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Abstract

For 0 < p < 1, let up be the Bernoulli convolution associated with p. Jorgensen and Pedersen [P. Jor-
gensen, S. Pedersen, Dense analytic subspaces in fractal L2-spaces, J. Anal. Math. 75 (1998) 185-228]
proved that if p = 1/q where ¢ is an even integer, then L¥(u o) has an exponential orthonormal basis. We
show that for any 0 < p < 1, Lz(up) contains an infinite orthonormal set of exponential functions if and
only if p is the nth root of a fraction p/q where p is an odd integer and ¢ is an even integer.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Let u be a Borel probability measure in R?. We say that u is a spectral measure if there
exists a discrete set A such that E4 = {€27*0): A € A} forms an orthonormal basis for L?(j).
In this case we call A a spectrum of u, and (i, A) a spectral pair. Since (j, A) is a spectral pair
if and only if for any fixed r € R?, (i, + A) is also a spectral pair, for simplicity we assume
that 0 € A.

Spectral measure was first studied by Jorgensen and Pedersen [2], they showed that (see
also [8] for a simplified proof):

* The research is supported in part by the HKRGC Grant.

¥ Corresponding author.
E-mail addresses: hut@uwgb.edu (T.-Y. Hu), kslau@math.cuhk.edu.hk (K.-S. Lau).

0001-8708/$ — see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.aim.2008.05.004



T.-Y. Hu, K.-S. Lau / Advances in Mathematics 219 (2008) 554-567 555

Theorem 1.1. Let k > 2 be a positive integer. Then the 1] k-Cantor measure p on R is a spectral
measure if and only if k is even. Moreover if k is odd, then any orthonormal set E 5 in L?> (1) has
at most two elements.

Recall that the 1/k-Cantor measure is a special case of the Bernoulli convolution p =
with parameter 0 < p < 1 that satisfies

1 1
n(d)=p(p™ A=1)+Ju(p™ A+ 1) (1D

for any Borel subset A C R. This class of measures has been studied in detail in literature for the
case 0 < p < 1/2 (Cantor-type measure) and for 1/2 < p < 1 (overlapping case in the context
of iterated functions system, see e.g., [S—7]). Theorem 1.1 was investigated by Laba and Wang
in more detail [3] and for the general Borel measures [4]. In [9,10] Strichartz considered the
“mock” Fourier series and Fourier transforms of such spectral Cantor measures analogous to the
classical case.

In this note we consider the Bernoulli convolution in (1.1) with parameter 0 < p < 1. We
prove

Theorem 1.2. Let u be the p-Bernoulli convolution defined by (1.1). Then L2(u) contains an
infinite orthonormal set E 5 of exponential functions if and only if p is the nth root of a fraction
p/q where p is odd and q is even.

The sufficiency of the theorem follows from Theorems 1.1 and 4.4. The main proof is on the
necessity. First we note that the Fourier transform of pu is 1 (¢) = ]_[‘;';1 cos2mplt). Let p=p~ L.
It is easy to check that 7i(t) = 0 if and only if # = af/ /4 for some positive integer j and some
odd integer a. Let E 4 be an orthogonal set of exponential functions and let 0 € A. It follows
easily that 7t(A) = 0, A € A, and the orthogonal property is reduced to the algebraic equation

cipt —epl =c3, (1.2)
for some k, j and for some odd integers c1, ¢z, and ¢3 (Lemma 2.2). This implies that § must

be an algebraic number satisfying some polynomials with odd integral coefficients as in (1.2),
which enables us to reduce them to polynomials of the form

fx) =x*4+x/+1 where f(x) € Z[x], (1.3)

and 7Z; is the residue class of Z modulo 2.
We prove the following assertion which yields the necessity of Theorem 1.2:

If either (1) p = (g)l/" where n > 1, p,q are co-prime and q is odd, or (ii) p is not the nth
root of a fraction, then E 4 is a finite set.

