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HAUSDORFF DIMENSION OF RANDOM FRACTALS
WITH OVERLAPS

Z.G. Yu, V.V. AnH AND K.S. Lau

This paper considers random fractals generated by contractive transformations which
satisfy a separation condition weaker than the open set condition. This condition
allows overlaps in the iterations. Estimates of the Hausdorff dimension of this kind
of random fractals are obtained.

1. INTRODUCTION

The term fractal was first introduced by Mandelbrot to denote sets with highly
irregular structures. Mandelbrot and others have then used fractals to model various
natural phenomena (for example, {19, 2]). A mathematical development of fractals via
the theory of (non-random) self-similar sets and measures was given by Hutchinson [12].
A family of contractive maps {w;;;_, on R™ is called an iterated function system ([2]). An

N
iterated function system generates an invariant compact subset K = |J S;(K’), which
=1
is usually referred to as its fractal set. For the given probability weights {w;})X,, it
generates an invariant measure

N
=) wipo ;.
i=1

The invariant sets and measures play a central role in the theory of fractals. In practice
it is often assumed that the maps are similitudes, and in the iteration, they satisfy a
nonoverlapping condition called the open set condition ([12])). One of the advantages of
the open set condition is that the points in K can be represented in a symbolic space
(except for p-zero sets) and the dynamics of the iterated function system can be identified
with the shift operator in this space. Without the open set condition, the iteration has
overlaps and such representation will break down, and it is more difficult to handle this
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situation ([15]). The simplest example of an iterated function system with overlaps is
given by the maps

Si(z) =pz, S2iz)=pz+(1-p), 1/2<p<lzeR

The invariant measure y, associated with the weights w; = w; = 1/2 is called the
Bernoulli convolution ([4, 8]). Recently there has been a great deal of interest in the
problem whether p, is absolutely continuous. Erdés [4] first proved that if p~! is a Pisot—
Vijayaraghavan number, then p, is singular. Solomyak ([27, 22]) proved that for almost
all p, p, is absolutely continuous. The density argument used in [22] has also been used
to consider a variety of iterated function systems with overlaps ([23, 24]). There are
other examples of the overlapping case, such as those given in [14] and [26].

In another direction Lau and Ngai introduced a weak separation condition on iter-
ated function systems of similitudes ([16]). This condition is weaker than the open set
condition and includes many of the important overlapping cases. Under the weak sepa-
ration condition, several significant results have been obtained (see the review paper [15]
and the references therein).

But natural phenomena are more complex and often are better modelled by random
sets. In the early 1980’s, there was a large amount of works on self-similar random
sets in the study of self-similar processes such as stable processes and Brownian motion.
Many results have been obtained for fractal properties such as singularity spectrum,
generalised dimensions for self-similar random sets (see, for example, [1, 5, 10, 20, 21,
13]). In practical applications, it is necessary to consider sets which are only generated
by contractive maps, for example in the study of flux in condensed-matter physics ([28])
and fractional diffusion equations for transport phenomena in random media ([9]). In
this direction Liang and Ren [18] investigated a class of general random fractals, namely,
random net fractals.

But all these works on random fractals require the nonoverlapping condition. Apart
from Pesin and Weiss [25] which considered a special Cantor-like case, there has been
no known result in the overlapping case. In this paper, we investigate a class of random
net fractals generated by contractive maps with overlaps. Estimates of their Hausdorff
dimension under a random weak separation condition will be given. This condition is
related to the weak separation condition introduced by Lau and Ngai [16] in the non-
random case.

2. RANDOM NET FRACTALS GENERATED BY CONTRACTIVE MAPS

2.1. SEQUENCES AND TREES. Let o = (4, 4s,.--,1,) be a sequence of positive inte-
gers and let |o| = n denote the length of the sequence. For 0 = (i1,%a,...,1,), ol =
(1,22, .. .,%), ¥ < n denotes the sequence obtained by restricting ¢ to its first k terms.
If o = (i1,4,...,%,), then 0,0’ is the sequence (i1, 43, ...,4n,1],%,...,%,) obtained by
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juxtaposition of the two sequences o and ¢’. We write ¢ < 7 to mean that the sequence 7
is an extension of o, that is 7 = g, ¢’ for some sequence ¢’. We adopt a similar convention
if 7 is an infinite sequence of positive integers and assume that the null sequence @ < o
for any sequeﬁce . _

A free is a collection F of finite sequences of positive integers such that ¢ € F
implies ¢’ € F for any ¢’ < 0. The sequences of F may be identified with the vertices of
a directed graph with o being joined to o, in the obvious way. We write

vfk={0€.7~': lo] =k}
for the set of sequences of length k£ and
N(o)=#{i: o0,1€ F}

for the number of outgoing edges from the vertex o in a graph of F. Let F be the set
of infinite sequences 7 such that ¢ € F for every finite curtailment ¢ < 7. We allow
N{o) = 0, but always assume that N(o) < oo.

