-Yau 3-orbifolds [77].

1.5. Organization. The rest of the paper is organized as follows. Section [2| contains a
review on the basic materials about toric orbifolds that we need. The mirror theorem for
toric orbifolds is discussed in Section [2.6] In Section [3] we give a summary on the theory of
genus 0 open orbifold Gromov-Witten invariants for toric orbifolds. In Section [4] we define
and study the Gross fibration of a toric Calabi-Yau orbifold. In Section [5| we construct the
instanton-corrected mirror of a toric Calabi-Yau orbifold by applying the SYZ recipe to the
Gross fibration of a suitable toric modification. The genus 0 open orbifold Gromov-Witten
invariants which are relevant to the SYZ mirror construction are computed in Section [6] via an
open/closed equality and an equivariant toric mirror theorem applied to various toric (partial)
compactifications. In Section [7| we apply our calculation of these invariants to deduce the
open mirror theorems which relate various mirror maps associated to a toric Calabi-Yau
orbifold. Our calculation is also applied in Section [§| to prove a relationship between genus 0
open orbifold Gromov-Witten invariants of a toric Calabi-Yau orbifold and those of its toric
crepant (partial) resolutions. Appendix [A| discusses some useful facts about Maslov indices.
Appendix [B| contains the technical discussions on the analytic continuations of mirror maps.

1.6. Acknowledgment. We are grateful to Conan Leung for continuous encouragement and
related collaborations. Discussions with L. Borisov, S. Hosono, Y. Konishi and S. Minabe on
GKZ systems and period integrals were very enlightening and useful, and we would like to
thank all of them. H.-H. Tseng also thanks T. Coates, A. Corti, and H. Iritani for related
collaborations and discussions. We thank the referees for very helpful corrections, comments
and suggestions.

The research of K. Chan was substantially supported by a grant from the Research Grants
Council of the Hong Kong Special Administrative Region, China (Project No. CUHK404412).
C.-H. Cho was supported in part by the National Research Foundation of Korea (NRF) grant
funded by the Korea Government (MEST) (No. 2013042157 and No. 2012R1A1A2003117).
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2. PRELIMINARIES ON TORIC ORBIFOLDS

In this section we briefly review the construction and basic properties of toric orbifolds. We
also describe the closed mirror theorem for toric orbifolds due to [31]. We refer the readers
to [9, [74] for more details on the essential ingredients of toric orbifolds, and to [72, 44 31] for
more details on mirror theorems for toric orbifolds.

2.1. Construction. A toric orbifold, as introduced in [9], is associated to a set of combina-
torial data called a stacky fan:
(Ev b07 SRR bm—l)v

where ¥ is a simplicial fan contained in the R-vector space Nr := N ®z R associated to a
lattice N of rank n, and {b; | 0 < ¢ < m — 1} are integral generators of 1-dimensional cones
(or rays) in ¥. We call b; the stacky vectors. We denote by |3| C Ng the support of X.

Let by, ..., b1 € NN |X| be additional vectors such that the set {b;}7;' U {b; ;7";/;11
generates N over Z. Following [74], the data

(SAb S U b

j=m
is called an extended stacky fan, and {bj}gn:/,_nl are called extra vectors. We describe the
construction of toric orbifolds from extended stacky fans. The flexibility of choosing extra

vectors is important in the toric mirror theorem, see Section

Consider the surjective group homomorphism, the fan map,
m’'—1
¢: N := @Zei%N, d(e;) :==b; fori =0,...,m' — 1.
i=0

This gives an exact sequence (the “fan sequence”)
(2.1) 0 — L :=Ker(¢) - N -2 N — 0.

Note that L ~ Z™~". Tensoring with C* gives the following exact sequence:

(2.2) 0 G=L&;C* — N&;C*~(C*)" *%T.= Ng,C* - 0.

Consider the set of “anti-cones”,

(2.3) A= {I Cc{0.1,...,m =1} | > Rugb; is a cone in 2} .
il
For I € A, let C' ¢ C™ be the subvariety defined by the ideal in C[Z, ..., Zn_1] generated
by {Z; |i € I}. Put
Us:i=C™\ | .
I¢A
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The algebraic torus G acts on C™ via the map G — (C*)™ in . Since N is torsion-free,
the induced G-action on Uy is effective and has finite isotropy groups. The global quotient

Ay = [UA/ G]
is called the toric orbifold associated to (3, {b;}["' U {b;} Y1),
By construction, the standard (C*)™-action on Uy, induces a T-action on X

Remark 2.1. Let {v; € N | i = 0,...,m — 1} be the collection of primitive generators of
the rays in 3. In general, for 0 < i < m — 1, we have b; = c;v; for some positive integer
¢i € Zso. If c; =1 for all 0 < i < m — 1, then the coarse moduli space of Xs, is a simplicial
toric variety and in this case we call Xs a simplicial toric orbifold. Such a toric orbifold has
orbifold structures in at least codimension 2.

Definition 2.2. Let Xy, be the toric variety which is the coarse moduli space of a toric orbifold
Xs. We say that Xy is semi-projective if Xy admits a T-fixed point, and the natural map
X5 — Spec H*(Xx, Ox,,) is projective.

As we will see, toric orbifolds we consider in this paper all have semi-projective coarse
moduli spaces. We refer to [38, Section 7.2] for more detailed discussions on semi-projective
toric varieties.

Remark 2.3. By abuse of terminology, we say that the toric orbifold Xs, is (semi-)projective
when the underlying toric variety X, is (semi-)projective.

2.2. Twisted sectors. For a d-dimensional cone o in ¥ generated by b, = (b;,,...,b;,), we
define

d
Boxp, = {u EN|v=> tib, tr€[0,1) m@} .
k=1
Let Np, be the submodule of N generated by lattice vectors {b;,,...,b;,}. Then Boxy, is
in a one-to-one correspondence with the finite group Gy, = N/Np,. It is easy to see that if
T < 0, then we have Box,, C Boxp,. Define

Boxp_ = Boxp, — U Boxp,,

T30

Box(% U Boxp, = |_| Boxb

oEY (n) oEY
where X(™ is the set of n-dimensional cones in ¥. We set Box'(3) = Box(X) \ {0}.

According to [9], Box'(X) is in a one-to-one correspondence with the twisted sectors, i.e.
non-trivial connected components of the inertia orbifold of Xs. For v € Box(X), we denote
by &, the corresponding twisted sector of X'. Note that Ay = & as topological spaces. See
Figure |lal for an example illustrating Box'(X).

For the toric orbifold X, the Chen-Ruan orbifold cohomology HEg (X; Q), as defined in [26],
is given by

and

HCR X @ @ Hd Qageu Q),

vEBox
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where age(v) is the degree shifting number or age of the twisted sector X, and the cohomology

groups on the right hand side are singular cohomology groups. If we write v = ZZ:1 trb;, €
Box(X) where {b;,,...,b;,} generates a cone in ¥, then

age(v Ztk € Q0.

The T-action on X induces T-actions on twisted sectors. This allows one to define the
T-equivariant Chen-Ruan orbifold cohomology Heg (X5 Q) as

HCR’]T X @ @ Hd 2age 1/) m@)’

vEBox
where Hi(—) denotes T-equivariant cohomology.

The trivial T-bundle over a point pt defines a map pt — BT. This induces a map
Hi(pt,Q) = H*(BT,Q) — H*(pt). Let Y be a space with a T-action. By construction
the T-equvariant cohomology of Y admits a map Hi(pt) — H#(Y, Q). This defines a natural
map
For a class C' € Hi(Y,Q), its image under this map, which is a class in H*(Y,Q), is called

the non-equivariant limit of C. In Section [0 we will need to consider non-equivariant limits
of certain classes in H¢p p(X; Q).

2.3. Toric divisors, Kahler cones, and Mori cones. Let X be a toric orbifold defined
by an extended stacky fan (X, {b;}7," U {b; Hie _1). Let A be the set of anticones given in
(2.3). Applying Homy(—,Z) to the fan sequence (2.1)) gives the following exact sequence (the
“divisor sequence”)
0— M2 ML —o

Here M := NY = Hom(N, Z), M := NV = Hom(N, Z) and LV = Hom(L, Z) are dual lattices.
The map " : M — LY is surjective since NV is torsion-free.

By construction, line bundles on X correspond to G-equivariant line bundles on U 4. Be-
cause of (2.2, T-equivariant line bundles on X correspond to (Cx)m/-equivariant line bundles

on Uy. Because Upg4C! C C™ is of codimension at least 2, we have the following descriptions
of the Picard groups:

Pic(X) ~ Hom(G,C*) ~ LY, Picy(X) ~ Hom((C*)™,C*) ~ N¥ = M.
Moreover, the natural map Picy(X) — Pic(X) is identified with ¢ : M — LV,

Let {¢/]i =0,1,...,m' — 1} C M be the basis dual to {ei=0,1,...,m' —1} c N. For
i=0,1,...,m' — 1, we denote by D] the T-equivariant line bundle on X corresponding to
e/ under the identification Picp(X) ~ M. Also put

D; :=1Y(e)) e LY.

The collection {D; | 0 < i < m — 1} are toric prime divisors corresponding to the generators
{b; ] 0<i<m—1}of rays in ¥, and {D] | 0 < i < m — 1} are their T-equivariant lifts.
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There is a natural commutative diagram

Mo 1LveQ

| |

H3 (X, Q) — H*(X,Q).

Also, there are isomorphisms

m'—1
HY(X;Q) ~ (LY ® Q) / (Z QD, ) . H(xQ) = (MeQ) / (Z @D?) -
Jj=m
Remark 2.4. By (standard) abuse of notation, we use D; (respective D} ) to denote

(1) an element in LY (respectively M );

(2) the corresponding line bundle on X (respectively T-equivariant line bundle on X );

(3) the corresponding divisor in X (respectively T-equivariant divisor in X );

(4) the first Chern class of the line bundle on X, taking values in H*(X) (respectively
HE(X)).

As explained in [72, Section 3.1.2], there is a canonical splitting of the quotient map LY ®
Q — H?*(X;Q), which we now describe. For m < j < m/ — 1, b; is contained in a cone in
Y. Let I; € A be the anticone of the cone containing b;. Then we can write the following
equation in N ® Q:

bj = chibia Cji € @20.
i¢l;
By the fan sequence ({2.1]) tensored with Q, there exists a unique Djv € L ® Q such that

1 it i =7,
0 ifi e I;\ {j}.
Here and henceforth (—, —) denotes the natural pairing between LY and L. (or relevant ex-

tensions of scalars). This defines a decomposition
m'—1

(2.5) L' ®Q = Ker <(Dxl, DY ) LY ®Q - Qm’—m> o @ ob;.
j=m

Moreover, the term Ker ((Drvn, o >DX1/—1) LVeQ — Qm/_m) is naturally identified with
H?(X;Q) via the quotient map LY ® Q — H?*(X; Q), which allows us to regard H?*(X; Q) as
a subspace of L.V ® Q.

The extended Kahler cone is defined to be

Cv =) <2R>0D,~) CLY®R.

IeA \ i€l
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The genuine Kéahler cone C'y is the image of Cy under the quotient map LY @R — H?*(X;R).
The splitting of LY ® Q (2.5) induces a splitting of the extended Kéhler cone:

m/—1
Cx=Cx+ Y RuoD;

j=m
in LY ®@ R.
Recall that the rank of LY is r := m’ — n while the rank of Hy(X;Z) is given by 1’ :=
r — (m' —m) =m —n. We choose an integral basis

{pla"'apr} - LV

such that p, is in the closure of 6’;( for all @ and pyy1,...,p € Z;n:;l R>¢D;. Then the
images {pi,...,py} of {p1,...,pr} under the quotient map LY @ Q — H%(X;Q) gives a nef
basis for H*(X;Q) and p, =0 for ' +1<a <r.

We choose {pT,...,pf} € M @ Q such that ¢"(pf) = p, for each a, and p¥ = 0 for
a=1r"+1,...,r. Here, for p € M® Q, we denote by p € H2(X,Q) the image of p under the

natural map M ® Q — HZ(X,Q). By construction, for a = 1, ...,7', p, is the non-equivariant
limit of p_.

We define a matrix (Q;,) b
D; = ZQiapaa Qz’a € Z.
a=1

Denote by D; the image of D; under LY ® Q — H%(X;Q). Then for i = 0,...,m — 1, the
class D; of the toric prime divisor D; is given by

D; = ZQiaﬁa;
a=1
and for i =m,...,m' — 1, D; = 0 in H?(X;R). Likewise, for i = 0,...,m — 1, we have
= ZQiapg—i_)\iu
a=1

where \; € H*(BT;Q). Fori=m,...,m' — 1, DF = 0.

Let 1 € H°(X,Q) be the fundamental class. For v € Box with age(v) = 1, let 1, €
H°(X,,Q) be the fundamental class. It is then straightforward to see that

Heg (X, Kr) = Krl,  Heg (X, Kr) = @KTpa @ Krl,,

veBox,age(v)=1
where K7 is the field of fractions of Hf(pt,Q), and Hi(—, Kt) := Hi(—, Q) ®pz(pt,Q) K-
The dual basis of {py,...,p,} CLY is given by {v1,...,v.} C L where

m/'—1 _
= Z Qiai € N.
i=0
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Then {71,...,7} provides a basis of HST(X;Q). In particular, we have Q;, = 0 when
m<i<m' —land1<a<r7y'.
We set
K:={deLo®Q|{je{0,1,...,m'—1} | (D;,d) € Z} € A},
Kt :={deLoQ|{je{0,1,....m'—1} | (D;,d) € Z>o} € A},

Roughly speaking K.¢ is the set of effective curve classes. In particular, the intersection
Kee N Ho(X;R) consists of classes of stable maps P(1,m) — X for some m € Z>q. See e.g.
[72, Section 3.1] for more details.

For a real number A € R, we let [A], |A] and {\} denote the ceiling, floor and fractional
part of A respectively. Now for d € K, we define

m'—1
(2.6) v(d) ==Y [(D;d)]b; € N,
=0
and let [, :={j € {0,1,....m' — 1} | (D;,d) € Z} € A. Then since we can rewrite
m/—1 m'—1
v(d) =Y ({~(Did)} +(Di.d))bi = Y {~(Di,d)}bi =) {~(Di,d)}
i=0 =0 igly

we have v(d) € Box, and hence v(d), if nonzero, corresponds to a twisted sector &4 of X'

2.4. The [-function. In this subsection we define a combinatorial object called the (equi-
variant) I-function of X.

Definition 2.5. The T-equivariant I-function of a toric orbifold X is an H¢g p(X)-valued
power series defined by

a=1P ' (Df + ((Dy,d)y — k)=
IX,T(Z/; Z) = ezazl Py logya/z H Hk [(Ds,d)] ,]1. (< > ) )1V(d) ’
deKcﬁ 1 oD + ((Di, d) — k)2)

where y? = y§p1,d> oyt and 1,4 € H (X, @) C Hé%ge(y(d))(/\’) is the fundamental class of
the twisted sector X, ).

Definition 2.6. The [-function of a toric orbifold X is an H{g(X)-valued power series
defined by

b ! (Di + ((Di,d) — k)2
[X(y7 Z) = eza:1pa10gya/z H Hk ( D d (( > ) )1V(d) ,
deKﬂ rt ILZo(Di+ ((Did) = k)2)

where y¢ = yfpl’@ oyt and 1,4 € H (X, @) C Hé%ge(y(d))(?c') is the fundamental class of
the twisted sector X, ).

Remark 2.7. It is clear from definitions that the non-equivariant limit of Iy 1 is Ix.

Definition 2.8. A toric orbifold X is said to be semi-Fano if p(X) := 221'0_1 D; is contained
in the closure of the extended Kdihler cone Cy in LY @ R.
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We remark that this condition depends on the choice of the extra vectors b,,, ..., b, _1. It
holds if and only if the first class ¢;(X) € H?(X;Q) of X is contained in the closure of the
Kéhler cone Cy (i.e. the anticanonical divisor —Ky is nef) and age(b;) := > 47 ¢ji < 1 for
m < j <m' — 1, because we have

) = (X) + 3 (1~ agelby)) Dy

see [72, Lemma 3.3]. In particular, when X is a toric manifold, the condition is equivalent to
requiring the anticanonical divisor —Ky to be nef.

As we will see, the examples we consider in this paper will all satisfy the following assump-
tion.

Assumption 2.9. The set {bg,...,b,_1} U{v € Box(X) | age(v) < 1} generates the lattice
N over Z.

Under this assumption, we choose the extra vectors by, ...,b, 1 € {vr € Box(X) |
age(r) < 1} so that {bo,...,b,/—1} generates N over Z. Then the fan sequence (2.1 deter-
mines the elements Dy, ..., D,y and p(X) = Do+ - - -+ D,y—1 holds (see [72, Remark 3.4]).
Furthermore, we can then identify LV ® C with the subspace

m'—1
HY(X) & @D H'(%,) C HE(X).

j=m

If X is semi-Fano, then its /-function is a convergent power series in yy,...,y, by [72]
Lemma 4.2]. Moreover, it can be expanded as

Iy, =1+ 72 o)
where 7(y) is a (multi-valued) function with values in HSa(X) which expands as

! m’'—1

T(y) = Z?a log ya + Z yDﬂylbj + higher order terms.
a=1 j=m

We call ¢(y) = exp 7(y) the toric mirror map, and it defines a local embedding near y = 0 (it
is a local embedding if we further assume that {b,,,..., b1} = {v € Box(X) | age(v) < 1});
see [72), Section 4.1] for more details. Similar discussion is valid for equivariant /-functions.

2.5. Equivariant Gromov-Witten invariants. In this subsection we discuss the construc-
tion of equivariant Gromov-Witten invariants. We refer to [25] and [2] for the basics of
Gromov-Witten theory of orbifolds, and to e.g. [55] and [92] for generalities on equivariant
Gromov-Witten theory.

The T-action on X induces T-actions on moduli spaces of stable maps to X'. It is well-
known that in this situation we can define T-equivariant Gromov- Witten invariants of X as
integrals against T-equivariant virtual fundamental classes of these moduli spaces.

Let M (X, d) be the moduli space of n-pointed genus 0 orbifold stable maps to X" of degree
d € Hy(X;Q). For i = 1,...,n, there is an evaluation maps ev; : M%(X,d) — IX, and a
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complex line bundle L; — M(X,d) whose fibers are cotangent lines at the i-th marked
point of the coarse domain curves.

Suppose M (X, d) is compact. Then there is a virtual fundamental class [M(X | d)]yirt €
H,(M%(X,d),Q). Genus 0 closed orbifold Gromov-Witten invariants of X can be defined as
follows. For cohomology classes ¢y, ..., ¢, € Hig(X, Q) and integers ky, ..., k, > 0, we define

n

X % ki
(27) ¢1 7 sy ¢n¢5n = / (evi ¢z U ¢1Z) S @7
< >0,n,d (ML (X, )i E
where ;= o1(L;) € HX(ME(X,d), Q).

The T-action on X induces a T-action on M (X, d). When M (X, d) is compact, there is a
T-equivariant virtual fundamental class [M(X, d)]|yire1 € Her(ME(X, d), Q). T-equivariant
genus 0 closed orbifold Gromov-Witten invariants of X can be defined as follows. For coho-
mology classes ¢11, ..., n1 € Hig p(X, Q) and integers ki, ..., k, > 0, we define

n

@8)  (omeb ot = [ T (evi6en D) € Hipt, Q),

M X, d)]yire,T i=1
where ;== ¢} (L;) € H2(M%(X,d),Q) are T-equivariant first Chern classes.

Suppose again that M(X, d) is compact. Suppose that ¢1, ..., ¢, € Hir(X, Q) are non-
equivariant limits of ¢y 1, ..., onr € Heg (X, Q). Then by construction of virtual fundamental

classes, the non-equivariant limit of <gb1 ']1'77/11 - ,gb,ﬂ/}n T i.e. its image under the natural

0,n,d’
map Hi(pt,Q) — H*(pt) = Q, is equal to <¢1¢1 e ¢”¢fzn>o,n,d'
Suppose M (X, d) is not compact, but the locus M(X, d)"T C MCZ(X d) of T-fixed points

is Compact Then the T-equivariant invariant <¢1,Tzﬂf1, . ,(bnw > , can still be defined by
, with the integration | MEL (X D) ire defined by the Vlrtual locahzatlon formula [59].

Namely,
(_) = / i € K’]T7
/[\M%l (X7d)]’u7l'rt,11’ Z 'uz’rt NU t

Fcm(x,d)T

where F runs through connected components of M(X d)T, 1p : F — M(X,d)T is the in-
clusion, [F],¢ is the natural virtual fundamental class on F', and ep(N¥") is the T-equivariant
Euler class of the virtual normal bundle Ng" of FF C M (X, d). Tt follows easily from virtual
localization formula that if both M (X, d)T and M(X, d) are compact, the two definitions
of T-equivariant invariants agree.

Remark 2.10. If the toric orbifold X is projective, then MS(X,d) is compact. If X is not
projective but semi-projective, then it is straightforward to show that the locus M (X, d)"
ME( X, d) of T-fized points is compact. In this case, T-equuariant Gromov- Witten invariants

are still defined.

2.6. Toric mirror theorem. We give a review of the mirror theorem for toric orbifolds
proven in [31] in the case of semi-Fano toric orbifolds. Our exposition follows [72] and [44].

Let X be a toric orbifold as in Section 2.11
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Definition 2.11. The T-equivariant (small) J-function of a toric orbifold X is an Hg 7(X)-
valued power series defined by

x,T

a (d0)#(0 0) 0,14+2,d
deHs§® (x)

where 705 = Y21, Phlog da € HA(X), 7o = 3770, 1o, € @, HE(X,), ¢ = el =
g p“ @ Ada}, {96} are dual basis of Hig r(X).

Definition 2.12. The (small) J-function of a toric orbifold X is an HEg(X)-valued power
series defined by

X
JX(Q7 )_eTOQ/Z 1+Z Z <]— Ttwa---aTtwazﬁaw> gba )

a (d1)#(0 0) 0,l+2,d
deHs§T (x)
where To5 = S Palog e € HA(X), Toy = Z;”/; ™, 1, € D, mel H(X,), ¢¢ = elm2d) =

g p” 9 s A{da}, {0} are dual basis of HEg(X).

Remark 2.13. It is clear from definitions that the non-equivariant limit of Jxyr is Jx.

Roughly speaking, the (equivariant) mirror theorem for the toric orbifold X states that the
(equivariant) J-function coincides with the (equivariant) I-function via the mirror map.

Theorem 2.14 (Equivariant mirror theorem for toric orbifolds [31]; see also [44], Conjec-
ture 4.1). Let X be a semi-projective toric Kahler orbifold which is semi-Fano, i.e. p(X) is
contained in the closure of the extended Kahler cone Cy. Then we have

eqo(y)l/ZJX[JI‘(q’ 2) =Ix1(y(q,7), 2),

where y = y(q, T) is the inverse of the toric mirror map q = q(y), 7 = 7(y) determined by the
expansion of the equivariant I-function:

q(y)1 +7(y)

IX,T(ya Z) = 1+ P

+0(z7?), 7(y) e H(ZJRJI‘(X)'

Taking non-equivariant limits gives the following

Theorem 2.15 (Closed mirror theorem for toric orbifolds [31]; see also [72], Conjecture 4.3).
Let X be a compact toric Kdhler orbifold which is semi-Fano, i.e. p(X) is contained in the
closure of the extended Kdhler cone Cx. Then we have

Ju(q,2) = Lx(y(g, 7), 2),
where y = y(q, T) is the inverse of the toric mirror map q = q(y), 7 = 7(y).
Remark 2.16. The non-equivariant limit of qo(y) is 0.
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3. ORBI-DISK INVARIANTS

In this section we briefly review the construction of genus 0 open orbifold Gromov-Witten
invariants of toric orbifolds carried out in [2§].

