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FULLY HOLDERIAN STABLE MINIMUM WITH RESPECT TO
BOTH TILT AND PARAMETER PERTURBATIONS*

XI YIN ZHENG', JIANGXING ZHUT, AND KUNG FU NG¥

Abstract. When the objective function undergoes both a tilt perturbation and a general pa-
rameter perturbation, this paper considers the notions of a fully stable Holder minimizer, a uniform
Hoélder growth condition, and a fully stable (g, s)-minimum, where the last notion reduces to the
tilt-stable minimum by Levy, Poliquin, and Rockafellar [SITAM J. Optim., 10 (2000), pp. 580-604]
and the fully Holder stable minimum by Mordukhovich and Nghia [STAM J. Optim., 24 (2014),
pp. 1344-1381] as special cases by taking (g, s) = (2,2) and (g, s) = (2, 1), respectively. Under weak-
(BCQ) (a new constraint qualification), by using the techniques of variational analysis, we establish
relationships among these notions and provide several characterizations for fully stable (g, s)-minima,
which improve and generalize some existing results in the recent literature.
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_ 1. Introduction. Given a proper lower semicontinuous function f : X x P —
R := RU {400} with X being a Banach space and P a metric parameter space,
consider the following perturbed optimization problem with two parameters:

P(x*,p) min f(x,p) — (x*, x) over x € X,

where 2* is in the dual space X*. In 2000, Levy, Poliquin, and Rockafellar [5] first
studied the full Lipschitz stability of locally optimal solutions to P(z*,p) in the fol-
lowing sense: given (Z*,p) € X* x P, a point T € X is said to be a fully Lipschitz-
stable solution to P(x*,p) at (T*,p) if there exist r,L € (0, +00), a neighborhood
W C X* x P of (z*,p), and a mapping M, from W to the open ball Bx(Z,r) with
center T and radius r such that M, (z*,p) = {Z},

(1.1) argmin {f(z,p) — (2%, 2)} = {M,(«",p)} V(z",p) €W,

r€Bx (T,r)

and

(1.2) [|M; (27, p1) = My (23, p2)|| < L(l|l2T — 25|+ d(p1,p2))  V(2T,p1), (23, p2) € W.

They provided second-order conditions for T to be a fully Lipschitz-stable solution
to P(z*,p) at (Z*,p) under the assumption that f : X x P — R is parametrically
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subdifferentially continuous and prox-regular at (Z,p,z*) and satisfies the following
basic constraint qualification: there exist L € (0, +00) and neighborhoods U C P of
D and G C X xR of (z, f(Z,p)) such that

(BCQ) epi(fp,) NG C epi(fp,) + Ld(p1,p2)(Bx x [=1, 1]) Vp1,p2 €U,

where epi(f,) denotes the epigraph of f, := f(-,p) and Bx denotes the closed unit ball
of X. They also studied the Lipschitz continuity of the following infimum function:

(1.3) (u*,p) = my(u*,p) = xeBigff,r){f(x,p) —(u*, )}

In an earlier paper than [5], Poliquin and Rockafellar [15] studied the Lipschitz-stable
solutions known as tilt-stable minimizers for the case in which P = {p}. Recently,
Zheng and Ng [17] further studied tilt-stable g-order local minimizers with 1 < g <
+00. For the case in which P is a general metric space, with d(pl,p2)1/2 replacing
d(p1,p2) in (1.2), Mordukhovich and Nghia [8, 10, 11] considered the so-called full
Holderian stability of the solutions to P(x*,p): T € X is said to be a fully Hélder-
stable solution to P(xz*,p) at (z*,p) if there exist r, L € (0, +00), a neighborhood W
of (z*,p), and a mapping M, : W — Bx(z,r) with M,(z*,p) = {Z} such that (1.1)
holds and

(14) M (5, p1) = My (35, p2) | < L(a} —a3]+d(p1,p2)?)  ¥(ai,p1), (w5, p2) € W.