The proof of case (i) depends on the expression (1.2) (Theorem 4.3). The proof of case (ii)
(Theorem 4.2) is more involved, it concerns when 8 = p~! is a solution of the polynomials
in (1.3) (Lemma 3.5).
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The paper is organized as follows. In Section 2, we introduce some basic properties of or-
thonormal sets of exponential functions and their relation to the algebraic equation (1.2). In Sec-
tion 3, we use a linear algebra technique to give some conditions for polynomials satisfying (1.3)
(Lemma 3.5.) By using this we prove in Section 4 the above assertion (in italics) of finiteness of
the orthonormal E 4 in Theorems 4.2—4.4, which imply Theorem 1.2. The technical proof of the
main lemma (Lemma 3.5) is given in Appendix A.

2. Preliminaries

For 0 < p <1, let u be the p-Bernoulli convolution defined by (1.1) and let ) =
i €2™IX d 11 (x) be its Fourier transform. Then

() = i(pt) cos(2mpt).

By iterating this expression, we have

n@) =n(p"r) l_[ cos(Zn,ojt) = 1_[ cos(anjt). 2.1
j=1 j=1

Welet Z={tr €R: i(t) =0}. Then Z =—Z.
We will use the following notation throughout the paper: let g = 0o~ !, O denotes the set of
odd integers; A is a discrete set in R that contains 0, and E 4 = {€?71*0): A € A}.

Lemma 2.1. Z ={tr € R: t =ap’ /4 where j € N and a € Q).

Proof. If ¢t = aﬂj/4, where j > 0 and a € O, then cos(anjt) =0, so u(t) = 0. Con-
versely suppose that () = 0. Since (0) = 1, we have (p"t) # 0 for large n. By (2.1),
H;f:lcos(Zn,ojt) = 0, which implies cos(2mp/t) = 0 for some j. Hence t = af//4 for
some j >0,ac€0. O

Lemma 2.2. Let A be any discrete set containing 0. Then E 4 is an orthonormal set of L*> (1) if
and only if (A — A)\ {0} C Z. Furthermore, A\{0} = {a; B~ /4: ki €N, aq; €0, i =1,2,...,n}
where n > 2 is a finite integer or infinity. In particular B satisfies equations of the form

aip' —a; Bt =b;;pl, 22)
where 1 <i, j <n,aj,aj,bjj €0, andk;, k;, ki; € N are not all equal.

Proof. It is clear that £ 4 is an orthonormal set of L?(u) if and only if (A — A’) = 0 for any
A, A € Aand A # A/, which is equivalent to (A — A) \ {0} € Z. The second assertion is obvious
in view of the fact that A \ {0} C Z (as 0 € A) and Lemma 2.1 applies.

For the last part let A; = a; B% /4 and Aj=aj Bki /4 be any two nonzero elements in A, then
Ai—Aj=Dbjj Bkii /4 (by Lemma 2.1) and (2.2) follows. By dividing the lowest power of f in (2.2),
we see that the three powers of B cannot be the same, otherwise, the left-hand side will be an
even integer and the right-hand side will be an odd integer. O

From Lemma 2.2, we conclude that there are two alternatives regarding the three powers of 8
in (2.2):
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(A1) the three powers ki, k;, k;j are distinct, or
(A2) exactly two of the three powers k;, k;, k;j are equal.

In regard to these two alternatives we have the following observation:

Lemma 2.3. Suppose that B > 0 satisfies alﬁi + agﬂj = a3f" where ay,ay,a3 € O and
i, j,r € N. Then either

(i) i, j and r are distinct, and in this case B is not the nth root of a fraction; or
(i) exactly two of the i, j or r are equal, and in this case B is the nth root of a fraction p/q,

where p, q are co-prime, not both being odd.