Let (X,w) be a toric Kéhler orbifold of complex dimension n, equipped with the standard
toric complex structure Jy and a toric Kéhler structure w. Suppose that X is associated
to the stacky fan (X,b), where b = (bg,...,b,,_1) and b; = c;v;. As before, we let D;
(¢=0,...,m — 1) be the toric prime divisor associated to b;.

Let L C X be a Lagrangian torus fiber of the moment map pg : X = Mp = M ®z R,
and consider a relative homotopy class 8 € my(X, L) = Hy(X, L;Z). We are interested in
holomorphic orbi-disks in X bounded by L and representing the class (.

3.1. Holomorphic orbi-disks and their moduli spaces. A holomorphic orbi-disk in X
with boundary in L is a continuous map

w: (D,0D) = (X, L)
such that the following conditions are satisfied:
(1) (D, z{,..., ") is an orbi-disk with interior orbifold marked points 2", ..., z;". Namely

D is analytically the disk D? C C, together with orbifold structure at each marked
point z; for j = 1,...,1. For each j, the orbifold structure at z; is given by a disk

neighborhood of z;r which is uniformized by a branched covering map br : z — 2"
for someﬂ m; € L.

(2) For any zy € D, there is a disk neighborhood of zy with a branched covering map
br: z — 2™, and there is a local chart (Viy(zo); Gu(zo), Tw(z)) 0f X at w(z) and a local
holomorphic lifting w,, of w satistying

W O b1 = Typ(zy) O Wy

(3) The map w is good (in the sense of Chen-Ruan [25]) and representable. In particular,
for each marked point z]-*, the associated homomorphism

between local groups which makes w_+ equivariant, is injective.
J
Denote by v; € Box(X) the image of the generator 1 € Z,,; under h; and let X, be the
twisted sector of X' corresponding to v;. Such a map w is said to be of type x := (&, ..., &,).

We recall the following classification result of orbi-disks:

Theorem 3.1 ([28], Theorem 6.2). Let X be a symplectic toric orbifold corresponding to a
stacky fan (X(P),b) and L C X a Lagrangian torus fiber of the moment map. Consider a

fized orbit L € C™\ Z(X) of the real m-torus T™ which projects to L. Suppose
w: (D,0D) — (X, L)

is a holomorphic map with orbifold singularities at interior marked points 21, ...,z € D.
Then

21t m; =1, z;' is a smooth interior marked point.
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(1) For each orbifold marked point =, we have a twisted sector v; = Ziglj t;ib; € Boxy,
where o is a cone in X and I; € A is the anticone of o;, obtained via (3.1). (See
Section for the definition of Boxg, .)

(2) For an analytic coordinate z on D* = |D|, the map w can be lifted to a holomorphic
map N

w: (D*0D*) — ((C™\ Z(%))/Ke, L/ (KcNT™)),
so that the homogeneous coordinate functions (modulo Kc-action) w = (W, . . ., Wy—1)
are given by

d; RN l o tji
]' - aivsz le 1 - Z;_Z

s=1

ford; € Zso, (i =0,...,m—1) and o; s € int(D?), a; € C*. Here K is defined by the
following exact sequence

0K —-=T"=T"—=0

where T™ — T™ s induced by the map @;1_01 Ze; — N by sending e; to b; for
i=0,...,m—1. (We remark that K may have non-trivial torsion part.)

(3) The Chern-Weil Maslov index (see Appendiz[A)) of the map w whose lift is given as
in (3.2) satisfies

m—1 l
Mcw(w) = Z 2dz + Z 2age(yj).
=0 j=1

Setting [ = 0 and d; = 0 for all 7 except for one iy where d;, = 1 in the above theorem gives
a holomorphic disk which is smooth and intersects the associated toric prime divisor D;, C X
with multiplicity one; its homotopy class is denoted as ;,. Given v € Box'(X), setting [ = 1
and d; = 0 for all 7 gives a holomorphic orbi-disk, whose homotopy class is denoted as (3.

Lemma 3.2 ([28], Lemma 9.1). For X and L as above, the relative homotopy group ma (X, L)
is generated by the classes 3; fori=0,...,m — 1 together with (3, for v € Box'(X).

We call these generators of mo (X, L) the basic disk classes. They are the analogue of Maslov
index two disk classes in toric manifolds. Basic disk classes were used in [2§] to define the
leading order bulk orbi-potential, and it can be used to determine Floer homology of torus
fibers with suitable bulk deformations. Basic disks are classified as follows:

Corollary 3.3 (28], Corollaries 6.3 and 6.4).

(1) The smooth holomorphic disks of Maslov index two (modulo T™-action and automor-
phisms of the domain) are in a one-to-one correspondence with the stacky vectors
{bo, .. ,bm_l}.

(2) The holomorphic orbi-disks with one interior orbifold marked point and desingularized
Maslov index zero (modulo T™-action and automorphisms of the domain) are in a one-
to-one correspondence with the twisted sectors v € Box'(X) of the toric orbifold X .

Let ‘
wi(L, B, )
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be the moduli space of good representable stable maps from bordered orbifold Riemann
surfaces of genus zero with £+ 1 boundary marked points zg, 21 . . ., 2 and [ interior (orbifold)
marked points 27, ...,2" in the homotopy class 8 of type z = (X,,,...,X,,). Here, the
superscript “main” indicates that we have chosen a connected component on which the
boundary marked points respect the cyclic order of S* = 9D?. Let

VAL, B ) € ML, B, )
be the subset consisting of all maps from an (orbi-)disk (i.e. without (orbi-)sphere/disk

bubbles). It was shown in [28] that M (L, 5, ) has a Kuranishi structure of real virtual
dimension

(3.3) n+pow(B) +k+1+20—3-2) age(y).

According to [28, Proposition 9.4], if M7{""(L, ) is non-empty and if Jf is not in the
sublattice generated by by, ..., b,,_1, then there exist v € Box'(X), k; e N (i =0,...,m —1)
and o € HSE(X) such that

m—1
5:5V+Zk1/81+a7
=0
where « is realized by a union of holomorphic (orbi-)spheres. The Chern-Weil Maslov index
of 5 written in this way is given by
m—1

puew (B) = 2age(v +22k’ +2¢1(X) - a.

=0

3.2. The invariants. Let &, ,..., &), be twisted sectors of the toric orbifold &. Consider
the moduli space /\/lm‘”"( , B, ) of good representable stable maps from bordered orbifold
Riemann surfaces of genus zero with one boundary marked point and [ interior orbifold
marked points of type & = (X,,, ..., &,,) representing the class 8 € m(X, L). According to
[28], the moduli space Mm‘“"( ,B,x) carries a virtual fundamental chain, which vanishes
unless the following equahty holds:

I
(3.4) pew (B) = Z 2age(v;) — 2).

Definition 3.4. An orbifold X is called Gorenstein if its canonical divisor Ky is Cartier.

For a Gorenstein orbifold, the age of every twisted sector is a non-negative integer. Now
we assume that the toric orbifold X" is semi-Fano (see Definition and Gorenstein. Then
a basic orbi-disk class 3, has Maslov index 2age(r) > 2 (see Lemma [£.13)), and hence every
non-constant stable disk class has at least Maslov index two.

Let us further restrict to the case where all the interior orbifold marked points are mapped
to age-one twisted sectors, i.e. the type x consists of twisted sectors with age = 1. This
will be enough for our purpose of constructing the mirror over HZz(X). In this case, the
virtual fundamental chain [M{#"(L, 3,2)]"" is non-zero only when pcw(B) = 2, and in
fact we get even a virtual fundamental cycle because [ attains the minimal Maslov index
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and thus disk bubbling does not occur. Therefore the following definition of genus 0 open
orbifold Gromov-Witten invariants (also termed orbi-disk invariants) is independent of the
choice of perturbations of the Kuranishi structures (in the general case one may restrict to
torus-equivariant perturbations to make sense of the following definition following the works
of Fukaya-Oh-Ohta-Ono [49, [50, [45]):

Definition 3.5 (Orbi-disk invariants). Let 5 € mo(X, L) be a relative homotopy class with
Maslov index given by (3.4). Suppose that the moduli space My (L, B, x) is compact. Then
we define nflﬂ([pt]L; 1,,,...,1,,) € Q to be the push-forward

nfl75([pt]lz7 ]-1/17 ceey 11/[) *= €Uox ([MI,I(L7 ﬁ? w)]Vir) S Hn(L7 @) = @7

where evy : M7 (L, B,x) — L is evaluation at the boundary marked point, [pt]y, € H"(L; Q)

is the point class of the Lagrangian torus fiber L, and 1, € H°(X,;;Q) C Hé%ge(yj)()(; Q) is
the fundamental class of the twisted sector X, .

Remark 3.6. For the cases we need in this paper, the required compactness of the disk moduli

space My (L, B, x) will be proved in Proposition and Corollary|6.11]

Remark 3.7. The Kuranishi structures in this paper are the same as those defined in [49] [50]
(we refer the readers to [47, 48, Appendix] and [46] for the detailed construction, and also to
[93] (and its forthcoming sequels) for a different approach). But we remark that the moduli
spaces we consider here are in fact much simpler than those in [49,50] (and [47), 48] ) because
we only need to consider stable disks with just one disk component which is minimal, and
hence disk bubbling does not occur. Also, we consider only disk counting invariants, but
not the whole A structure; this reduces the problem to studying moduli spaces of virtual
dimensions 0 or 1, which simplifies several issues involved.

For a basic (orbi-)disk with at most one interior orbifold marked point, the corresponding
moduli space My o(L, 3;) (or My1(L, B,,v) when B, is a basic orbi-disk class) is regular and
can be identified with L. Thus the associated invariants are evaluated as follows [28]:

(1) For v € Box/, we have n{, ;5 ([pt]z;1,) = 1.
(2) For i € {0,...,m — 1}, we have nfoﬂi([pt]L) =1.

When there are more interior orbifold marked points or when the disk class is not basic, the
corresponding moduli space is in general non-regular and virtual theory is involved in the
definition, making the invariant much more difficult to compute. One main aim of this paper
is to compute all these invariants for toric Calabi-Yau orbifolds.

4. GROSS FIBRATIONS FOR TORIC CALABI-YAU ORBIFOLDS

In order to carry out the SYZ construction, the first ingredient we need is a Lagrangian
torus fibration. For a toric Calabi-Yau manifold, such fibrations were constructed by Gross
[62] and Goldstein [57] independently. In this section we generalize their constructions to
toric Calabi-Yau orbifolds; cf. the manifold case as discussed in [20], Sections 4.1-4.5].
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4.1. Toric Calabi-Yau orbifolds.

Definition 4.1. A Gorenstein toric orbifold X is called Calabi-Yau if there exists a dual
vector v € M = NY = Hom(N, Z) such that (v,b;) = 1 for all stacky vectors b;.

Let X be a toric Calabi-Yau orbifold associated to a stacky fan (X, bg,...,b,_1). Since
b; = c;v; for some primitive vector v; € N and (v,v;) € Z, we have ¢; = 1 for all i =
0,...,m — 1. Therefore toric Calabi-Yau orbifolds are always simplicial.

Example 4.2. For a compact toric orbifold X, the total space of the canonical line bundle
of X is a toric Calabi-Yau orbifold. Namely, if X is given by a fan X in the lattice N
of rank n — 1 with stacky vectors bg,...,b,,_1, then the total space of the canonical line
bundle of X is given by a fan X' in the lattice N ® Z of rank n, whose rays are generated
by (0,1),(bo,1),...,(bm_1,1) e NBZ. If 0 € ¥ is a cone generated by {b;,,...,b; }, then
there is a corresponding cone o' € ¥’ generated by {(0,1), (b;,,1),...,(b;,1)}. In this case
we can take v = (0,1) € (N® Z)" ~ NV ® Z.

For the purpose of this paper, we will always assume that the coarse moduli space of the
toric Calabi-Yau orbifold &' is semi-projective (Definition .

Setting 4.3 (Partial resolutions of toric Gorenstein canonical singularities). Let ¢ C Ng
be a strongly convex rational polyhedral Gorenstein canonical cone with primitive generators
{b;} C N. Here, strongly convex means that the cone o is convex in Ng and does not contain
any whole straight line; while Gorenstein canonical means that there exists v € M such that

(g, BZ> =1 for all i, and (v, v) > 1 for allv € o N (N \ {0}). We denote by P C Ng

the convex hull of {b;} C N in the hyperplane {v € Ng | (v,v) = 1} C Ng. P is an
(n — 1)-dimensional lattice polytope.

Let > C Ng be a simplicial refinement of o obtained by taking the cones over a triangulation
of P (where all vertices of the triangulation belong to P N N). Then ¥ together with the
collection

{b;|i=0,....m—1}CN

of primitive generators of rays in 3 is a stacky fan. The associated toric orbifold X = Xy, is
Gorenstein and Calabi- Yau.

By relabeling the b;’s if necessary, we assume that {by, ..., b,_1} generates a top-dimensional
cone in X and hence forms a rational basis of Ng := N ®z Q.

Proposition 4.4. The coarse moduli space of a toric Calabi- Yau orbifold X is semi-projective
if and only if X satisfies Setting[4.3.

Proof. If X satisfies Setting [4.3] it is clear that its fan has full-dimensional convex support.
Moreover, X can be constructed by using its moment map polytope, so its coarse moduli
space is quasi-projective.

Conversely, suppose that the coarse moduli space of X is semi-projective. Since X is
Gorenstein, there exists v € M such that (v, b;) = 1 for all primitive generators b; of rays
in ¥. Then the convex hull of b;’s in the hyperplane {(v, ) = 1} C Ng defines a lattice
polytope P, and the support of the fan is equal to the cone o over this lattice polytope by
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convexity of the fan. Obviously, the cone o is strongly convex and Gorenstein. Also the fan
of X is obtained by a triangulation of the lattice polytope P. O

For the rest of this paper, we will assume that X is a toric Calabi-Yau orbifold X as in
Setting This implies Assumption is satisfied: If P has no interior lattice point, then
clearly {0} U (P N N) generates the lattice N. Otherwise we can inductively find a minimal
simplex contained in P which does not contain any interior lattice point, and it follows that
{0} U (P N N) generates the lattice V.

Without loss of generality we may assume that v = (0,1) € M ~ Z"! © Z so that P is
contained in the hyperplane {v € Ng | ((0,1), v) = 1}. We enumerate

Box'(£)*°=! .= {v € Box'(X) | age(v) = 1} = {byn, ..., b1}
and choose b,,, ..., b, _1 to be the extra vectors so that

PﬂN — {boa---;bm—hbm)---abm’—l}-

4.2. The Gross fibration. In this section we construct a special Lagrangian torus fibra-
tion on a toric Calabi-Yau orbifold X. This is a fairly straightforward generalization of the
constructions of Gross [62] and Goldstein [57] to the orbifold setting.

To begin with, notice that the vector v € M corresponds to a holomorphic function on X
which we denote by w : X — C. The following two lemmas are easy generalizations of the
corresponding statements for toric Calabi-Yau manifolds [20].

Lemma 4.5 (cf. [20], Proposition 4.2). The function w on X corresponding to v € M is
holomorphic, and its zero divisor (w) is precisely given by the anticanonical divisor —Ky =

m—1
Zi:O D;.

Proof. Let b;,,...,b; be the primitive generators of a top-dimensional cone o in ¥, which
span a sublattice N, C NV of rank n. Consider the dual basis {u;}}_, of Mg which gives rise

to coordinate functions {(;}7_, on the uniformizing cover U,, with an action of finite abelian
group G, = N/N,.

Then the corresponding function w is given by the product of coordinate functions
w = H Cj
j=1

which is regular. We need to show that this function is invariant under N/N, action. The
group action defined for the coordinate functions on the uniformizing cover

(4.1) g G = exp(2mvV —1(us, 9))¢;
is based on the pairing
N/Ny x M,/M — Q/Z.

Since v € M, (g, v) € Z for all g € N. Thus ¢g-w = w for all ¢ € N/N,. This proves our
claim. O
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Lemma 4.6 (cf. [20], Proposition 4.3). For the dual basis {ug, ..., u,—1} C Mgy := M @7z Q
of the basis {by, ...,b,_1}, denote by (; the corresponding meromorphic function to u;. Then

dGo N -+ N dGny

extends to a nowhere-zero holomorphic n-form €0 on X.

Proof. Notice that
dGo A -+ NdC,—1 = wdlog (o A -+ Ndlog(p—1.

w is invariant under N/N, (see the proof of Lemma [4.5)). Moreover N/N, acts on log(; by
adding constants, and hence dlog(; are also invariant under the action. It is easy to see
that wdlog(y A --- A dlog(,_1 extends to be nowhere-zero holomorphic n-form in all other
charts. O

Next, we equip X with a toric Kahler structure w and consider the associated moment map
to : X — P, where P is the moment polytope defined by a system of inequalities:

(bi,')ZCi, Z:O,,m—]_

Consider the subtorus 7% := Np%/N+% ¢ Ng/N. The moment map of the T% action is
given by composing o with the natural quotient map:

[110] = X 225 My — My/R{v).

The following is a generalization of the Gross fibration for toric Calabi-Yau manifolds [57, [62],
which gives a Lagrangian torus fibration (SYZ fibration).

Definition 4.7. Fiz K; > 0. A Gross fibration of X is defined to be
p: X = (Mr/R{z)) X Ry _ge
v = ([1o(2)], [w(z) — Kaf? — K3).

We denote by B := (Mr/R(v)) X R>_gz the base of the Gross fibration p.

Since the holomorphic function w vanishes on the toric prime divisors D; C X', the images
of D; C X under the map p have second coordinate zero. Moreover, the hypersurface defined
by w(z) = K3 maps to the boundary of the image of p.

The following proposition can be proved in exactly the same way as in the manifold case
(cf. [62, Theorem 2.4] or [20, Proposition 4.7]). It follows from the construction of symplectic
reduction: the function w descends to the symplectic reduction X' //T*% — C; since the circles
centered at K are special Lagrangian with respect to the volume form d log(w— Ks), it follows
that their preimages are also special Lagrangian in X with respect to the holomorphic volume
form Q/(w — Ks).

Proposition 4.8. With respect to the holomorphic volume form Q/(w — Ky) defined on
= (B™) and the toric Kdhler form w, the map u is a special Lagrangian torus fibration.
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4.2.1. Discriminant locus and local trivialization. For each () £ I C {0,...,m — 1} such that
{b; | i € I} generates a cone in ¥, we define

(42) TI:{§€P|(bz,§):cl,2€[}C8P
Ty is a codimension- (|| — 1) face of OP. Let [T7] := [uo)(T7).

Let I' :== {r € B | ris a critical value of u} C B be the discriminant locus of p. Put
By := B\T.

Proposition 4.9. The discriminant locus of the Gross fibration p is given by

r=oBu || Jm]] x{0}

[]=2

Proof. This is similar to the manifold case ([20, Proposition 4.9]). A fiber degenerates when
the T*“-orbit degenerates or |w — Ks| = 0. An T"*-orbit degenerates if and only if w = 0

and [po] € <U|1\:2 [T1]>; |w — K| = 0 implies that the base point is located in 0B. It follows
that the discriminant locus is of the above form. g

By the arguments in [20, Section 2.1], the restriction u : Xy := p~'(By) — By is a torus
bundle. For facets Ty, ..., T,,_1 of P, consider the following open subsets of By:

U; := Bo \ | J(ITk] x {0}).
k#i
The torus bundle p over each U; can be explicitly trivialized. Without loss of generality we
describe this explicit trivialization over Uj.

Definition 4.10. We choose v, ...,v,_; € N such that

)’ =n

(1) {bo} U{v,,...,v, 1} is an integral basis of N;
(2) (v;,v) =0 for 1 <i<n-—1.

Let {vy,...,Un—1} C M be the dual basis of {bo} U{vy,...,v,_1}

Definition 4.11. Denote
Ng/R(by)

T = Nty

Then, over Uy, we have a trivialization
N (Up) =2 Uy x T x (R/27Z).
Here the first map is given by u, the last map is given by arg(w — Ks), and the second map is

given by the argument over 2w of the meromorphic functions corresponding to vy, ...,V 1.

4.2.2. Generators of homotopy groups. Fix ro := (q1,q2) € Uy with go > 0. Consider the fiber
F,, := u'(q1,q2). By the trivialization in Definition we have F,, ~ T+% x (R/277Z).
Hence 1 (F,,) ~ N/Z(by) x Z has the following basis (over Q)

{N]0<i<n-—1},
where A\g = (0,1) and X\; = ([y;],0) for 1 <7 <n— 1.
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As mentioned in Section [3.0] for a regular Lagrangian torus fiber L of the moment map
X — P, the basic disk classes form a natural basis of my(X', L). We now construct a basis
for my(X, F,,,) by exhibiting a Lagrangian isotopy between F,, and L and using this natural
basis of mo (X, L). The following is an explicit Lagrangian isotopy between F,, and L:

(4.3) Lyi={x € X | [u(®)] = q, lw(z) —t]> = K3+ g}, te|0,K,
This allows us to identify 7o (X, F}.,,) with mo(X', L) and view the basic disk classes in 7o (X, L)
as classes in my (X, Fy,). By abuse of notation, we still denote these classes by S, ..., Bm_1

and {8, | v € Box'(2)}.

For a general r € Uy, a basis for (&X', F.) may be obtained by identifying F, with F,
using the trivialization in Definition [£.11]

The boundaries of the classes 0y, ..., m_1 and {8, | v € Box'(X)} can be described as
follows.

Lemma 4.12. For a fiber F, of © where r € Uy, the boundary of the disk classes are
described as follows:

n—1
8@- = )\0 + Z(Vi7bj>>\i7 0 Sj <m— 1
i=1

n—1

n—1
0By =X+ Y (Wuv)hi, v=> (v v)y €Box' (D).
=1

1

7

Proof. Under the Lagrangian isotopy given by Equation (4.7) and identification between F,
and F,, using the trivialization over Uy, Ao € m1(F;) is identified with 98, € m(T') of a

toric fiber, and A\; = ([y;],0) has the same expression under such identification. We have

the required equalities for a toric fiber, and these equalities are preserved under Lagrangian
isotopy. U

The intersection numbers of these basic disk classes with toric prime divisors can be de-
scribed as follows.

Lemma 4.13. Consider 3; € ma(X, F,.) for r € Uy defined as above. We have
Bo-Dj=0, 1<j<m-—1
BiD;=0y, 1<i<m-11<j<m—1
Bi+Dy=1, 0<i<m-—1,
where Dy = {w(r) = Ko} C X. For a twisted sector v € Boz, , v = Y, tyb; where

tr € QN0,1) and b, ’s are the primitive generators of o. Then the intersection number of a
basic orbi-disk class B, with a divisor can be expressed in terms of that of Bo, ..., Bm_1-

By D= ty(B, - D)
k

for any divisor D. In particular, we have
Bu ’ DO = age(l/)
and so p(fB,) = 2 age(v).
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Proof. The proof is similar to that of Lemma [£.12} we use Lagrangian isotopy to reduce
the calculations for F,. to that for a toric fiber. Since the Lagrangian submanifolds in the
isotopy given by Equation (4.7]) never intersect the divisors D; for j =1,...,m — 1 and Dy,
the intersection numbers of the disk classes with these divisors remain unchanged under the
isotopy. Moreover, Lagrangians over Uy also never hit these divisors (notice that this is not
true for Dy), and hence the inersection numbers are independent of the base point r € Uy. O

4.2.3. Wall-crossing of orbi-disk invariants. Like the manifold case, the behavior of disk
invariants with boundary conditions on a fiber F,. depends on the location of the fiber. In
this section we examine this behavior for orbi-disks in the Gross fibration p : X — B of a
toric Calabi-Yau orbifold.

