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ABSTRACT. Let 0 < g be a dyadic Holder continuous function with period 1 and g(0) = 1, and let
Gx) = n:‘_’__o g(x/2™). In this article we investigate the asymptotic behavior of fOT |G (x)|9dx and

% Z;::O logg(ka) using the dynamical system techniques: the pressure function and the variational
principle. An algorithm to calculate the pressure is presented. The results are applied to study the
regularity of wavelets and Bernoulli convolutions.

1. Introduction

owr=+(3)2(3)

where 8 > 1 and g is a periodic function of period 1 with g(0) = 1, arises naturally as the Fourier
transform of self-similar objects such as Bernoulli convolution measures, scaling functions, etc.
Iteration of the equation yields the infinite product

oo fis(3)

k=1

The equation

which we call a multiperiodic function [16]. The simplest multiperiodic function is defined by

g(x) =cosmx), B =2
ad 2w x sin 2w x
6 = [Teos (%) -5
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(the Euler-Vieta formula). In general there is no closed form formula and the behavior of G is rather
complicated.

Our main interest is on the asymptotic rate of G at infinity. There are many ways to estimate
such a rate. The most common one is the Sobelev exponent defined by the supremum of the « so

that .
/ (l+|x|2) 1G(x0)|2dx < 0.
R

In wavelet theory (8 = 2), this exponent and some other similar types of exponents had been
studied by Daubechies [5, 6], Cohen-and Daubechies {3], Lau et al. [20], Lau and Ma [21], and
Villemoes [25, 26]. For self-similar measures p, Strichartz [24] and Lau and Wang [19] showed that
under the open set condition on the iterated function system of w, (8 is not necessarily an integer),
if G = i, then

T
f IG(0)2dx ~ Q(TYT™®, T - o0
0

where « is the L2-dimension of 1 and Q is a positive continuous, multiplicatively periodic function
of period 8. This estimation was extended to L2-scaling functions in {20] and a sharper estimate than
the ones in [3, 5, 6] was obtained. In [16] Strichartz et al. made a head start study on the asymptotic
behavior of

T
Iq(T)=f IG(x)|9dx, T — oco.
0

While it is difficult to obtain a precise estimation like the case ¢ = 2, they raised a weaker question:
under what condition does
log 1,(T)
m s .

ist 1.1
T—ooo logT exis (1.1)

In the same paper they also initiated another direction to study the behavior of G at infinity by

considering G(B"x) for x € [0, 1). Observe that log G(8"x) — log G(x) = Z}:l log g(B/x).
Therefore one can study the convergence of

n—1
hn(x) = % 3 log g(ﬁjx> . (1.2)
j=0

This will imply G(8"x) ~ G(x)e™®) as n — oco. For almost all x, 8/x (mod 1) is uniformly
distributed on [0, 1) [17], and it follows that if g > 0, h,(x) converges to fol log g(t)dt for almost
all x. However, the numerical experiments in [16] revealed a more complicated structure of the limit
of {h,} on the exceptional set.

In this article we will study the asymptotic behavior of G(x) at infinity in the setup of (1.1)
and (1.2). The basic idea comes from the following result which can be derived easily from the
theory of Ruelle operator on symbolic dynamical systems [1]. Let g(x) be a period 1 dyadic Hélder
continuous function with g(0) = 1 and inf{g(x) : x € [0,1)} > 0. Forany g, s € R, let

P(g)

(I=S+K)'g—2.

Then,
T T? if a>0
/ xX*Gi(x)dx =~ { logT if a=0
1 o) if <0
where P(q) is the pressure function associated with g (see Section 2). Moreover,
P*(a)
log2

dimg [x : lim h,(x) = oz] = -
n—oo
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where P* is the Legendre transformation (convex conjugate) of P and dimyE denotes the Hausdorff
dimension of E.

The positivity of g is a major restriction. In Section 3 we actually prove some more general
theorems that include cases where g (x) is proximal (see Section 1), or g contains a factor | cos wx |V
which is common for wavelets and Bernoulli convolutions. For these we make use of Hennion’s [13]
quasi-compactness approach to the Ruelle operator.

The other aim of this article is to obtain explicit calculations of the pressure function P(g). We
obtain an algorithm for the class of functions constant on the dyadic intervals of [0, 1), i.e., dyadic
step functions (Theorem 7). This can be used to approximate the pressure function for more general
g. For example, we apply this to estimate the modulus of continuity of the Daubechies scaling
functions and significantly improve the known estimate. The pressure of g can also be calculated
explicitly in some special cases (see Proposition 4 and Section 5).

The material is organized as follows. In Section 2, we recall some notations and results
concerning the dynamical system, and Hennion’s approach of the Ruelle operator. The main theorems
are proved in Section 3. In Section 4, we obtain a matrix method which gives an exact calculation of
the pressure function if g is a dyadic step function. We also present different calculation techniques
for some other important special cases. Section 5 is devoted to the distribution solution of the
dilation equation of which we can apply our results. Specifically, we examine the Cantor measures,
the Bernoulli convolutions, and the wavelets, as well as some other illustrating examples.

We point out that here we are only dealing with the dyadic case; similar results can be stated
directly for B-adic case; higher dimension cases can be handled with certain modifications and will
be presented in a forthcoming paper. The main unsettled case is that G(x) = g(x/B8)G(x/B) when
B > 1is not an integer.