This property is of course weaker than the full Lipschitz-stability because d(p1,p2) <
d(py,p2)"/? for all p1,py € P close to 5. Mordukhovich and Nghia [8, 10, 11] provided
some characterizations of full Hélder-stability under the assumptions that (BCQ)
is satisfied and f is parametrically subdifferentially continuous and prox-regular at
(7,5,7°). Replacing [ My (w3, p1)— My (25, pa) | in (1:4) by [ My (e, pr)— My (w3, p2) |
and d(p1,p2)"/? by d(p1,p2)®, it is natural to consider the following more general
stability notion: given g1,q2 € (0,+00) and (Z,p,z*) € X x P x X*, there exist
r,L € (0, +00), a neighborhood W of (z*,p), and a mapping M, : W — Bx(Z,r)
with M. (Z*,p) = Z such that (1.1) holds and

(1.5)

IV (25, p1) — My(as, po)lI < L(|2 — w3l + d(pr, p2)®) (&}, 1), (5,p2) € W,

In this paper, we consider the following notion: given g, s € (0, +00) and (Z,
X x P x X*, one may say that T is a fully stable (q, s)-solution to P(z*,p) at (T*,p
if there exist r,l € (0, +00), a neighborhood W of (*,p), and a mapping M, : W —
Bx (z,r) with M,.(Z*,p) = & such that (1.1) holds and

sl

aj*)e
) )

(1.6) [|M(u, p1) =M (uz, p2)[|* < U([[uq —ua || M (u, p1) = My (u3, p2)||+d(p1, p2)°)

for all (uf,p1), (us,p2) € W. In this case, we also say that [ gives a fully stable
(g, 8)-minimum at T for (T*,p).

Since || M, (uf,p1) — M,(ul, po2)|| < 2r for all (u},p1), (ub,p2) € W, (1.6) implies
clearly that inequality (1.5) holds with (¢1,¢2) = (¢,s) and L = I(2r + 1). We shall
also prove that if ¢ > 1 and (¢1,¢2) = (¢—1, s) then inequality (1.5) implies (1.6). For
the case in which ¢ = 2, we shall prove that (1.6) holds for some [ € (0, +o0) if and
only if (1.5) holds for some L € (0, +00) with (q1,92) = (g, 5) (see Proposition 4.1).
Thus our notion defined by (1.6) in the special case in which (g, s) = (2,2) reduces
to the corresponding notion by Levy, Poliquin, and Rockafellar [5], while in another
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special case in which (g, s) = (2,1) it reduces to the one by Mordukhovich and Nghia
[8]. Moreover, when the objective function undergoes both a tilt perturbation and a
parameter perturbation, we introduce the notions of a fully stable Holder minimizer,
a uniform Holder growth condition, and an S-condition, and obtain their interrelated
results, new even in the special case in which the parameter space P is a singleton.

The rest of the paper is organized as follows. Section 2 presents some basic
definitions and properties of variational analysis used in the main body of the paper.
In section 3, we introduce and study notions of the fully Hélder stable minimizer,
uniform Hoélder growth condition, and S-condition. In this connection, we adopt a
new constraint qualification (weak-(BCQ)) which is weaker than (BCQ) and plays a
role somewhat similar to that played by (BCQ) in the work by Levy, Poliquin, and
Rockafellar [5] and Mordukhovich and Nghia [8, 10, 11]. In section 4, in terms of the
subdifferential of the concerned function, we give characterizations for a fully stable
(¢, s)-minimum and a fully stable ¢;-order minimizer. Our results are new even in the
special case in which (g,s) = (2,1) or (g,s) = (2,2).

2. Preliminaries. In the remainder of this paper, unless otherwise specified, X
is assumed to be an Asplund space, i.e., X is a Banach space such that its every
separable subspace has a separable dual. This is a broad class of spaces including all
reflexive spaces; see [6, 16] for more details and references. For Z € X and ¢ > 0, let
Bx(z,0) and Bx|[z,0] denote the open ball and closed ball centered at Z with radius
0 in X, respectively.