Let § € my(X, F,) be a class represented by a stable disk. Then it must be of the form
B =), u; + o where u;’s are disk classes and « is the class of a rational curve. So we have
pow(B) = >, pew (w;) + 2¢1(X) - . Since X is Calabi-Yau, we have ¢;(X) - a = 0. The
fiber F;, C X is a special Lagrangian submanifold with respect to the meromorphic form
Q/(w — K3). Since the pole divisor of Q/(w — Ks) is Dy := {w(x) = Ky} C X, Lemma
implies that pew (u;) = 2u; - Dy > 0. Thus we have

Lemma 4.14. If a class € (X, F,) is represented by a stable disk, then ucw(B8) > 0.

The following result describes when the minimal Maslov index 0 can be achieved.
Lemma 4.15. Let r = (q1, q2) € Bo.

(1) The fiber F,. bounds a non-constant stable disk of Chern-Weil Maslov index 0 if and
only if ¢ = 0.
(2) If go # 0, then the fiber F, has minimal Chern-Weil Maslov index at least 2, i.e. F,

does not bound any non-constant stable disks with Chern-Weil Maslov index less than
2.

Proof. The proof of the corresponding result in the manifold case (see [20, Lemma 4.27 and
Corollary 4.28]) applies, provided that we make the following observation: given a holomor-
phic orbi-disk u : D — X, the composition w ou : D — C is a holomorphic function on
every local chart of D and is invariant under the action of the local groups. Therefore w o u
descends to a holomorphic function wow : |D| — C on the smooth disk |D| underlying D.

Then we can apply maximal principle on wou — K as in the manifold case: Since u has
Maslov index zero, it never intersects the boundary divisor Dy by LemmalA.3] Thuswou—K
is never zero, and hence wou is constant. Thus the image of u lies in a level set of w, and
for topological reason this forces w = 0. Thus ¢go = 0. Thus if ¢, # 0, F,. has minimal Maslov
index two. U

By definition, the wall of a Lagrangian fibration pu : X — B is the locus H C By of all
r € By such that the Lagrangian fiber F,. bounds a non-constant stable disk of Chern-Weil
Maslov index 0. The above lemma shows that

H = Mg /R{v) x {0}.
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The complement By \ H is the union of two connected components
B, = Mg/R{v) x (0,+00), B_:= Mp/R{v) x (—K3,0).

For r € By \ H, orbi-disk invariants with arbitrary numbers of age-one insertions are well-
defined for relative homotopy classes with Chern-Weil Maslov index 2. We need to consider
the two possibilities, namely » € B, and r € B_.

Case 1: r € By. Let r = (q1,¢2) € By, namely g, > 0. Then gives a Lagrangian isotopy
between the fiber F, and a regular Lagrangian torus fiber L. Furthermore, since ¢, > 0, for
each t € [0, K], w is never 0 on L;. It follows that the Lagrangians L, in the isotopy do not
bound non-constant disks of Chern-Weil Maslov index 0. Hence for r € B, , the orbi-disk
invariants of (X, F,) with arbitrary numbers of age-one insertions and Chern-Weil Maslov
index 2 coincide with those of (X, L), which are reviewed in Section [3.2]

Case 2: r € B_. In this case we have the following

Proposition 4.16. Let 1 = (q1,q2) € B_, namely ¢o < 0. Let f € mo(X,F.). Sup-
pose 1,,,...,1,, € H g (X) are fundamental classes of twisted sectors X,,, ..., X, such that
age(vy) = --- = age(v;) = 1. Then we have

¥ ' |1 ifB=Byandl =0
nl,l,ﬁ([pt]Fr7 11/17 I ]‘Vl) - { 0 Otherwise .

Proof. By dimension reason, we may assume that pcw (5) = 2.

Let u : (D,0D) — (X, F,) be a non-constant holomorphic orbi-disk. Then the composition
(w — K3) o u descends to a holomorphic function (w — Ky)owu : |D| — C on the smooth
disk |D| underlying D. Since r € B_, |w — Kj| is constant on F, with value less than
K,. Since u(0|D|) = w(0D) C F,, we have |(w — K3)ou| < Ky on 9|D|. By maximal
principle, |(w — K3) o u| < K5 on the whole |D|. Hence the image of u is contained in S_ :=
1 ({(q1, @2) € B | g2 < 0}). Also observe that u(D) must intersect Dy := {w(z) = Ky} C X.
Since the hypersurface w(z) = K5 does not contain orbifold points, we have u(D) - Dy € Zisy.
By Lemma [A.3] this implies that the Chern-Weil Maslov index of u is at least 2.

Let h : C — X be a non-constant holomorphic map from an orbifold sphere C. Then
R(C) N S_ = (. To see this, we consider w o h, which descends to a holomorphic function
wo h on the P! underlying C. Since w o h must be a constant function, the image h(C) is
contained in a level set w™!(c) for some ¢ € C. For ¢ # 0, we have w™!(c) ~ (C*)"~! which
does not support non-constant holomorphic spheres, so ¢ = 0. Now we conclude by noting

that w=1(0) N S_ = 0.

Now let v € M (F,,3,(X,,,...,4,)) be a stable orbi-disk of Chern-Weil Maslov in-
dex 2. As explained above, each orbi-disk component contributes at least 2 to the Maslov
index. Hence v only has one orbi-disk component. Also by above discussion, a non-constant
holomorphic orbi-sphere in X cannot meet an orbi-disk. Therefore v does not have any orbi-
sphere components. This shows that for any § € my(X, F,.) of Maslov index 2, the moduli
space MT;”'"(FT, B, (X,,,...,X,)) parametrizes only orbi-disks. Also, all these orbi-disks are
contained in S_ and do not meet the toric divisors D,..., D,,_1. Since each orbifold point
on the orbi-disk of type v € Box'(2) contributes 2age(r) to the Chern-Weil Maslov index
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pew(5), and since we assume age(r) = 1 and pew(8) = 2, we cannot have any orbifold
marked points on the disk.

Recall that relative homotopy classes (3, can be written as (fractional) linear combinations
of Bo,...,Bm—1 with non-negative coefficients. Thus, the class § of any orbi-disk can be
written as a linear combination of fy, ..., 5,1 with non-negative coefficients. Hence, from
the fact that intersection numbers of § with the divisors D;,...,D,,_ 1 are zero, we may
conclude that g = kfy for some k > 0, and u(8) = 2 implies that k = 1 and 8 = fo.
Holomorphic smooth disks representing the class 5y are confined in an affine toric chart. The
argument analogous to that in [20, Proof of Proposition 4.32] then shows that the invariant
is 1 in this case. This concludes the proof. Il

4.3. Toric modification. In this section we describe a toric modification of X. As ex-
plained in [20), Section 4.3], considering certain toric modification provides a way to construct
sufficiently many coordinate functions on the mirror of X by disk counting.

Let X be a toric Calabi-Yau orbifold as in Setting [4.3] Pick a top-dimensional cone in
Y with primitive generators {b; | i = 0,...,n — 1} C N. Let {v,...,v,_;} € N and
{vo,...,Vn1} C M be as in Definition [4.10]

Definition 4.17. Fix Ky > 0. Define
PR = (e P|(v;,8) > —K; forallj=1,...,n—1} C P.

We assume that Ky is sufficiently large so that none of the defining equations is redundant.
Let (K1) C N be the inward normal fan to PV which consists of rays generated by {b; | i =
0,....,m—=1}U{y; | j=1,...,n—1}. This gives a stacky fan. Let XED) be the corresponding
toric orbifold with moment map

M((]Kl) - p(KY) _y p(K1)

To simplify notation, we denote the above moment map by g : X' — P'.

We now describe various properties of the toric modification X”, whose proofs are similar
to those of the corresponding statements in the manifold case (cf. [20, Sections 4.3-4.4]) and
are omitted.

The element v € M = NV corresponds to a holomorphic function denoted by v’ : X’ — C.
For0<i<m—1, let
D,CcXx !
be the toric prime divisor corresponding to b;. For 1 < j <n —1, let
D;C X’
be the toric prime divisor corresponding to v;. We have the following result analogous to its
counterpart in toric Calabi-Yau case:

Lemma 4.18. The zero divisor of the function w' is given by

(w") = Z D;.

In particular, w' is non-zero on D, 1 < j <n—1.
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We observe that X’ is no longer Calabi-Yau. But X’ still admits a natural meromorphic
n-form:

Lemma 4.19. For the dual basis {ug, ..., u,—1} C Mg of the basis {by,...,b,_1}, denote by
¢; the corresponding meromorphic function to u;.Then

dGo N -+ N dGny

extends to a meromorphic n-form Q' on X’. Moreover, we have
n—1
(@)=->_D;
j=1

We now define the Gross fibration for A”.
Definition 4.20. Consider
EEY = (g€ Mz /R(v) | (v;,q) > —K; forall1 < j<n-—1}
Define the Gross fibration to be the following map
N(Kl) - xE) oy gL . p(K) R>_x,
oo (g™ (@)], o/ (@) - Kol — K3).

For simplicity, we omit (K1) in the notation and write E and i’ : X' — B’ instead.

The base B’ is a manifold with the following n connected codimension-1 boundary strata:

Wy :={(q1,¢) € B'| g2 = — K>}, and
Vi={(q1,0) € B' | (vj,;) =K1}, 1<j<n-1

Their pre-images
are divisors in X”.
Proposition 4.21.
(a) The quotient map Mg — Mg /R(v) gives a homeomorphism from
(4.4) {€€oP | (v;,8) > —Ki, 1<j<n—1}
to
(4.5) E™ ={q € Mp/R(v) | (v;,q) > —K1, 1 <j<n-—1}.

Consequently ' : X' — B’ is surjective.
(b) i+ X' — B’ is a special Lagrangian torus fibration with respect to the toric Kahler
form and the holomorphic volume form Q' /(w" — Ks) defined on X'\ U;.L__(} D;.

One observes that as K; — +o00, the divisors f)j, 1 < j <n—1tend to infinity. Hence as
K1 — +oo, ¢/ tends to p.



32 CHAN, CHO, LAU, AND TSENG

4.3.1. Discriminant locus and local trivialization.

Definition 4.22. Let ) # I C {0,...,m — 1} such that {b; | i € I} generates a cone in 3.
Define

Tr=Tin{{e€P|(v,§) >-K,1<j<n-—1}.
Here Ty is a face of P defined in (£.2). T} is a codimension-(|I| — 1) face of the set given by
).

Proposition 4.23. The discriminant locus of p' is

r'=oB'u | | I | x {0}

[1]=2

The restriction of y’ to B} := B"\I" is a Lagrangian fibration ' : X} := (1)~ (B}) — B,
We may trivialize the fibration over each of the following open sets

U = By \ (T3] > {0}).
ki
Without loss of generality we describe this explicit trivialization over Uj. One can check that
[To) = {a € E™|(v;,q) = ¢j —co, 1 < j <m—1}.
So U}, can be described as
(4.6) Up={(q1, ) € E™ xRo_i, | g2 # 0 0r (v;,q1) > ¢; —co, 1< j<m—1}.
A trivialization of i’ over U} may be given in a way similar to Definition [£.11}
(1) "N Uy) 2 Uy x T+ x (R/277Z).
4.3.2. Generators of homotopy groups. Fix r := (q1,q2) € U} with go > 0. Consider the fiber

F, .= (1) (q1,q2). By the trivialization discussed above, we have F, ~ T+% x (R/2nZ).
Hence m(F,) ~ N/Z{by) x Z has the following basis (over Q)

{N]0<i<n-—1},
where \g = (0,1) and \; = ([v;],0) for 1 <i <n—1.

As mentioned in Section [3.0] for a regular Lagrangian torus fiber L of the moment map
X’ — P, basic disk classes for a natural basis of my(X”’, L). We construct basis for mo(X”, F}.)
by exhibiting a Lagrangian isotopy between F,. and L and using this natural basis of mo (X", L).
The following is an explicit Lagrangian isotopy between F, and L:

(4.7) L= A{z € X' | [ug(2)] = qu, [w'(2) =t = K3 + g2}
This allows us to identify mo (X', F.) with (X', L) and view basic disk classes in mo(X, L)
as classes in m(X, F,.). By abuse of notations, we denote these classes by S, ..., Bmn_1,

Br,..., B and {8, | v € Box'(X')}.

Remark 4.24. For a general ' € By, a basis for mo(X', F,.) may be obtained by identifying
FE,. with F, using the trivialization mentioned above.

The boundaries of the classes fBo, ..., Bm-1, B1,---,8, 1 and {8, | v € Box'(¥')} can be
described as follows.
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Lemma 4.25.
n—1
8@- = )\0 + Z(Vi, bj))\i7 0< j <m-—1
i=1

n—1 n—1
0B, =X+ cdi, v=) du €Box(Y).
i=1 =0

The intersection numbers of these basic disk classes with toric divisors can be described as
follows.

Lemma 4.26.
Bo-D;j=0, 1<j<m-—1
Bi-Dj=0y, 1<i<m—-11<j<m-—1
Bi-D,=0, 1<i<m-1,1<k<n-—1
B;-Dy=1 0<i<m-—1
Bl-Dy=0 1<1<n-1
Bl -Dy=0y, 1<I<n—-1,1<k<n-1.

The intersection number of a basic orbi-disk class 3], with the above divisors can be com-
puted from the above by expressing [/, as a linear combination of 5y, ..., 8,,—1 and g1, ..., B,
with rational coefficients.

4.3.3. Wall-crossing of orbi-disk invariants after modification. The discussion of orbi-disk
invariants of (X”, F}) is similar to the manifold case. Observe that the fiber F,, C A" is a
special Lagrangian submanifold with respect to the meromorphic form Q'/(w’ — Ks), and the
pole divisor of ' /(w' — Ks) is z;:ol D;.

Lemma 4.27. Let r = (q1,q2) € By.

(1) The fiber F, of 1 bounds a non-constant stable disk of Chern-Weil Maslov index 0 in
X' if and only if ¢ = 0.
(2) If g2 # 0, then the fiber F, has minimal Chern-Weil Maslov index at least 2.

The wall of the fibration u, which is the locus H' C Bj of all r € B{ such that the fiber
F,. bounds a non-constant stable disk of Chern-Weil Maslov index 0, may be described by
H' = E™ x {0},
where E™ is given in ({4.5]). The complement B\ H’ is the union of two connected components
B, = E"™ x (0,400), B :=E"™ x (—K»,0).

For r € B)\ H', orbi-disk invariants with arbitrary numbers of age 1 insertions are well-defined
for classes with Chern-Weil Maslov index 2. We need to consider the two possibilities, namely
re B andrec B
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Case 1: v € B!.. Let r = (q1,¢2) € B',, namely ¢, > 0. Then gives a Lagrangian isotopy
between the fiber F, and a regular Lagrangian torus fiber L. Furthermore, since ¢, > 0, for
each t € [0, K], w is never 0 on L,. It follows that L; does not bound non-constant disks
of Chern-Weil Maslov index 0. Hence for » € B’_, the orbi-disk invariants of (X’, F}.) with
arbitrary numbers of age-one insertions and Chern-Weil Maslov index 2 coincide with those
of (X', L), which are reviewed in Section [3.2]

Case 2: r € B’ . In this case we have

Proposition 4.28. Let r = (q1,q2) € B, namely qo < 0. Let f € mo(X', F}).
pose 1,,,...,1, € Hig(X') are fundamental classes of twisted sectors X, , ..
age(v1) = --- = age(y) = 1. Then we have

, 1 ifBe{fnB, ...
X . o 0 9
nl,l,ﬁ([pt]Fr7 ]‘V17 R 1Vl) - { 0 Otherwzse . !

Sup-
., Xy, such that

76;L71} a’nd l = 0

4.4. Examples.

(1) X = [C?/Z,,). This is known as the 2-dimensional A,, ; singularity. The stacky fan
is a cone generated by (0,1) and (m, 1) in N = Z2. See Figure By subdividing the
cone by the rays generated by (k, 1) for Kk =1,...,m — 1, one obtains a resolution of
the singularity. The age-one twisted sectors of A’ are in a one-to-one correspondence
with the lattice points (k,1) € Box' for k =1,...,n — 1. The Gross fibration and the
wall of this orbifold is depicted in Figure [Ib]

on %
(B) Gross fibration on

) [C?/Z,). The dotted line
is the wall at which fibers

©0.1)

(A) Fan picture for [C?/Z,,]
and its resolution. The
crosses represent the twisted
sectors.

bound stable disks of Maslov
index zero, and the cross
is the discriminant locus at
which the fiber degenerates.

FIGURE 1. [C?/Z,,).

(2) X =[C?/Zyy.1] for g € N. Let N be the lattice
1,1,2g — 1
Z3+Z<( y Ly, 29 )>
29 +1

The stacky fan is a cone generated by (1,0,0),(0,1,0),(0,0,1) € N, which is a cone
over the convex hull of these 3 vectors in the hyperplane {(a,b,c) € Ng : a+b+c = 1}.
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Using the triangulation of the polygon by the lattice points (k, k,2g+1—2k)/(2g+1)
as depicted in Figure [2al one obtains a resolution of the orbifold singularity, which
is the mirror manifold of a Riemann surface of genus ¢ (see [75] 41]).E] The age-
one twisted sectors of X are in a one-to-one correspondence with the lattice points
(k,k,2g+1—2k)/(2g+ 1) € Box' for k =1,...,g. The Gross fibration and the wall
of this orbifold is depicted in Figure

(0,1,0)

(0,0,1)

(01110) ”,——’—&\ @
- /[

* (B)  Gross

x [C3/Zsg+1]. The base is an

&3 upper-half-space. The plane

in the middle is the wall at

(0.0.1) (1,0,0) which fibers bound stable

(A) [C3/Zgg41] and its reso-  disks of Maslov index zero.
lution. Cone over the poly-

fibration on

The dotted line and the
topes give the corresponding  plane in the bottom are the
discriminant loci, with the
singular fibers as shown in

the diagram.

fans. The crosses represents
the twisted sectors. This fig-
ure is for g = 3.

FIGURE 2. [C?/Zag41].

(3) X = [C"/Z,] for n € Z. This gives an example in any dimension. The stacky fan is
a cone generated by (e1,1),...,(en, 1), (—e1 — -+ — ey, 1) € N =Z" X Z, where {e;}
denotes the standard basis of Z". One obtains a resolution of the orbifold singularity
by subdividing the cone using the ray generated by (0,1) € N, and the resulting
manifold is the total space of canonical line bundle over P". There is only one age-one
twisted sector, namely the lattice point (0,1) € Box'. The Gross fibration and the
wall of this orbifold is similar to that depicted in Figure |2b|in dimension 3.

3The mirror of a Riemann surface of genus g is a Landau-Ginzburg model, which is a holomorphic function
defined on the manifold described here [75] [41].
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5. SYZ MIRROR CONSTRUCTION

In this section we carry out the SYZ mirror construction for toric Calabi-Yau orbifolds.
The procedure may be summarized as follows. Let X be a toric Calabi-Yau orbifold as in
Setting [4.3] and let X be its toric modification introduced in Definition Let p: X - B
and ' : X’ — B’ be the Gross fibrations introduced in Definition [4.7] and Definition [4.20]

respectively.

Step 1. Consider the torus bundle p/ : Xj — Bj. Take the dual torus bundle z’ : X} — Bj.
The total space ?30’ together with its canonical complex structure is called the semi-
flat mirror of X. The problem with the semi-flat mirror is that its complex structure
is not extendable to any partial compactification of )26 because monodromy of the
integral affine structure around the discriminant loci in By, is nontrivial.

Step 2. Construct instanton corrections to the semi-flat complex coordinates by taking family
Fourier transforms of generating functions of genus 0 open orbifold Gromov-Witten in-
variants which count (virtually) orbi-disks with the minimal Chern-Weil Maslov index
(which is 2). The wall-crossing of orbi-disk counting we discuss in the previous section
modifies the gluing between charts in 236 and resolves the nontrivial monodromy of
the affine structure so that the complex structure becomes extendable.

Step 3. (Partially) compactifying the resulting geometry to obtain the mirror.

This procedure was pioneered by Auroux in [3, 4], and was generalized to all toric Calabi-
Yau manifolds in [20]; see also the recent work of Abouzaid-Auroux-Katzarkov [I]. We are
going to carry out this construction for toric Calabi-Yau orbifolds in the remainder of this
section.

5.1. The semi-flat mirror. We construct the semi-flat mirror of X as follows. Consider
the torus bundle z/ : X! := (/)"1(B}) — B}. Let X} be the space of pairs (F,, V), where
F, := (@) *(r),r € B} and V is a flat U(1)-connection on the trivial complex line bundle
over F, up to gauge. There is a natural projection map i’ : X} — Bj). We write F. := ,d’_l(r)
for 7 € BY). According to [20, Proposition 2.5], 1/ : X} — B} is a torus bundle.

Recall that B} has an open cover {U/}. Let U’ := Uj C Bj, be the open set described in

([4.6). We describe the semi-flat complex coordinates on the chart z/ 71(U ’). Fix a base point
ro € U'. For r € U’, consider the class \; € m;(F,) defined in Section [4.3.2] Define cylinder
classes

[hl(r)] < WQ((M/>_1(U/>7 Froa FT)
as follows. Recall the following trivialization defined in Section [4.3.1}

(1)U 2 U x TP x (R/21Z).
Pick a path v : [0,1] — U’ with y(0) = o and (1) =r. For j =1,...,n — 1, define

hj:[0,1] x R/Z — U’ x T+ x (R/27Z), h;(R,O) = <7(R), %[gj], 0) ,
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also define

ho: [0,1] X R/Z — U' x T*+% x (R/27Z), ho(R,0) := (v(R),0,270).
The classes [h;(r)] are independent of the choice of y. Now the semi-flat complex coordinates
of (1')~"Y(U’) are 29, 21, ..., 2,1 Where
(5.1) zi(F,, V) = exp(p; + 2mv/—16;),
where exp(2my/—16;) := Holy (\(r)) and p; := — f[h o) w. The semi-flat holomorphic volume
form is the following nowhere vanishing form on (/)= (U"):

dzy Ndzg N -+ - Ndzp—1 N dzg.
Semi-flat complex coordinates on the other charts y/ _1(U 1) can be similarly described.

5.2. Instanton corrections. Let 0 < ¢ < n — 1. The instanton corrections of the semi-flat
complex coordinate z; are obtained by taking a family version of Fourier transformations of
generating functions of genus 0 open orbifold Gromov-Witten invariants which count orbi-
disks with Chern-Weil Maslov index 2. The result is a complex-valued function

S () (BY\ HY) > C.
For (F,,V) € (/) 1(B}, \H’) the value of Z; is schematically given by

(5.2) G= ) Z _ Dingy 5([pt]p; 7, T) exp <—/ﬂw) Holy (93)

Bemy (X!, Fy) 120
where 7 € Hig(X) C HEg(X') and pew (B) = 2.