2. The Transfer Operators

Let £, = {0, 1} be the symbolic space and equipped with the usual metric d(x,y) =
min{2~ : x; # y}. Leto : £, — ¥, be the shift transformation defined by o (x|, x3,---)
= (x2, x3, - - -). For a continuous function on X; (i.e., g € C(X7)), let

vargg = sup {lg (y1) — g (2} : y1, y2 € Lk(x), x € T3} 2.

where Ir(x) = {y : yi = x;, i = 1, .-, k} is the cylinder set with base (xy, ---, x¢). A function
g € C(X,) is said to be Holder continuous if there exists ¢ > 0 and 0 < o < 1 such that

varyg <c27%*  forall k > 1. (22)

Denote by H(Z;) the class of all such functions and by H,(Z7) (0 < o < 1) the subspace of f
satisfying (2.2). Let | f|q be the infimum of the ¢ in (2.2) and let

Nflle = U1 +1fla

(| £ being the uniform convergence norm of C(X3)). Then the space Hy(X2) equipped with the
norm [} - || becomes a Banach space.
For g € C(X2), define the transfer operator Ly : C(Z2) — C(Z2) by

Lefx)y= ). gOfO).
yeo~l(x)

(see[1,4, 11, 13,23, 27]). We shall need the following theorem, which is a special case of a theorem
of Hennion [13] (see also [15] and [22]).



132 Ai Hua Fan and Ka-Sing Lau

Theorem 1.

Suppose 0 < g € Hy(Z2) for some0 <o < 1.

(i) The operators Lg and Lg| g, (x,) have the same spectral radius p.

(ii) Lg : Hy(XZ2) = Hy(Z2) is quasi-compact.

(iii) p is an eigenvalue of maximal order among all eigenvalues A with || = p.

(iv) If g is irreducible, then p is the only eigenvalue with modulus p and the eigenfunction
space corresponding to p is generated by one strictly positive function.

Let us recall the two notions involved in the statement of the theorem. The quasi-compactness
of L, means that there exists a positive 0 < r < p and two closed subspaces E and F of Hy(Z7)
such that

Hy(Z) =EEDF, LE)SE, LgF)CF

and that 1 < dim E < oo, the eigenvalues of Lg|g are of modulus > r, the spectral radius of
L|F is strictly smaller than r [13]. The irreducibility of g (or of L) means that for any x and any
continuous f > 0 not identically zero, there is an n such that L; f(x) > 0. There is a geometrical
way to describe the irreducibility. For g = 0, we define a path of x € Z; of length n to be a finite
sequence {x;};_,; such that x; € o~ (x¢~1) and g(xx) > Oforall ! <k < n (with the convention
that xo = x); the orbit O(x) of x is defined to be the closure of the union of all the paths {x,}. Then
g is irreducible iff O(x) = I, for any x € ¥,. To show this equivalence, it suffices to note that

Lyf(x) = gx)--- &xn) fxn)

where the sum is taken over all possible paths {x;} of x of length n. A still weaker condition
concerning the positivity of g is the proximality, i.e., O(x){) O(y) # @ for any x and y.

Theorem 2.

Suppose 0 < g € Hy(X2). Let p be the spectral radius of L.

(i) Suppose that g is proximal and that there is a strictly positive p-eigenfunction h € C(Z3).
Then there is a probability measure v with {h, v) = 1 such that for every f € C(Xy),

|
. _ _1 J = .
nl_l’rgo " E l,o Ly f(x) = {f, vih(x) uniformly for x € X .
i=

(ii) Suppose g is irreducible. Then the above strictly positive h exists and for every f € C(X3),

nll)ngo p~"Ly f = (f, vih(x) uniformly for x € 7 .

Proof. (i) It is known that if g is proximal and L1 = 1, then there exists a unique probability
measure ( which satisfies L;(,u) = u and for each f € C(Z3),

N .
}\}Enoo ¥ ; Lg(f)(x) ={(f, 1) uniformly on x 2.3)

((4, p. 287]). For the present case with a positive h, we let

- h(x)gx)
glx) = Sh(ox)

It is easy to check that g € Hy(X3) is proximal, L;1 = 1 and

pTMLL () = hOLE (K7 f) ().
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Note that if & is changed to ch, g does not change. So, by changing the scale ¢, we can get a
probability measure v = h~1u. By applying (2.3) to § and ™! £, the assertion in (i) follows

To prove (ii) we observe that p is the only eigenvalue with modulus p. Using the quasi-
compactness, it is then easy to see that p~" Lg f converges uniformly forevery f € H,(X3). In fact,
every f € Hy(Z2) can be decomposed into f] + f2 with f; € E and f, € F where E and F are as
in the definition of quasi-compactness. Moreover, suppose E is the p-eigenfunction space. So,

Lef=p"fi+ Ly f

which implies the announced convergence because the spectral radius of L restricted on F is strictly
smaller than p. The limit is the same as in (i). Observe that Hy(X;) is dense in C(X;). So, the
restriction f € Hy(E7) can be reduced to f € C(L7). O

To be able to apply (i), we should verify that there is a strictly positive eigenfunction for p.
Under the condition that g has a finite number of zeros and that Lg1(x) > 0 for all x, Hervé [14]
gave a necessary and sufficient condition for this: either there is no invariant periodic cycle or there
is a (unique) invariant periodic cycle C with

[Ter=0r.

yeC

and the order of p equals to 1. Recall that a point x is periodic of order p if there exists p such
that x € o~P(x), the periodic cycle determined by the periodic point x is by definition the set
{xo = x,xy,:--,xn—1} where x; € o~ 'xi~p), i=1,---,nand a compact set F is said to be
invariant if F contains all orbits of points in F. The reader can refer to [4, 13] for all these notions.

The measure v in (i) is continuous if g has no invariant periodic cycle, and v is discrete and
supported by the cycle if g has a unique periodic cycle [4, p. 287-295]. In the case that g is
irreducible, it is easy to see that the support of 1, is the whole T because forany 0 < f € C(Z2)
not identically zero, there exists n such that {x : L; f(x) # 0} N supp(p) # B. The invariance of
ug implies that

(fimg) =(Lgfimg)>0.

