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Abstract

We obtain the equivalence conditions for an on-diagonal upper bound of heat kernels on self-similar
measure energy spaces. In particular, this upper bound of the heat kernel is equivalent to the discreteness of
the spectrum of the generator of the Dirichlet form, and to the global Poincaré inequality. The key ingredient
of the proof is to obtain the Nash inequality from the global Poincaré inequality. We give two examples of
families of spaces where the global Poincaré inequality is easily derived. They are the post-critically finite
(p.c.t.) self-similar sets with harmonic structure and the products of self-similar measure energy spaces.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The heat kernel plays an important role in studying the dynamical properties of fractals. Sig-
nificant effort has been made by a number of authors to establish the existence and the bounds
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of the heat kernels on fractals (see [1,2,16], and references therein). Typically, the heat kernel
p(t,x,y) on a fractal set K satisfies the following estimate

P By (17 d(x, y) < plt.x, ) <7Dy (7 Pd(x, ), (1.1

for almost all x,y € K and all 0 < ¢ < fg, where @; (i = 1, 2) are positive decreasing functions
on [0, 00), d is a metric on K, and «, § are positive parameters.

Note that estimate (1.1) holds for the classical Gauss—Weierstrass heat kernel in R” with
oa=n,B=2,and

B1(5) = B (s) = —— 2
1(5)— Z(S)— (47_[)”/2 exp(— 4>

For certain classes of fractals, the estimates (1.1) hold with the functions
®;(s) = cj exp(—c]'s"), (1.2)

where y;, c¢; and ¢ are positive constants. Such estimates were proved by Barlow and Perkins
[3] for the Sierpinski gasket, by Fitzsimmons et al. [10] for the affine nested fractals, by Barlow
and Bass [2] for the (generalized) Sierpinski carpets, by Hambly and Kumagai [16] and Kumagai
and Sturm [21] for p.c.f. fractals with regular harmonic structures. On-diagonal upper and lower
bounds for p.c.f. fractals were obtained earlier by Kigami [20].

The parameter « in (1.1) is in fact the Hausdorff dimension of K, whereas S is the walk
dimension of the heat kernel p(¢, x, y), which can be characterized as the largest index of non-
trivial Besov spaces on K (see, for example, [15,19,26]). See also [28] for function spaces on
fractals.

The purpose of the present paper is to obtain a number of equivalent conditions for the heat
kernel upper bound of the form

pt,x,y) <Ct™?, (1.3)

for almost all x,y € K and all 0 < t < fy. For general measure spaces with Dirichlet forms,
several equivalent conditions for (1.3) are well known. They are the Sobolev inequality [30], the
Nash inequality [6], the log-Sobolev inequality [9], and the Faber—Krahn inequality [7,8,13,14].
In the present paper, we emphasize those equivalent conditions for (1.3), which depend on the
self-similarity of the underlying space.

In Section 2, we introduce the notion of a self-similar measure energy space (K, {F;}, u, ),
where K is a compact metric space, {Fi},N: | 1s an iterated function system on K, u is a self-
similar probability measure on K with weight {p;}, and (€, F) is a self-similar Dirichlet form
with weight {rf1 }. Our main result (Theorem 2.2) gives a number of equivalent conditions for
the existence of the heat kernel on this space satisfying (1.3). Surprisingly enough, the heat kernel
bound (1.3) is equivalent to the discreteness of the spectrum of the generator H of the Dirichlet
form (&, F). Obviously, self-similarity is important for the validity of this kind of result.

Another equivalent condition for (1.3) is the global Poincaré inequality. In Section 3 we
provide a convenient sufficient condition for the global Poincaré inequality, which, in particular,
can be applied on p.c.f. fractals with harmonic structures.