Proof. (i) We can assume thati > j > r = 0. Then
ap +wmp =as, ar,ar,a3€0. (2.3)

Suppose to the contrary 8 = ( %)1/ k where p, g are co-prime. First we claim that both i and j
are multiples of k. Let_ us write i =ijk 4+ s and j = j1k +t with 0 < s, < k, then i1 > jj.
Multiplying (2.3) by p'!, we obtain

s/k 1)k
nl(g) +n2<1> +n3=0.
p p

Therefore 8 = (%)1/ k satisfies the equation

nix® +nox’ +n3=0.
Since x¥ — £ is the minimal polynomial of 8, in view of 0 < s, ¢ < k, a necessary condition for
the equation to have solution is when s = 0 and ¢ = 0. This proves the claim.
Now substitute 8 = (%)1/ k back in (2.3) and multiply throughout by p'! to obtain

g’ (alqil*jl +a2pi17j1) =a3p'! (2.4)

(where i1 > j1). Since p,q are co-prime, we have g|a3z which implies g is odd. Similarly,
write (2.4) as

a1q” =a3p” —azp”_“q]l — (ag,p” _aijl)pll—jl_

We obtain p|aj, so that p is odd. We therefore conclude that the left-hand side of (2.4) is even
and the right-hand side is odd, which is impossible. Therefore 8 # (%)1/ k and (i) follows.

(ii) Assume that exactly two of the i, j and r are equal. If i = j > r, then it is easy to see
from (2.3) that 8 is the nth root of a fraction with odd numerator and even denominator. Similarly
if i = j <r, then B is the nth root of a fraction with even numerator and odd denominator. O
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3. Some lemmas on polynomials

Let Q[x] and Z[x] be the polynomials with coefficients in QQ (the rationals) and Z (the inte-
gers) respectively. A nonzero f(x) € Z[x] is called a primitive polynomial if its coefficients are
relatively prime.

Lemma 3.1. Suppose that f(x) € Z[x] and B > 1 is a real root of f(x). Let g(x) € Q[x] be a
minimal polynomial of B. Then there is h(x) € Z[x] and an integer N such that Ng(x) € Z[x]
and f(x) = Ng(x)h(x).

The proof is simple, we write f(x) = g(x)r(x) for some r(x) € Q[x]. By factoring the scalar
factors, we can write f(x) = % g (x)r'(x) where M, L are co-prime, and g’(x), r'(x) € Z[x]
are primitive. Using f(x) € Z[x] it is not hard to show that L = 1 and the lemma follows.

Corollary 3.2. Suppose that { f; (x)}2, C Z[x] is a sequence of primitive polynomials and p > 1
is a real root of fi(x) for alli. Let g(x) € Q[x] be a minimal polynomial of B. Then there is a
sequence of primitive polynomials h;(x) € Z[x] and an integer N with Ng(x) € Z[x] such that
Ng(x) is primitive and f;(x) = Ng(x)h;(x) for every i.

Proof. By Lemma 3.1, we have f; (x) = N;g(x)h;(x). Since f;(x) € Z[x] is primitive, the same
is true for N;g(x) and h;(x), and hence each N; must be the least common multiple of the
denominators of the coefficients in g(x). Therefore N; = N foreveryi. O

Condition (2.2) gives rise to the above sequence of polynomials { f;(x)}72, which have the
form c1x™ + c2x" + c3 where the ¢;’s are odd integers. Let gg(x) be the minimal polynomial
of B.1If B is a solution of f;(x), then gg(x) | fi(x), i.e., fi(x) = gg(x)h;(x) for some h;(x). We
use gg(x) to denote the primitive polynomial Ng(x) associated with § in the corollary and call it
the integral minimal polynomial of B. We now study some necessary conditions for gg(x) | fi (x),
which count the number of equations of (2.2) and hence the cardinality of E 4 in case (Al) in
Section 2 (Theorem 4.2).

The polynomials with odd integral coefficients mentioned above are more conveniently han-
dled as follows. Let Z; be the residue class of Z modulo 2, identified with {0, 1} and endowed
with the regular binary algebraic operations. Obviously, we can reduce the polynomials in Z[x]
to Zj[x], and the relation f(x) = g(x)h(x) in Z[x] can be reduced to f(x) = g(x)h(x) in Z;[x]
(using similar notation).