We consider the class

7= 71, € Hip(X) C Heg(X'),

which is a linear combination of fundamental classes of age-one twisted sectors v; of X. By
the discussion in Section |4.3.3] we know that the above genus 0 open orbifold Gromov-Witten
invariants nf(l/ 5([pt]F,; 7, ..., 7) vanish except in one of the following situations:

(1) B =] for some 1 < j <n—1;

(2) B = Br + «a for some 0 < k < m —1 and o € Hy(X”) has Chern number 0 (which
implies av € Hy(X));

(3) 8= p, + a for some v € Box'(X) of age 1 and o € Hy(X”) has Chern number 0.

First we consider Z;, 1 < ¢ < n —1. Foreach 1 < ¢ < n — 1, we have the following
observations:

(1) 5}'l§i:5jiforany1§j§n_1;

(2) (Be4+a)-D; =0for 0 <k <m—1and o € Hy(X) with Chern number 0, by Lemma
.26} i

(3) (B, +a)-D; =0 for v € Box'(2) of age 1 and o € Ho(X) with Chern number 0,
because 3, can be written as a linear combination of [y, ..., ,,—1 with coefficients in

Q.
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Therefore, only the class /3] contributes to Z; and (5.2) becomes

% =(B} - Di)n10,p exp <—/ w) Holv(98])

=exp —/ w) Holy (05!) (because ] - D; = Lng =1)

i

=exp —/ w) Holg (A\i(1)) (because 98] = \;)
Bi(r)

=exp | — / w) exp ( / w) 2 (by the definition of z;)
Bi(r) [hi(r)]

7

=exp | — w | 2 because [h;(r)] = Bi(r) — Bi(ro)).
b /M> (because [b(r)) = Gi(r) — Bi(ro)

To simplify notations, we put C! := exp <— i) 81(r0) w).

The situation for Z, is more complicated, as it depends on the chamber in the decomposition
By\ H' = B'_ U B’ to which the image of the Lagrangian torus fiber belongs.

When r € B’ | Proposition shows that the only non-vanishing genus 0 open Gromov-
Witten invariants are ny o3 = 1 where § = 5y or f31,...,5,,_;. On the other hand, we have

Bo-Dy=1, B - Dy=0fori=1,...,n—1. Therefore again (5.2) only has one term:

50 :(60 . [Do)nlyoﬁo exp (—/ (JJ) HOlv(aﬁo)
Bo(r)
=exp (—/ w) Holy (050) (because By - Do = 1,m104, = 1)
50(7“)
=exp ( w> Holg (Ao (r (because 0y = Ag)
Bo(r)

= exp < w
,30 (r)

=exp ( o w) 20 (because [ho(r)] = Bo(r) — Bo(ro)).

exp < ) 20 (by the definition of zj)

Again, to simplify notation, we put Cp := exp <— i) B0 (ro) w).

We then consider the case when r € B’.. Since f3; - Dy =0for1 <1< mn-—1, open
orbifold Gromov-Witten invariants in class £, do not contribute to (5.2). On the other hand,
given a € Hy(X”) with Chern number 0, we have (5; + o) - Dg =1 for 0 < i < m — 1 and
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(B, +a) - Dy = age(v) = 1 for v € Box/(X) with age(v) = 1. Therefore (5.2) reads

m—1 1 l
=)0 ) > %”u,ﬁj(ma([pﬂm; 1w

j=0 a [>0 vy,. v €Box/(X)age=1 ' =1

X exp (— /j(r)+a w) Holy (05;(r))

l l
T Z > > Hiul gy e (DR 1w

veBox/(L)2ge=1 a >0 vy,...,y;€Box’ (X)age=1 =1

X exp (—/ w) Holy (96.,(r))
Bl (r)+a

m—1 n—1
21—1—5 exp(—/ w—/ w—Z(ui,bj)/ w
j=0 Bj(ro) [Ro(r)] i=1 [Ri(7)]
n—1
X HOIV (/\0 + Z(VZ‘, bj)/\z>
i=1
n—1

- <n+au>exp<—/ o= [ w3 [ w)

VGBOX/(Z)agezl /BV(TO) [hO(T)} =1 [hl(r)}

n—1
x Holy (AO +) (s, I/))\i>
i=1
m—1 n—1 n—1
:zOZCj(l—F(Sj)HZ’I-(Vi?bj)—i‘ZO Z 7—1/+5 HZ
=0 i=1 veBox! (¥)age=1 i=1
where
C; = exp —/ wl, 0<75<m—1,
Bj(ro)
C, :=exp <—/ w) , v € Box/(X)e=!
Bu(ro)
and

! !
1+9;: Z Z Z %nl,lﬁj(ﬂm([pﬂm H 1,,)exp (— / w) ,

a >0 vy,..., VZEBOX/(E age=1 =1

53) (0<j<m-1),

win=yy Y Ham ”llﬁy(r)Jra([pt]L,ﬁlw)eXP(— [«).

a 120 vy,...,y €Box’/ (X)age=1 i=1

(v € Box/(X)*=)

39
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are generating functions of genus 0 open orbifold Gromov-Witten invariants. Here we use the
relation

n—1
—B;(r) = =Bi(ro) = [ho(r)] = Y _ (w3, b)) [hi(r)].
i=1
Also, the generating functions can be written as in the left-hand-sides of ([5.3)) because

n1,0,8;()([Pt]) = 16, ([Pt]2; 1) = 1

for any j and v. Notice that 71,3, ()+a([Pt]L; Hé:l 1,.) is nonzero only when [ > 1, so the
generating function 7, + 9, has no constant term.

The above discussion may be summarized as follows. For 0 < 7 < m — 1 and v €
Box'(£)22°=! we put 2% =[]} 27 and 2 = |

7

Proposition 5.1.

(1) For 1 <i<n—1, we have

Z = Clz,
(2) Forr € B , we have
m—1
20 = 2 Z Cj(l + 5j)ij + 2o Z OV(TV + 6V)ZV
j=0 vEBox' (X)age=1
and for r € B’ |, we have
= C()ZQ.

5.3. The mirror. Let C[[g, 7]] be the ring of formal power series in the variables

{q1,-- - aw} U{n | v € Box(2)*=1},

which are parameters in the complexified extended Kéhler moduli space of X (see Section
for precise deﬁnitions of these parameters) with coefficients in C. Consider R, = R_ :=

Cllg, ][5, ..., 25 ). Let Ry be the localization of C[[q, 7]][2&, ..., 2 ] at
m—1
= Ci(1+49;) Z Cy(t, +6,)2"
Jj=0 l/EBox'(E)age=1

Let [Id] : R- — Ry be the localization map. Also define R, — Ry by z; — [zx] for
k=1,...,n—1and z — [g7 2]

Using these two maps, we define
R:=R_ xp, Ry.
We identify Zy with u = (Cpzp,209) € R. For j = 1,...,n — 1, we identify Z; with
(Cizj, Clz5) € R. Put
vi=(Cylztg, 25t) € R,
Then we have

R =~ Cllg, Tl]lu®, v, 27, ... 2y 4]/ {wo — g).

n
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The relative spectrum Spec(R) over C[[g, 7]] can be described as

{(w,v, 21, 201) € (Spec(Cl[g, 7]][w*, v*]))* x (Spec(Cllg, 7][z1, - -, z0m1])" ) |
uw = g(21,. -5 Zn-1)},

which admits an obvious partial compactification

X ={(u,v,21,...,2,-1) € (Spec(C[[g, T]][u, v]))* x (Spec(C[g, T)][z1, - - -, 2a—1]))""") |

wo = g(z1,...,20-1)}

This gives the SYZ mirror of the complement of the hypersurface {w(x) = Ky} in X. The
SYZ mirror of the toric Calabi-Yau orbifold X itself is given by the Landau-Ginzburg model
(X, W), where W : X — C is the Fourier transformation of the generating function orbi-
disk invariants for classes with Chern-Weil Maslov index 2, which is simply the holomorphic
function defined by W := wu; see Chan-Lau-Leung [20, Section 4.6] and Abouzaid-Auroux-
Katzarkov [I, Section 7] for related discussions in the manifold case.

There is a canonical map

(5.4) po: i (Bo\ H) = X
given by
" :{ Cozo on (f')~'(B-)
209 on (f')7HB4).
” :{ Cy'zy'g  on ()71 (B-)
% on (#')~(By)

Proposition 5.2. There exists a coordinate change such that under the new coordinates the
defining equation uv = g of X can be written as

n—1 m—1
w=(1+d0)+ 3 (1+8)z+ > (+0)g="+ >, (n+d)a ™z,
j=1 j=n vEBox/ (X)age=1

where for j =n,...,m—1, q; == ¢% and &; € Hy(X;Q) is the class defined by b; = "1~} a;:b;,
while ¢~ = HZ,:I g P forv e Box'(X)2ee=1.

Proof. We need to introduce a new set of coordinates 2y, ..., 2,_1 such that
C;2% = Cy2;, j=0,...,n—1,

. —1 v;i,b; . . . . . .
where 2% = | zl( 7). Since by, ..., b, is a basis of Ng, the n x n matrix with entries

(v, b;) is invertible. Hence the system
n—1
log Cy + log 2; = log C; + Z(Vi,bj)logzi, j=0,...,n—1
=0

may be solved to express {log zy,...,log z, 1} in terms of {log 2, ...,log 2, 1}. Hence the
coordinates Z, ..., Z,_1 exist.
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For j=n,...,m —1, we can write b; = > ._ alb Then we have
) ) ) J U J
-1
n—1 aii n—1 n—1
. n—1_ 1. COA / n=lg. Qi ai
2P = phizo it = T <5'zz) = Cg=o " [z 11e) -
i=0 v i=0 i=0

We put 2% := []'7 2. Applying (—,v) to b; = 3.1~ a;b; gives Y1~ a;; = 1. Also,

n—1
H CH' =exp | — / w | .
i=0 iy ajiBi(ro)

Cjzbj = C’oqj,%bj, where ¢; = exp —/ w | .
Bi(ro) =372y ajiBi(ro)

For v = Z;:ol cvib; € Box'(X)%°=!] we have

Therefore

n—1
ZV = 2z ;l:_ol cvjbj = H(ij)cuj
=0
n—1 n—1 -1
- (H(C@%) (H c;w)
=0 =0
> n—1 n—1 -1
_ =0 Cvj 2Cuj Cy
— 0 J H J J (H O] ])
j=0 =0
= CoC, g P72
where we define 2V := H;:é A]C-”j and use the following calculations and notations:
n—1 n—1 1
Zcuj = 17 H C;uj = exp <_/ w) = C’uqiD'Y s
=0 =0 70 cv3B;(r0)
¢ P =exp / w | .
Bu(ro) =370 cviBi(ro)
Therefore we have
n—1
C,z" = C’Oq_DX,%”, v = Z cib; € Box'(X)*=!,
j=0

Now put @ := u/Cy. Then uv = g is transformed into

3

v = (1+0) + ) (1+0;)% + ) (1+8;)q;2" + (1o +8,)g7 77 2.
1

n veBox/ (X)age=1

[
Il

<.
Il
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Composing the canonical map py in ((5.4) with the coordinate change in Proposition
yields a map ]
p: i (Bo\ H) = X

given by
_J 2 on(#)H(B-)
T G on (1) H(By)
v { zo_iG on (i)~*(B_)
zoon (@) H(By),
where
n—1 m—1
Gzt o) = (L460) + Y (14 0)z + Y (L+8)az"+ Y (n+8,)¢ 2"
j=1 j=n veBox/ (X)age=1

Proposition 5.3. There exists a holomorphic volume form Q on X such that
p*Q =dlogzg A+ Adlog z,_1 A du A dv.
More precisely, in coordinates, we have

1
uv — G(Zl, ce ,Zn_l)

Q:Res( dlogzo/\---/\dlogzn_l/\du/\dv).

Proof. The proof is similar to the proof of the analogous statement in the manifold case [20,
Proposition 4.44] and is omitted. u

Remark 5.4 (Dependence on choices). The construction of the mirror X depends on the
choice of an integral basis in Definition . By arguments similar to those in [20, Section
4.6.5] it is straightforward to check that different choices yield the same mirror manifold X
up to biholomorphisms which preserve the holomorphic volume form . We omit the details.

Remark 5.5 (Convergence). A priori the Kdhler parameters q,’s and the variables T, ’s keep-
ing track of stacky insertions in the generating functions (5.3)) are only formal. However in
our case they are not formal, since the generating functions can be shown to be convergent,

see Corollary[6.29 below.

5.4. Examples.

(1) X = [C?/Z,,). The stacky fan and Gross fibration are shown in Figure [la] and
respectively. It has m — 1 twisted sectors of age one which are in one-to-one corre-
spondence with the vectors v; = (i,1) for i = 1,...,m — 1. Each twisted sector v; has
a corresponding basic orbi-disk class f,,.

The SYZ mirror constructed in this section is

m—1
(5.5) w=1+2"+ Z(Tj +8,,(1))%
j=1
where
Tkl Tk'mfl
4 8,,(r) = Lo T o (LB x .. x (L)
T]+ ](T) Z (kl_}_“._’_km_l)!nl,l,ﬂuj([p ]L’( 1) X X ( mfl) )7

k1,..skm—1>0
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l =k +...+k and 7 = 37 ' 11, € HZx(X). All Kahler parameters 7; are
contributed from twisted sectors in this case, and the non-triviality of the orbi-disk
invariants is also due to the presence of twisted sectors.

The A,,_ singularity X = C?/Z,, has a resolution X whose fan and Gross fibration
are shown in Figure |lal and It has m — 1 irreducible (—2) curves [;’s which have
Chern number zero, and they are in one-to-one correspondence with the primitive

generators (i,1),i=1,....m—1.
The SYZ mirror of the resolution X is
m—1
uw =1+2"+ Z(l +6,(q))7”
j=1
where
1+6;(q) = Z n1,0,6;+a,d" "
k1, km—1>0

and oy = 27:11 k;l; in the above expression. The Kihler parameters ¢’s are given
by exp(— fl w), and the non-triviality of the disk invariants is due to the presence of
rational curves of Chern number zero. The SYZ mirror construction for toric Calabi-
Yau surfaces X has been studied in [84], where d; has been computed explicitly.

= |C?/Zag41] for g € N. See Figure and for the fan and Gross fibration.
It has g twisted sectors of age one which are in one-to-one correspondence with the
vectors v; = (4,4,2g+1—2i)/(2g+1) e Nfori=1,...,9.

Let z; be the affine complex coordinate corresponding to the vector (1,0,—1) € N,
2 to (1,1,—-2)/(2g+ 1) and u to (0,0,1). Then the SYZ mirror of X = [C?/Zyy41] is

w=1+z+2'2 29“+Z (75 + 6y, (7

where
kg
- Tg . k k
Tj +6VJ § kl + i kg)!nll,ﬂuj([pt]ln (1111) PXLLLX (1Vg) g)v

Lkg>

=k +...+k,and 7=>9 71, € HR(X).
The orbifold X = C?/Zy, 1 has a toric resolution X. Figureshows the codimension-
two skeleta of its moment map polytope, which is also the discriminant locus of Gross
fibration. Its Mori cone of effective curve classes is generated by C1,. .., C, as shown

in Figure . The SYZ mirror of the resolution X is

w =1+ 2 + g=i=1G-DC, 12‘q+1+21+5 TS G—1-0Cy- iz

where

L+ 5j(q> = Z n17015j+akqak7

ki, kg >0
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ap = >0 kC;i, and B; is the basic disk class corresponding to the toric divisor D;

as shown in Figure [3|

FIGURE 3. A toric resolution of C3/Zs,;1. The diagram shows the 1-strata
of its moment map polytope. C;’s are labelling the holomorphic spheres which
are mapped to the corresponding edges by the moment map. D;’s are labelling
the toric divisors which are mapped to the corresponding facets.

(3) X = [C"/Z,) for n € Z. Its fan has been described in Section [4.4] It has a twisted

sector of age one, which corresponds to v = (0,1) € Z™ x Z. Its SYZ mirror is

w=T+0,T)+za+. ..+t .z

where
k

T4 0,(1) = Z %nl,k,ﬁu([pt]L; (1,)%).

k>1

The total space of the canonical line bundle Kpn-1 of the projective space P"~! gives

its crepant resolution, whose SYZ mirror is

w=(1+0)+z1+...+2z,+qz ... 2"

where

L+6=> ¢ nirsn
=

where [ is the line class in Kpn-1 and its corresponding Kahler parameter is q. When

n = 3, this serves as one of the first nontrivial examples for the SYZ mirror construc-

tion for toric Calabi-Yau 3-folds in [20].

We note that in all the above examples, the mirror of X and its crepant resolution almost
have the same expressions, except that they have different coefficients. This motivates the
Open Crepant Resolution Theorem in Section |8 which gives a precise relation between

their mirrors.
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6. COMPUTATION OF ORBI-DISK INVARIANTS

In this section we compute the orbi-disk invariants of a toric Calabi-Yau orbifold relative
to a Lagrangian torus fiber of the moment map.

Let X be a toric Calabi-Yau orbifold as in Setting [£.3] Let L C X be a Lagrangian torus
fiber of the moment map. Let 5 € mo(X, L) be such that pew (8) = 2. Let ¢ = (X,,,...,),,)
be a collection of twisted sectors of X such that v; € Box’ satisfies age(r;) = 1 for all i.
Suppose that the moduli space Mfﬁi”(L, B, ) is non-empty. We would like to compute the
corresponding orbi-disk invariant or genus 0 open orbifold Gromov-Witten invariant

nfl,ﬁ([pt]L; 1,,...,1,)
defined in Definition [3.5

The approach we take here is to construct a suitable toric partial compactification X of
X for each f € mo(X, L) with puew (5) = 2, and prove that the above invariants are equal to
certain genus 0 closed orbifold Gromov-Witten invariants of X', which can then be evaluated
by toric mirror theorems; this generalizes the approach in [23]. The proof of this open/closed
equality, which is geometric in nature, is by comparing moduli spaces of stable (orbi-)disks to
X with moduli spaces of stable orbi-maps to X, as Kuranishi spaces. The key geometric idea,
namely, “capping oft” the disk component to form a genus 0 closed Riemann surface, was
first employed in [17, 83] and subsequently in [84] (for toric Calabi-Yau surfaces) and [19, 22]
(for compact semi-Fano toric manifolds). It was also applied in [I8] to calculate orbi-disk
invariants for certain compact toric orbifolds.

6.1. Toric (partial) compactifications. We begin with the construction of the toric (par
tial) compactification X. According to our discussion in Section the class § € mo(X, L)
must be of the form

=5 +a,

where ' € mo(X, L) is a basic (orbi) disk class with Chern-Weil Maslov index 2 and a €
HST(X) is an effective curve class such that ¢;(X) - a = 0. We have 98’ = b;, € N for some
io S {0,1,...7771/—1}.

Construction 6.1. Let

b, = _bio € N.

Let ¥ C Ny be the smallest complete simplicial fan that contains 32 and the ray R>oby C Ng.
More concretely, the fan ¥ consists of cones in X together with additional cones, each is

spanned by the ray Rsobs, together with a cone over a face of the polytope P (recall the
definition of P in Setting . The data

(3, {bi}2" U {bx})
gives a stacky fan. Let
X = X5
be the associated toric orbifold. We choose the extra vectors to be the same as that for X,
namely, {by,...,byy_1} C N.

Remark 6.2. We emphasize that, although not reflected in the notation, the toric (partial)
compactification X depends on the class f € mo(X, L).
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Since Y satisfies the Assumption the stacky fan 3 satisfies it as well. The fan )y
has more primitive generators than ¥.. We also have X C X and the toric prime divisor
Dy, == X\ X corresponding to b..

The inclusion X C X divides the toric prime divisors of X into two kinds: the set of
generators {b;}7";! is a disjoint union {b;} = I [[ J, where for b; € I the corresponding toric
prime divisor D; C X is contained entirely in X (these correspond to the compact toric prime
divisors in &), and for b; € J the corresponding toric prime divisor D; C X has non-empty
intersection with D, (these correspond to the non-compact toric prime divisors in X).

Let By € m(X, L) be the basic disk class corresponding to by. Then since (8" + fs) =
bi, +bo = 0 € N, the class ' := 3’ + B, belongs to Hy(X;Q) (see [28, Section 9.1]), and
we have ¢ (X)) - ' = 2. Moreover we have the decompositions

Hy(X: Q) = Ha(X; Q) © QF and H3"(X) = Lo ® H3"(X).

Denote by L, K and Keg respectively the counterparts for X' of the spaces L, K and Keg for
X. Then we have the corresponding decompositions

L=L®Zdy, K=K&Zdy, Keg=Keg® Zsodo,

where do = €;, + €00 € N @ Zey, = @;’io_l Ze; ® Ze.

Since the class a can be represented by a holomorphic map to X whose image is contained
entirely in X and misses Do = X \ X, we have Dy, - @ = 0 and hence ¢i(&) - a = 0.

Moreover, each v; € Box'(X) with age(r;) = 1 determines uniquely an element 7; € Box'(X)
with age(7;) = 1.

We make some important observations about X.

Proposition 6.3. The toric orbifold X with the extra vectors {by,, ..., b1} is semi-Fano

in the sense of Definition[2.8.

Proof. To show that X is semi-Fano, we need to prove that
m—1
1(X) =) Di+ D
i=0

is nef (since age(b;) =1 for j =m,...,m’ — 1). In other words, every rational orbi-curve C'
satisfies
(Do+ ...+ Dyp1+ D) -C > 0.

Let C' - Dy = k € Z. We must have £ > 0. Otherwise, C' has a component contained in
D+, whose intersection with D, is negative. Now D, = {v = oo} is linearly equivalent to
the divisor D = {v = ¢} for any ¢ # 0 A rational curve in D, has transverse intersections
with D, and hence the intersection number is non-negative. Since intersection number is
topological, this implies D,, has non-negative intersection with any curve contained in D
itself. Thus k cannot be negative.

4Two divisors D; and D, are said to be linear equivalent if there exists a meromorphic function ¢ such
that D7 and Dy are the zero and pole divisors of ¢ respectively. In such a case given a rational curve C, the
intersection number of C' with D; is the same as that with Ds. In our situation we take the meromorphic
function ¢ to be v — ¢ for a fixed complex number c.
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Now consider C' — kCy, where Cj is a holomorphic sphere representing the class 8’ + B
which has Chern number ¢ (X) - Cy = 2. C — kCj has zero intersection with the divisor
D.,. Moreover it can be written as a linear combination of one-dimensional toric strata of
X. Since X is Calabi-Yau, (C' — kCy) - (Do + ...+ Dy—1) = 0. Then

(Do+ ...+ D1+ D) - C=(Dog+...+Dp1+ Ds) - (C —kCy) + 2k =2k > 0.
This completes the proof. Il

Proposition 6.4. The toric variety X underlying X is semi-projective.

Proof. By [38,, Proposition 7.2.9], the toric variety X is semi-projective, as its moment map
image is a full-dimensional lattice polyhedron P. The toric variety X corresponds to in-
tersecting P with a half space normal to b,,. The result is still a full dimensional lattice
polyhedron. Hence X is semi-projective again by [38, Proposition 7.2.9]. U

If b;, € N lies in the interior of the support ||, then in fact X is projective:

Proposition 6.5. Suppose that b;, € N lies in the interior of the support |X|. Then the fan
¥ is complete, and hence the toric variety X underlying X is projective.