Given a proper lower semicontinuous function ¢ : X — R := R U {+oc0}, let
dom(p) and epi(p) denote the domain and the epigraph of ¢, respectively, that is,

dom(yp) :={x € X : p(z) < +oo} and epi(p) :={(z,t) € X x R: p(x) <t}.
Recall that the Fréchet subdifferential of ¢ at x € dom(yp) is defined as

do(z) := {x* € X*: liminf ply) = o) = 27y — 2) > 0},
vy ly — |

and dyp(z) is understood as () for x ¢ dom(y). Let dp(x) denote the Mordukhovich
limiting subdifferential of ¢ at x, that is, * € dp(x) if and only if there exist sequences
{z,} C dom(y) and {z}} C X* such that

(@0, p(0)) = (@, 0(x), 242", and a7, € dp(w,) Vn €N,

where %5 denotes the convergence with respect to the weak* topology of the dual X*.
In the case in which ¢ is convex, it is well known that

dp(x) = dp(x) = {z* € X*: (2", h) < p(z + h) — @(z) for all h € X}.
The following rules for the subdifferentials (cf. [16, 6]) are useful to us.

LEMMA 2.1. Let X be an Asplund space and let fi, fo : X — R be proper lower
semicontinuous functions such that fo is locally Lipschitz at & € domf;. Then the
following assertions hold:

(i) 0 € 8f1(z) C df1 (&) whenever T is a local minimizer of fi.

(ii) O(f1 + f2)(x) C 9f1(Z) + 0 f2(2).

Let P be a metric space and f : X x P — R be a proper function. Given a p in
P, define f, : X — R such that

(2.1) fp(z) = f(z,p) VrelX,
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and let

(2.2) Ouf(@,p) == 0fy(x) and 9, f(z,p) = Ofy(x).

To study the full Lipschitzian stability and full Hoélderian stability for perturbed
optimization problem P(x*,p), both Levy, Poliquin, and Rockafellar [5] and Mor-
dukhovich and Nghia [8, 10, 11] used the following continuous parametric prox-
regularity (as their essential assumption): f is said to be proz-regular in x at T
for ¥ with compatible parameterization by p at p if T* € 0, f(Z,p) and there ex-
ist e,r € (0, +00) and a neighborhood G x U x V of (Z,p,T*) such that

(2.3) F@p) > fa,p) + (a* 2 — ) — gux’ 2 Ve'eq

whenever (z,p) € G x U, x* € 0, f(x,p) NV, and f(z,p) < f(Z,p) +¢&; [ is said
to be continuously proz-regular in x at T for T* with compatible parameterization by
p at p if, in addition, f(x,p) is continuous as a function of (x,p,z*) € gph(d.f) at
(7,5,5%). -

It is easy to verify that a lower semicontinuous function f : X x P — R is
continuously prox-regular in x at T for £* with compatible parameterization by p at
p if and only if there exist r € (0, +00) and a neighborhood G x U x V of (z,p, T*)
such that (2.3) holds whenever (z,p) € G x U and z* € 0, f(x,p) N V.

As a generalization of the above continuous parametric prox-regularity, we adopt
the following notion.

DEFINITION 2.1. Let q € (1,+00) and (Z,p,z*) € gph(0.f). The objective
function f is said to be continuously q-regular in x at T for (T*,p) if there exist
p € (0, 4+00) and a neighborhood G x U x V' of (Z,p,T*) such that

(2.4) f@',p) > flz,p) + (x*,2" —2) — p|l2’ —z||? V2’ e G
whenever (x,p) € G x U and z* € O, f(x,p)NV.

For the special case in which ¢ = 2, the continuous g¢-regularity reduces to the
continuous prox-regularity of Levy, Poliquin, and Rockafellar [5].