Therefore, supp(itg) N supp(f) # @. Since f is arbitrary, supp(iLg) equals Iy.
We call
P, =logp.

the pressure of g ([1, 23] where it is called the pressure of log ). Since the operator L, is positive,
the operator norm of L% equals to |[ILZ1}l. So we have

For a fixed g we use P(g) to denote the one parameter family Pge, g € R. It is easy to show that
P(g) is a convex function (may attain oc).

If g > 0, Theorem 2 corresponds to the Ruelle-Perron-Frobenius theorem [1, 23] (see also [11,
27]). Inthis case, Pg is well related to the entropy via the variational principle. Recall that the entropy
of a measure y is defined as

n
Lgl

1
Py = lim —log‘
n—oon

ha() = lim > —p (In)logp () -

n

where the I,;s are the cylinder sets of £, with bases (x, - - - x,). The variational principle states that

P, = sup [ha(v) + / log g(x)dv(x)}

veZ
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where Z denotes the set of o-invariant measures & on T; (i.e., 4 = 1 oo~ 1), and the supremum
is uniquely attained by p, = h=1y, called the Gibbs measure of g, where h and v are defined as in
Theorem 2 [1, 28]. Moereover i, shares the following Gibbs property. There exists y > 0 such
that forall x € £;andn > 1,

-1 < tg (In(x)) <
- n—1 k =V
exp (—nPg + > izologg (o x))

The Gibbs measure u, is ergodic and even mixing.

All the preceding results can be translated onto the interval [0, 1) instead of £5. Eachx € [0, 1)
has a dyadic representation. In the case where x has two representations x = 0.x1---x,100--- =
O0.x;-+-x,011--., we will use the first representation only. Let: : [0,1) — X, be the natural
embedding and let £; = 1([0, 1)). Then we can identify [0, 1) with Xj. A Holder continuous
function ¢ on I [an obvious adjustment of (2.1)] can be extended to a Holder continuous function
on ¥ and hence we can identify H (£5) and H(Z3). Furthermore, £’ equals X; except for countably
many points, and the non-atomic property of the Gibbs measure 1, enables us to restrict ug on T
without any change.

A function g on [0, 1) is said to be dyadic Holder continuous if go1~! € H(Xy). Equivalently
there exist K > 0 and 0 < o < 1 such that

14 (2.4)

lg() —g () < K27 Vy,yelkx),xel01),n=>1

where I,(x) is the dyadic interval of length 27" containing x. Let H ([0, 1)) denote the class of all
such functions, H, ([0, 1)) the subspaces of H ([0, 1)) corresponding to H,(X2), and Hy([0, 1)) the
class of functions g on [0, 1) corresponding to C(X7), i.e., g € Hp({0, 1)) ifand only if g o ~Visthe
restriction of a continuous function on L. For convenience we extend these functions periodically
on the real line and call them dyadic Holder continuous (dyadic continuous respectively). It is clear
that a dyadic continuous function is bounded,; it is continuous on the non-dyadic points and is right
continuous and left-hand limits exist on the dyadic points.

Since o~ 1(x) = {Sp(x), Si(x)} where So(x) = %x, Si(x) = %x + %, the transfer operator

L, is translated to
1 1
Lsfm=8(§)f(§)+g(§+z)f(§+z) -

The following two propositions explain why the transfer operator is useful in the study of
multiperiodic functions.

Proposition 1.
Suppose 0 < g € Hyo([0, 1)) and is periodic on R. Then for any f € Hp([0, 1)),

1 1 n-—1
f Lg f(x)dx =2"f Fo []e@x)dx .
0 0 i

Proof. Forn = 1, by making use of a change of variables we have

1 1 1
/ Lef(x)dx = f g(x/2) f(x/2)dx + / glx/2+1/2)f(x/2 4+ 1/2)dx
0 0 0

1/2 1
2f0 g(y)f(y)dy+2£/2g(y)f(y)dy

1
=2 fo ¢() f(x)dx .
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Suppose now the result is true for n. Then by using the same change of variable technique,

n—1

[Te(2/x)dx =2 fo l g(x)f(x)ﬁ g (2%%) dx
0 =0

i 1
/0 Lg+‘f(x)dx=2"/o (Lg f(x))

which proves the proposition. 0

Proposition 2.
Suppose 0 < g € H([0, 1)). Let P(q) be the pressure function corresponding to g.
(i) If g is irreducible, then

q

1 L .
P(g) = lim — log/ l—[g (21,\:) dx +log2.
n—oo n 0 10 )

(i) If g(x) > O and g is not a constant, then P(q) is analytic, strictly convex, and strictly
positive for all g € R.

Proof.  Assertion (i) follows by taking f = | in Theorem 2 (ii) and making use of Proposition 1.
To prove (ii), we first note that if
8(x) = Cu(2x)/u(x) (2.5)

for some constant C and some continuous function 4 > 0, then P(q) is affine; otherwise P(g) is
strictly convex and analytic [23, p. 63, p. 91].

Now under the assumption that g satisfies (ii), we need only see that g is not of the form (2.5)
and the strict convexity and analyticity of P(q) follows. Assume otherwise, then the C in (2.5) must
be 1 (check x = 0) and the equation on g reduces to

Hg(z‘jx)=%-

j=0

Without loss of generality we can assume that ¥(0) = 1, then G(x) = j-’f’__o g2 1x) = u(2x).
On the other hand, from G(x) = g(x/2)G(x/2), it follows that u(2x) = g(x/2)u(x) and hence
g(x) = u(4x)/u(2x) = g(2x). We have inductively g(x) = g(2"x) for all n. It is well known that
for almost all x, (2"x) is uniformly distributed, a priori dense in the interval [0, 1), from which we
deduce that g is a constant, which is a contradiction to the assumption.