Proof. To prove that ¥ is complete, it suffices to see that any vector v € Ny can be written
as a non-negative linear combination of generators of the fan ¥. Since by, lies in the interior
of the support |X|, there exists t € R-( large enough such that v+tb;, € |X|. Thus v+ tb;, =
> La;b; for a; € R>g. Then

g

Remark 6.6. Suppose that by, € N lies on the boundary of the support |X|. In this case, the
fan ¥ in Construction s not complete, and hence the toric orbifold X is not projective,
but only semi- pmjectwe.

We will need the following lemma when we analyze the curve moduli.

Lemma 6.7. Given a generic point in X, there exists a unique non-constant holomorphic
sphere of Chern number two passing through the point.

Proof. Choose local toric coordinates (v, 21, ..., z,—1) such that 2y, ..., z,_; are not identically
zero when restricted on D;,. We take the point to be in the open toric orbit (C*)* C X.
Suppose it has coordinates (cg, c1,...,¢,—1), where ¢; # 0 for all i = 0,...,n — 1. Then the

holomorphic sphere defined by z; = ¢; for all i = 1,...,n — 1 passes through the point, and
it only intersects D;, and D, once but not any other divisors. Thus it intersects with the
anti-canonical divisor (which is the sum over all toric prime divisors) twice and hence has
Chern number two.

To show uniqueness, suppose we have a non-constant holomorphic sphere of Chern number
two passing through a point in the open toric orbit. It must intersect D, since otherwise, it
will be entirely contained in the toric Calabi-Yau &X', and by the maximal principle applied
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to the holomorphic function v on the sphere, the sphere must lie entirely in the toric divisors
of X, and hence cannot pass through a point in the open toric orbit. Since it has Maslov
index two, it intersects Dy, at most two times (counted with multiplicity). The meromorphic
function v on the sphere must have both zeroes and poles, and thus it must have one zero and
one pole. This means that the sphere intersects both Dy and D, once, and that it cannot
intersect other divisors since it only has Maslov index two. Thus the functions z;’s on the
sphere have neither poles nor zeroes, and hence can only be constants. We conclude that it
is precisely the holomorphic sphere defined by z; =¢; foralli=1,...,n— 1. O

Example 6.8. The fan of the Hirzebruch surface Fy has primitive generators (—1,1), (0, 1),
(1,1), (0,—=1). The total space of the canonical line bundle X = K, is again a toric manifold,
whose fan has primitive generators by = (0,0,1), by = (—1,1,1), by = (0,1,1), b3 = (1,1,1)
and by = (0,—1,1). The polytope P is the convex hull of (—1,1),(1,1),(0,—1) in the plane
R2. The generator (0,1) lies in the boundary of P but is not a vertex of P. The toric
compactification X corresponding to by (see Construction [6. ] ﬂ) s not compact because by lies
in the boundary of the support |X|.

The toric prime divisor Dy in X corresponding to by is non-compact and is biholomorphic
to P! x C. The inclusion (z,c) : P < P! x C = Dy for any constant ¢ € C gives a (0, —2)
rational curve in X = Kp,, whose class is denoted by | € Ho(X;7Z). It has Chern number
zero and does contribute to sphere bubbling. Thus the open Gromov-Witten invariants n“ﬁY2 TR
for k € Z>q are non-trivial. We will see in Section that in fact nfy, . =1 when k = 0,1

and zero otherwise. Hence
X Fa
Mgotkl = Mgyt

where By and | on the right hand side of the equality denotes the basic disk class corresponding
to Dy C Fy and the class of the (—2) curve in Fy respectively.

6.2. An open/closed equality. We now consider three moduli spaces. We first let ¢ :
{p} — L be the inclusion of a point.

Definition 6.9. Let X and X be as in Construction 6.1

(1) Let MTY(X, B, ) := M7 (L, B, ) be the moduli space of stable maps from genus 0
bordered orbifold Riemann surfaces with one boundary component to (X, L) of class
B = B+ « such that there is one boundary marked point and [ interior marked points
of type © = (X,,,..., X,,). Let evyg : MP(X, 5, &) — L denote the evaluation map at
the boundary marked point. Consider the fiber product

MP(X, B, 2, p) = M‘{f}(«l’,ﬁ,w) Xewy {P}-
2) Let M(X, B,2) == M (L, 3, x') be the moduli space of stable maps from genus
1,1

0 bordered orbifold Riemann surfaces with one boundary component to (X, L) of class
B such that there is one boundary marked point and | interior marked points of type

' = (X,,...,X,). Let evg : ME(X,B,2') — L denote the evaluation map at the
boundary marked point. C’onsz’der the fiber product
Op(X‘?B?w/?p) = Op<27/67w/) XeUOL{p}'

(8) Let M5 (X, B, ) be the moduli space of stable maps from genus 0 orbifold Riemann
surfaces to X of class f := ' + « such that the 1 + [ interior marked points of are
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type & = (X, X,,,...,X,). Let evy : M{, (X, B,&) — X denote the evaluation map
at the first marked point. Consider the fiber product

Mil-kl(‘fagujap) = M(I:Z-H(‘fagaaé) Xevo,L {p}

We need the following compactness result.

Proposition 6.10.

(a)

(b)

()

Let D be a toric prime divisor of the toric Calabi-Yau orbifold X, o € Hy(D;Z) and
p € D. Then the moduli space of rational curves in D representing o with one marked
point passing through p is compact.

Let « € Ho(X;Z) and p € X. Then the moduli space of rational curves in X repre-
senting o with one marked point passing through p is compact.

The disk moduli M (X, B; + o, ) for every i =0,...,m' —1 and a € Hy(X;Z) is
compact.

The statement certainly holds when the divisor D is compact. Now suppose that D
is a non-compact divisor. We are going to prove that all rational curves representing
a with one marked point passing through p must lie in a compact subvariety of D,
and hence the moduli space is compact.

The toric divisor D C X itself is a toric orbifold, whose fan ¥p is given by the
quotient of ¥ in the wv-direction and localization at zero, where v is the primitive
generator of X corresponding to D. Since D is non-compact, v lies in the boundary
of the polytope P. Thus there exists a half space defined by {vr > 0} C (N/(v))g
for some v € M=? containing |Xp|. Then the function on D corresponding to v
is holomorphic, and by abuse of notation we also denote it by v. By the maximal
principle, v is constant on each sphere component of a rational curve in D. Since the
rational curve is connected, v takes the same constant on the whole rational curve.
Let v(p) = ¢ € C. Then any rational curve with one marked point passing through p
lies in the level set {v = ¢} C D.

The above is true for all v € M+ such that the corresponding half space {v >
0} contains |Xp|. Let vy,...,v; be the extremal ones, meaning that each of the
corresponding half spaces contains |Xp| and a codimension-one face of |Xp|. Then
there exist ¢y, ..., c; € C such that any rational curve with one marked point passing
through p lies in {v; = ¢; for all ¢ = 1,...,k}, which is a compact subvariety of D.
Hence the moduli space of rational curves representing a with one marked point and
passing through p is compact.

We may assume that p lies in a toric divisor of X, or otherwise the moduli space
is empty since X is a toric Calabi-Yau orbifold. All rational curves in X’ lie in toric
divisors of X'. Thus the moduli space can be written as a fiber product of moduli spaces
of rational curves in prime divisors of X'. By part (a) the moduli space of rational
curves in a toric prime divisor passing through a fixed target point is compact. Hence
the fiber product is also compact.

The disk moduli M{(X,5; + a,x) is equal to the fiber product M (X, B;) Xey

M (X, o, ), where M (X, ;) is the moduli space of stable disks in X' representing
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the basic disks class §; with one interior marked point and one boundary marked point,
/\/lflﬂ()( ,a,x) is the moduli space of rational curves in X' representing « with one
marked point e and [ other marked points of type «, and the fiber product is over
evaluation maps at the interior marked point of the disk and the marked point e of
the rational curve. Now, the moduli space M (X, B;) is known to be compact by
the classification result of Cho-Poddar [28]. By part (b), M., (X, a, @) X., {pt} is
compact. Thus the fiber product M7, (X, 3;) Xeo M (X, a, ) is also compact.

i

Corollary 6.11. The moduli space ffl()(,ﬁ,a:,p) i Definition 1s compact. Hence,
the open orbifold Gromov-Witten invariant ni; 5([pt]r; 1,,, ..., 1,,) in Definition is well-
defined.

The following is the main result of this subsection.
Theorem 6.12.

(a) The moduli spaces M (X, 3, ,p) and ;’Ifl(f, B,x',p) are isomorphic as Kuranishi
spaces. Hence we have the following equality between genus 0 open orbifold Gromov-
Witten invariants:

nE s (s Lo o5 1) = (e 1o, -, 1)

(b) The moduli spaces ./\/lff’l()?, B,a',p) and M (X, B,&,p) are isomorphic as Kuranishi
spaces. Hence we have the following equality between genus 0 open and closed orbifold
Gromov- Witten invariants, called the open/closed equality:

(6.1) nts(Ptlei Loy, 5 1) = (pt] 1oy, 10140 5

Proof. We begin with part (a). The inclusion X C X gives a natural map
T(X, 8,2, p) = MT(X, B, p),

which is clearly injective. To show that this map is surjective, we need to prove that a stable
disk in MP(X, B, @', p) is indeed contained in X'. This means there are no stable disk maps

f:(C,0C) — (X, L) of class 8 = 8 + a such that
C=DUCyUCx

is a union where D is the disk component; Cy is a closed (orbifold) Riemann surface whose
components are contained in | J, .; Di; and Cw is a non-empty closed (orbifold) Riemann
surface whose components are contained in DOOUUbje ; D; and have non-negative intersections
with divisors D;, b; € I (via f).

Suppose there is such a stable disk map. Let A := f,[Cy] and B := f,[Cs]. Thena = A+B.
Since ¢1(X) - a =0 and —K 3 is nef, we have
Cl(.)?) CA=0= Cl(-/?) - B.
Writing B = ), by By, as an effective linear combination of the classes By of irreducible 1-
dimensional torus-invariant orbits in X', we have ¢;(X') - (b By) = 0 for all k (again using the
fact that —K 3 is nef). Each By corresponds to an (n — 1)-dimensional cone oy € 3, and by
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our construction, either o, contains b, or o5 and b, together span an n-dimensional cone
in 3.

Since f(Cs) C DOOUUbjEJ D;, we see that if b; € I then b; ¢ oy. Also, since D-(byBy;) > 0
for every toric prime divisor of X not corresponding to a ray in o, we have byﬂ [58, Lemma,
4.5] that D - (byBy) = 0 for every toric prime divisor D corresponding to an element in
({b;} U{bs}) \ F(o}); here F(o},) is the minimal face in the fan polytope of ¥ that contains
rays in oy. As the divisors D corresponding to ({b;} U {bs}) \ F(0k) span H?(X), we must
have b, B, = 0. We conclude that B = 0.

Therefore we have a bijection between moduli spaces
T{}(X?ﬁ7w7p)g iﬁ(‘f?ﬂ?m,?p)'

Since every stable disk in M (X, 3,2/, p) is supported in (a compact region of) X, it is
clear that it has the same deformations and obstructions as the corresponding stable disk in

11(X, 8,x,p). By the same arguments as in Part(C) of the proof of [22, Propostion 5.6]
(which can be adapted to the orbifold setting here in a straightforward way), it follows that
the above bijection gives an isomorphism of Kuranishi structures. This proves (a).

The proof of part (b) is basically the same as that of [I8, Theorem 35]. First of all,
for a stable disk map in ./\/lf’l(/'\_f ,B,&',p), it consists of a unique disk component uy and a
rational curve component C’. We denote such a stable disk by ug + C’. The disk component
represents a basic (orbi-)disk class and hence is regular by [28, Propositions 8.3 and 8.6].
Thus the obstruction merely comes from the rational curve component.

On the other hand, by Lemma [6.7], there is a unique holomorphic sphere Cy with Chern
number two in X passing through a generic point p € X'. So for a stable curve in ./\/lilﬂ()? ,B,,p),
since it passes through p and it has Chern number two, it has Cy as one of its components,
and the rest is a rational curve C” with Chern number zero contained in the toric divisors.
We denote such a rational curve by Cy+ C’. Since Cj is a holomorphic sphere whose normal
bundle is trivial, it is unobstructed. Thus the obstruction of Cy + C’ merely comes from C".

A bijective map between Miﬁ(f, 8,2, p) and M¢, (X, B,&,p) is given by sending 1o + C"
to Cy + C" and vice versa. They have the same deformations and obstructions (which are
contributed from the same rational curve component C”), and hence

WX, 8,2 p) = M (X, B, ,p)
as Kuranishi structures.

The identification of the two Kuranishi structures can be done as explained in Step 3 of
the proof of [I8, Theorem 35|, except that the choices of obstruction bundles have to be
suitably modified in order to obtain smoothly compatible Kuranishi charts which can be
glued together to obtain a global structure (see [93, 146]).

Recall that in the general scheme developed by Fukaya, Oh, Ohta and Ono in constructing
Kuranishi structures of a moduli space, one first constructs a Kuranishi neighborhood for
each point of the moduli space. To obtain a global Kuranishi structure which is smoothly
compatible, one then chooses a sufficiently dense finite set of points in the moduli space, and
redefines the Kuranishi neighborhood by considering a new obstruction bundle obtained as

5Their argument extends to the simplicial cases needed here.
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the direct sum of parallel transports of the obstruction bundles over the finite set of points.
When the domain of the stable map is not stable, however, one has to further consider a
stabilization of the domain and extra care is needed in choosing the obstruction bundles. We
refer the readers to [46, Section 3.2] for a brief description and to [46], Sections 15-18] for the
detailed construction.

The construction of Kuranishi neighborhoods given in the proof [I8, Theorem 35| corre-
sponds to the case where the domain of a stable map is also stable, in which the above
description of the obstruction bundles already suffices. But for the moduli spaces we consider
here, the domain of a stable map may not be stable, so we need the general construction as
described in [40], Part 4]. Nevertheless, we emphasize that all these (or any such) construc-
tions can be carried out in the same way for the open and closed moduli spaces because the
obstruction bundles on the disk component ug and the sphere component Cy both vanish,

and therefore the Kuranishi structures are naturally identified with each other. O
Remark 6.13. The proof of Theorem wdentifies the moduli space ./\/llJrl(/'}7 B,&,p) with

1J(é’t’,ﬁ,zc,p), which is compact by Corollary |6.11,  Therefore M, (X, 8, &,p) is also
compact and hence the closed orbifold Gromov-Witten invariant ([pt],1z,,...,1; >OX g s

well-defined, even when X is not compact.

6.3. Calculation via mirror theorem. By the open/closed equality (6.1]), the open orbifold
Gromov-Witten invariants of X we need may be computed by evaluating the genus 0 closed
orbifold Gromov-Witten invariants of X’

<[pt], 15,..., 1171>0X,1+I,B'

These closed orbifold Gromov-Witten invariants are certain coefficients in the J-function of
X. We evaluate these invariants by extending the approach developed in [23] to the orbifold
setting.

The idea is to use closed mirror theorem for toric orbifolds to explicitly compute these
coefficients using the combinatorially defined I-function of X. However, since X may not
be compact, we cannot directly apply the closed mirror theorem (Theorem 2.15) to X as in
[23]. We get around this by first applying the equivariant mirror theorem (Theorem [2.14)) to
evaluate the genus 0 equivariant closed orbifold Gromov-Witten invariants of X’:

T
<[pt]T7 ]-1715 SR 1’71>0,1+Z,E’

where [ptly € Hi(X) is the equivariant lift of [pt] € H*(X) represented by a T-fixed point,

and then evaluating ([pt], 15,,. .., 1Vl>6“1 1.5 by taking non-equivariant limits.

6.3.1. Identifying the invariants. We now begin the computation of the relevant equivariant
orbifold Gromov-Witten invariants.
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The T-equivariant J-function of X (cf. Definition [2.11]) expands as a series in 1/z as follows:

T0,2/% ¢a
J)?,’]I‘((L ) =e™?/ 1+ Z Z Z 1 y Tewy « -5 Tows ¢a¢k 0l+2d Zk

a (dl);éOO) ! k>0
deH§T(X)

7o, 1 ¢a
(oD [1HE S S et LG

k>o
deHeff (X)

where we use the string equation in the second equality. Note that 7o € H2(X). Also note
that ¢, = [pt]r if and only if ¢ = 1 € H°(X). If we consider

Ttw = E Ty ]-17 )
vEBox' (X)age=1

then the closed equivariant orbifold Gromov-Witten invariants ([pt|r, 15,,. .., 1Vl>(;v1al 5 oceur
as the coefficients of ¢’7,, - - 7,, in the 1/2%term of Jy (g, z) that takes values in H°(X).
Since X is semi-Fano (by Proposition and semi-projective (by Proposition , we can
apply the equivariant toric mirror theorem (Theorem [2.14]) which says that
eqow)/z*].)?,'ﬂ‘(q? Z) = IX;JI(?J(Q, T)? Z)

via the inverse y = y(q,7) of the toric mirror map. Recall that the equivariant I-function
here is the one defined using the extended stacky fan

(b |0<i<m—1}U{bs}U{b; |m<j<m —1}),
where

{bj|m<j<m —1} ={v e Box'(X) | age(v) = 1}.

Therefore our next task is to explicitly identify the part of the 1 /z*-term of the equivariant
I-function of X that takes values in H%(X). According to the definition of the equivariant
I-function in Definition [2.6} H the part taking values in H°(X) arises from terms with d € Keg
such that

(6.2) v(d) =0, ie. 1,4 =1€ H(X).
And for d € K¢ to satisfy , we must have

(D;,d) € Z, for i € {0,...,m' — 1} U{oo}.
This follows from the definition of v(d).

Let d € Keg be such that v(d) = 0. We examine the (1/z)-series expansion of the corre-
sponding term in the equivariant I-function of X’

d H H:o:((Di,d)l(D? + ((Di, d) — k)z).
i€{0,....m'—1}U{oco} Hk:O(D? + ((D“ d> - k)z)

(6.3) y
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Recall that DF, ... l__)T DT € H?(X) are T-divisor classes corresponding to by, . . ., by _1, bso,

- ) m—1»
and D}F = 0in H2(X) for m < j <m/ — 1. We may factor out copies of z to rewrite (6.3)) as
d fal DY /z+ ((Dy,d) — k))
Y Hk— D;,d ( ) (2]
(6.4) v 11 (D]

2(p(%),d) Bt [To2o(DF /2 + ({(Di,d)y — k)

where p(X) = 370" D; 4+ Doy + Z;n:,;f D;. So we need

(65 (P(R).d) = 3 (Did) + (Do) + 3 (D) <2

Since we need the part taking values in H°(X), we need the terms in (6.4) in which the
divisor classes D], ..., DY | DT do not occur. For 0 <i < m — 1 or i = oo, the fraction

m—1>
[T 1,07 (D /2 + ((Di,d) = k)
[Ti2o(D /2 + ((Dy, d) = k)
is proportional to D} if (D;,d) = [(D;,d)] < 0. Thus we need
(6.6) (D;,d) >0, i€{0,...,m—1}U{oo}.

Also observe that since d € Keg, (Dj,d)y > 0 for m < j <m'—1. So there are only two
possible cases: either

e there is exactly one j such that (D;,d) =2 in (6.5)) and (D;,d) = 0 for i # j; or

e there are jy, jo such that (D;,,d) = (Dj,,d) = 1in (6.5)) and (D;,d) = 0 for ¢ # ji, jo.
By the fan sequence (2.1)), an element d € K.g corresponds to an element

> (Didei+ (Do dyess+ Y (Djdie;€ P Ze;@Zewd P Ze

0<i<m—1 m<j<m/—1 0<j<m—1 m<j<m’—1
such that
> (Did)bi+ (Dog, dYbos + Y (Dj,d)b; = 0.

0<i<m—1 m<j<m’—1

In order for this equality to hold, we cannot have (D;,d) = 0 for all but one i. So we must be
in the other case, namely, there are exactly two indices ji, j such that (D;,,d) = (Dj,,d) =1,
and (D;,d) = 0 for i # jy, jo. Since the vectors by, ..., b, _1,bp, ..., b, 1 belong to the half-
space in Ng @ R opposite to the half-space containing b, we must have co € {ji,jo}. As
noted in Remark , the fan ¥ depends on the disk class 3 € my(X, L) in question. There

are two possibilities:

e Case 1: [ is a smooth disk class. This means that § = ' + a with o € Hy(X)
and ' € mo(X, L) is the class of a basic smooth disk. In this case 98" = b;, for some
0 <iyp <m—1and by = —b;,. So the only possible d € K. comes from the relation
bi, + bs = 0. In this case the necessary term in the equivariant I-function of X is

yd>=, where do = €;, + €0 = B' € Hy(X; Q).
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e Case 2: [ is an orbi-disk class. This means that § =  + a with a € Hy(X)
and ' = B,, € m(X, L) is the class of a basic orbi-disk corresponding to bj;, €
Box'(X)?8=! for some m < jo < m/—1. In this case 98’ = bj, and bo, = —bj,. So the
only possible d € Kg comes from the relation b;, +b,, = 0. In this case the necessary

term in the equivariant /-function of X is y=, where do, = €j, + €. Note that in
this case, d is not a class in Hy(X; Q).

Equating the relevant 1/z2-terms in the equivariant I-function and equivariant J-function
yields the following

[Ty 7 :
i=1"Vi X, T
l—!l<[Pt]Ta H 15,0041, dq

deHeff ) [>0 Vl,eors IIZGBOX age:l =1

(6.7)

6.3.2. Computing toric mirror maps. In order to explicitly evaluate (6.7), we will compute
the toric mirror map for X', which is part of the 1/z-term in the expansion of the equivariant
I-function.

Let d € K. Similar to the calculations in the previous section, we first examine the
(1/z)-series expansion of the corresponding term in the equivariant I-function of X':

d I1 1 oy (DF + ((Di, d) — k)z)l
> (D v(d)
iG{O ..... m/—l}U{oo} Hk:O(DET + (<Du d> — kj)z)

y* H HZO:[(Di,dﬂ (D} )z + ((D;, d) — k)

e — 0 = 1Z/(d)
2(p(X).d)+age(v(d)) (0 U0 [ieo(Df /2 + ((D;,d) — k))

Y

What we need is the 1/z-term that takes value in H C%MT()E ). There are three types.

e degree 0 term: This requires that v(d) = 0. As noted above, this implies (D;,d) € Z
for all i. Furthermore, we must have (D;, d) > 0 for all 7 in order for the term to be
of cohomological degree 0. Also, we need 1/z(X)d+aze(d) — 1 /> which means that
(p(X),d) = 1. All together thls implies that <D,, d) = 1 for exactly one D; and = 0
otherwise. As we have seen, such a class d € K. does not exist. So there is no
HO(X)-term.

e degree 2 term from untwisted sector: This means terms proportional to T-
divisors DY. Again this requires that v(d) = 0, which implies (D;,d) € Z for all i.
Furthermore, we must have exactly one D}F /z, which requires (D;,d) < 0 for this j
and (D;,d) > 0 for all i # j. To get the 1/z-term, we need {p(X), d) + age(v(d)) = 0,
so we should have (p(X),d) = 0.