Finally, in Section 4, we consider two kinds of examples of self-similar measure energy
spaces—p.c.f. fractals with harmonic structures and product spaces.
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2. Main results

Let K be a compact metric space. Let N > 2 be an integer, set S = {1,2,..., N}, and let
{Fi}ics be a family of contractions on K such that

(A0) K =| JF(K).

ieS

A couple (K, {F;}) is called a self-similar space. Typically, self-similar spaces arise as follows.
Let G be a complete metric space and let {F;};cs be a family of contractions on G. Then there
exists a unique non-empty compact subset K of G satisfying (A0) (see [18]). Clearly, restricting
the mappings F; to K, we obtain a self-similar space.

Let K be a self-similar space and  be a measure on K. We say that u is self-similar if u is a
regular Borel measure with total mass 1, which satisfies the identity

(A1) w(A) =" pin(F(A),

ieS

for any Borel set A C K, where {p;};cs is a fixed sequence of positive numbers such that

Zpi =1

ieS

Such a measure u always exists on K (see [18]). We refer to the sequence {p;}ics as the weight
of u.
For any Borel function f and any 1 < p < o0, set

1/p
I £l = </|f(X)|de(X)>
K

and consider the Lebesgue space L? () := LP (K, ).
Set K; := F;(K) for i € S. We further assume that the sets {K;};cs do not overlap in the sense
that

(A2) w(K; NK;)=0 forall distincti, j € S.

Note that (A2) is satisfied if the open set condition holds, see, for example, [22]. For any m > 1,
any word w =iy ...i,, € 8™, and any function f: K — R, define

K, = Fw(K)v

m?

Fw=Fi10"‘0Fi
Pw = Piy + - Piy > Jo=1[oFo.

For the empty word w, set F,, = id.
It follows from (A1) and (A2) that

n(Kp) = po- 2D



430 A. Grigor’yan et al. / Journal of Functional Analysis 237 (2006) 427-445

Moreover, for any f € L! (n) and any m > 1, we have

/f(x)dM(X)Z Z pw/fw(X)du(X) 2.2
K K

weS™

(see [1, Theorem 5.28, p. 73]).
FixO0<A<1landq:=(q1,92,...,9n) With 0 < g; < 1, and we define a partition A associ-
ated with the data (A, q) as follows

A={wo=i1...ip: iy ... i, | 212> Giy ... qi, )

Then it is easy to see that

K=|JKo and w(K,NK;)=0 ifo#teA,

weA

which implies the following extension of identity (2.2):

weA

/f(x)du(x): Z,Ow/fw(X)d,u(x), 2.3)
K K

forany f € L' ().
Let (£, F) be a Dirichlet form! on L?(1). We say that (£, F) is self-similar if, for any f € F,
the functions f o F; are also in F for eachi € S, and

(A3) EN)=Y rT'E(fo R,

ieS
where {r;}ics is a fixed sequence of positive numbers. The sequence {rl._l}l-e s is referred to as

the weight of £.
By induction it follows from (A3) that, for any partition A,

EF) =Y () "Ef). (24)

weA

Definition 2.1. Any quadruple (K, {F;}, u, £) satisfying conditions (A0)—(A3) is called a self-
similar measure energy space.

By the closedness of (£, F), the space F is a Hilbert space with the inner product

E1(u,v):=w,v) +E,v).

1 We refer the reader to [12] for the definition and properties of the Dirichlet form and related topics.
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Any Dirichlet form (€, F) has a generator H, which is a non-negative definite self-adjoint oper-
ator in Lz(u). Denote by Acss(H) the bottom (or infimum) of the essential spectrum2 of H. The
operator H gives rise to the heat semigroup

P, =exp(—tH),
where ¢ > 0. If the operator P; has an integral kernel for any 7 > 0, then the latter is called the
heat kernel of (£, F), and is denoted by p(¢, x, y). Recall that a Dirichlet form (£, F) is called
irreducible, if 1 € F and £ (u) = 0 if and only if u is constant.

Out main result is the following theorem.