REMARK 1. We always assume that the trees used in this paper are random trees rep-
resenting a branching process, that is, a typical individual ¢ € F has N(c) “offspring”,
where N(o),0 € F are independent and identically distributed. Moreover, the offspring
of o may be labelled as (0,1),. .., (o, N(0)).

2.2. RANDOM NET FRACTAL GENERATED BY CONTRACTIVE MAPS. Fix a Euclidean
space R™ and a compact subset I of R™ such that I = cl(int I). Write |-| for the diameter
of a subset of R™. Let (2,G, P) be a probability space. Let Con denote the set of all
contractive transformations in R™. For each w € 2, let

O(w) = {d),,(w) : 0 € F,¢,(w) € Con and
ds ()lz ~ 9] < [$o(,2) = b0 (w, )] < o)l — 31}

be a family of random contractive maps satisfying the following properties:
(1) Ip{w) = I for almost all w € Q;

(2) for every o € F, N(0), d,(w) and ¢,{w) are random variables. Moreover
the random vectors

(da,h R da,N(a)) and (ca,lr ceny ca,N(a))a ceF
are independent and identically distributed, and

0 < d(w) = inf{d,(w) : 0 € F} <sup{c,(w):0 € F} =¢w) < L.



318 Z.G. Yu, V.V. Anh and K.S. Lau (4]

We denote S, (w) = @, (w) 0 -+ 0 ¢y, (w) for any o € F. Assume that

Io(w) = ¢0|1(w) S0 ¢z7]|‘,|(w)(I) clL

We denote I(w) = |J I,(w). It is easy to see that Iy(w) C Ix—1(w). Define the random
oEF}
set K(w) by

K(w) =) Iw).
k=0

The set K(w) is called a random net fractal generated by a family ®(w) of random
contractive transformations.

Liang and Ren [18] assumed that

(*) For almost all w € Q and for every 0 € F, ¢,:(w)(I) and ¢ j(w)(1), 7 # j, are
non-overlapping compact subsets.

They then obtained an estimate of the Hausdorff dimension of the random net fractal
K(w).

For k € Nyw € Q,0 € F, we define a stopping time t;(o,w) by

te(o,w) = min{i: [S,()(1)] < &)}

and let
Ak(w) = {0|tk(0,w) . 0 € .7'-}

We now replace condition (*) by the following weaker condition which allows over-
laps.

DEFINITION 2.1: For almost all w € €, a family ®(w) of random contractive trans-
formations is said to have the random weak separation property if every closed dk(w)-ball
intersects with at most { distinct S,(w)([), 0 € Ax(w), where S,(w)(I) can be repeated
(that is, it is allowable that S, (w)(I) = Sy (w)(I) for 0,0’ € Ax(w), 0 # o).

REMARK 2. In the case of non-random fractal, the condition (*} corresponds to that
for net fractals without overlaps (it obviously satisfies the open set condition). For net
fractals with overlaps, iterated function systems can still satisfy the open set condition
(see Rao and Wen [26]). There are also many net fractals which do not satisfy the open
set condition but have the weak separation property (see [16] for several examples).
REMARK 3. ®(w) without overlaps obviously has the random weak separation property.
In this case, we can take [ = 1. If all ¢,(w) are similitudes with the same contraction ratio
and ®(w) is an iterated function system, from Corollary 2.6 of {17], our definition of the
random weak separation property becomes the random version of a condition equivalent
to the weak separation property introduced by Lau and Ngai [16).

For o € Ag(w), we denote

[o] = {0’ € Ak(w) : S,(I) = S, (1)},
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and
Mi(w) = max{#[o] : o € Ax(w)}.

For any set A C'R™, if {U;} is a countable (or finite) collection of sets of diameter
at most § that cover A, we say that {U;} is a §-cover of A. For any § > 0,5 > 0, we
define

Hi(A) = inf{z |U;|* - {Us} is a d-cover of A}.

i=1
Then
H(A) = lim H3(A)
§—-0
is called the s-dimensional Hausdorff measure of A. Moreover
dimy(A4) = inf{s: H°(A) =0} =sup{s: H’(A) =00}
is called the Hausdorff dimension of A (see [6]).
We now state the main result of this paper.