Let f(x), g(x), h(x) € Zy[x] with

m+n n ) m )
fx) = chxk, g(x) :Zaix’ and h(x) :ijxf.
k=0 i=0

j=0

Here ap = a, = bg = b;, = 1 and the other coefficients are either 0 or 1. Obviously f(x) =
g(x)h(x) if and only if

k= Z aib; fork=0,1,...,m+n. (3.1)
i+j=k
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This relation can be written as a matrices expression: ¢ = Ab where Aisan (m+n+1) x (im+1)
matrix defined by

1 0 0 0 0 0
ap 1 0 0 0 0
ap 1 0 0 0
an—1 a 1 0 0
1 an_1 al 1 0
A=| 0 | ap . 0 (3.2)
0 0 1 ap—1 1
0o 0 0 1 a0 @
0 0 0 0 1 apy
: : . . : An—1
0 0 0 0 0 0 1
b=(1,b1,...,bm—1, D', and ¢ = (1,c1, ..., cmyn—1, 1)". Note that all the entries are either 0

or 1 and the operations are binary.

Remark 3.3. Given f(x) and g(x), there is an A (x) such that f(x) = g(x)h(x) if and only if
the linear system Ax = ¢ has a solution x = b. From the standard linear equations theory, this is
equivalent to the rank of the (m +n 4+ 1) x (m + 2) augmented matrix (A | ¢) equaling m + 1,
i.e., the bottom n rows in the reduced row echelon form of (A | ¢) are zero.

Remark 3.4. To obtain the echelon form, we multiply on the left of (A | ¢) by a sequence of
(m +n+ 1) x (m 4+ n + 1) square binary invertible matrices E;,i =1,2,...,m + 1:

where
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isan (n 4+ 1) x (n + 1) invertible matrix, its position in E; is starting from the (7, i)-entry of E;.
We call E the row operation matrix associated with g(x).

With the binary operation, it is clear that £ = E~land E(,ai,...,a,—1,D'=(1,0,...,0).
It follows that E; A reduces the first column of A to (1,0, ..., 0)! and the other columns remain
unchanged; E» E1 A reduces the second column of E1A to (0, 1,0, ..., 0)" and the other columns
remain unchanged. Finally E,, 4 --- E1A is the matrix with 1 on the diagonal and O elsewhere,
which is the desired echelon form. In order for Ax = ¢ to have a solution, it is necessary that
E;41--- Eqc has zeros on the last n entries. This idea leads to the following main lemma.

We define a sequence of (n + 1)-dimensional vectors {v;}7°, generated by E: Let vo =
(1,0,0,...,0,0). Define vi = Evo = (1, ai, ..., ay,—1, 1), and inductively

vi=E(ovi_1)

where ov = (vq,...,v,,0) forv=(vg,...,v,).

We note that the entries of each v; are either O or 1, hence for i large, some of the v;’s must
be repeated, say, v; = v;. It is easy to prove that (Lemma A.1(iii)) we can reduce this to v{ =v;
(for a different j). Let £ > 1 be the smallest integer such that v, = v, we say that £ is the
period of {v; };?il. From the definition of £, we have v; =v,; forany i, j > 1.

The following main lemma gives some restrictions on § being a solution of certain specific
polynomials f(x) € Z[x], its technical proof is in Appendix A.

Lemma 3.5. Let gg(x) € Z[x] be the reduced (integral) minimal polynomial of B of degree n
and let £ be defined as above. Suppose that f(x) € Zs[x] is of the form f(x) = x"" + xk 4+ 1,
and that §ﬁ (x) | f(x), then k #£0 (mod £) and m + n £ 0 (mod £).

4. The theorems

Lemma 4.1. Let E 5 be an orthonormal set of L>(j) and let A; = {t € A: t = aB' |4 for some
a0}, i1 Ifp" # gfor any positive integer n, where p,q are co-prime, then #A; < 1 for
alli. If in addition we assume that both p and q are odd, then A; N Aj = fori # j.

Proof. We assume to the contrary #A; > 2 for some i > 1. Let A, ) € A; with A = aﬁi/4 and
A =d'B' /4, where a,a’ € Q, then there exists j € N and b € Q such that A — A/ = bB/ /4. Tt
follows that 8 (a — a’) = bB/. Obviously, i # j (otherwise, a —a’ = b). Thus B~/ is a fraction
which contradicts the assumption. The first assertion follows.