For the positivity of P, we observe that 5o € Z and the variational principle implies that
P(g) = hy(80) = 0. Moreover, the above inequality must be strict by the fact that the maximality of
P(q) in the variational principle is not attained at 89 which, being discrete, is not the Gibbs measure.

O

We conclude this section by giving an illustrating example. Let g(x) = cos?mx, then g(1/2) =
0 and g is not proximal because the orbits of 0 and 1 are the points themselves and they are disjoint.
On the other hand, if we consider g(x) = cos?2rx, then O(0) = {0, %}, o) = {1, %}, and
0(%) = {-21-}, It is easy to show that O(x) N O(y) # @ for any x, y € [0, 1]. Consequently, g| is
proximal but not irreducible.

It is easy to see that L, has maximal eigenvalue 1 and the corresponding eigenfunction is the
constant function 1. Lg, also has maximal eigenvalue 1 in view of the calculation (for P(1)) in the
following, but there is no simple form for the eigenfunction.

The pressure function of g (and also of g1) is given by

(()I—Zq)logz if 0<g<1/2 26

P(q)={ if ¢g>1/2.
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To see this, we use P(q) = limu— 00 || L;q 1(x)}|'/". Note that
n—-1 9 . n q
n _ n _ sinw2"y
Lplw= 3 (ﬂg(z Y)) - T (Fam)
yeo~"(x) \k=0 yeo—"(x)

Since y e 07" (x) ifand only if y = k/2" + x/2" for some 0 <k < 29,ifx = 1/2,sinw2"y =1
for every y € 07" (x), then

2
Ll = 3 _ Y
8 - sinmwy '
yeo—1(x)

Ifx #1/2, L;q 1(x) is always bounded by the right-hand member in the above expression. By using
sin y = sin(k/2" + x/2") & k/2", we have

r onu ™ 2=29)n if 0<g<1/2
hL" 1(x)“’”2(—) ~n if g=1/2
gq ~ k ~7 q =
k=1 converges if g>1/2

and (2.6) follows. This example also shows that in general P(g) is neither strictly convex nor
analytic.

3. Asymptotics of Multiperiodic Functions

Let g € H([O, 1)) with g(0) = 1. Then the product

60 =[Te () (3.1)

k=1

converges uniformly on compact subsets of R and G > 0 provided that g > 0. The function G
defined by the product (3.1) is called a multiperiodic function in [16]. Observe that on every bounded
interval G is Holder continuous and is of the same order as g.

Theorem 3.
Let0 < g € H([0, 1)) with g(0) = 1. Let P(q) be the pressure function of g9. Foranys € R
and any q > 0, we have the inequality

T
lo SG9(x)d
lim sup gf‘ a (x)dx

< 0,
m s Tog T < max { s+

P(q)
log2 ] °

If in addition g is proximal without an invariant cycle and has at most finitely many zeros, and if
Lg1 > O, then the limit exists and equality holds in the above expression.

Proof. By using G(x) = G(27"x) [[i-; 82 ¥x), we have

n+l n+l n q
f G(x)dx / G (27x)" [Te(27x) dx
2!

n n k=l

i

2 n—1
2" f G(x)? l_[ g(2kx)qu (change of variable)
! k=0
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n—1

I
2"/ Ga+x7]]e (ka)qu (g has period 1)
0

k=0

I

1
‘/0 Lgg f(x)dx (Proposition 1)

where f(x) =G(1+x)?. ForT = 2N we have

T N-1 gn+1 N-1 P I
; n(x+1—7~)) -n n
f FG)idx ~ Y :2“'/ Gx)ldx = Y 2"¢¥meD / L' f(dx.  (32)
! n=0 2" n=0 0

where p, is the spectral radius of L. Note that the eigenvalue p? corresponding to Lge is of
finite multiplicity (by Theorem 1). It follows that ||L;'qf|| = O(n’"'lp{;), so that fol LY f(x)dx =
o1 p,;') and there is a constant C such that

T N-1 ( )
Gx)ldx < C E ! g “’92
/; x'G(x)¥dx nml"

n=0

According tos+ £4) log2 > 0, = 0, or < 0, the last sum is bounded by N~ 1N (s+ 1032) N™, or O(1).
Thus, the inequality in the theorem follows.

To prove the reverse inequality, we only need to treat the case s + %‘% > 0. We first observe
that the hypotheses implies that Ly has a strictly positive eigenfunction [14]. Forany 0 < § < 1,
Theorem 2 (i) implies that for large N,

| N—1

/ D 07" Lia f(x)dx = f Z py"Lyg f(x)dx = CN{f,v) > 0

n=86N n=§N
where C = (1—38) [ hdv. Since g has finitely many zeros, f(x) = G9(1+x) has at most countably

many zeros. Also the additional assumption that g has no invariant periodic cycle implies that p is
a continuous measure. Hence, {f, v) # 0. By (3.2) there exists a constant Cs > 0 such that

T
/ FG)idx > 2V (g /
1

It follows that

1 N 1 P@)
py Ll f(x)dx = CsN2V 5(s+Tg3) |
n=§N

lim inf
T—o0 log,T

lnglr xSG1(x)dx o5 <s + P(q))
- log?2

which gives the reverse inequality as § — 1. l

We remark that the proximality alone is not sufficient for the equality of the identity in the
theorem. An easy example is to check the P(g) of g(x) = cos?2mx in the last section.

If g is irreducible, by Theorem 2 (ii), fol Leaf =~ Z' It follows from (3.2) that

a n(s+29)
/ X Gx)¥dx ~ Z 2"t T
1

n=0

Consequently, we have the following.
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Theorem 4.
Suppose 0 < g € H([0, 1)) is irreducible and g(0) = 1. Let
P(q)
=5+ Tog2 .