THEOREM 2.2. Consider a family ®(w) of random contractive transformations
which have the random weak separation property and satisfy (1) and (2). Let K(w) be
the random net fractal generated by ®(w). Then K(w) = 0 with probability q and

t +l;rﬂmf1£lg()—1g\ll% < dimy K (w) € min{s,m}
with probab:lity 1 — q, where q is the unique non-negative solution less than 1 of the
equation z = Z P(N(®) = k)z* and m is the dimension of the Euchdean space t and
s are the solutxons of the expectation equations El\g)d‘ =1and E Zcf w) =1
respectively. = =1

The proof of Theorem 2.2 will be given at the end of this paper.
REMARK 4. If we have the nonoverlapping condition, then

log M (w
it P =

which is the result obtained by Liang and Ren [18].

We next recall [6, p. 113] that the d-parallel body As of a non-empty compact set
A C I is defined by

={z €I: |z— a| <6 for some point a € A}
and the Hausdorff meiric is defined by
dp(A,B) = inf{6: AC Bsand B C Ay).

We now have
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PrROPOSITION 2.3. For each w € Q and any non-empty compact subset A of
I, if we define

Av(w) = ¢al1 (UJ) ©:--0 ¢U!;,|(w)(A) and Ak(w) = U Ad(w)7

o€F}

then Ay(w) 2 K (w).
PROOF: If § is such that the é-parallel body (S’,(w)(A))J contains S, (w)(7I) for each
o, then ( U S,,(w)(A))J contains |J S,(w)(I). Hence

o€F oEFy
dn(Axw), @) = du (| So@)(4), | Sol@)(D)
o€Fk o€EF
< sup diy (S6(w)(4), S5(w)(1)
< fél}]:_) Coly -+ - Caljo A (A, T)

< Tdu(4,1) — 0 (as k — o0).

From the definition of K (w), we then have Ax(w) Ny e (w). 0

The above proposition allows us to construct K(w) starting from any point z, € I.

If we take Ag(w) = {zo} and
Ap(w) = {S,(w)(z0) : 0 € Fi},

then Ag(w) 22 K (w).
Regarding a random net fractal K(w) as a branching process, Liang and Ren [18]
proved the following result:

LEMMA 2.4. ([18]) Foreachw €Q, let Z,(w)= Y N,(o).
a€Fy

(1) If E(N,(®)) < 1, then either K(w) = § almost surely or K (w) is a point
almost surely

(2) If E(N,(0)) > 1, then Z,(w) — oo almost surely and K(w) # 0 almost
surely.

3. RANDOM SELF-SIMILAR FRACTALS AND AUXILIARY RANDOM VARIABLES

In the definition of K (w), if for all w € , 0 € F; and d,(w) = ¢;(w) (the common
value being denoted as p,(w)), then ¢, (w) is a similitude, that is, |¢o(w, T) ~ @5 (w,y)| =
po(w)lz —y|. In this case, ¢ (w, z) = po(w)Ry(w)z+ b, (w), where R,(w) is an orthogonal
matrix and b, (w) € R™. We also assume

0 < p(w) = inf{p,(w) : 0 € F} <sup{ps(w):0€ F} =plw) < 1
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and
b=sup{b, : 0 € F} < o0.

Then K(w) is called a random self-similar fractal.
Let K (w) be a random self-similar fractal. Without loss of generality, we can assume
|I| =1 and define the random variable

[ol

B,(w) = | Le()| = [ pota @)-

In this section, we suppose that for almost all w € Q,

By (w) —0asn — oo if o = (i3,42,...) € F.

No(0)
Since p(w) < 1, from [5, Lemma 8.2], g(s) = E( b pf(w)) is strictly decreasing in s.
i=1

Hence there exists s > 0 such that
No(9)
E( > pg> =1.
i=1
For any n € N, w € Q, let £,, denote the o-algebra of subsets of 2:
Ly = B(Ln-1; Nu(0); |Ii(w)|: 0 € Fa_1, 1 << Nolo)),
where
L1 =B(N,(0); [EW)]: 1<i< No(0)).
Then Liang and Ren [18] proved
LEMMA 3.1. ([18]) For any w €  and for each k € N,
N(0)
W B(E B L) = (T Bw)(E X )site)

g€ Fy 0E€EFL1

N(®) k
® EL BW=(EXAW),
a€Fy 1=
(3) klim 3" Bi(w) = X(w) almost surely, where X (w) is a bounded random
X5 F
van'ablef

(4) for any o € F, define a random variable X,(w) by

Xo(w) = lim T,.,(w), where T,.,(w) = Z Hp",,(m)(w).

n—»00
0,7€EF (g 4n k=1

Then X,(w) exists almost surely and EX,(w) < 1.
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For k € Nyw € Q,0 € F, the stopping time is then
tk(oaw) = min{i : palx(w) o 'pali(w) < Bk(w)}

and
Ap(w) = {Ul,k(‘w) i o€ .7-'}.