For each j € {0,1,...,m — 1} U {oc}, we define

QOF == {d € Keg | (p(X),d) = 0,v(d) = 0,(D;,d) € Zey and (D;,d) € Zsq Vi # j},

and set

X ~(Ds.d) ( Dj7d> —1)!
A7 (y) = Z y Hi;ﬁj<Di<a | ) .

x
defy;
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Then the degree 2 term from untwisted sector is given by

—_

> AF()D] /= + AL (y) D/~
j=
e degree 2 term from twisted sectors: This requires that v(d) = v. Since age(v) =
1, we must have (p(X),d) = 0. In order to avoid being proportional to a T-divisor,
(D;,d) cannot be a negative integer for any i.
For each j € {m,m+1,...,m' — 1}, we define
OF i={d € Keg | (p(X),d) = 0,v(d) = b; and (D;, d) ¢ Z Vi},

and set

[ Ewn@d-5

A ()= >y 1=, ((Dsd) — )

dGQ])-? 1€4{0,...,m’'—1}U{co}

Then the degree 2 term from twisted sectors is
m’'—1 ~
j=m

The fan sequence of X is given by
0 — ker — N~ ::N@Z—>N—>O,
and the divisor sequence of X is given by
0> M— M :=(N") =L —o0.
Observe that tk(LY) = tk(LY) +1=7+1=m'4+ 1 —n and tk(H*(X)) = tk(H*(X)) + 1 =
r"+1=m+1—n. We choose an integral basis
{p1,- - e P} CLY

such that p, is in the closure of 6;; for all a and pryq,...,p; € Z:Z;Ll R>oD; so that the
images {p1, ..., D, Poo} Of {P1,. .., P, Peo} under the quotient LY ® Q — H?*(X;Q) form a
nef basis of H2(X;Q) and p, = 0 for a = ' +1,...,r. And we pick {pT,...,p5,pL} C M~
in the way described in Section . We further assume that {p;,...,p,} gives the original
basis of IV which we chose for X.

Expressing D; in terms of the basis {p,} defines an integral matrix (Q;,) by
D; = Z QiaPa; Qia € Z.

ae{l,...,r}U{oo}

As above, the image of D; under the quotient LY®Q — H%*X;Q) is denoted by D;. Then
for i € {0,...,m — 1} U {oo}, the class D of the toric prime T-divisor D} is given by

D} =\ + Z QiaPy, A € Hi(pt);

and for i =m,...,m' — 1, DF =0 in H*(X;R).
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Hence the coefficient of the 1/z-term in the equivariant /-function can be expressed as

(6.8)

m’'—1
> pelogya+ Y. AT@D]+ Y AY(y)1y,
j=m

ae{l,...,r }U{oo} j€{0,...,m—1}U{oco}
m’'—1
- Z ﬁg log Ya + Z A]X(y) )‘j + Z Qjaﬁg + A;Y (y)]‘bj
ae{l,...,r'}U{oco} 7€{0,....m—1}U{oc0} ae{l,...,r'}U{oo} j=m

= > log Yo -+ Y QuATW | pe+ Y AT+ > NAT().

ae{l,...,r'}U{co} j€{0,....m—1}U{o0} j=m j€{0,....m—1}U{oc0}

On the other hand, the coefficient of the 1/z-term in the J-function is given by

r m'—1
(6.9) > P 10gqa+ T = Y Palogqa+ Y 7 1b,.
a=1 j=m

The toric mirror map for X is obtained by comparing and :
log q, = log y, + Z QjaA;‘?(y), a€{l,....,r"}U{oo},
(6.10) §€{0,....m—1}U{oo}
. =AY(y), j=m,...,m —1,

and set qo(y) = Zje{o m—1}U{co} )\jAf(y).

.....

_ Let us have a closer look at the toric mirror map (6.10) for X. First of all, recall that
Kest = Kegt @ Z>0dw, so we can decompose any d € Kqg as

d=d +kd.,

where d’ € Keg and k € Z>o. Suppose that (p(X),d) = 0. Then we have

m’'—1

0="> (Did) + (Do, d) = (p(X),d') + k.

1=0

But & is semi-Fano, so (p(X),d’) > 0. This implies that (Dy,d) = k = 0, and hence
d=d € K.

As an immediate consequence, we have Afo_ = 0, since d € QF implies that (p(X),d) = 0
and (D, d) < 0 which is impossible and so Q% = 0. Also for j € {0,1,...,m—1,m,...,m/'—
1}, d € Qf implies that (5(X),d) = 0, so d lies in Keg and hence we have Q7 = Q| where

QY :={d € Keg | v(d) = 0,(D;,d) € Zo and (D;,d) € Zxo Vi # j}
for j=0,1,...,m —1, and
QY :={d € Keg | v(d) = b; and (D;, d) ¢ Zo Vi}
for j=m,m+1,...,m' — 1. Here we have made use of the fact that p(X’) = 0.
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Proposition 6.14. The toric mirror map of the toric compactification X is of the form
m—1

loggo =logya + Y QjuAf (y), a=1,....7,

(6.11) =
108 4o =10g Yoo + Aj (y),

b, :Aj-{(y), j=m,...,m —1,
when B = B;, + « is a smooth disk class, and of the form

m—1

logqazlogya_'_ZQjaA;’Y(y)? a = 17"'77J7

(6.12) §=0
10g goo =108 Yoo,

b, :A;-((y), j=m,...,m —1,
when = ﬁ,,jo + « is an orbi-disk class, where

¥ (=)= (D, d) —1)!
(6.13) A w) = dezmy = H#jEDf, ! —

forj=0,1,....m—1, and

o, an ((Diy d) — K
(6.14) A¥(y) = HHHL Od $ >_>k) )

forj=mm+1,...,m' —1.

Proof. We already have Q¥ = () and Qf =Qf for j =0,...,m" — 1. Also, d € Qj? = QF
implies that (D, d) = 0. Thus we have AY = 0 and A;"} = A;Y for j =0,...,m —1. Finally,
when = f;, + o is a smooth disk class, we have Qo =1 for j € {ip, 00} and Qo = 0 for
j & {io, 00}; whereas when 8 = 3, +a is an orbi-disk class, we have Qo = 1 for j € {jo, 00}
and Qo = 0 for j ¢ {jo, 00}, and in particular, Q)j = 0 for all j =0,...,m — 1. The result
now follows from the formula . ]

A key observation is that in both cases (6.11)) and (6.12)), the toric mirror map of X' contains
parts which depend only on A:

Proposition 6.15. The toric mirror map for the toric Calabi-Yau orbifold X is given by
m—1

logqazlogya+ Q'aAXya a:17-~~7rla
(6.15) ; o7 (¥)

Tbj :A]X(y% j:m7"'7m/_17
where the functions AY (y) are defined in (6.13) and (6.14)) in Proposition |6.14,

Proof. This can be seen by exactly the same calculations as in this subsection applied to the
equivariant I-function of X'; see also [44], Section 4.1]. O

Remark 6.16.
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(1) In the non-equivariant limit Hi(pt) — H*(pt), we have \; — 0. Hence qo(y) — 0 in
the non-equivariant limat.

(2) It is clear from the description that (6.11), (6.12), (6.15) do not depend on T-actions,
and remain unchanged in the non-equivariant limit Hy(pt) — H*(pt).

(3) Also note that, for j =m,m+1,...,m' —1,

X I )4 .
A (y) =y + higher order terms,
where D} € K.g is the class described in (2.4)).

6.4. Explicit formulas. In this subsection we put together previous discussions to derive

explicit formulas for generating functions of genus 0 open orbifold Gromov-Witten invariants
of X.

First we discuss non-equivariant limits.

Proposition 6.17. The non-equivariant limit of {[pt]r, []'_, 1%>6le1 Lis (pt], [T, 11—,1.>8_fl+17d.

Proof. If X is projective (this is the case when b;, € N lies in the interior of the support
|| by Proposition , then moduli spaces of stable maps to X of fixed genus, degree, and
number of marked points is compact. In this case the result follows by the discussion in

Section 2.5l

Suppose that X is semi-projective but not projective. As noted in Remark[6.13) - the moduli
space MS. (X, 3, @, p) used to define the invariant ([pt], T, 1) 11,4 18 compact for p € L.
In fact it is straightforward to check that M +l(./'\f B,&,p) is compact for any p, using the
arguments in the proof of Proposition [6.10] A standard cobordism argument shows that the
invariant ([pt], [T\_, 15,)& 141, does not depend on the choice of p. If p € X is a T-fixed point,
then T acts on M{, (X, 53,2, p) and for such p the moduli space M1+1(X B,&,p) can be

used to define T-equivariant Gromov-Witten invariant ([pt]r, Hi:l 1Vi>8(lT+1 4 Choose p € X
to be a T-fixed point and argue as in Section 2.5 the result follows. U

This proposition allows us to obtain the following
Proposition 6.18. Using the notations in Section[6.3, we have

1 l
(6.16) ﬂ/ Z Z Z %nflﬁ%a([pﬂﬁnlw)qa-

aeHeﬁ( )l>0 v1,...,v €EBox’ (X)2ge=1 i=1

Proof. In view of Remark and Proposition the non-equivariant limit of (6.7)) gives

O S DD SIS DI ACY(*5N |

deH§H(X) 120 vy,..., 1 €Box' (¥)2ge=1 ’ i=1

By dimension reason, the invariant ([pt], []'_, 15,)3 41,4 vanishes unless ¢,(X) - d = 2. Now
we have HST(X) = Zso' ® HST(X). Also X is semi-Fano and ¢;(X)- 8" = 2. So ¢;(X)-d = 2
implies that d must be of the form 3+ a where a € Hs®(X') has Chern number ¢;(X)-a = 0.
The formula then follows from the open/closed equality . O
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The formula (6.16]) can also be written in a more succinct way as

Z Zl'nllﬁ’+a ptLaHTtw )

acHST(x) 120

Where Ttw — ZVGBOX,(Z)age(V)zl TI/117'

Recall that (4.3]) gives a Lagrangian isotopy between a moment map fiber L and a fiber F,
of the Gross fibration when r lies in the chamber B. Hence the formula (6.16)) also gives a
computation of the generating functions of genus 0 open orbifold Gromov-Witten invariants

defined in (5.3)):
y'= =" (1+4)),
when §’ corresponds to 5;(r) under the isotopy (4.3)), and

ylo = ¢"'1,(1+96,),
when (' corresponds to (,(r) under the isotopy (4.3)).

The formula (6.16)) identifies the generating function of genus 0 open orbifold Gromov-
Witten invariants with y%<¢=#. We can now derive an even more explicit formula for com-
puting the orbi-disk invariants using our results in the previous subsection.

Theorem 6.19. If §' = [, is a basic smooth disk class corresponding to the ray generated
by b;, for someig € {0,1,...,m — 1}, then we have
(6.18)

I l
Sy 0y Do o e = e (—A20().

aGHeﬁ( )l>0 V1,...,v EBox’ (£)age=1 =1

via the inverse y = y(q, ) of the toric mirror map (6.15) of X .

Proof. Recall that in this case, we have d,, = Bﬁ Also, Doy = Poo- S0 (Poo,dss) = 1. On
the other hand, since dy, € Ha(X;Q), we have (D;, d) = (D;, doo) for any i and (pa, doo) =
(Pa, doo) for any a. Using the toric mirror map (6.11)) for X', we have

T/

10g g™ =Y (Pa; doc) 108 Ga + (oo doc) 108 Goc

a=1

r’ m—1
= (Par deo) <log Yot > QuaAY (y)> + (log yoo + A% ()
a=1 1=0

! m—1
= (Par doo) 108 Yo + 108 Yoo + Y (Z Qia(Pa doo>) AF(y) + A% ()
a=1 =0 a=1

3

= log yd"o + A;\;(y) + ((Dn doo) - ono) A;Y(y)

%

But (D;,ds) = Qi for i = 0,...,m — 1, so we arrive at the desired formula. O

I
o
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Theorem 6.20. If §' = B,, is a basic orbi-disk class corresponding to vj, € Bod (¥)%=1 for

some jo € {m,m+1,...,m' — 1}, then we have
(6.19)
Hl—l Tl/' X ! DV
> X X G, v [ [ L)a” =y e | = i
acHI (x) 120 v1,... ;v EBox! (X)2ee=! ’ i=1 it 15

via the inverse y = y(q,7) of the toric mirror map of X, where DV € Ky is the
class defined in -, , € A is the anticone of the mzmmal cone contammg b, = v;, and
Cioi € QN[0,1) are mtwnal numbers such that b;, = Zzéljo Cjyibi-

Proof. In this case, the class 3 € Hy(X;Q) is given by

Z Cji€i | T €0 € N G Zes = @ Ze; ® Les;

i¢[j0 1=
while dy, = €, +eo (recall that this dy, is not a class in Ho(X;Q)). Hence do, — 3’ is precisely
the class D} € Keg. So we can write yleog P = yDjvo yq "

Now,

r

logy” = (Pa, ) 10g Y + (poc, B) 108 Yoo,

a=1
and using the toric mirror map (6.12) for X, we have

T'/

log¢” =Y " (Pa, B')108 o + (Poc, ') 108 G

a=1
r! m—1

= Z@m B (10g Yo + Z QiaAiX(y)> + (Poos ') 108 Yoo
a=1 i=0

m—1 r’
= (Pa; B)logya + Y (Z Qia (P ﬁ’)) AT (y) + (Poos B') 10g Yoo
=0 a=1

Since Qi = 0 for i = 0,.. — 1, we have Za L Qia(Pa, B) = <_Dz 3. Also, since B’ €
Hy(X;Q), we have (D, ﬁ’} = ( 1,5) for any i (and (p,, ') = (pa, B') for any a), so

m—1 r
(Z Qza ) Z C]OZAX

i=0 \a=1 i¢ T,
and hence
logy” —logq” == > ¢;uA(y)
Z@Hjo

The formula follows. O

7))

?
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Corollary 6.21. Let F,. be a Lagrangian torus fiber of the Gross fibration over a point r in
the chamber By. Then we have the following formulas for the generating functions of genus
0 open orbifold Gromov-Witten invariants defined in ((5.3)):

(6.20) 1+6; = exp (A (y(q,7))) ,

fori=0,1,....,m —1 when 8" is a basic smooth disk class corresponding to [3;(r) under the

isotopy (4.3)), and

\%
(6.21) Ty 40, =y exp | =) AT (y(g, 7))
il
forj=m,m41,...,m' —1 when ' is a basic orbi-disk class corresponding to f3,,(r) under

the isotopy (4.3]).

As a by-product of our calculations, we also obtain the following convergence result:

Corollary 6.22. The generating series of genus 0 open orbifold Gromov-Witten invariants

l

!
> 2 > %”fnﬁqa([pﬂu [T1)e

acHF(x) 120 vy, .y €Box! (D)2se=1 =1

appearing in (6.16]) and hence those in (5.3)) are convergent power series in the variables q,’s
and 7,,’s.

Proof. As already noted in [72] Section 4.1}, the toric mirror map is a local isomorphism
near y = 0. The inverse of the toric mirror map is therefore also analytic near ¢ = 0, which
allows us to express the variables y,’s as convergent power series in the variables ¢,’a and
T,,’s. Also note that the expressions in and are convergent power series in the
variables y,. The result follows. O

6.5. Examples. In this subsection we present some examples.

(1) X = [C?/Z,,). See Example (1) of Section There are m — 1 twisted sectors v,
J=1,...,m—1, and each corresponds to a basic orbi-disk class 3,,. The generating

functions of genus 0 open orbifold Gromov-Witten invariants are
™ Tkm_ll B A
. — m— . 1 m—1
Tj + 5'/]' (T) - § (kl T+ km,1)|n1’l7/8yj ([pt]ln (11/1) XX (1Vm—l) )

E1yeoskm—1>0 '

where | = ky + ...+ k, and 7 = 7 71, € HER(X) for j = 1,...,m — 1. By
Theorem this is equal to the inverse of the toric mirror map. The toric mirror
map for X was computed explicitly in [32]:

Tr = gr<y)
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where
B y oyt T((Do(R)  T((Dy(k)))
0= 2 BT R T DR+ Dah)
b =r /m
b(k) mz_ k“ D() - — Z kl? D ) = _%mz_/lkm

and (r) denotes the fractional part of a rational number r. Denote the inverse of

(1), - -, gm—1(y)) by (f1(7), .-, fm—1(7)). Then
fi(r)=1+6,(1), j=1..,m—L

Furthermore, the inverse mirror maps (fi(7), ..., fn—1(7)) have been computed in [32,
Proposition 6.2]:

fi(r) = (—1)m_jem_j(/<ao, e Bme1),  J=1,..,m—1,

where e; is the j-th elementary symmetric polynomial in m variables, ¢ := exp(my/—1/m),
and

K (T, oy Tm1) 2k+1 H exp( kaﬂ) ) .

From these calculations, we find that quantum corrected mirror of C*/Z,, can be
written in the following nice form. Recall that the mirror curve is given by (5.5))

m—1

uw =1+2"+ Z(Tj +8,,(1))2

j=1
As we have
7y + 0, () = fi(1) = (=1)"Vemj(Ko, s Fm-1),
and also it is easy to check that
1=(=1)"Kko" " Km—1-

Hence, SYZ mirror of [C?/Z,,] from Gross fibration is given as

m—
S I

7=0

For the crepant resolution Y of X = C?/Z,,, its genus 0 open Gromov-Witten invari-
ants have been computed in [84]. The result can be stated as follows. Let Dy, ..., D,,
be the toric prime divisors corresponding to the primitive generators (0,1),...,(m,1)
of the fan, f,..., 5, be the corresponding basic disks, and ¢; for i = 1,...,m —1
be the Kéhler parameters corresponding to the (—2)-curves D;. It turns out that the
generating functions of genus 0 open Gromov-Witten invariants

Gl s A+05(q) = qj1q) 5. al <Z nﬁj+aq°‘>
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are equal to the coefficients of 2/ of the following polynomial

1+2)1+qa2)1+qegz)...0+aqa.. gnm2).

X = [C3/Zsg11]. See Example (2) of Section [5.4] In this case [C3/Zy,+1] is obtained
as the quotient orbifold of C? by the action of Zy,; with weights (1,1,2¢g — 1). The
standard (C*)? action on C* commutes with this Zs,,; action and induces a (C*)3-
action on the quotient [C3/Zg,41].

There is an alternative route to derive the mirror map of [C?/Zy, 1], as follows.
The J-function of (C*)*-equivariant Gromov-Witten theory of [C3/Za,41] coincides
with a suitable twisted J-function of the orbifold BZs, 1, considered in [101] and [32].
The J-function of BZsy,.1 has been computed in [73] (see also [32, Proposition 6.1],
and the answer is

1y
BZQ o _ 0 ‘- 29
J g (y7 Z) - : : Zk0+~~-+k2g kO'kQQ' 1(2122012:11)

The twisted Gromov-Witten theory we need is the Gromov-Witten theory of BZs,41
twisted by the inverse (C*)3-equivariant Euler class and the vector bundle L, & L; &
Log_1, where Ly is the line bundle on BZsy,; defined by the 1-dimensional repre-

sentation Cy of Zggy1 on which 1 € Zy,4q acts with eigenvalue exp(27;‘g/jk). The
generalities of twisted Gromov-Witten theory are developed in [I0I]. The J-function
of the twisted Gromov-Witten theory can be computed by applying [32 Theorem 4.8].

The answer is

k, k
Z My Mo . My g Yo° Yoy

_[tw ,Z = 1 29 . ,
(v, 2) 05 s ghotthag ol oy ! (T3 igeis)
where
[b(k)]—1
My = H (A — ((b(k)) +m) 2),
m=0
[b(k)]—1
My = H (A2 — ((b(k)) +m) 2),
m=0
Myi= [ OQat(m= (1= (h))2),
N(k)+1<m<0
and

N(k) =1+ ZLMU@ + e(k)].

— 2g+1

Here A, k = 1,2, 3 is the weight of the k-th factor of (C*)? acting on the k-th factor
of C3.
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By [32, Theorem 4.8] it is then straightforward to extract the J-function of [C?/Za, 1],
the mirror map, and generating functions of orbi-disk invariants from I'“(y, z). We
leave the details to the readers.

X = [C"/Z,). See Example (3) of Section [5.4] In this case there is only one twisted
sector v of age one, and let 7 be the corresponding orbifold parameter. The toric
mirror map has been computed explicitly in [I§], which is

r=g) =Y ((=5)- - Q—Fk- ;))nyknﬂ_

& (kn +1)!

Then Theorem tells us that the generating function of genus 0 open orbifold
Gromov-Witten invariants
k

T+9,(7) = Z %nl,k,ﬁu([pt]L; (1,)%)

k>1

is equal to the inverse series of g(y).

The crepant resolution of X = C"/Z, is Y = —Kpn—1 is the total space of the
canonical line bundle over P"~!. Its cohomology is generated by the line class | of
P~ and let ¢ denote the corresponding Kahler parameter. Let 3y be the basic disk
class corresponding to the zero-section divisor. The generating function of genus 0
open Gromov-Witten invariants

1+4(q) = Z nﬂo+quk

k>0

equals to exp g(y), where

g(y) = Z(—n”’f%yk,

k>0

and ¢ and y are related by the mirror map

q=yexp(—ng(y)).

X = Ky,. See Example . X is a smooth toric manifold, whose fan has primitive
generators by = (0,0,1), by = (—=1,1,1), by = (0,1,1), bs = (1,1,1) and by =
(0,—1,1). Note that the Hirzebruch Fy is not Fano (it is semi-Fano). X = Kj, is a
new example whose open Gromov-Witten invariants were not computed in previous
works.

The primitive generators which are not vertices of P (the convex hull of b, bs and
b,) are by and b,. Hence

ngi+a =0

fori=1,3,4and a # 0. Alsong, =1fori =0,...,4. Only the open Gromov-Witten
invariants ng,1o and ng,+, for @ # 0 are non-trivial, and we will compute them below.

Take p; = Dy, ps = Do to be the basis of H*(X,Q), and let Cy,Cy be the dual
basis. Denote the (—2) exceptional curve class of Fy by e, and denote the fiber curve
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class of Fy by f. e and f form a basis of Hy(X;Z). By computing the intersection
numbers of e and f with p; and ps, we obtain the relation

f=0Cy—2C,
€ = —202

The Kéhler parameters of C; and C5 are denoted as ¢; and g respectively, while that
of e and f are denoted as ¢° and ¢/ respectively. we have

¢ = q@a?
qe — q2—2

The corresponding parameters of the complex moduli of the mirror are denoted by
(y1,92). One has

v =y,
ve=u
The mirror map is given by
41 = Y1 eXp(Af(yla Y2))
2 = Y2 eXP(Ag(yl, Y2))

where

N ()P (D, d) — 1)!
B Z ’ [T, (Dis)!

by Equation [6.13] and
OF :={d € Keg | (D;,d) € Zeo and (D;,d) € Zsg Vi # j}.
First consider Ay. For C' = ae + bf where a,b € Z,
C-Dy=—-2a+b<0,C-Dy=—-2b>0
implies b= 0 and a > 0. Also C'- D; > 0 for i # 2. Hence Qy = {ke : k € N}, and

2k 1 2k — 1
Y (Y1, ) Zyke (2 ) = —log 2+ log(1 + /1 — 4y°).

Thus
e -2 € 4ye
¢° = qy° =y exp(—247 (y1, 1)) = (14T —4y°)?