Then for q € R,
T T® if ¢>0
/ X*Gix)dx =~ { logT if a=0
1 o) if <0

Corollary 1.

Let g € H([O, 1)) with g(0) = 1. Suppose inf, g(x) > O, then we have

T P(g)
f G(x)9dx ~ T™& .
0

In particular G ¢ L1(R) for any q > 0.

(3.3)

Proof. = The last statement follows from the fact that P(q) > 0 for ¢ > 0, which is a consequence

of the variational principle (take v to be §p). O

Theorem 4 gives a partial answer to Problem 1.3 in [16]. Note that the zeros of g actually
play a crucial rule in the behavior of G(x) as x — oo. Besides the above two theorems, we can see
this more explicitly from the following theorem. Such g appears frequently in wavelet theory (see

Section 5).

Theorem 5.

Let g(x) = |cos anNgl(x) where g1 € H([0, 1)) is irreducible and g1(0) = 1. Let P|(q) be

the pressure of g‘f and let

P@) _

=s+ log?2

Then (3.3) holds the same.
Proof. The proof will be based on Theorem 4 and the formula

0] .
X siInmwx

COS —— =
2k X
k=1

The Holder continuity of g at O implies that if 2" < x < antl
[o.0]
cts [T a(2*) =c
k=n+1

for some constant C > 0 depending only on g;. Hence,

2’! l . Nq
sin x|
el
x*GT (x) ——5—dx
-/l. 1 ) xNg

2"
f x*Gi(x)dx
1

n k a

l . . i Ng
~ 22"(“"“”‘”/ l—[gl (2’y) Ism7r2 y' dy .
0

k=1 j=0
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Let I = [i/2%, (i + 1)/2%) be a dyadic interval of [0, 1) and y; an arbitrary point in this
interval. The dyadic Holder condition of log g1 implies that

 max ﬂf:o 81 (2’: y) 5
min; [];_q &1 (27y)

where C is a constant independent of ¥ and /. By the mean value theorem for integral,

X q
Z ngl (ij1) /lsinnZky’quy
j=0 !

I

q

1 k
. i X Ng
/ l_lgl(Z"y) ’s1n7r2 y! dy
0 \joo

q

I

c'2* Z I’i[ 81 <2j)'1)
1 Jj=0
q

/1 ﬁgl(ny) dy .
o \j=o

If we denote G the multiperiodic function defined by g1, then

&

q9

T n 1 [ *
/ ' GI(x)dx ~ sz(lﬂ-Nq)/ ng’ <2/x) dx ~
1 0 )
J=0

T

f x$=NDGT (x)dx
k=1 1

(the last approximation is in the proof of Theorem 3). By applying Theorem 4 to G, the assertion

of the theorem follows. O

Remark 1.

Theorem 3 implies that x° G (x)4 is integrable on [1, 00) if s + %(g%) < 0. Inparticular, G € L1
if P(q) < 0. Corollary 1 shows that for G to be integrable, g must be zero somewhere. Under
the condition g(1/2) = O, Hervé [14] proved that if P(q) = 0 and the spectral radius of Lgq is a
simple eigenvalue, then G € L1. He also proved that this condition is necessary if, moreover, every

invariant compact set associated with g contains 0 or 1. O

Remark 2.
Forq > 0and s € R, we define L1 (R) to be the space of F on R such that

/R(l + EDFIFE)9dé < o0

When q = 2, L2(R) is just the Fourier transformation of the Sobolev space H*(R). If G is a

multiperiodic function as in Theorem 5, then G € LI (R) ifand only ifs < N — ?;%glz' O

Now we are going to study the limit (1.2). For an (extended value) convex function f on R,
we define the convex conjugate (also called the Legendre transformation) of f by

f* (@) =sup{ax — f(x): x € R}.

Note that f* is a convex function and if f is differentiable, then f*(a) = ax — f(x) where
a = f'(x). Forafixed @ € R, let

n-—1

Ko=4{xel0,): nli)rr;o%Zlogg(ij) =«
j=0
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Theorem 6.
Let g € H([0, 1)). Suppose inf{g(x) : x € [0,1)} > 0, g(0) = 1 and g is not identically
constant. Then for o € R such that —o0 < P*(a) < o0, we have

P* ()

dim Ky = — 5

where dim K, means the Hausdorff dimension of K.

Proof. If we take @ = P’(g), we claim that y, is concentrated in K. Indeed since p is ergodic
we can apply the ergodic theorem to the Gibbs measure p,:

n—»o0

. 1 n—1 ) 1
lim ;Z()logg (21,\:) =/(; log g(x)dq(x) (34)
j=0

for u, almost all x € [0, 1]. From the variational principle, i, is the unique invariant measure
which attains the supremum

1
P(q) = ho (1q) +q/; log g(x)dpg(x) .

This combines with the property of the convex conjugate that P(q) = —P*(«) + g« implies that
ho(ig) = —P*(a)and @ = fol log g(x)dtq(x). Hence, py(Ky) = 1.
Next we note that the Gibbs property of 1, implies that

n--1

- S 0
j=0

li

n-—>00

. logug (In(x))
m ———————————
n

provided that either one of the limits exists. Hence, we have for x € K,

lim [08#q Un(X) _ P(g) —qa _ —PY(x)
n>co  log2="  log2 log2

We have seen that 14 is concentrated on the set

= i logpg (In(x)) — —P*(@)
Ka—[xe[O,l].nango e = 0 ]

The mass distribution theorem (Proposition 4.9 in [10]) implies that dim Ko = —P*(«r)/ log 2 which
completes the proof of the theorem. O