Note that for i > j, A; N A; # @ is equivalent to ap’/4 = bpJ /4, for some a,b € O, ie.,
B'7/ is a quotient of two odd integers. So if p" #* 5, where both p and g are odd, then
AiNA;= h. O

Theorem 4.2. Suppose that p is not the nth root of a fraction, and that E 4 is an orthonormal set
osz(,up). Then A is finite.

Proof. Suppose that A is infinite. Write A \ {0} = {¢; 8" /4: n; €N, a; €0, i =1,2,...}
(Lemma 2.2). Since 8" # g for any positive integer n, by Lemma 4.1, we can actually assume
that ny <np < --- <n; < --- is a strictly increasing sequence. Let £ be the period of {Vj}‘]?il
determined by the minimal polynomial of §. Since ny <ny <--- <n; < ---, there exists 0 <
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r < £ — 1 such that n; =r (mod £) for infinitely many i. Without loss of generality, we assume
that n; = r (mod ¢) for all n;, hence n; —n; =0 (mod ¢) for all such n;,n;.

Let A; = a; B" /4 for each i, we have [1(A; — A;) =0 for all i > 1, i.e., there are n;, j; € N,
a;, b; € O, such that fori > 1,

a1 p™ — a; B = b pi. 4.1)

Obviously, j; # n; for all i > 1, otherwise, "~ " = 5 for some integers p and g. Suppose
that there is an index j; > n;. By dividing both sides of (4.1) by B"1, the equation becomes
a; —a; BT = b; 717" and the corresponding polynomial in Z[x] is

Fx) =14 x"" 4 xJimm,

Let Zfﬂ (x) be the reduced (integral) minimal polynomial in Z>[x]. Then f(x) = gﬂ (x)h(x) for
some h(x) € Zp[x]. Lemma 3.5 implies that n; — n1 £ 0 (mod £), a contradiction.

It remains to check the case when j; < np for all i > 1. By the pigeonhole principle, there
are infinitely many identical j;’s. Suppose j» = j3; using (4.1) we have aj " — ay 8™ = by B2
and a1 " — a3’ = b3ﬂj2. Subtracting the two identities, noting that t(A> — A3) = 0 and using
(2.2) again, we obtain (by — b3) B2 = az ™ — ay "2 = ap™ for some odd integer a. This implies
that 8" = p/q for some integers p and ¢ and some positive integer n, a contradiction.

Therefore A is finite. O

The above theorem resolves the first alternative (A1) in Section 2 (see also Lemma 2.3). We
now discuss the situation concerning the second alternative (A2).

Theorem 4.3. Let p = (5)1/” where n > 1, p, q are co-primes, and let E 4 be an orthonormal
set osz(Mp). If q is odd, then A is finite.

Proof. We see from Lemma 2.3(ii) that p, g cannot be both odd, so we assume that p is even
and ¢ is odd.

For each i, let A; = {aB’/4: a € O} be a discrete set such that E A; 18 an orthonormal set
of L2(u ). We first prove the following claims.

Claim1.Let A, A" € Aj and A — 1" =q,B" /4 € Z, then r < j: The assumption implies that there
are three odd integers a, b and ¢ such that a/ — bp/ — ¢p” =0 (Lemma 2.2) and it is clear that
r#j.If r > j, then we get a — b — ¢f"~/ = 0. This implies that 8 is an (r — j)th root of a
fraction with an even numerator and an odd denominator, a contradiction. Hence r < j.

Claim 2. Let A =apB//4, ' =bp'/4, » — X € Z and i < j, then A — X = cB/ /4, where
a,b,c € O: The assumption implies that A — A" = ¢B" /4 for some ¢ € Q. We will show that
r = j. Since B is the nth root of a fraction, by Lemma 2.3, either r =i or r = j. If r =i, then
ap’~" —b — ¢ =0 implying that f is the (j — i)th root of a fraction with an even numerator and
an odd denominator, a contradiction. Therefore r = j.