Theorem 2.2. Let (K, {F;}, 1, &) be a self-similar measure energy space, and let the Dirichlet
form (€, F) be irreducible. Assume that

n:=max{p;r;} < 1. 2.5)
ieS
Then the following conditions are equivalent:

(1) (Global Poincaré inequality) There exists a constant ¢ > 0 such that, for all f € F,

2
I1£13 <€)+ ( / fdu> : (2.6)
K
(2) (Nash inequality) There exist constants c,0 > 0 such that, for all f € F,
LAY < e + 1131177 @7

(3) (Diagonal upper bound) The heat kernel p(t, x,y) of the Dirichlet form (€, F) exists, and
satisfies the estimate

p(t,x, y) < cmax(r~,1), (2.8)

forallt > 0 and almost all x, y € K, and for some c, 6 > 0.
(4) (Trace of heat semigroup) The trace Trace(P;) of the heat semigroup admits the estimate

Trace(P;) < cmax(t %, 1), (2.9)

forall t >0 and some c,0 > 0.

(5) (Eigenvalue estimates) The spectrum of the generator H is discrete and consists of a count-
able sequence 0 = Ag < A1 < Ao < -+ < A < -+ - of eigenvalues counted with multiplicity.
Furthermore,

A = ek, (2.10)

for all k > 0 and for some c,6 > 0.

2 The essential spectrum is the part of the spectrum of H which is complement of the discrete spectrum of H.
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(6) (Discrete spectrum) The spectrum of the generator H is discrete, that is Aess(H) = +00.
(7) (Positivity of the essential spectrum) Aegs(H) > 0.

Remark 1. The hypothesis of self-similarity (including (2.5)) is used only for the implication
(1) = (2). Without this hypothesis, the following equivalences hold in the general setting:

2 & O, @ < 06, @O < .

Indeed, (1) = (7) is obvious from the spectral theory and (2) < (3) was proved in [6]. With a
certain amount of effort, we can prove that (5) = (4) is true (we omit the detail).

Remark 2. Note that the equivalence (2) < (3) holds in general with the same value of 6
(see [6]). The equivalence (4) < (5) also holds with the same value of 6. However, there are
examples of p.c.f. fractals where the best value of 6 in (3) is different from the best value of 6
in (5) (see [17, Theorem 3.4] and [20, p. 179]).

Remark 3. A. Bendikov and L. Saloff-Coste (private communication) constructed an example of
a Dirichlet form on an infinite-dimensional torus T with 0 < Aes(H) < 00. Hence, in general
the implication (7) = (6) fails. Another example of a Dirichlet form on T gives a discrete
spectrum with eigenvalues A, growing logarithmically in k (see [4]). Hence, the implication
(6) = (5) also fails.

Since the discreteness of the spectrum of H is known to be equivalent to the compactness of
the embedding F < L?(1), we obtain the following corollary.

Corollary 2.3 (Compact Embedding Theorem). Under the hypotheses of Theorem 2.2, each of
conditions (1)—(7) is equivalent to the fact that the identical embedding F — Lz(u,) is a compact
operator.

The fact that the heat kernel bound (2.8) implies the compactness of the embedding F —
Lz(,u) was also proved in [15, Theorem 4.12].

Proof. The proof of Theorem 2.2 will follow the diagram:
m = 2 = @ = @ = & = ©6 = O = 0.

The implications (5) = (6) = (7) are trivial. The fact that (2) = (3) was proved in [6, Theo-
rem (2.1), p. 251] (see also [14]). In the sequel we denote by ¢ a positive constant, whose value
is unimportant and may change at different occurrences.

(1) = (2). The proof given here is motivated by [1, p. 107], see also [20, p. 173]. Let ¢; = p;r;
where 1 <i < N. By hypothesis (2.5), we have 0 < ¢; < 1. For any fixed 0 < A < 1, consider
the partition A associated with (X, q). It follows from (2.3) and (2.6) that, for any f € F,

LFE=" pc / fr()?dp(x)
K

TEA
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<D o pe (ce(f» + ( f fe du>2>

TEA
2
<c2<ptrr>r;15(ft>+Zp,*(pt/|fz|du)
TeEA TeEA K
1 -1 ?
<emax(pere) Y ry €(f0) + (minoc)) (Zpt / |ft|du)
TeA TeA K
<c(AEW) +27F13), (2.11)
where
9=max< log pi ) (2.12)
ies \ log pir;