REMARK 5. As in the proof of (3) in Lemma 3.1, we can have

kllglo EAZ( )Ba(w) = X(w) almost surely.
-4 klw

We define
te(w) = min{lo| : o € Ax(w)}.
If we take
Ap(w) = {S;(w){I): o€ Ae(w)}
then as in the proof of Proposition 2.3, it can be proved that Ay(w) LN K{(w).
We now follow the method used in [18] and [20] by defining for almost all w a

bounded Borel measure y, on R™ such that

(a) w. has total mass X (w),

() p(KW) = X(w).
Let Cc(R™) = {f € C.(R™) : f has compact support}. For f € C,(R™), any z, € I,
consider the limit

lim Y f(zs(w))Bi(w), where z,(w) = S,(w)(zo)-

k=00
€A (W)

Let
V={weQ: VoeF, X,(w)exists and lim |1, (w)| = 0}.
n—oo0

From Lemma 3.1, X,(w) exists almost surely. Hence P(Q') = 1. For any f € C.(R™)
and p, ¢ € N, we write

> f(m@)Biw) - Y. f(z.w))Biw), w e Q.

g€Ap(w) o€EAg(w)

Epq(w) =
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Fix k € N and assume p,q > k, then for any w € §2

le'|

i) =| 5 B X el [[ o)
oEAL(w) 0.0"€Ap(w) j=1
lo'|
> 1) [T @)
o,0'€Aq(w) j=1
S Bi@)| sup |f(0e (@) = £ (@0(@))|Tos,-»w)
oehp(w) 0,0’ €Ap(w)
+|f(:z;,,(w)| : |Ta;tp—k(‘*’) - Ta;tq—k(w)l
+ s0p | F (oo () = £(20()) | Togy-4 ()]
0,0’ €Aq(w)
< Y Bi(w)diam(f (L)) ) (Toyt() + Torgg-4(w)
oEAL{w)
+ ”f”oo ITa;tp—k( ) - T, itg— w)|
If we Y, then

limsupe,  (w) < 2 Z B (w dlam(f(l (w)))Xa(w)

pame o€k (w)
=2 sup diam(f (I,,(w)))X(w).
UGAk(w)
Since f is continuous, lim diam ( f (L,(w))) =0. Thus lim £p,(w) =0if w € @'. That
20 P,q— 00
is, for almost all w, the limit lim Y f(z,(w))B?(w) exists. Write

k—00 TENL (W)

= lim 3" f(20(w)By(w).

o€AL(w)

Clearly, F,(f) is a positive linear functional and for any f € C.(R™) such that I C f~(1),
we have F,(f) = lim Y. B3(w) = X(w). By the Riesz representation theorem, for

k—oo UEAk(h})
almost all w € Q, there is the Borel measure y, on R™ such that

()= | f)du(z),

and it is obvious that supp(u,) = K(w). If E(N,(@) > 1 for any compact subset A of
R™, we then have

— 13 8
t,(A) _kll'n:o Z B} (w)X,(w) almost surely. (3.1)

€A (w)
zo(wW)EA
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Recalling that we have defined F in Subsection 2.1 to be the set of infinite sequences 7
such that o € F for every finite curtailment ¢ < 7. Let 7 be the projection of F to R™
defined by

o0

m(r) = [ i (w) © -~ 0 by, (w)().
k=1
For a cylinder set C,(w) with base o € F, we denote by P, the measure on F such that
P,(C;(w)) = Bi(w)X,(w). Then p, = P,on™!. Let Cipy(w) = |J Co(w); then for

o'€lo]
o € Ag(w) we have

Ho (W(Ca(w))) = C[”] Z B Xq(w (3.2)

o' €lo]

Moreover, if the random weak separation property holds, it intersects with at most [
distinet S, (w)(I), o € Ag(w) for any p*-ball B(z, p*). This means that there are at most
! different [o]’s such that 7(C,(w)) intersects with B(z, p*). If we denote these different
[o]’s as [o1], [o2), - - -, [ai], where i < [, then

T

Yo <Y Py(Cloy(w Z > BuXo(w (3.3)
j=1

i=1 a'€la;)

4. HAUSDORFF DIMENSION OF SELF-SIMILAR RANDOM FRACTALS

Consider a branching process with probability distribution N, (@) and generating

function -
=) P(N(0) = k)z*. (4.1)
k=1

It follows from [11] and [5, p. 567] that the extinction probability ¢ of the process equals
the smallest non-negative root of the equation f(z) = z. If E(N,(0)) < 1 then ¢ = 1
(except in the trivial case when N, (@) = 1 almost surely), but if E(N,(0)) > 1 then
0<g< 1.