Claim 3. #A; < 2! for every i > 1: We prove this by induction. Let A € Ay, then A = af/4
for some a € Q. If there were two distinct members A and A" in Ay, using Claim 1 we see that
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A — A ¢ Z, hence #A| = 1. Assume that #4; < 2/ for all i < n. Suppose that #A4, > 2". Let
A0, AL, - .., Apn be the distinct elements in A,. By Claim 1, we have foreachi =1,...,2",

Ao — Aj =a,-ﬁji/4 for some j; <n and a; €.

Since 1 +2+---+ 2"~1 < 2" by the pigeonhole principle there exists 1 < j < n and An; € Ap,
fori=1,2,...,2/ 4+ 1, such that

A =0 — An; = ap, B’ /4. 4.2)
Write A = {o;: i =1,2,...,2/ + 1} and let ;, oy € A, then
aj —op = (Ao —Ay) — (Ao — Apy) = (Ap; — Ap;) € Z.

Hence A C A for some orthonormal set £ A, of Lz(u 0)- It follows that #A4; > 2/ 4+ 1, contra-
dicting the inductive assumption. This proves Claim 3.

Now to complete the proof of the theorem, we assume that #4 = co and decompose A
into | J;Z; A; as in Lemma 4.1. Let r be the smallest index for which A, # @ and let A =
a(%)’/4 € A,. Since A is infinite, A = J;2, A; is a disjoint union (Lemma 4.1) with #{&i <2
foreach i. Note that 0 < p = (g)l/” < land piseven,soq > 3.Choosei > r suchthatg'™" > a
and A; #0. Let A = b(%)i/4 € A;.ByClaim2, 1 — ' = c(%)i/4, for some odd integer c. This
implies that there is an even integer / such that

(V=G

Multiplying both sides by p’q~" we have

i—r

ap'™ " =lg

i—r

Since p is even and ¢ is odd and they are co-prime, ¢’ =" must be a factor of a. This is impossible
by the choice of i. We conclude that A is finite. O

Theorem 1.1 shows that u = 1,4, where g is even, is a spectral measure with a spectrum A,
where A, according to the construction in [2], can be chosen to be

n ié"
A= Zq4l: g =0orl, neNg.
i=1

1/n

Next we show that this E 4 is also an infinite orthonormal set of L2(u p) for p = (g) where

n > 1, pisodd and ¢ is even.

Theorem 4.4. Let p = (5)1/ " where n > 1, p is odd and q is even. Let E 5 be any orthonormal
set Osz(Ml/q)- Then E 4 is orthonormal in Lz(up), but it is not complete if n > 1.
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Proof. Let Z’ be the set of zeros of fz,. Let A, 1" € A with A # A/, by Lemmas 2.1-2.2, there
exist i > 0, b € O such that

h—A =bq' JA=bp' ((q/p)/")" J4e 2.

This shows that E 4 is an orthonormal set of Lz(up).

To prove the final statement we recall that the completeness will imply that
Y aeq b — x)|> =1, x € R [2] which we show cannot happen.

Let /1, = []{2, cos(2mp't) be the Fourier transform of 1. Also let v be the (g)—Bernoulli
convolution. Then V(¢) = [[72 cos(2mp™t) and Y ealdn — x)|?> <1 for all x € R by the
Bessel’s inequality. Moreover fi,(t) = ]_[’f 1’\7(,0 It).

Now choose a point x € R such that 0 < ]_[ —1 |v(p J(=x))|* < 1. Then

n—1
Mlme-o=> TPk 0-x)f

reA AEA j=0
n—1
> TIkGe7a-n)f +]‘[|A S =0)f
reA\(0} j=0

< Z |’17()L—x)| +"17(—x)|

reA\{0}

=Y pe-n<1

reA

Hence E 4 cannot be complete in L2(u p). O

Proof of Theorem 1.2. The sufficiency follows from Theorem 4.4, and the necessity follows
from Theorems 4.2 and 4.3. O

We have not been able to prove Theorem 4.4 for n = 1, nor to show the existence of exponen-
tial orthonormal basis for L(,) when p = p/q, p > 1 is odd and ¢ is even.