Here we have used the fact that, for any 7 € A,
pere <A< ag ' pere,  ag= rl,neib{l{piri},
and
Pr = (prrr)% P (Prrr)maXiES l;;f% P (aO)\)g
by noting that p,r; < 1 and

log pr log p;
—— <max ———.
log(pcrr) — ieS log(piri)

Clearly (2.11) implies

I£13 <c(A(EH +FNFIZ) +27FIT) O<r<1). (2.13)

Note that (2.13) also holds for any A > 1, so it is true for all A > 0. Choosing an optimal value
of A, for example,
1
e ( 117 )
ENH+IrI13)
we arrive at (2.7).
(3) = (4). By definition, we have

Trace(P;) = Z(P,vk, V), (2.14)
k



434 A. Grigor’yan et al. / Journal of Functional Analysis 237 (2006) 427-445

where {vg} is an orthonormal basis in L?(11), and this definition does not depend on the choice
of the basis. Let us show that

Trace(Py) = f / p(t,x, y) 2 dp(y) du(x). (2.15)

Noticing that

Ptv(X)=/p(t,x,y)v(y)du(y)=(p(t,x,~),v),

K

we obtain from (2.14) and P, = P? that

Trace(Py;) = Z(szk, Vk Z(P;vk, Pvy)
—Z/ Pt ) ) dpx). (2.16)

Expanding p(z, x, -) in the basis {vy} we obtain

plt,x, )= " (p(t,x,), vi) vk 2.17)
k
whence by the Parseval identity
S (ptx. ) w) = | pex. )| 2.18)
k

Hence, it follows from (2.16) and (2.18) that

2
Trace(Pa) = f P, x,)];duc), (2.19)
K
giving (2.15). Since & is irreducible, we have that
fp(t,x,y)du(y):l (t>0,x€eK), (2.20)
K

see, for example, [1, Lemma 4.10]. Finally, using (2.8) and (2.20), we obtain from (2.15) that

Trace(Py;) < sup p(t,x,y)//p(t,x,y)du(y)du(x)<cmax(t‘9, 1),
x,yeK

proving (2.9).
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(4) = (5). It is a general fact that if a positive-definite self-adjoint operator in a Hilbert space
has a finite trace, then its spectrum is discrete away from 0, see, for example, [5]. Hence, the
spectrum of the operator P; = ¢~ consists of a discrete part and possibly 0. By the spectral
mapping theorem, if A € Spec(H), then e ~"* € Spec(P;). Since e~"* is positive, it belongs to the
discrete spectrum of P;, whence we conclude that A belongs to the discrete spectrum of H. This
proves that all the spectrum of H is discrete.

Now let {A¢}2, be the eigenvalues with eigenfunctions ¢ which forms an orthonormal basis
of L*(11). Using (2.14) and the fact that

ptx, ) =) e M (0)pr(y)
k

for all > 0 and p-almost all x, y € K, we have

Trace(P1) = Y (Pign, o) = ) (e ™ pp, gp) = Y e M.

k k k
Therefore, by hypothesis (2.9) we see that, for all # > 0,

9]

Zeikkl < cmax(fe, 1) =:h(1).
k=0

Assuming that the sequence {A;} is enumerated in an increasing order, we obtain that, for any
k>1,

ke ' < h(t),
which yields that

A >ll k
=z — 108 ——,
2R

t>0
For k large enough, choose ¢ so that k = ect~? and t < 1. For such a t, we have h(t) = ct ™% =
k/e, and so

A =k, (2.21)

where ¢’ > 0. Now (2.21) is true for large enough k, but by adjusting the value of ¢/, we see that
this inequality holds for all £ > 0.