Given two subsets A and B of the product X x X* with A C B, recall that A is
monotone if

0< (x5 —azl,x2—z1) Y(x1,27),(x2,25) € A

and that A is a maximal monotone subset of B if A is monotone and there exists
no other monotone subset of B containing A (cf. [15]). We say that a multifunction
T : X = X* is maximally monotone if gph(T) is a maximally monotone subset of
X x X*. For a maximally monotone multifunction 7', we don’t know whether or not
T is locally maximally monotone at (Z,zZ*) € gph(T') in the following sense: for any
neighborhood U of (Z,Z*) there exists a neighborhood V of (z,z*) with V' C U such
that gph(7) NV is a maximally monotone subset of V. However, we do have the
following lemma, which is useful to us.

LEMMA 2.2. Let r, o be positive real numbers and 6 € (0, ro]. Suppose that X
is a Hilbert space, T : X = X is a maximally monotone operator, and that (T,z*) €
gph(T). Then gph(T' +ol)N(B(Z,r) x B(z* 4+ 0Z,0)) is a mazimal monotone subset
of B(z,r) x B(T* 4+ 0Z, ).

Proof. Since T is maximally monotone, the mapping x* +— (T + o)~ !(z*) is
single valued on X and

(25) ||(T+ O'I)il(vl) — (T+ O'[)il(vg)n < 071”’[}1 — U2|| v'Ul,UQ € X
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(cf. [2, Corollary 23.10]). Then, noting that (T'+ o)~ (z* +0Z) = Z, it follows from
(2.5) that

(2.6) (T +ol)"(B(z* +07,6)) C B(7,r).
Let (zg,yo) be an arbitrary element in B(Z,r) x B(Z* + ¢Z, d) such that
(2.7)  0<{(v—yo,u—x9) Y(u,v)€gph(T+0ol)N(B(Z,r)x B(Z" + 0Z,0)).

To prove the lemma, we only need to show that gph(T+oI)N(B(z,r)x B(Z*+0Z,9))
is a maximal monotone subset of B(Z,r) x B(Z* + 0Z,d). To do this, it suffices to
show that xg = (T + oI)~!(yo). To do this, let hg := (T + o)~ (yo) — 70, and take
a sequence {t,} C (0,400) convergent to 0 such that yo — t,hg € B(Z* + 0Z, ) for
all n € N. Let u, := (T + oI)"Y(yo — tnho). Then, by (2.6), one has

(2.8) (Un, Yo — tnho) € gph(T + oI) N (B(Z,r) x B(Z* + 07, 9)).
It follows from (2.7) that

0 < (~tnho,Un — x0) = (—tnho, (T + o)™ (yo — tnho) — (T + )" (o) + ho).
Hence

[holl?> < = (ho, (T + oI) ™" (yo — tuho) — (T + 1)~ (yo))

<
< Nholll(T + o1) ™" (yo — tuho) — (T + 1)~ (yo) |
< 0 nllhol|?

(the last inequality holds because of (2.5)). Since t,, — 0, this implies that hy = 0,
namely zg = (T + o1)~*(yo). The proof is complete. d

The fact that r, o, and § in Lemma 2.2 are independent on T will play an
important role in our analysis later.

3. Fully stable Hélder minimizers. Let X be a Banach space, ¢ : X — R
be a proper lower semicontinuous function, and let Z be a point in dom(yp). When ¢
undergoes small linear perturbations, many researchers (cf. [3, 4, 7, 9, 15]) studied
the stable second-order (local) minimizer in the following sense: Z is said to be a
stable second-order minimizer of y if there exist 0,7,k € (0, +00) and a mapping
¥ : Bx«(0,0) = Bx(&,r) such that 9(0) = T and
(3.1)
kl|lz —9(u)|)? < o(x) — e (u*)) — (u*,z —I(u*)) V(x,u*) € Bx(Z,r) x Bx+(0,6).