Bernoulli convolutions can be put into a more general framework of self-similar measures
in RY [1,6]:

m
—1
n=3 wikoy;
j=1

where 27:1 wi=1,¢;x)= A7 (x + bj),j=1,...,m,with b; € R?, A is an d x d matrix
in R¢ and is expanding (all eigenvalues has moduli > 1). However it is not clear to what extent
we can conclude that u is a spectral measure (see [3,8]). Indeed it was conjectured in [3] that for
@j(x) =px +aj;), 1 <j<m,inorder that the self-similar measure to be a spectral measure, it
is necessary that p = 1/q for some integer g > 2 with the w; all equal. We have the following
conclusion for the Bernoulli convolution in (1.1) if we consider different weights w and 1 — w:
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Proposition 4.5. Let E 4 be any orthonormal set 0fL2(,up,w), where w # 1/2, then E 4 contains
only the constant function.

Proof. Let i =, . A direct calculation gives

0 i . i o . .
() = H(weht‘p-’t +(1— w)e—h’”/f) = l_[(cos 2rp/t +iQw — 1) sin2mp’t).
j=1 j=1
Hence
0 . .
’/’i(z‘)‘2 = H(c052(27rpjt) +Qw —1)? Sinz(ij,Ojt)).
j=1

Let ny = Qw — 1)2, then 0 < 1, < 1. Observe that the function
fx)= cos® x + Nw sinx, xeR,

attains the maximum value 1 when sinx = 0, and attains the minimum value 17,, when
cosx = 0. Since n,, = 0 if and only if w = 1/2. It follows that if w # 1/2, then for all # € R,
cos? t + 1y sin®t > 0. This implies 7i(¢) # 0 and the result follows. O
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Appendix A

In this section we will present a proof of Lemma 3.5. Recall from Section 3 that gg(x) =
Y ko ayx* € Zy[x] is the reduced (integral) minimal polynomial of 8, vo = (1,0,0, ...,0,0)’,

vi=Evy=(l,ay,...,a,_1, 1), and inductively
vi=E(0vi-1)
where ov = (v1,...,v,,0) forv=(vg, ..., v,).
Lemma A.1. For the sequence {v; ;?il, writing vi = (Vj0, . . ., Vin)!, we have for eachi > 1,
(i) vio = vin,
(ii) v; contains at most (n — 1) consecutive zeros, hence v; # (0,0, ...,0)!;

(iii) fori, j > 1, v =v; implies that v; | =V;_|.

Proof. A direct calculation of v; = E(ov;_1) = E(v(,-_l)l,...,v(,-_l)n,O)’ yields vjp =
V@i—1)1 = Vin and (1) follows.
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To prove (ii) we first observe that E is invertible, the construction implies all the v; # 0. Now
using (i), we see that either v;o = v;, = 1 or 0. The first case clearly implies the statement in (ii);
for the second case, if v; contains more than (n — 1) consecutive zeros, then v; = 0, which is
impossible.

To prove (iii), we observe that

EWG=1)1s--+s Vi—1yn:s 0)' = Vi =Vj = E(V(j=1)1+ .-, V(j—1)n> 0)",
hence
(VG=1)1s -+ V(i—1)n, 0)' = Elv; = E_IVj = (VG=1)1s -+ V(j=D)n, O)'.

It follows that v _1)x = v(j—1)x for k =1,...,n. By (i), we also have v;_1)0 = vi—1)n =
V(j—1n = V(j—1)0- Therefore v, 1 =v;_1. O

Lemma A.2. Let € be the period of {vi}°,. If k = j€+ 1 > n, where n is the degree of gp(x),
then vi—, = (1,0,...,0,1)".

Proof. We first show that v,_; = (0, 1,0, ...,0)". Since v; = Evj, using the assumption that
Vi = V] we obtain

(VE=1)15 -+ V=1, 0)' = E"'vi = vo = (1,0, ..., 0)".