THEQOREM 4.1. Suppose a family $(w) of random similitudes has the random
weak separation property and satisfies (1) and (2) in Subsection 2.2, and K(w) is the
self-similar random fractal generated by <I>( ). Then K(w) = @ with probability q and

log My(w) _

s+ lllcrg'lgof Flog @) < < dimy K(w) < min{s, m}

with probability 1 — g, where m is the dimension of the Euclidean space, dimy K(w) is
N(0)

the Hausdorff dimension of K (w), s is the solution of the expectation equation F Y, pf(w)

=1 =1
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ProoF: For any w € Q, if the branching process becomes extinct, then K(w) = 0
and the extinction probability is equal to g. Otherwise, with probability 1 — g, either
K(w) is a point or K (w) # 0 for an infinite number of points by Lemma 2.4. For the first
case s = 0, hence our conclusion obviously holds. Now we need to consider the second
case E(N,(0)) > 1 in which the process does not become extinct.

To obtain an upper bound for dim K (w), we note that, for any k¥ € N, {Ig(w) 10 €
Ax(w)} is a natural cover of K (), hence

H(K(w)) < lim Z | 7o (w (w) < oo almost surely

k—)oo
g€EAR(w)

by Lemma 3.1. Thus dim K (w) < s. Because K(w) is a subset of R™, it is obvious that
dim K (w) € m. Hence dim K (w) < min{s, m}.

We next obtain a lower bound for dim K (w). For a fixed ¢ > 0 and 8 < s, from the
proof of [18, Theorem 3.1] and the definition of Ax(w), we know that for k£ sufficiently
large and ¢ € Ai(w), we have

B (w)*Xo(w) = (papy * * Polyy) Xo (@) < c(Po}y - - Pai,,)* < c(p¥)? almost surely.

It was shown in Section 3 that there exists a Borel measure y,, on K{(w) almost surely.
From the random weak separation property, (3.2) and (3.3), for any p*-ball B(z, g*), we
have

po (B(z, p*)) < IMy(w)c(p*)? almost surely.

Hence
log p (B(z, p¥)) S log lc + log My (w)
klogp - klogp

+ B almost surely

if k is sufficiently large. But loglc/(klogp) — 0 almost surely, as k& — oo; thus with
probability one
log 41, (B(z, p*
lim inf D8R L)) (B £ ) 2 liminf __log Mi(w)

k—00 klogp k-0 klogp +

Therefore with probability one

log u, (B(z, p*
liming 28R (BE ) g 108 Mi(w)
k—o0 klogp k-0 klogp

Since p,(K(w)) = X(w) > 0, by the Kinney-Pitcher-Billingsley theorem ([3] or (7,

Proposition 10.1]), we have

dim K (w) > lim infl—ow—)— s.
k—seo  klogp 0

REMARK 6. In the non-random case, S,(z) = z/2, S2(z) = z/2 + 1/2, S3(z) = /2 + 1,
z € R, is an iterated function system related to the wavelet two-scale dilation equation.
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It does not satisfy the open set condition but has the weak separation property ([16]).
In an extensive computer simulation, we find that the maximum number of repetitions
M, = ay, where {a;} is the Fibonacci sequence. As a result,

log Mi(w)  (log V5 +1)/2

hl?-l»g»lf klogp T log 2

The Hausdorff dimension of the invariant set is then equal to 1. It obviously satisfies the
nonrandom version of our result.

We can now prove Theorem 2.2 for the case of random net fractals generated by
contractive maps.
PrROOF OF THEOREM 2.2: From the definition of K(w) in Subsection 2.2, we
denote
¥'(w) = {4, () : 7€ F, |4 w,2) - ,(w,9)] = do(w)lz - 91}
and

") = {#(w): 0 € F,|¢5(w,2) - ¢(w,9)| = e (W)lz ~ yl}.

Then ®'(w) and ®"(w) are two families of random similitudes. It is seen that

Gy (W) o0y (W) C Gopy (W) 0+ -0 By, (W)(I) C By, (W) o+ 0 ¢gy (wW)(T)

for any o € F. If we denote by K'(w) and K"(w) the self-similar random fractals
generated by ®'(w) and ®"(w) respectively, then we have K'(w) C K(w) C K"(w).
Theorem 2.2 now follows from Theorem 4.1.
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