Remark 3.
By using the uniformly distribution property of 2" x (mod 1), it is easy to show that if g(x) > 0,

then
1 n-1 ) 1
1 i) —
,,ll,néo - Z log g (2 x) ./(; log g(¢)dt
j=0
for almost all x € [0, 1). See also [16] for more general cases. O

To illustrate this theorem, we let g(x) = (1 + 2 sin® 7x). Note that the multiperiodic function
defined by cos® 1 x +/g(x) is the modulus of the Fourier transformation of the well-known Daubechies
scaling function D4 (denoted by £, in Section 5). Figure 1 is the graph of G(x) = [, g(%‘;).
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Figure 2 is the graph of h,(x) = % Z}n:_ol log(1 + 2sin?nx) forn = 5,7,9, 11. Figure 3 is the

graph of P(q) and P*(«). In view of the above remark, ap = P'(0) = fol log g(t)dt = 0.62381
and P*(op) = 1 as in the picture. Also, in the picture the domain of P*(«) is in-between 0 and 0.85
which agrees with the values of {h,(x)}. The set of x that assumes such values are becoming more
rare as the values are off from the mean «g.

2500¢
2000¢

1500}

1000}
500} hﬂ

10 20 30 20 50

FIGURE L. G(x) =[], (1 + 2sin? (g))

4. Calculation Techniques

In view of applications of the previous results, we should calculate the spectral radius of a
transfer operator. However, it is in general difficult. We present here an approximation approach.

Let us first consider the case where g is a dyadic step function. If g > O takes only two
values on [0, 1/2) and [1/2, 1), i.e., g(x) = aox(0.1/2) + a1 xq1/2.1) with ag,a; > 0. Then for
x=0x1x3---,

n—1
l—[g(2kx) =y - dx, -
k=0
Hence, ‘
n—1 q q\"
/l (l_[g (2"x)> dx =27" Z (ax, - -as,) = (a‘)__;_a_l> .
0 \k=0 X1, Xn

Consequently by Proposition 2,
P(q) =log(ad +af) .

Theorem 7.
Let m > 0. Suppose g > 0 takes 2™V values on the dyadic intervals of length 2= +1) and
let Gp(x) =[]0 g(2%x). Let My be the 2™ x 2™ matrix defined by

o
Mq=[G?,.(1222::])], 0<i,j<2" -1
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FIGURE3. P(q)and P*(a).

and let Ay is the maximal eigenvalue. Then

log A
P(q)=—fn——"—.

Proof. Suppose g > 0 takes 2*! values on the dyadic intervals of length 2-(m+D):
g(x) =a(xy, -, Xm+1) if x=0x1 Xmpr--- .

Then for x = 0.x1---Xmy1--- Ym - - -, by shifting the coordinates we have

m—1

m
Gm (0.x1 - Xmy1 - Ym) = ]_Ig(Z"X) =[Tate - 2mo i, 30)
k=0 k=1

Inductively if x = 0.x1 - - XpY1 - Ym - - Wy WyZL " Zm - - - [the first (n + 1)m coordinates are
regrouped into (n 4 1) blocks], then

nm—1

1_-[ g(zkx)=Gm(o.xl...xmyl...ym)...Gm(()_wl...wmzl...zm) A
k=0

It follows that

nm—1

/Ol(ﬂ 8(2"x)>qu _ g-bm

k=0
Y G Oxi Xyt Ym) - Gy (Wi winz1 -+ Zm)

where the sum is taken over all the possible choices of 0s and 1s of the variables in the n-products.
To arrange this in a matrix form, we let

2"+ j .
Mq=[G?”(22—m)], 051,]52'"'—1

Then
1 /nm—1 9
/ [T e (2%) ) dx=27C+0mipy
0 \ =0
where 1 = [1, ..., 1]. The statement of the theorem follows from this expression and Proposition 2.

a
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Example 1. Suppose g > 0 takes four values on the four dyadic intervals [0, 1/4), - - -, [3/4, 1).
Let g(x) = a(xy,x2) if x = O.x;x2---. Then according to the above notation, G(0.x,y1) =

a(xy, y1) and
M. = a?(0,0) 49(0, 1)
77\ a4(1,0) 441, D)

and we can calculate the maximal eigenvalue of M, and then the pressure of g.

Example 2. For x = 0.x)x2x3 - - -, let g(x) = a(xy, x2, x3) with

a(0,0,0) =a(l,1,1)=1, a(0,0,1) =a(l,1,0) =

_‘;‘,,_-le

a(0,1,0) =a(1,0,1) = -, a(0,1,1) =a(1,0,0) =

N =

Then g takes 8 valuesand m = 2inthe above theorem and G2(0.x1x2y1y2) = a(xy, x2, y1)a(xa, y1, y2).
Write Gg (0.x1x2y1y2) = b(x1x2; y1y2), the corresponding M, is the 4 x 4 mairix defined by

b(00; 00) b(00;01) b(00; 10) b(00; 11)
b(01;00) b(01;01) &(01;10) b(OL;11)
b(10;00) b(10;01) b(10; 10y b(10; 11)
b(11;00) b(11;01) b(11;10) b(11;11)
169 129 67 34
1 29 49 34 44
162 | 49 61 47 24
39 129 129 169

M, =

The eigenvalues A4 can be calculated and the graphs of P(q) = log A4, and P*(c) are drawn.

2 1
0.8
1.5
0.6
1
0.4
O.SK 032
-2 -1 1 2 3 4 -0.8 -0.6 -0.4 -0.2

FIGURE4. P(q)=loghq and P*(a).

The above dyadic functions can be used to approximate any other functions g € H{([0, 1)).
Specifically, we have the following.

Proposition 3.
Suppose f,g > 0arein H([0,1)), g € R,
(D) If f < g then Pr(q) < Py(q)-
(i) If|log f(x) —logg(x)| < €, then |Pr(q) — Py(g)| < Iqle.