Also by Lemma A.1(i), we have vk_1)0 = v—1)» =0, hence v, = (0, 1,0, ..., 0).
Similarly since E(ovg—3) = vk—1 =(0,1,0,...,0)", by E~! = E we have

(U(k72)1, MR v(k72)7170)t = E_l(()’ 1707 e 70)t = (0’ 1907 e 70)t‘

Again by Lemma A.1(i), v—2)0 = vk-2)» = 0, which implies that v;_» = (0,0, 1,0, ...,0)".
Continuing in this fashion we obtain v;_¢,—1) = (0,0,...,0,1, 0)". It follows that

(v(k—n)ls ---,U(k—n)nvo)t :E71(01 07"'705 130)[ = (0707"'a01 ]90)t'

This together with v(x—n)0 = Vk—n)n = 1 yields vg_, = (1,0,...,0,1)". O

Proof of Lemma 3.5. Let A be an (m +n + 1) x (m + 1) matrix defined by (3.2) and b =
(1,b1,...,byu—1,1)". Letc be an (m + n + 1) vector defined by ¢ = (1,0, ...,0,1,0,...,0, )",
representing the coefficients of f(x). The assumption implies that f(x) = gg(x)h(x) for some
h(x) € Z;[x]. Hence by Remarks 3.3-3.4, the last n entries of E,,;, 41 - - - E1c are zero.
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Write
1 0 0
0 0 0
0 0 0
c=|0|+]|1]|+]0]=ci+c2+ecs.
0 0 0
0 0 0
0 0 1

Consider the sequence {vi};'fll. It follows that vy is the first (n + 1) entries of ¢1; v; is the first

(n + 1) entries of Ejc; and for i < m + 1, v; is the consecutive n + 1 entries of E; --- Eq¢q,
starting from the ith entry.
(i) We prove k % 0 (mod £). Suppose otherwise, we claim that

Ent1En---E1(©)=(,11,...,4-1,0,0,...,0, 1)

for some t1, ..., tx—1 € Z>. It follows that the last n entries of E,, 1 E,, - - - E1(c¢) are not all zero.
This is a contradiction, and we conclude that k £ 0 (mod £).

To prove the claim, note that k =0 (mod¥¢) and v;’s has period £, we have vy = v =
(1,ay,...,a,—1,1), hence

Ek+1Ek--~E101 =,n,....t4—1,1,a1,...,a,-1, 1,0, ...,O)Z
—_ —
Vi+1
for some t1,...,t—1 € Z,. Next note that the digit 1 in ¢ is at the (k + 1)th entry, hence

Ey---Ejcp = ¢ (see Remark 3.4) and
Ext1Ep - E1c2=(0,0,...,0,1,a1,...,ap-1,1,0,...,0),

where the first digit 1 in the column is at the (k + 1)th entry. Finally for c¢3, it is trivial to check
that E;c3 = ¢3 for all 1 <i <m + 1. Using binary addition on Z, and the three observations for
¢y, ¢, ¢3, we have

Ept1Em- Ei(ci+e2+¢e3)=(,1,...,%-1,0,0,...,0, 1)

and the claim is proved.

(ii) To prove m + n % 0 (mod £), we suppose to the contrary that m + n = £j for some j,
which means m + 1 = (¢j + 1) — n. By Lemma A.2, we have v,,+1 = (1,0, ...,0, 1), which
implies, as above,

Em+1"'E1C1 =(11t1$"'1tm—11 1»07"'701 1)t'
[ —

Vm+1
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Note that E, 41 --- E1¢3 = ¢3, hence
Epy1---Er(ci+¢e3)= (1,11, ..., tn-1,1,0,...,0,0)",

where the last n entries are zero. Also note that the last (n + 1) entries of E,;,4+1--- E1¢a equal
v; for some j depending on the value of k. By Lemma A.1(ii), v; contains at most (n — 1)
consecutive zeros, hence the last n entries in E,;,11--- E{(¢] 4+ ¢ + ¢3) contain at least one
nonzero entry, a contradiction. 0O
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