(7) = (1). The irreducibility of (£, F) implies that O is a simple eigenvalue of H with eigen-
function 1. Therefore, the rest of the spectrum of H coincides with the spectrum of H restricted
to the subspace Q of L% (1), which is the orthogonal complement of 1, that is

0= {f € L2(u): /f(X)du(x) _ 0}.
K
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Hence, we see that

E(N)
m .
feFnQ\o | £113

inf{A: 1 € Spec(H) \ {0}} = (2.22)

The Poincaré inequality means exactly that the right-hand side of (2.22) is positive. Thus it is
enough to show that the left-hand side of (2.22) is positive. Indeed, since tegs = Aess(H) > 0, it
suffices to show that

1
inf{k: A eSpec(H)N <0, Ekess)} > 0. (2.23)

However, by the definition of Aeg, we see that the spectrum of H inside the interval [0, degs) 1S
discrete. Hence, the spectrum inside (0, %Xess) consists of a finite number of eigenvalues with fi-
nite multiplicity. Therefore, we see that 0 is not a limit point of the spectrum, proving (2.23). O

3. Global Poincaré inequality

Let (K, {F;}, n, &) be a self-similar measure energy space with the weights {p;}ics and
{ri_1 }ies, as defined in Section 2. Fix a point ¢ € K, set

0 :={F1(q0). F2(q0). - ... Fn(q0)}

and consider the following condition: there exists cg > 0 such that

2
(Ad) |f@) = fqo)|” <cof(f) forall f € Fandg € Q.
Lemma 3.1. Assume that (A4) holds. Then, for any sequence of positive numbers {a;};°, satis-
Jying

o0

> at <o, (3.1)

=0

there exists a constant ¢ such that, forany k > 1 and all f € F,

k—1
S K (frq0) — Fq0)> <c S am'E(), (32)
TesSk =0

where 1 is defined in (2.5).
Proof. Fix f € F, k> 1 and consider t :=ijip...ix € Sk. Set
xo=qo and x;=F;, ;(q) forl<I<k.

Observing that F;
0<I<k—1,

(q0) € O, we apply (A4) with the function f o F;, ; to obtain that, for any

141
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(f D) = D) = (f 0 Fiyisr (90) = f 0 Fiy_ir(q0))°

= (f o Fiy..iy(Fiy1 (q0)) — f o Fiy iy (QO))2
< Cog(f o Fil...il)- (33)

Seter ==Y 12 al_l < oo. It follows from (3.3) that

(fe(@0) — f(q0)* = (fx0) — F(x0))°

2
(Z“z 2(fan) - f(XZ+1)))

(Z“l ) Y a(f) - f(xl+1))

<cico Zazé’(f o Fiy _ip)- (34)

=0

Summing up in 7 € S¥, we obtain that

> w(Ko)(f:(q0) — £(g0)” < crcolk (/). (3.5)
TesSk
where
k—1
(f):= Y wKo)Y a@(foF i)
T=i]...ireSk =0

Noting that w(Kj,. i) = pi, - .. pi, and Y, g pi = 1, we have

k—1
L(H= Y wKi i)Y al(foF i)
i1yenny ireS =0
k—1
=Z<al Z Piy - ,Ozlg(fOle l]))
=0 T1yeeey i1es
k—1
am' E(f), (3.6)
=0

where the last inequality follows from

D pirePiE(f o Fiy i)=Y (pero)re) ' E(f o Fy)

i1,y iieS res!



438 A. Grigor’yan et al. / Journal of Functional Analysis 237 (2006) 427-445

<n' Y o T'Ef o Fy =n'E(f).

res!

Finally, (3.5) and (3.6) yield (3.2). O

Theorem 3.2. Let (K, {F;}, u, &) be a self-similar measure energy space. Assume further that
the Dirichlet form (£, F) is regular and satisfies (A4). If (2.5) holds, then the global Poincaré
inequality (2.6) holds with a constant ¢ = c(co, ).

Consequently, under the hypotheses of Theorem 3.2, all conditions (1)—(7) of Theorem 2.2
hold as well.

Proof. Fix a function f € F N C(K) and k > 1. By hypothesis (A2), when t varies in S¥, the
cells K; form a partition of K up to a set of u-measure 0. Therefore, for p-almost all x € K,
there exists exactly one 7 € § k such that x € K. For such an x, set Jfr(x) := fr(q0). Obviously,
the function fi(x) is defined for p-almost all x € K, and is constant on any cell K.