This notion was extended recently in [17, 18] to the so-called stable Holder minimizer
(namely, by replacing ||z —9(u*)||? in (3.1) by ||z —9(u*)||?). In this section, we mainly
consider the more general stable Holder minimizer with “double parameterization
variables” u* and p. Throughout the remainder of this paper, let P be a metric space
and f: X x P — R be a proper lower semicontinuous function. For each p € P, the
notations f, and 0, f are as in (2.1) and (2.2) respectively. Hence

gph(0.f) = {(z,p,2") e X x P x X" : 2™ € 0fp(x)}.
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DEFINITION 3.1. Given q € (1,400) and (Z,p,T*) € gph(0.f), T is called

(1) a fully stable g-order minimizer of f for (z*,p) with modulus k > 0 if there
exist 91,09,7 € (0,+00) and a single-valued mapping 9 : Bx«(Z*,d1) X
Bp(p,62) = Bx(Z,r) with ¥(T*,p) = T such that
(3.2)
kllz =9, p)|* < fz,p) = f(O(u®, p),p) — (u,z —I(u",p)) V&€ Bx(z,r)

whenever (u*,p) € Bx+(Z*,01) X Bp(p,da);

(ii) a c-fully stable g-order minimizer of f for (z*,p) with modulus k > 0 if,
additionally, lim,_,; 9(z*, p) = 9(z*,p);

(iii) a fully (resp., c-fully) stable q-order minimizer of f for (T*,p) if there exists
Kk > 0 such that T is a fully (resp., c-fully) stable q-order minimizer of f for
(z*,p) with modulus k.

It is clear that if Z is a c-fully stable g-order minimizer of f for (z*,p) then it is
a fully stable g-order minimizer of f for (z*,p). The following proposition shows that
the converse holds under the continuity assumption on f.

PROPOSITION 3.1. Let g € (1, +00), f:R" x P — R be a continuous function,
and let (Z,p,7*) € gph(0,f). Then T is a c-fully stable q-order minimizer of f for
(z*,p) if and only if it is a fully stable q-order minimizer of f for (T*,p).

Proof. Since the necessity part is trivial, it suffices to prove the sufficiency part.
Suppose that there exist 781,02,k € (0,400) and a mapping ¢ : Bgrn(Z*,01) X
Bp(p,d2) — Bgrn(Z,r) with 9(Z*,p) = T such that (3.2) holds whenever (u*,p) €
Bgrn (Z*,61) x Bp(p,d2). We only need to show that lim,_,;9¥(Z*,p) = Z. To do this,
suppose to the contrary that there exist a sequence {py} in Bp(p,d2) and ¢ > 0 such
that

(3.3) klim pr=p and &g <|HZ*,pr) —Z| VkeN
—00
Since ¥(Z*, pr) € Brn(Z,r), (3.2) implies that
K”ﬁ(j*apk) - lg(j*aﬁ)llq
< fO@", pr),p) = f(I(@", D), p) = (T, (T, pi) = (7", p)) VkEN
and
HHLE - ﬁ(f*vpk)Hq < f(‘fvpk) - f(ﬁ(‘f*apk)vpk) - <j*75E - ﬁ(j*vpk» Vk € N.
Noting that ¥(z*,p) = Z, it follows from (3.3) that
(34) 2H68 S f(japk) - f(jap) + f(’ﬁ(i'*apk)vﬁ) - f(ﬁ(f*,Pk)»Pk) Vk € N.

Since {#(Z*,pr)} is a bounded sequence in R™, we can assume without loss of gen-
erality that J(z*,px) — xo € R™ (taking a subsequence if necessary), and therefore
(3(Z*, pr), pk) = (xo, D). This and the continuity of f imply that

lim (f(j7pk) - f(i'vﬁ) + f(ﬁ(f*7pk),ﬁ) - f(ﬁ(j*ﬂpk)7pk)) =0,

k—o0

contradicting (3.4). The proof is complete. d
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Clearly, (3.2) implies that ¥(u*,p) is a unique minimizer of the function z —
f(z,p) — (u*,z) over Bx(z,r) for all (u*,p) € Bx«(Z*,61) x Bp(p,d2). Moreover,
replacing x in (3.2) by J(v*,p) and also using the symmetry between v* and u*, (3.2)
implies clearly that

26[[9(v*, p) = I(u",p)[|? < —(u*, I(v",p) = I(u",p)) — (v*, I(u",p) = I(v",p))
= (v* —u*,¥(v*,p) — ¥ (u*,p))
< " = ul[[9(0", p) — I (u”, p)],
and so

(3.5)
2k||19(v*, p) — ﬁ(u*,p)”q_l < |lw* —u*|| Vo ,u* € Bx«(Z",601) and p € Bp(p, d2).