Proof. (i) follows immediately from the definition. (ii) is a simple consequence of the variational
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principle. It can also be proved directly. In fact, by assumption,

n-1 n-1
AN k
kz=(:)logf (2 x) glogg (2 x)

= ne,
so that .
e "€ < k—O f (2 ) < "¢
l'l”-o g (2x)
This combined with Proposition 2 yields the desired inequality. J
Remark 4.

The above approximation also holds if f and g are replaced by functions of the form in
Theorem 5 (with the same factor |cosmx|V). Furthermore, the approximation holds the same if
B = 2 is replaced by any integer 8 > 2. O

The next method is especially useful for larger integral 8 (e.g., 8 = 3 in connection with the
Fourier transformation of the Cantor measure), we hence formulate it with a more general 8. The
multiperiodic function is defined by G(x) = g(x/B)G(x/B) where 8 > 2 is an integer. Given a
function 0 < g € H([0, 1)), the transfer operator becomes

B-1 . ,
x x J
Lef (=D 8 (ﬂ ﬂ>f<ﬂ+ﬂ)'
Proposition 4.

Let0 < g € H([0,1)) and B > 2 be an integer. Let p be the spectral radius of L.
(i) Ifm < L;l < M for some integer r and some constants m, M (depending on r), then

m<p <M.
(ii) Let a, be the Fourier coefficients of g, then
a0~ ) |apa| < 3 £ <a+ Y |apn|
n#0 n#0

In particular, if ag, = 0 for alln # 0, then p = Bag = B fol g(x)dx.
(iii) If g is periodic and continuously differentiable, then
max |g'(x
‘B —_ aol 5 —_|§._.(_)| .
B B

Proof. (i)Byiterating L;,l < M, weget L;’l < M"foranyn > 1. Thatp = limp—0 ||Lg’1||‘/"
implies that M is the upper bound of p”. In the same way, we can obtain the lower bound of p”.
(ii) By developing g as a Fourier series, we have

Lel(x) = Z a eZmnz ZeZmnﬁ

n=—0oQ

Observe that the second sum equals 8 if n is a factor of 8 and equalis 0 otherwise. So,

Ll(x)=8 Y apme’™™. @.1)

m=-—0Q
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Then (i) with r = 1 applies.
(iii) Let tg be the best approximation (under the supremum norm) of g by trigonometric
polynomial of order 8 — 1. Let § = 87!|g’llco. Then, by the Jackson theorem [29, p. 115],

tg—8<gx)<tg+4é.
Consequently
Lil(x) = B8 < Lgl(x) < Ly 1(x) + 85 .
By (4.1) Ly; 1(x) = ap and the result follows from (i). O

5. Applications

A dilation equation is a functional equation of the form

F&y=) caf@—n) 5.1)

where {c,} is a given finite sequence of real (or complex) numbers. Here the solution f is regarded
as a distribution (in the Schwartz sense) and is called a scaling distribution. We are interested in the
compactly supported solution. It is known that a necessary and sufficient condition for existence of
such a solution is ), ¢, = 2™ where m is an integer (see, e.g., [7]). The Fourier transform f of
such f is an entire function of exponential type by the Paley-Wiener Theorem. Its restriction on the
real line is a multiperiodic function

o ~ 1 .
f@ = pe/Df/2) with px) =3 Y cne™inx

If 3" ¢p = 2, we have the following expression of f in terms of the polynomial p

(e o]

f&=[]r@™me)

n=1

where p(0) = 1. If 3" ¢, = 2™, m # 1, then
F=F™D and fx)=(>x)""'Fx)

where F satisfies F(t) = 27™~D Y ¢, F(2t — n). Again the scale 2 in Equation (5.1) can be
replaced by an integer 8 > 2 and the above holds only with some obvious modification. Next, we
give some concrete examples. We can find some other examples in [12].

Example 3. Let g(x) = cos? 7x and G(x) = [Tz, g(x/2k). We can consider this as g(x) =
| p(x)|2 where p is the polynomial corresponding to the dilation equation

fO=rCH+f2r-1).

The solution is f = xo,1]- As a simple demonstration of Proposition 4 (ii), we note that the Fourier
series of g(x) satisfies Z#O lazn] = 0, hence

1
p=2ao=2/ gx)dx =1
0
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and the pressure P(1) of g equals to 0. The complete calculation of the pressure function P(g) has
been given at the end of Section 2.

Example 4.  Let g(x) = cos? rx and G(x) = [[;2, g(x/3). The g(x) = |p(x)|?> where p is
the polynomial corresponding to the dilation equation

3 3
f@)= Ef(3t) + Ef(3t -2).

Then f is the (Schwartz) derivative of the classical Cantor measure. Similar to the above example,
the Fourier series of g(x) satisfies Znaéo |asn| = 0. Proposition 4 (ii) implies that p = 3ap = 3/2;
the pressure P(1) of g hence is equal to log %

We next claim that g is irreducible (adjusted the definition to [0, 1]). Let Sox = § Six =
and S;x =% + 3. For J = (ji, -+, ju), let Sy = S}, -+ 5, then

1
+§1

Wik

X k

Srx = I + Ty
for some 0 < k < 3". By using that 1/2 is the only zero of g and that S;x = 1/2 implies x = 1/2,
we deduce that for every x # 1/2, the orbit is the whole [0, 1]. Also the orbit of 1/2 is the whole
interval [0, 1] because Sp(1/2) = 1/6 7% 1/2 and becomes the case x # 1/2. This proves the claim.