Set a; = n~!/? and observe that the sequence {a;};°, satisfies (3.1) since n < 1. Thus, we
obtain from (3.2) that

/ (fel®) = fq0)* duo) =Y f (fr(q0) — f(q0)) dpu(x)

K reSkKT

= >~ Ko (fr(q0) — f (o)’
Tesk
k—1

<Y am' E(f) < cE). 3.7

=0

Since f is continuous, K is compact, and F;’s are contractive, it is easy to see that fi(x) — f(x)
for pw-almost all x € K as k — o0o. Hence, letting k — oo in (3.7), we see that

/ () = f(q0) du(x) < cE(f)

K

for all f € F N C(K). Thus, upon setting

f=ff(X)du(x),
K

we obtain that

ffzdu—<f>2=/<f—f)2du:ggﬂg/<f—s>2du<ce<f>,
K K K

whence (2.6) follows. Finally, by the regularity of (£, F), the set F N C(K) is dense in F, which
allows us to extend (2.6)to all f € F. O
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Given a Dirichlet form (£, F) on K, define an effective resistance R(x, y) for any two points
x,y € K by

_ 2
R(x,y)= sup M (3.8)

rerepno €W

Hypothesis (A4) means that

R(q,q0) <co foranygq e Q,

that is, R is assumed to be bounded on a finite set of points in K. It was shown in [20,
Lemma 3.3.7, p. 86] that, for a p.c.f. self-similar fractal K with a harmonic structure, the es-
timate

sup R(x,y) <oo (3.9)
x,yeK

holds if and only if the harmonic structure is regular (see the next section for details). If (3.9)
holds, then the Poincaré inequality (2.6) trivially follows from

1F0) = FO]F < sup R, WES),

x,yeK

see [16, Lemma 3.1, pp. 438-439]. However, for non-regular harmonic structures, the Poincaré
inequality cannot be obtained in this way, whereas Theorem 3.2 still can be applied.

4. Examples

In this section, we consider two ways of constructing self-similar measure energy spaces. The
first example is p.c.f. fractals with harmonic structure and the second is products of self-similar
measure energy spaces.
4.1. Post-critically finite self-similar fractals

Let G be a complete metric space and {F;};cs be a family of contractions in G, where S =

{1,..., N} and N > 2. Fix a finite set Vo = {p1,..., pp} C G which consists of D > 2 distinct
points. For any m > 1, define the sets V,, C G by induction as follows:

Vi =J F: (V).
ieS
Assume that
B1) Vo C Vi,

which implies that the sequence {V};,},,>1 is increasing.
Consider the set V] as a graph: two points x, y € V| are neighbors in V) if there exists i € S
such that x, y € F;(Vp). We say that V| is connected if, for any pair x, y in Vy, there exists a finite
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sequence x = Xxq, X1, ..., Xy = y such that x;_; and x; are neighbors for any / =1, ..., k. In the
sequel, assume that

(B2) V1 is connected.

Let us introduce a quadratic form & on Vj as follows. Fix a symmetric D x D matrix (c;;)
of non-negative reals and, for any function f:Vy — R, set

D
&)= ci(f) - fpp)’. @1

ij=1

The numbers c;; are termed the conductances of the graph V. Assume that & is irreducible,
that is

(B3) E(f)=0 implies f =const on Vj.

Given &, we inductively define a quadratic form &, on V,, by

En(f) =) 17 &n1(f o F), (4.2)

ieS

for every function f on V,,, where r; are positive constants. By (4.2), we have

En(f) =Y (ra) " E0(fo) (4.3)

weS™
forallm > 1, where r, =i ...1, forw =iy ...ip.