Taking the inverse, we obtain

e

e_ 4
(1+4q°)°
and so
v =y = (14 ¢)g.
Comparing with yo = go exp(—A3 (y1,y2)), this implies

exp(—A3 (y1,y2)) = 1+ ¢°
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under the mirror map. By Theorem [6.19 this is the generating function of open
Gromov-Witten invariants:

Zn52+aq°‘ =1+4+4"

Thus ng,1o = 1 when o = 0, ¢, and zero for all other classes a. The hypergeometric
series Ay above also gives the mirror map of Fy. This is the analytic reason why the
open Gromov-Witten invariants above are the same as those of Fy:

X _
Mgyta = nﬁi-ﬁ-a'
It is geometrically intuitive: the bubbling contributions of the curve class e to 35 in Fy
are the same as that in Kp,, because Dy in K, is just the product of the corresponding

divisor in Fy with the complex line C.
Now consider A. For C' = ae + bf where a,b € Z,

CD2:—2a+bZO,CD0:—2b<0

implies b > 2a > 0. Also C' - D; > 0 for i # 2. Hence Qf = {kf + a(e + 2f) :
N,k € Z>o}. We have

S (—1)2Catk)=1(2(2q + k) — 1)!
kf+a( e+2f
HURDEDIPW K)(@)22a+ k)

By Theorem[6.19] this gives the generating function of open Gromov-Witten invariants
via the inverse mirror map y(q):

> npyrat® = exp(— AT (11(q), 12(q)))

a=1 k=0

where the mirror map ¢(y) is given by
¢ =yl exp(=241(y%,y') + Aa(y))
q° =y exp(—242(y")).
The following table can be obtained by inverting the mirror map using computers:

Ngytactbf |0 =0 a=1| a=2 a=3 a=4 |a=5|a=6
b=0 1 0 0 0 0 0 0
b=1 0 0 0 0 0 0 0
b=2 0 -3 0 0 0 0 0
b=3 0 —20 —20 0 0 0 0
b=4 0 —105 | —294 —105 0 0 0
b=5 0 —504 | —2808 | —2808 | —504 0 0
b=26 0 —2310 | —21835 | —42867 | —21835 | —2310 0

7. OPEN MIRROR THEOREMS

In this section we define the SYZ map, and prove an open mirror theorem which says
that the SYZ map coincides with the inverse of the toric mirror map. In the case of toric
Calabi-Yau manifolds, this theorem implies that the inverse of a mirror map defined using
period integrals (so this is not the toric mirror map) can be expressed explicitly in terms of
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generating functions of genus 0 open Gromov-Witten invariants defined by Fukaya-Oh-Ohta-
Omno [49]. This confirms in the affirmative a conjecture of Gross-Siebert [67, Conjecture 0.2],
which was later made precise in [20, Conjecture 1.1] in the toric Calabi-Yau case.

7.1. The SYZ map.

7.1.1. Kdhler moduli. As before, X is a toric Calabi-Yau orbifold as in Settlng 4.3l Let
Cy CLVOR ‘be the extended Kahler cone of X as defined in Section 2.6 Recall that there
is a splitting Cy = Cy + > "R.oD; C LY @ R, where Cy C H?(X; ]R) is the Kahler cone
of X. We define the complemﬁed (extended) Kéhler moduli space of X as

My(X) = <5X+\/—1H2(X,R)> JHY(X,Z) + Z CD;.
Elements of M (X') are represented by complexified (extended) Kéhler class

m/—1
C:W"‘ V—1B+ ZT]'D]',

j=m
where w € Cy, B € H*(X,R) and 7; € C.

We identify Mg (X) with (A*)” x C™"", where A* is the punctured unit disk, via the
following coordinates:

qa:exp<—27r/ (w—i—\/—lB)), a=1,...,7,
Ya

/

,€C, j=m,....,m —1,
where {71,...,7~} is the integral basis of Hy(X;Z) we chose in Section 2.6| A partial com-
pactification of Mg (X) is given by (A*)” x C"—"" C A" x C"~"".
Recall that the SYZ mirror of X equipped with a Gross fibration p: X — B is given by

X, = {(u,v, 21,y Zne1) € CEx (CH™ ! | uw = Ggr) (21, >anl)} ;
where
m'—1

m—1
Glar (ot -v201) = 3 L8304 3 O, 48,125
=0

] =m

and the coefficients Cj, C,,, € C are subject to the following constraints:

m—1
HCQ”—qa, a=1,...,7,
=0
m—1 m'—1 m'—1 —Qja
CZCQMZ CQJG_H(qDJV> ’ ) a/:T/—*—l:""T?
=0 j=m j=m

v © {pa,DY)
where ¢” =[[\_,qa 7.
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7.1.2. Complex moduli. On the mirror side, recall that
PﬂN: {bo,...,bm_l,bm,...,bm/_l}

and P is contained in the hyperplane {v € Ng | ((0,1), v) = 1}. Denote by L(P) ~ C™ the
space of Laurent polynomials G € C[z{, ..., z5",] of the form Zgo_l C;2% ie. those with
Newton polytope P. Let Pp be the projective toric variety defined by the normal fan of P. In
Batyrev [7], a Laurent polynomial G € L(P) is defined to be P-regular if the intersection of
the closure Z; C Pp, of the associated affine hypersurface Z; := {(21,...,2,_1) € (C*)"7 |
f(z1,...,20-1) = 0} in (C*)"!) with every torus orbit O C Pp is a smooth subvariety of
codimension 1 in O. Denote by L,es(P) the space of all P-regular Laurent polynomials.

Following Batyrev [7] and Konishi-Minabe [78], we define the complex moduli space M (X)
of the mirror X to be the GIT quotient of Ly.s(P) by a natural (C*)"-action, which is
nonempty and has complex dimension r = m/ — n [7]. It parametrizes a family of non-
compact Calabi-Yau manifolds {X,}:

(7.1) Xy o= {(u,v,21,...,20-1) €CP X (C)" ' uv = Gy(21, ..., 201) }
where
m—1 m/—1
Gy(z1,. ., 2n1) = C;z% + C’ij”j,
i=0 j=m

and the coefficients C;, C’Vj € C are subject to the following constraints:

m—1

HCiQ“‘ = Yo, a=1,....7,
i=0
m—1 m/—1
HC’ZQ“ éfjj“:ya, a=r"+1,...,m
1= j=m

Note that the non-compact Calabi-Yau manifolds in the family (7.1)) may become singular
and develop orbifold singularities when some of the y,’s go to zero.

To define period integrals, we let Qy be the holomorphic volume form on .)Ey defined by (cf.

Proposition

1
uww — Gy(21,. .., Zp-1)

Qy:Res( dlogzo/\---/\dlogzn_l/\du/\dv),
where Gy(z1,...,2,-1) 1= ZZ’:OI Cizbi 4 Z;n:,;bl C’,,J.z”ﬂ'.

7.1.3. Two mairror maps.
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Definition 7.1. We define the SYZ map as follows:

FoYZ . Mg (X) — M(c(/'?), Y > fSYZ(q,T)

m—1
Ya := (a (1—1—51»)@”, a=1,...,7,
(7.2) =0
m—1 m’'—1 Q;
. ja
Ya = (1+ 51‘)Qm H <q7Djv (Tl/j + 5Vj)> , a=1r"+10
=0 j=m

/

D} . .
where q*DJ'v =[1_ qép ! >, and 1+ 96; and 7,, + 0,, are the generating functions of genus 0
open orbifold Gromov-Witten invariants in X relative to a Lagrangian torus fiber of a Gross

fibration p: X — B, defined in (5.3)).
On the other hand, recall that the toric mirror map (6.15) for X is given by

fmirror . M(C(/YV.) N MK(X), (q’ 7_) — J,—_'mirror(y)

7.2. Open mirror theorems.

7.2.1. Orbifolds. We are now ready to prove one of the main results in this paper:

Theorem 7.2 (Open mirror theorem for toric Calabi-Yau orbifolds - Version 1). Let X' be a
toric Calabi-Yau orbifold X as in Setting . Then locally around (q,7) = 0, the SYZ map
1s tnverse to the toric mirror map, i.e. we have

(7?)) fSYZ — (.Fmirror)*l .
In particular, this holds for a semi-projective toric Calabi- Yau manifold.

Proof. Recall that the toric mirror map F™™ is a local isomorphism near y = 0, so we can
consider its inverse (]—"mirmr)f1 given by y = y(¢, 7) near (¢,7) = 0.

For a=1,...,7", we have, by the formula (6.20]),

m—1 m—1

10% qa + Z Qia(l + 51) = IOg Qo — Z QzaAf<y(q7 T)) = lOg Ya-

=0 i=0
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For a =7"+1,...,r, we have, by the formulas ) and (| -

Z Qja <log q 77 +log(m,, + (51,]))
j=m
m/—1 r’
=Y Qja | =D _(m.D))logag + Z o, DY) logy, — > ¢;i A (y(g, 7))
j=m b=1 b=1 il
(74> r m'—1 r’
= Z < Qja<pb7 >> logyb + Z Qja (Z Do, D;/> log (beb_l)>
b=r'4+1 \j=m j=m b=1
m/—1
> Qia | YA (ylg. T
Jj=m i¢l;

Now, the definition of D} implies that (D;, D) = ;5 for m <i,j < m'— 1. Since D; =
> vt QiaPa and Qi = 0for 1 <a <7'andm <i <m/—1, wehave Y _ ., Qia(pa, D)) = i
for m < i,j < m’ — 1. This shows that the (r — ') x (r — ") square matrices (Q;,) and
({pa, D})) (where m < i <m’—1and " +1 < a < r) are inverse to each other (note that
r—r'=m'—m), so

Z Q]a pba i/ 5ab

for " +1 < a,b < r. Hence the first term of the last expression in (7.4) is precisely given by
log Yq.
On the other hand, we have

I
=
N

S

<

b=1 b=

> vy, DY) log (ng; ") ) (— i kaAkX(y))

and using the above formula Z;n:/;nl Qja(py, D}) = dap again, we can write

3

ol

i@ka log(1+5) = — 3 QuaAX(y) Z ( > Qw (Z Qja(pv, D)) >> A (y)

k=0 =0 k=0 \b=r'41

(g (o)

j=m b=r'+1

3
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We compute the sum

Qralog(1 + ) + Z Qja (Z py, D) log (ybqb1)>
0 b=1
= - ' Qja < Z Db, Dv (Z kaAk ))

m b=r'+1

o)

m—1

[y

<
Il

m’'—1

j=m k=0

m/—1
= Qi | DA (w) |
j=m k¢l

which cancels with the third term of the last expression in (7.4)). Hence we conclude that

m—1 m'—1
> Qulog(1+6) + 3 Qi (10gg™ +10g(m, +4,,)) =logy,
i=0 j=m
fora=r"+1,...,r
This proves the theorem. U

7.2.2. Connection with period integrals. Traditionally, mirror maps are defined in terms of
period integrals, which are integrals fr Qy of the holomorphic volume form Qy over middle-
dimensional cycles T’ € H,(X,;C) (see, e.g. [37, Chapter 6]). The following theorem shows
that the inverse of such a mirror map also coincides with the SYZ map:

Theorem 7.3 (Open mirror theorem for toric Calabi-Yau orbifolds - Version 2). Let X be
a toric Calabi-Yau orbifold X as in Setling [4.3. Then there exist linearly independent cycles
I'y,....T € Hy(X,; C) such that

(o = exp (—/ Q]:SYZ(q’T)) ., oa=1,...,1,

Tbj :/ Q]:SYZ((L.,.), j:m,...,m’—l.
T

j—m+r/+1

(7.5)

where F5Y%(q,7) is the SYZ map in Definition .

When X is a toric Calabi-Yau manifold, we do not have extra vectors so that m’ = m and
r =, and there are no twisted sectors insertions in the invariants n{; 5 . ,([pt]z).
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Corollary 7.4 (Open mirror theorem for toric Calabi-Yau manifolds). Let X be a semi-
projective toric Calabi- Yau manifold. Then there exist linearly independent cyclesT'y, ..., I, €

H,(X,;C) such that
Qo = €xXp <—/ Q]_‘SYZ((I,T)> , a=1,...,1,

where F5Y2(q) is the SYZ map in Definition now defined in terms of the generating
Junctions 1+ 6; of genus 0 open Gromov-Witten invariants ny; 5 . ([pt]L).

Theorem and Corollary [7.4] give an enumerative meaning to period integrals, which
was first envisioned by Gross and Siebert in [67, Conjecture 0.2 and Remark 5.1] where they
conjectured that period integrals of the mirror can be interpreted as (virtual) counting of
tropical disks (instead of holomorphic disks) in the base of an SYZ fibration for a compact
Calabi-Yau manifold; in [68, Example 5.2], they also observed a precise relation between the
so-called slab functions, which appeared in their program, and period computations for the
toric Calabi-Yau 3-fold Kp2 in [60]. A more precise relation in the case of toric Calabi-Yau
manifolds was later formulated in [20, Conjecture 1.1][]

We should point out that Corollary is weaker than [20, Conjecture 1.1] in the sense
that the cycles I'y,..., I, are allowed to have complex coefficients instead of being integral.
In the special case where X is the total space of the canonical bundle over a compact toric
Fano manifold, Corollary [7.4| was proven in [23]. As discussed in [23, Section 5.2], to enhance
Corollary [7.4|to [20, Conjecture 1.1], one needs to study the monodromy of H,,(X,;Z) around
the limit points in the complex moduli space M¢(X).

Theorem is essentially a consequence of Theorem and the analysis of the relation-
ships between period integrals over n-cycles of the mirror and GKZ hypergeometric systems in
[23, Section 4]. Recall that the Gel’fand-Kapranov-Zelevinsky (GKZ) system [52, 53] of differ-
ential equations (also called A-hypergeometric system) associated to X, or to the set of lattice
points (1) = {bg, by, ...,b,_1}, is the following system of partial d1fferent1al equations on
functions ®(C) of C' = (C’O,Cl, o, Cpy) €C™

(% bi(iiai) d(C) =

I o ] o“)ec)=0 deL,

i:(D;,d)>0 i:(D;,d)<0

where 9; = 0/0C; for i = 0,1,...,m — 1. Notice that the first equation in (7.6) consists of n
equations, so altogether there are n 4+ r = m equations. By [23, Proposition 14], the period
integrals

(7.6)

/Qy, I'e H,(X,;7Z),
T

provide a C-basis of solutions to the GKZ hypergeometric system ([7.6)); see also [71] and [78
Corollary A.16].

6Tt was wrongly asserted that the cycles I'y,..., T, form a basis of H,(X,;C) in [20, Conjecture 1.1] while
they should just be linearly independent cycles see [23 Conjecture 2] for the correct version.
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Now Theorem [7.3] follows from the following

Lemma 7.5. The components

logQazlogya_l'ZQjaA;{(y)a a:1a~~->rl7
§=0
Ty, = Aj-((y), j=m,...,m —1,
of the toric mirror map (6.15)) of a toric Calabi-Yau orbifold X are solutions to the GKZ
7.6)

hypergeometric system (7.6

Proof. The proof is more or less the same as that of [23, Theorem 12], which in turn is
basically a corollary of a result of Iritani [72, Lemma 4.6]. We first fix io € {0,...,m' — 1},
and consider the corresponding toric compactification X. For i € {0,...,m — 1} U {oc0}, we

set 5
Di = waYa 5
> Qg
ac{l,...,r}U{co}

and, for d € L, we define a differential operator
(D d)— —(Dy,d)—
i:(Dyd)<0 k=0

i(Dy,d)y>0 k=0

Now [72, Lemma 4.6] says that the I-function [(y,z) satisfy the following system of
GKZ-type differential equations:
(7.7) 0,0 =0, del.

In particular, the components

m—1

1OgQ(z:10gya+ZQjaA])‘((y>7 a = 17‘--77",:
=0
X . !
Ty, = A (y), j=m,....,m —1,

of the toric mirror map of X, which are contained in the toric mirror map (6.11)) of X, are
solutions to the above system.

Hence, it suffices to show that solutions to the above system also satisfy the GKZ hyper-
geometric system ([7.6)). This was shown in the proof of [23, Theorem 12], so we will just
describe the argument briefly. First of all, we have Y " 0 ia =0fora=1,... r. Together

with the fact that y, = Hzr;ol C’ZQ” for a = 1,...,r, one can see that the first n equations
in (7.6 are satisfied by any solution of (7.7). On the other hand, it is not hard to compute,
using the fact that (Dy,d) =0 for d € L& 0 C L, that

H ai(Di,d>_ H o (D;,d) H C,i—(Di,d> o,

i:(D;,d)>0 i:(D;,d)<0 i:(Dy,d)>0
for d € .. Hence the other set of equations in are also satisfied.
This finishes the proof of the lemma. U
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8. APPLICATION TO CREPANT RESOLUTIONS

Let Z be a compact Gorenstein toric orbifold. Suppose the underlying simplicial toric
variety Z admits a toric crepant resolution Z. In [I8], a conjecture on the relationship

between genus 0 open Gromov-Witten invariants of Z and Z was formulated and studied. In
this section we consider the case of toric Calabi-Yau orbifolds, which are non-compact.

We consider the following setting. Let X be a toric Calabi-Yau orbifold as in Setting [4.3]
It is well-known (see e.g. [51]) that toric crepant birational maps to the coarse moduli space
X of X can be obtained from regular subdivisions of the fan ¥ satisfying certain conditions.
More precisely, let X' = X5 be the toric orbifold obtained from the fan ¥', where ¥’ is a
regular subdivision of ¥. Then the morphism X’ — X between the coarse moduli spaces is
crepant if and only if for each ray of ¥’ with minimal lattice generator u, we have (v, u) = 1.

In this section we prove the following:

Theorem 8.1 (Open crepant resolution theorem). Let X' be a toric Calabi-Yau orbifold as
in Setting [4.9 Let X' be a toric orbifold obtained by a regular subdivision of the fan X,
and suppose the natural map X' — X between the coarse moduli spaces is crepant. The flat
coordinates on the Kdhler moduli of X and X' are denoted as (q,7) and (Q,T) respectively,
and r is the dimension of the extended complezified Kihler moduli space of X (which is equal

to that of X”).

Then there exists

(1) e > 0;

(2) a coordinate change (Q(q,7),T(q, 7)), which is a holomorphic map (A(e) — R<)" —
(C*)", and A(e) is an open disk of radius € in the complex plane;

(3) a choice of an analytic continuation of the SYZ map F5+r%(Q,T) to the target of the
holomorphic map (Q(q,7),T (q,7)),

such that
F g, m) = Fa*(Qlg,7), T(q,7)).

Theorem may be interpreted as saying that generating functions of genus 0 open
Gromov-Witten invariants of X’ coincide with those of X after analytical continuations and
changes of variables. See [I8, Conjecture 1, Theorem 3] for related statements for compact
toric orbifolds.

Our proof of Theorem employs the general strategy described in [I§]. Namely we use
the open mirror theorem (Theorem to relate genus 0 open (orbifold) Gromov-Witten
invariants of X and X’ to their toric mirror maps. These toric mirror maps are explicit
hypergeometric series and their analytic continuations can be done by using Mellin-Barnes
integrals techniques. See Appendix [B]

Proof of Theorem[8.1. The proof adapts the strategy used in [I8] for proving related results
for compact toric orbifolds. First, by Theorem , we may replace F5Y% by (]—" mirror) 71, which
are given by the toric mirror maps . It suffices to show that an analytical continuation
of the toric mirror map exists. Then the necessary change of variables is given by composing
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the inverse of the (analytically continued) toric mirror map of X’ with the toric mirror map
of X.

Now the crepant birational map X’ — X may be decomposed into a sequence of crepant
birational maps each of which is obtained by a regular subdivision that introduces only one
new ray. If we can construct an analytical continuation of the toric mirror map for each
of these simpler crepant birational maps, then we would obtain the necessary analytical
continuation of the toric mirror map of X’ by composition. Therefore we may assume that
the fan X' is obtained by a regular subdivision of ¥ which introduces only one new ray. In
terms of secondary fans, this means that X’ — X is obtained by crossing a single wall.
Therefore it remains to construct an analytic continuation of the mirror map in case of a
crepant birational map corresponding to crossing a single wall in the secondary fan. This is

done in Appendix O
Example 8.2. In the case when X = [C?/Z,,) (see Ezample (1) of Section[5.4), and X' the

manimal resolution of X, an analytic continuation of the inverse mirror map was explicitly
constructed in [32]. We reproduce the result here. Denote by g% ('), ..., g% ' (y) the inverse
mirror map of X', and denote by go(y), ..., gm-1(y) the inverse mirror map of X. Then
according to [32, Proposition A.7], for 1 < i < m — 1, there is an analytic continuation of
G4 (y') such that

: 27‘[‘\/_ 1= i
g (y) = +— > T = Maly),
k=1
where ( = exp(’”ﬁ)
It may be checked that this yields an identification between the mirrors of X and X'.
Remark 8.3. In the case when X = [C"/Z,] (see Example (3) of Section[5.4)), and X' =

Opn-1(—n), an analytic continuation of the inverse mirror map was explicitly carried out in
[18]. We refer the readers to [18] Section 6.2] for more details.

APPENDIX A. MASLOV INDEX

Let € be a real 2n-dimensional symplectic vector bundle over a Riemann surface 3 and £
a Lagrangian subbundle over the boundary 0%. The Maslov index of the bundle pair (£, £)
is defined to be the rotation number of £ in a symplectic trivialization £ = 3 x R?". The
Chern-Weil definition of Maslov index, due to Cho-Shin [29], is described as follows. Let J
be a compatible complex structure of £. A unitary connection V of & is called L-orthogonal
([29, Definition 2.3]) if £ is preserved by the parallel transport via V along the boundary 93.

Definition A.1 ([29], Definition 2.8). The Chern-Weil Maslov index of the bundle pair (€, L)

is defined by
=,

,ucw((c: ﬁ t?” FV

where Fy € Q*(X, End(£)) is the curvature induced by an L-orthogonal connection V.

It was proved in [29, Section 3] that the Chern-Weil definition agrees with the usual one.
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The Chern-Weil definition of Maslov index is easily extended to the orbifold setting. Let X
be a bordered orbifold Riemann surface with interior orbifold marked points 2, , ...,z € &
such that the orbifold structure at each marked point z;L is given by a branched covering
map z — 2" for some positive integer m;. According to [29, Definition 6.4], for an orbifold
vector bundle £ over ¥ and a Lagrangian subbundle £ — 0%, the Chern-Weil Maslov index
pow (€, L) of the pair (€, £) is defined by Definition using an L-orthogonal connection V
invariant under the local group action. It was shown in [29, Proposition 6.5] that the Maslov
index pew (&, L) is independent of both the choice of the orthogonal unitary connection V
and the choice of a compatible complex structure.

Another orbifold Maslov index, the so-called desingularized Maslov index %, is defined in
[28, Section 3] via the desingularization process introduced by Chen-Ruan [25]. The following
result relates the Chern-Weil and the desingularized Maslov indices:

Proposition A.2 (]29], Proposition 6.10).

(A1) pew (€, L) = p*(E,£) +2) age(€: 7)),

j=1
where age(E; z;r) is the degree shifting number associated to the Z,;-action on & at the j-th
marked point 2 € X.