Now by Theorem 4 we have fora = s -+ log(3/2)/ log 3,

T T if >0
f x*G(x)dx =~ { logT if a=0
! o(l) if <0

This implies that f € H*(R) (Sobolev space) iff s < «. In particular, « = 0 corresponds to
s =—1+log2/log3. So, s/2 =~ —1.84535 is the Sobolev exponent of f.

If we take ¢ = 2, then the Fourier coefficients of g2 are supported by {0, +2 & 4} and
Proposition 4 (ii) can be applied:

1 1-3
=3 fruxdx, = — .
p /Ocos Txdx W

Let s, be the supremum of s such that f lT x*G(x)%dx < oo, then by Theorem 4,

log (3 Jy cos? n'xdx)
- log3

~ —0.10721 .

52 =

It follows that the Sobelev exponent of f x f is approximately —0.053605

Example 5.  Consider the random series

>

n=1

NE

where {€,} is an i.i.d. random sequence where each ¢, takes values 0 or 1 with probability ag and a,,
respectively. We are interested in the probability measure u corresponding to the sum of the series.
The variable ¢, is called the Bernoulli random variable and the corresponding measure is called the
Bernoulli convolution measure. The measure u is concentrated on the interval [0, 1]. We can also
put it into the form in (5.1)

KU(E) = aopu(2E) + ajn(2E — 1)
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If aj = 1/2, then u is the Lebesgue measure on [0, 1]. Otherwise, u is singular. The Fourier
transformation of u is of the form

(e o]

i) = n 4 (2—"x) with p(x) = % (aO + aleZJi'ix) .

n=1

Let g(x) = |p(x)|?, then g contains no terms of the form e*27{2)x p ~ 0. By Proposition 4 (ii),
we have p = %(ag + af) so that

log ((1/4) (a + a?)) -2 log (a3 + a?))

P(l) =
M log2 log2

Since p(x) # O, then by Theorem 4 we have

log (ag + a%)

-1
STt 02

o0
if and only if / FGx)dx < .
0
It follows that i € H*(R) for such s and only for such s.
We remark that in [18], by using an entirely different method we can obtain the exact value

of P(1) for the class of self-similar measures satisfies the open set condition which includes the
measure considered here.

Example 6. In wavelet theory we are interested in the solution f of (5.1) which is a compactly
supported L?, or continuous or differentiable function. The condition on the coefficients are more
conveniently assumed tobe Y _ ¢, = 2. A basic question in the theory is to estimate the regularity of
f. Very often it reduces to estimate the asymptotic behavior of f (x) as x — F00. Daubechies [5]
constructed the following class of scaling functions, which has become classic,

fu@x) = 10_0[ my (%)
k=1

. AN
with my(x) = [%(1 -+ ez’”")] On(x) where N > 1 is an integer and Qy is a polynomial such
that
I N—1+) )\
ION () = pu(sinmx),  py(x) =Y < ; )xz” :

j=0 g

Let gn(x) = [Qn(x)| = V/pn(sinmx), then |py(x)| = |coswx|Vgn(x) and g (x) > 0. Theo-
rem S implies that

Pn(q)
qlog?2

f(l +1x)%| fy (x)l9dx < 00 &= a < N — (5.2)
R

where Py (g) is the pressure of g . This is a criterion for f € LI(R) (see Remark 2 after Theorem 5).
Hervé [14] showed almost the same result but without discussing the critical value.

We can use Proposition 3 to approximate gy by a dyadic step function 2 which takes a value
of gy on each of the 2™ dyadic intervals of length 2~™. By using such an & we can construct a

2m=1 x 2™~! matrix M, as in Section 4. Denote by A,(I'") the largest eigenvalue of M, then

log A

N-1
Prlg) - | THE D

= om

(5.3}
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Indeed in view of Proposition 3, we check on py(x). For0 < x < 1,

N-1

%logp~<x)=Z(N 1+’ >2 a ‘/Z( PR )xzfsz(N—l).

i=l
The mean value theorem implies that
llog pn(x) — log py(x + Ax)| < 2(N — 1)|Ax|.

As | sin x] < x|, it follows that
1
3 llog py(sinmx) — log py(sinm(x + Ax))| < (N — 1)|Ax|

and by Proposition 3, (5.3) follows.

If we take % on the dyadic subintervals to be the maximal value of gx on the subintervals,
and let A be defined similarly by taking infimum on the subintervals instead. Then according to the
monotonicity of the pressure function, we have

(m)
_log&m < P(g) = log%, .

m—1 m~—1
where the definitions of L‘(,m) and Xfl'"’ are self-explained. These approximations can be used to give
numerical approximations.

We remark that when g = 2, Py(2) [as in (5.2)] corresponds to the Sobolev exponent of fy
in [3, 9, 25] and the L2-Lipshitz exponent in [20, 21]. These exponents can be calculated exactly
by using certain simple matrices obtained from the transfer operator Lg. Our approximation is
hence most useful for the case g # 2. In particular, the values Py (1) can be used to estimate the
modutus of continuity of fy in [5, Chapter 7]. The following are some numerical estimations of the
a =N — Py(1)/log2in (5.2) using m = 8. We have amin < o < 0max. The third column is an
approximation of the & from [6, p. 232]. It is off from the true value significantly when N is large.

N omin max a [D2] N omin O max a [D2]
2 05210 0.5216 0.5 12 3.8238 3.8281
3 09793 0.9803 00915 13 4.0697 4.0744
4 13911 13925 1.275 14 43100 4.3151
5 17676 1.7694 1.596 15 4.5459 4.5514
6 21159 2.1181 1.888 16 4.7785 4.7844
7 24407 2.4434 2158 17 5.0084 5.0147
8 2.7458 2.7488 2415 18 5.2363 5.2431
9 3.0340 3.0373 2.661 19 54626 5.4697
10 3.3080 3.3117 2.902 20 5.6875 5.6951
11 3.5705 3.5745
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