The irreducibility of & implies that of £;. Together with the connectivity of Vi, this yields
that there exists a constant ¢y > 0 that, for any function f on V; and for any two points p, g € V1,

(F(p) = f@)* < col1(f). (4.4)

Assume further that, for any function f on Vi,

(B4) Ef) = E(f).
Set
V* = U Vma
m=0

and observe that

vi={JFwo. (4.5)

ieS
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For any function f on V,, we have by (4.2)

Eni1(f) = Em(H) =17 (Em(f 0 F) = Emr(f o F)).

ieS

Therefore, condition (B4) implies that the sequence {£,,(f)};._, is increasing in m by induction.
Thus, for any function f:V, — R, we can define

m—0Q
(where so far we allow £(f) = 400). It follows from (4.4) that, for any function f on Vj,

(f(p) = F@)> <ol (f) forall p,q e V1. 4.7

Let K be the closure of V, in G. It is obvious from (4.5) that K satisfies (A0). It is easy
to verify that K is compact; hence K is a self-similar space. For any function f on K, define
E(f)=E(flv,) and set

F:={feCK): E(f) < o0}. (4.8)

It follows from (4.1) that (£, F) satisfies the Markov property: if f € Ftheng=(0V f)Alis
also in F and £(g) < E(f). Clearly (€, F) is irreducible. Moreover, (4.2) and (4.7) imply that
(€, F) satisfies conditions (A3) and (A4).

Finally, for any sequence {p;};cs of positive numbers such that Zi es Pi = 1, there exists a
Borel regular measure p on K satisfying (Al).

In order to conclude that (K, {F;}, u, &) is a self-similar measure energy space, we still need
to verify condition (A2), and to ensure that the form (&, F) is closed with F dense in LZ(M).
This can be done under additional conditions as follows.

A particularly interesting case of the above construction is p.c.f. fractals introduced by
Kigami, see the details in [20, Chapter 1]. Let (K, {F;}) be a connected p.c.f. fractal with the
boundary Vo :={p1, p2, ..., pp} (D > 2). We may introduce a sequence of quadratic forms &,
on V,, exactly as above. We say that K possesses a harmonic structure, if there exista D x D
matrix J := (c;;) and a vector r := (r(, r2, ..., ry) such that

inf{&1(g. 8): g = f on Vo} = Eo(/) 4.9)

for all f:Vy — R. The harmonic structure (J, r) is said to be regular if r; < 1 foralli € S. Itis
easy to verify that the harmonic structure is regular if and only if < 1 and 6 < 1 where n and 6
are defined by (2.5) and (2.12), respectively.

It is still an open question whether or not a general p.c.f. fractal possesses a harmonic structure
although a positive answer was obtained for certain classes of p.c.f. fractals, see [23,24,27].
Assuming that (J, r) is a harmonic structure on (K, {F;}). Then condition (4.9) implies that
&1 = & and hence one can obtain the quadratic form (£, F) on K as above.

Definition 4.1. We say that a collection (K, {F;}, i, £) is a harmonic p.c.f. fractal if (K, {F;})
is a connected p.c.f. fractal with contractions F;, and u is a self-similar measure on K, and the
quadratic form £ is associated with a harmonic structure as above.
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For a harmonic p.c.f. fractal, the assumptions (A0)—(A3) in Section 2 hold; in particular, (A2)
follows from

Fi(K)NFj(K)=F,MV)NFj(Vo) (#]),
see [20, Proposition 1.3.5, p. 19]. In general, (£, F) is not necessarily a closable form. At this
point, a harmonic p.c.f. fractal is not included the variational fractal introduced by Mosco [25].
However, Kigami [20, Theorem 3.4.6, p. 92] proved that, a harmonic p.c.f. fractal (K, {F;}, i, E)
with weights {p;} and {ri_l} satisfying (2.5) is a self-similar measure energy space satisfy-
ing (A4). Thus, the global Poincaré inequality follows by Theorem 3.2, which implies also
conditions (2)—(7) of Theorem 2.2. In particular, we obtain the existence of the heat kernel satis-

fying (2.8). The latter result was obtained in [20, Theorem 5.3.1, p. 172], where the on-diagonal
lower bound of p(¢, x, y) was also proved by using a probabilistic approach.