Thus, (3.2) implies that the single variable mapping u* — ¥(u*, p) is continuous on
Bx-(Z*,8,) for all p € Bp(p,d2). However, (3.2) does not imply the (joint) conti-
nuity of the double variable mapping (u*,p) — J(u*,p). This makes the following
proposition meaningful.

PROPOSITION 3.2. Let g € (1,+00), (Z,D,%*) € gph(0,f), 51,52,r,/<a € (0,400),
and a mapping ¥ : Bx~(T*,d1) X Bp(p, d2) — B (Z,r) with ¥(z*,p) = T be such that
(3.2) holds. Suppose that (ul,po) € Bx~(T*,01) X Bp(p, d2) satzsﬁes
(3.6) lim 9(uy, p) = ¥ (ug, po).

pP—Po
Then ¥ is continuous at (ug, po)-
Proof. Since (3.2) implies (3.5), limy« .3 J(u*, p) = 9¥(ug, p) holds uniformly with
respect to p € Bp(p,d2). Noting that

[9(u”, p) = I(ug, po)l| < [[9(u*, p) — I(ug, p)I| + [[9(ug, p) — I (ug, po)ll,
it follows from (3.6) that Lim .= ) (uz.po) V(u*p) = F(ug, po). This shows that ¥ is
continuous at (ug, po). d
The following corollary is immediate from Proposition 3.2 (applied to (ug,po) =
(@*,p))-
COROLLARY 3.1. Let q € (1,400) and (Z,p,T*) € gph(05f) be such that T is a
c-fully stable q-order minimizer of f for (z*,p). Then there exist 01, 02,7, & € (0, +00)

and a mapping ¥ : Bx~(T*,81) X Bp(p,d2) — Bx (T, r) with 9(T*,p) = T such that
both (3.2) and

(3.7) lim  9(u,p) = 97", p)
(u*,p)—(z*,p)

hold.

Motivated by the uniform second-order growth condition (cf. [1, 3, 4, 7, 8,9, 11]),
we adopt the following notion.

DEFINITION 3.2. Let (Z,p,z*) € gph(0.f) and let ¢ € (1,+00). We say that f
satisfies a uniform q-order growth condition at (T,p,T*) if there exist k,r,01,d09 €
(0, +00) such that

(3.8) kllz —ul|” < f(z,p) = f(u,p) — W',z —u) Vo e Bx(z,r)
whenever (U,p, U*) € gph(a:vf) N (BX(:fﬂn) X BP(ﬁa 62) X BX* (j*aél))
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Comparing Definition 3.2 with Definition 3.1, it is worth noting the following two

remarks.

(1) We require (3.2) in Definition 3.1 to hold for all (u*,p) € Bx«(Z*,01) X
Bp(p, d2), while inequality (3.8) in Definition 3.2 is only required to hold for
those (u*,p) € Bx~(Z*,01) X Bp(p, d2) with u* € 0f,(Bx(Z,r)).

(2) Given (u*,p) € Bx«(z*,81) X Bp(p,d2), inequality (3.2) in Definition 3.1 is
only required to hold for a single u = ¥(u*,p) in Bx(z,7) N (8f,) H(u*);
in contrast, inequality (3.8) in Definition 3.2 is required to hold for all u €
Bx(7,r) (1 (0f,) " (u").