In this paper we are mainly concerned with Maslov index arising from holomorphic maps.
Let w: (£,0%) — (X, L) be a holomorphic map from a boarded orbifold Riemann surface ¥
to a symplectic orbifold X' such that w(0X) is contained in the Lagrangian submanifold L.
Then we put pew (w) = pow (WTX, w*TL). If 5 € my(X, L) is represented by a holomorphic
map w, then we put pew(5) := pew (w).

The following lemma, which generalizes results in [27, [3] 28], can be used to compute the
Maslov index of disks.

Lemma A.3. Let (X,w,J) be a Kdhler orbifold of complex dimension n, equipped with a
non-zero meromorphic n-form € on X which has at worst simple poles. Let D C X be the
pole divisor of Q. Suppose also that the generic points of D are smooth. Then for a special
Lagrangian submanifold L C X, the Chern-Weil Maslov indezx of a class 5 € mo(X, L) is
given by

pew(B) =23 - D.

Proof. Suppose 3 is a homotopy class of a smooth disk. Given a smooth disk representative
u: D* — X of 3, note that the pull-back of the canonical line bundle u*(Ky) is an honest
vector bundle over D?, and hence, the proof in [3] applies to this case. Also since the Chern-
Weil Maslov index is topological, we can write any class § which is represented by an orbi-disk
as a (fractional) linear combination of homotopy classes of smooth disks. Hence the statement
for an orbi-disk class § also follows. Il

APPENDIX B. ANALYTIC CONTINUATION OF MIRROR MAPS

In this Appendix we explicitly construct analytic continuations of the toric mirror maps
in case of crepant partial resolutions obtained by crossing a single wall in the secondary fan,
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which are needed in the proof of Theorem [8.I] The technique of constructing analytical
continuations using Mellin-Barnes integrals is well-known and has been used in e.g. [14], [10]
and [34].

B.1. Toric basics. In this subsection we describe the geometric and combinatorial set-up
that we are going to consider. Much of the toric geometry needed here is discussed in Section
and repeated here in order to properly set up the notations.

Let &)} be a toric Calabi-Yau orbifold given by the stacky fan

(B].) (21 - NR,{bQ,...,bm_l}U{bm,...,bm/_l})
where N is a lattice of rank n, ¥y C Ny is a simplicial fan, by, ..., b,,_1 € N are primitive
generators of the rays of 3y, and b,,, ..., b, ;1 are extra vectors chosen from Box(X)?*=1,

The Calabi-Yau condition means that there exists v € M := NY = Hom(N,Z) such that
(v,b;)) =1fori=0,...,m—1. We also assume that X} is as in Setting so that it satisfies
Assumption [2.9]

The fan sequence of this stacky fan reads

0 — Ly := Ker(¢y) -2 €D Ze; -2 N — 0.
=0

Tensoring with C* yields
0 —)Gl =1, ®ZCX — (Cx)m, —)N@ZCX — 0.

The set of anti-cones of the stacky fan (B.1]) is given by

A= {IC {0,...,m — 1} | ZRZObi is a cone in 21}.
ig
Note that {0,...,m' —1}\ {i} € A, if and only if i € {0,...,m — 1}. Hence if I € A;, then
{m,...,m' —1} C I. Therefore we may define the following

P={l'c{0,...om—=1} | I"U{m,...,m — 1} € A;}.
The divisor sequence is obtained by dualizing the fan sequence:
& TN WY
0— M =5 @Zef —5 1Ly — 0.
i=0

For each i = 0,...,m' — 1, we put D; := 1) (e}) € LY. The extended Kéahler cone of X is

defined to be
Co, = [ (Z R>0Di> cLY®R,

IcAy \iel
where Cly, is the Kahler cone of A;:

Cx = ) (ZR>ODZ~> C H*(X,R).

I'eA \el
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We understood that Cly, is the image of 6’;(1 under the quotient map

m/—1
Ly ® R » LY ®R/ Y RD; ~ H*(X;,R).

i=m

There is a splitting
—1
LY ®R = Ker ((DXL, DY ) LY @R > Rm’-m) e P RD,,
j=m

and the extended Kahler cone is decomposed accordingly:

m’'—1

52(1 = Cx, + Z R.oD;.

Jj=m

Let w; € 5& be an extended Kéhler class of &;. According to [72 Section 3.1.1], the
defining condition of .4; may also be formulated as

w1 € ZR>0Di.
iel

The extended canonical class of &) is py, 1= ZZO_ ' D;. By [72, Lemma 3.3], we have

m—1 m'—1
pr = Di+ Y (1—age(b;))Di.
=0 i=m

Since we have chosen b;,i = m,...,m' — 1 to have age one, we see that py, = 221_01 D; =
Cl(Xl) =0.

B.2. Geometry of wall-crossing. As mentioned earlier, we want to consider toric crepant
birational maps obtained by introducing a new ray. We now describe this in terms of wall-
crossing. We refer to [38, Chapters 14-15] for the basics of wall-crossings in the toric setting.

By definition, a wall is a subspace

m'—1
W=wea PRD, cL®R,

j=m
where W is a hyperplane given by a linear functional [, such that
(1) Cx, C {l >0}, and

(2) the intersection C'y, N W of the closure of Cy, with W is a top-dimensional cone in
w.

Let Cy, (W) C Ca, N W be the relative interior and let Cy, (W) 1= Ca, (W) & @;n:/;l RD;.

We want to consider a crepant birational map obtained by introducing one new ray. This
means that there is exactly one D; lying outside the Kahler cone Cy,. By relabeling the
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1-dimensional cones, we may assume that D,,_; lies outside C'y,. More precisely, we assume
that

I(D;) >0 for 0 <i<a-—1,
(B.2) I(D;)=0 for a <i<m —2,

Z(Dm_l) <0

Following [72], Section 3.1.1], we may use ws to define another toric orbifold X, as follows.
The set of anti-cones is defined to be

AQ = {[ C {O,...,m/— 1} ‘ Wwo € ZR>0D1} .
iel
The toric orbifold A5 is then defined to be the following stack quotient
((le \ U (CI> /Gl
I¢As

where C! := {(20,...,2mw_1) € C"™ | z; = 0 for i ¢ I}. The fan X, of this toric orbifold is
defined from A, as follows: Zi¢ ;1 R>ob; is a cone of ¥y if and only if I € A;. We also define

s ={I'"c{0,....m—1} | I"'U{m,...,m' — 1} € As}.

Let wy be an extended Kahler class in the Chambe adjacent to (Cy, NW) @ G};ﬂl*l RD;.

XQ =

Y

Next we make a few observations about the two sets A, Ay of anti-cones.

Lemma B.1. Let I € Ay. Then I € Ay if and only if m —1 € 1.
Proof. Suppose I € A;. Then wy € Y., RoD;. Since I(D;) > 0 for all i except ¢ =m — 1,
and [(wz) < 0, in order for wy € Y. ; R5oD; we must have m —1 € I.
Suppose that I ¢ A;. Then wy & Y .., R5oD;. But this means that Ryows ¢ > .., RooD;.
This implies m — 1 ¢ . O
We also have

Lemma B.2. Let I € Ay and I ¢ Ay. Then

(1) (TU{m—1})\{0,...,a—1} € A,.
(2) If |1| = dim Gy, then IN{0,...,a—1} = {ir} is a singleton, so (IU{m—1})\{is} € As.

Proof. The first statement follows from the fact that {(D;) < 0 for all i € (U {m —1})\
{0,...,a — 1}. The second statement follows from the fact that the minimal size of an
anti-cone is equal to dim Gj. U

Moving the Kahler class w; across the wall W to wy induces a birational map
(B.3) X1 — Xo.

between the toric varieties underlying X; and AX5;. In the setting of toric GIT, this map is
induced from the variation of GIT quotients given by moving the stability parameter from
wi to ws.

"The chamber structure is given by the secondary fan associated to ;.
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We may describe the birational map X; — X5 in terms of the fans. By Lemmas and
If Zigg R>ob; is a cone in 3, then either this cone is also in X5 (in which case R>b,,—;
is not a ray of this cone), or

> Rob

i (1U{m—1})\{0,....a—1}
is a cone in Y,. This shows that the fan ¥; is an refinement of >y obtained by adding a new
ray R>ob,,—1. The birational map X; — X, in is induced from this refinement, in a
manner described more generally in e.g. [51], Section 1.4].

It is easy to see from the fan description that X; — X, contracts the divisor D,,_; C X;.
Furthermore, we have

Lemma B.3. The birational map X; — X5 in (B.3)) is crepant.

Proof. Since X is toric Calabi-Yau, there exists v € NY such that (v,b;) = 1 for i =
0,...,m—1. We conclude that X; — X5 is crepant by applying the criterion for being crepant
(see e.g. [51, Section 3.4] and [9, Remark 7.2]) with the support function (v, —). O

B.3. Analytic continuations. Recall that
Ki:={deLi®Q|[{i| (Di,d) € Z} € A},
Ko:={delLi®Q|{i|(D;,d) € Z} € Ay}.
As defined in , there are reduction functions
v: Ky — Box(%),
v: Ky — Box(3,),
which are surjective and have kernels ;. This gives the identifications
K;/L; = Box(%4),

(B4) Kz/Ll = BOX(EQ).

Next we recall some details about the toric mirror map. As in (6.15)), the toric mirror map
of A is given by

m—1

1OgQa:10gya+ZQjaAj‘((y)7 a= 17'”77”/’
(B.5)
!

o, :Aj»((y), j=m,....,m —1,

Some explanations are in order. Fix an integral basis {p1,...,p,} C L}, where r = m’ —n.
For d € L; ® Q, we write

LT e 4 T e
q (I[lqa y Cl_[lya

which defines ¢, and y,, where ' =m —n and {py, ..., p~} are images of {p1,...,p~} under
the quotient map LY ® Q — H?(X;;Q) and they give a nef basis for H%(Xy; Q). Also, Qi
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are chosen so that

(B.6) Di =) Qipay i=0,...,m—1.
a=1
For 5 =0,1,...,m — 1, we have
Qfl:{de(Kgﬁ”L4)::o<Dﬁd>eZ<0mm«L%d>zﬂ)ezzovz¢jL
~Dpd)=1(—(D; d) — 1)!
- 3 A D 1)
dEQv 7 v .
For j =m,...,m' — 1, we have
O = {d € (Ky)eg | v(d) = b; and (D;, d) ¢ Z Vi},

X ! Hk [{D;, d <Diad> - k)
Ajl(y) = Z H
[IZo((Did) — )

To study the analytic continuation of (B.5]), we first need to be more precise about the
variables involved. We pick py,...,p, such that p; is contained in the closure of Cy, and
P2, pr € Cx (W). Applying the linear functional [ & 0 to (B.6|) gives

U(Di) = Qual(pr) + > Qial (pa)-

By the choice of py, ..., p,, we have I(p;) > 0 and [(p,) = 0 for a > 2. The signs of I(D;) are
given in (B.2). This implies that

Qi >0 for0<i<a-—1,
Qia=0 fora<i<m-—2,
Qm-11<0

Since 0 = Zzo_l D; = Z;’io_l S QiaPa, We have Z;’;’gl Qio=0foralla=1,...,r. Also
note that Q;u =0for 1 <a<r andm <i<m'—1.

We now proceed to construct an analytic continuation of A;(y) where j € {0,...,m' —1}.
We do this in details for j € {m,...,m' — 1}. The case when j € {0,...,m — 1} is similar
and will be omitted.

Let j € {m,...,m’ —1}. The element b; € Box(X;)**=! corresponds to a component
X1 p; of the inertia orbifold 7X). According to [9, Lemma 4.6], Xip; is the toric Deligne-
Mumford stack associated to the quotient stacky fan ¥,/0(b;), where o(b;) is the minimal
cone in X; that contains b;. Let dp, € K; be the unique element such that v(dy,) = b; and
(Pa>dp;) € [0,1). Then by the identification of Box in , every d € Ky with v(d) = b; can
be written as

d = dy, + dy
with dy € L.
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We consider Aj-ﬁ(y). Put

Ay, = {I c{0,...,m' —1}| ZRZObi is a cone in X1, (D;, dy;) € Z for i € I} C A,
i¢l
and define

m/—1
5X1,bj = ﬂ (Z R>0Di> = CXl,b]- + Z RZODi~

IEAl,bj el i=m

Clearly Cy,  C X1, Laking duals gives

NE(Xyp,) = 6;1,%_ c Oy, = NE(&,).

By definition, A;(y) is a series in y whose exponents are contained in €2;. It is straightforward
to check that Q; C NE(X1p,). In this way we interpret A;(y) as a function on Cx,,, and a

function on ayl by restriction.

If we also have 5;(2 C 6’;(1’17],, then A;(y) can also be interpreted as a function on 6’;(2 by
restriction. So in this case no analytic continuation is needed.

It remains to consider those b; such that 5252 is not contained in 5)(1717]_. First observe that
A;(y) can be rewritten as follows:

/

o 1 + T{(D;, dp; +do)} + 1)
U((Di,dp, +do) +1)

Ai(y) =Y yiy
do€Ly =0
We put I'y,; := Hgal L({{Ds, dy, + do)} + 1) so that we can write
A;j(y) = Z y™iy®Ty, ! !
J J F((Dm_l, db]. + d0> + 1) Hi;ém—l F((Dl, dbj —+ d0> + 1) )

doellq

Since I'(s)['(1 — s) = 7/ sin(7s), we have

1 Sin<7T<Dm717 dbv + d0>)
— J F — Dm, ’d ) _'_ d ,
F<<Dm*17 dbj + d0> + 1) e ( < 1 b] 0>)

and

—I'(—(Din-1,dp; + do))
[Lizm 1 D((Disdp, + do) + 1)

Ty,
Ay) = ) y™ yd‘)% sin(m(Di—1, dy, + do))

do€ellq

We put do, := (pa, dp). In view of , we have
—I(=(Dm-1, dp; + do)) —T(—(Dimn-1,db;) — Qum-1,1d01 — D21 @m—1ad0a)

Hi;ém—l L((Di, dp; + do) +1) Hi;ﬁm—l L((Dj, dp,;) + 1+ Quu—1,1do1 + Za7$1 Qm-10d0a)
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; r Pa,do r
Since y®™ =TT/ _, yé wdo) [T, _, ydoe, we have

A;(y)
Iy,
__b Z s (H yffo“) sin(m(Dp—1, dp; + do))
T ot dor>0 a>2
% _F(_<Dm—17 dbj> - Qm—l,ld()l - Z(wﬂ Qm—lad()a)
Hi;ﬁmfl L((Di, dp;) + 1+ Qm-11do1 + Za;ﬁl Qm-1a0a)
Iy

- 7rj Z ydbj (H nga) sin (W(Dm_l, dbj> + ZQm—l,adOa)

a>2 a#l

X Z ((_1)Qm_1,1y1)d01 _F<_<Dm—17 de> - Qm—l,ldOI - Za#l Qm—ladoa) .
do1>0 Hz’;ﬁmﬂ L({Ds,dp;) + 1+ Qu-1,1do1 + Za;ﬂ Qm—1ad0a)

Now observe that

Z ((_1)Qm—1,1y )d01 _F(_<Dm_1’ db.7'> - Qm—1,1d01 - Z@ﬂ Qm—ladOa)
' Hi;«émfl F(<D17 dbj> +1+ mel,ldm + Za;él melad(]a)

do120
_F(_S)((_l)QWHl’lyl)sF(_<Dm—1a dbj) - Qm—l,ls - Za;él Qm—ladOa)
Hz‘;&m—l F((-Dm dbj> +1+ Qm—l,ls + Za;él Qm—ladOa)

Fix a sign of y; so that (—1)@m-11y; € R.y. By using the Mellin-Barnes integral technique
(see e.g. [10, Section 4] and [10, Lemma A.6]), we have

_F(_S>((_1)Qm71,1y1)5F(_<Dm717 dbj> - mel,ls - Za;ﬁl melad0a>
Hi;ﬁm—l F(<Dla dbj) + 1 + Qm—l,ls + Za;ﬁl Qm—ladOa)
_}{ ds_F<_S)((_1>Qm71’1y1)8F<_<Dm717 dbj> - mel,ls - Za;ﬂ melad0a>
C Hi;ﬁm—l F((D“ dbj> + 1 + Qm—l,ls + Za;«él Qm—ladOQ) ’
where Cy,, . 4, is @ contour on the plane with (complex) coordinate s that runs from s =

—v—1oo to s = ++/—100, dividing the plane into two parts so that {0,1,...} lies on one
part and

=Ressenuioyds

ResseNu{o}dS

Dm—7d- =+ a m—ada_l
(B.7) PoleL::{< ) —Cz;illQ e ? |l:0,1,...}

lies on the other part. Note that —Q,,—11 > 0.

To analytically continue to the region where |y;] is large, we close the contour Cyy, 4., tO
the left to enclose all poles in Poley. This gives

]{ ds—F(—3>((—1)Qm‘1’lyl)sr(—<Dm—h db;) — Qm-115 = D421 @m-1ad0a)

c [Lizn 1 TUDs dby) + 1+ Q115 + D20 @m—1ad0a)

—T(=s)((=1) %1190 T(~(Dp1,db;) = Q1,15 = >0y @m1a00)
Hz’;ﬁm—l L((Ds,dp;) + 1+ Q1,15+ Za;ﬁl Qm-1a0a) 7

:ReSSEPOIeL ds
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which is equal to

<Dmflvdbj >+Ea¢1 Qm—1a90a—!

F <<Dm71,dbj>+2a;£1 meladOa_l) ((_1)Qm7171y1) —QOm_11

Z (—1)l Qm-1,1
' <Dm7 ad '>+Za me ad a_l
1>0 I [Tizma T <<Di7 dp;) + 14 Qm-11 X — _Qmi,l —— 2ati melad0a>

(Pm—1,dp )+ a1 @m—1a%0a

((_1)Qm_1’1y1) _melvl (D'mflv;rbv)"'zayél Qm—1a90a—!
(_1)l _mel,l Sinﬂ'( J _mel,l )
= X
Z ' <Dm— 7d '>+Za Qm— ad a_l
>0 i Hi;ém—l r <<D17 dbj> + 1 + Qm—l,l X S *me—éi,l S + Za;ﬁl Qm—lad0a>
1
X D d d, N\’
F (1 _ < m—1; bj>+za;£1 Qm—-1adoa— >
Qm-1,1
where we again use I'(s)I['(1 — s) = n/sin(7s).
This gives an analytic continuation of A;(y):
(B.8)
A;i(y)
Iy,
_b; Z s <H nga) sin (w(Dml, dy;) + wz le,ad()a)
T dodon >0 a>2 a1
(Pm—1dp )+ az1 @m—1a%0a
_1\Qm-1,1 —Qm—1,1 s
(( 1) ’ yl) ’ ) (Dr—1,dp ) +22a1 @m—1a90a—!
Z (_1)1 —Qm—1,1 sm7r( J e —— )
% ,
' <Dm7 7d '>+Za me ad a_l
>0 i Hi;émfl r (<D17 dbj> +1+ mel,l X St _meil S + Za;ﬁl melad0a>
1
X D d d, AN
F (1 . < m—1; bj>+2a¢1 Qm—1adoa— >
Cgmfl,l

It remains to show that the expression in (B.§]) can be interpreted as a function on 5;\5- To
do this, we need a new set of variables. Pick another integral basis of {p1,...,p,} CLY ® Q
such that

P1:=Dpm_1, Pa:=Dpa, fora=2,... 7.

Introduce the corresponding variables 9, .. ., 9, namely y¢ = §¢ = []_, Qéﬁ =4 From this it
is easy to see that

?91 — yi/cszl,l7 ga — yl_mel,a/mel,lya’ fOl" a = 2’ o 77"‘
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We may express D; in terms of py, ..., p, as follows:

D; = Z; Qiapa = Qi1p1 + Z QiaPa

a>2

= QQill . (ﬁl - Z Qm—l,aﬁa) + Z Qiaﬁa

a>2 a>2

Qil 131 + Z <Qia . QilQm—l,a) ﬁa.

B Qm—l,l Qm—l,l
a>2

Next we interpret the expression in (B.8)) as a series in § whose exponents are contained in
NE(X;) = Cy,. Define dp, € Ly ® Q to be the unique class such that

(B.9) (1,dp;) =0,  (Pasdp,) = (pa,dp,), fora=2,...,r.
Given [, dps, ..., do > 0, define dy € L1 ® Q to be the unique class such that
(B.10) (1, do) =1, (Pa,do) = doa, fora=2,...,r.

Lemma B.4. Given l,dys,...,dy, > 0. Then d = cib]. + cio 1s contained in K.

Proof. First note that (D,,_1,d) = (py, d},]. +do) =1€eZ.

Let i € {a,...,m—2}. We consider (D;,d). Let pY,...,p" be such that (Pas DY) = Oap. We
calculate (py,do) = 2@1 Qm-1,doa and (Pg, dy) = dy, for a > 2. So

dO = (Z le,ad0a> ]51/ + Z dOaﬁ;/-
a>1 a>2
By and (B.10)), we have

sz@+%=d@—ﬂbﬁﬁﬂ+dw¥Q—E:@nW%Jﬁy

a>1

= dbj + dO + (l - <pa7 dbj> - Z le,ad0a> ]5\1/

a>1

A

Since i € {a,...,m — 2}, we have D; € 6’X1(W). So D; is a linear combination of ps, ..., p,.
This implies that (D;,pY) = 0, and hence

(D, d) = (D;, dy, + do).

We know that (D;, do) = > _; Qia(Pa,do) =D Qiadoa € Z. So (D;, a?) = (D;, dp, +do) € Z
if and only if (D;, dy,) € Z.

By assumption, 5’;(2 is not contained in 6’;(1 .. - 1t follows easily that
()
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must contain C'y, N W. Thus
Rs0Dp—1 + Z R>oD;

i€{a,...,m—2}
(D; b ) EZ

contains the Kéhler class wy, and {m — 1} U {i € {a,...,m — 2} | (D;,dp;) € Z} is in Aj.
Since (D;,d) € Z for alli € {m —1}U{i € {a,...,m —2} | (D;, dy;) € Z}, we conclude that
d e Ky by the definition of K. O

We calculate
<Dm717 dbj) + Za;ﬁl C2m71ad0a -

l
(D, dbj> + 14+ Qpo11 X + Z Qm—-1adoq

_Qm—l,l atl
Qil ( QilQm—l a) Qil
= [+ o — ——— | dog — Dp1,dp.) + (D, dp,
Omia ; Q Omia 0 Qm—1,1< 1, dp;) + b;)
o 5 Qi1 5
=(Dj, dy) + (D; — D1, dy,).
m—1,1

Also
)
<Dm—1rdbj >+Ea;£1 Qm—1a90a—!

((_1)Qm—1,1y1) —Qm-11
(_1)(<Dm*17dbj )T a1 Qm—ladOa—l)Ql_“Dm*l’dbj V201 @m—tadoa—l)

)
d, a Ad()a AQm—l,adOa
Yo't = Y'Yy for a > 2,

which gives

(Pm—1,dp;)+X a1 Om—1a%0a—!

y (H yﬁf“) ((=1)11n) S

a>2

<Dmflvdbj >+Ea¢1 Qm—1a90a—!

=(-1)°" i s g,
Also
(D1, dp;) + Z(Hél Qm—-1adoa — ! iy D,, 1 d) + <]51 - Za# Qm—1,aPa i >
Qm-11 Q11 Qm-1.1 o

From these calculations it is easy to see that the expression in (B.8]) can be interpreted as a

series in § whose exponents are contained in N E(AX;) = 6}(2 This completes the construction
of the analytic continuation.
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