4.2. Products of self-similar spaces

Let (K, {Fjl}ies, i, €) be a self-similar measure energy space with the weights {p;}, {r;l}.
We say that the weights of this space are homogeneous with coefficient n if

piri=n foralli eS.

Let now (K', {F/}, i/, £") and (K", {FJ/.’}, w”, E") be two self-similar measure energy spaces,
respectively, with the weights {p/}, {()) "'} and {,0}’}, {(r}/ )~!}. Consider the product space

K:=K xK".
Clearly K is a self-similar space with the family of contractions
(Fyj}={F ® F]},
because

K = J(F ® F})(K).
inj

Consider the product measure on K
W= 'u/ ® M”.
It is not hard to see that y is a self-similar measure on K with the weight {p/ ,o//’ 1, and so condi-

tions (A1)-(A2) hold.
Define an energy form £ on K by

E(f) = / E(FCx") du" (") + / E"(F (', )) di ) (.10)
K/

K"
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for f € Lz(,u), and set
F={feLl*(w: £(f) <oo}.

Proposition 4.2. Let (K, {F/}, i/, £") and (K", {Fl’.’}, w”, E") be two self-similar measure en-
ergy spaces with the weights {p]}, {(ri’)_l} and {,0}/}, {(r;./)_l}, respectively, and let the forms
(&', F") and (", F") be irreducible. Assume that the both pairs of weights are homogeneous
with the same coefficient n, that is,

.1

piri=pjri=mn foralliand j. (4.11)

Then the energy form £ defined in (4.10) is self-similar with weight {17(rl.’r}/)’1 }, that is

Efg) =D n(rir!) ' E(f o (F/ @ F)).g o (F ® F})) 4.12)

i,j

for f, g € F. Moreover, (£, F) is an irreducible Dirichlet form on L*(w), and (K {Fij}, n, &) is
a self-similar measure energy space, whose weights are homogeneous with the same coefficient n.

Note that the homogeneity of the weights of the forms (&', F'), (£”, F") is essential for the
self-similarity of (£, F).

Proof. The self-similarity of £ was proved in [29, Lemma 2.2]. The Markov property and the
irreducibility of £ follow directly from definition (4.10). The closedness of (£, F) was proved
in [11] (see also [29, Corollary 2.7] for the case of discrete spectrum). Hence, (£, F) is an
irreducible Dirichlet form. The weights {p] ,o;.’} and {r)(rl.’r}’)_l} of the product space are also
homogeneous with the same coefficient n because

pipi (™ 'rirf) =0~ (ojr) (o{'r{) = .
This completes the proof. O

In the view of Proposition 4.2, the procedure of taking products can be iterated. Namely,
if {(K™, {Fi(")}, w™ £MYY} is a finite sequence of a self-similar measure energy spaces with
homogeneous weights with the same coefficient ,, then the product

K:=KWDx...x K™

has also the structure of a self-similar measure energy space defined as above.

Note that the products of fractals are infinitely ramified fractals, and hence they are not p.c.f.
fractals. This gives examples of self-similar measure energy spaces which are not p.c.f. fractals.
Another family of examples are the Sierpinski carpets.

As an example of applications of the above results, let us prove the following statement.

Corollary 4.3. Let {(K™, {Fi(")}, w™ EMYY be a finite sequence of p.c.f. fractals with homo-
geneous weights with the same coefficient n < 1. Then their product (K, {F;}, i, £) satisfies all
conditions (1)—(7) of Theorem 2.2.
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Proof. By Theorem 3.2, each space K satisfies the global Poincaré inequality. By Theo-
rem 2.2, the generator of £ has discrete spectrum. Then, it is easy to see that the generator
of the form £ on the product space has also discrete spectrum. By Proposition 4.2, the product
space (K, {F;}, u, £) has homogeneous weights with the same coefficient n < 1. Hence, Theo-
rem 2.2 applies and yields the claim. O

Corollary 2.3 implies then that, under the above conditions, the compact embedding theorem
holds on the product space, too. The latter was also proved by Strichartz for the product of two
p.c.f. fractals with regular harmonic structure (see [29, Corollary 2.7]).
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