Moreover, given r,d1,02 € (0, +00) and (u*,p) € Bx«(Z*,01) X Bp(p,d2), it is

clear that

argmin {f(u,p) — (u*,u)} = (0f,) " (u")  Bx (&,7)

u€Bx (Z,r)
if (3.8) holds. However, even in the special case in which the parameter space P is
a singleton and (3.2) holds, it may happen that argmin,cp (z »{f(z,p) — (u*,2)},
equal to the singleton {¥(u*,p)}, is properly contained in (9f,)"*(u*) N Bx(Z,r), as
the following example shows.

Ezample 3.1. Let ¢ € (1,400) and {a,}, {bn} be sequences in (0, +00) such that
a1 =1, apy1 <bp,<a, VneN
and

lim a, = lim b, = 0.
n— o0 n—oo

Define f : R — R as follows: f(x) = +oo for all x € R\ [~ay, a1] and

2a, if x € [—an, —b,) and n € N,

2‘;;;7222;1(93 +ant1) +2an41 if x € [~by,—apt1) and n € N,
flx)y:==4¢ 0 if x =0,

%(w —apt1) +2an41 if 2 € (apt1,bs] and n € N,

2an, if x € (bn,ay] and n € N.

Then, since ¢ > 1, it is easy to verify that f(z) > 2|z| > |z| + |z|? for all x €
Br(0,1) \ {0}, and so

fla) = (W x) > || = (W) + [2]? = |z|T V(z,u”) € (Br(0,1) \ {0}) x Bg(0,1).
This implies that

argmin {f(z) — (u*,z)} = {0} Vu* € Bg(0,1)
x€Bg(0,1)

and T = 0 is a (fully) stable g-order minimizer of f. On the other hand, it is easy to
verify that 0 € 9f(0) and

if x € (—ap, —by) and n € N,

2ay—2ay .

ZHH ab“, } ifz=—ap41 and n €N,
2a,—2 .

0, Z"_QZ:TI] if r =a,11 and n € N,

0

[
Of () =

[

0

if x € (b, an) and n € N.
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Consequently,

U [=ans —=ba) U (b an] € (0F)71(0), {0} U {ans1,n € N} € (9f) 7 (u")
n=1

Yu* € (0,1)

and
{0} U{—ani1,m € N} C (0f) H(u*) Vu* € (—1,0).
Therefore, Br(0,¢) N (0f)~!(u*) is not a singleton for all ¢ > 0 and u* € Br(0,1).
Based on the above remarks and example, we introduce the following notion.
DEFINITION 3.3. We say that the function f : X x P — R satisfies the S-condition

at (z,p,z*) € gph(0,f) if for all sufficiently small r > 0 there exist 61,02 € (0, +00)
and a mapping ¥ : Bx+(Z*,01) X Bp(p,d2) — X such that
(3.9)  (0fp) ' (u*) N Bx(z,7) = {d(u*,p)} V(u*,p) € Bx-(T*,81) x Bp(p,da).

As a byproduct, this S-condition implies clearly that

lim I(u*,p) = 7.
(u*,p)—(z*,p) (W)

Moreover, (3.9) also implies that gph(9,f) N (Bx(Z,r) X Bp(p,d2) X Bx«(ZT*,01)) is
equal to the set {(u,p,d(u*,p)) : (u*,p) € Bx+(T*,61) X Bp(p,d2)}. Therefore, if
f satisfies the S-condition at (Z,p,z*) and T is a fully stable g-order minimizer of
f for (z*,p), then f satisfies a uniform g-order growth condition at (z,p,z*). In
what follows, we consider the relationships among the fully stable g-order minimizer,
uniform g-order growth condition, and S-condition.

PROPOSITION 3.3. Let (Z,p,z*) € gph(d,f) and (q,k) € (1,+00) x (0, +00)
be such that T is a c-fully stable g-order minimizer of f for (T*,p) with modulus

K. Suppose that [ is continuously q-reqular in x at T for (T*,p) with the associated
constant p such that 0 < p < k. Then f satisfies the S-condition.

Proof. By Corollary 3.1 and the assumption that Z is a c-fully stable g-order
minimizer of f for (Z*,p) with modulus &, there exist d;,d2,7 € (0, 400) and a
single-valued mapping ¢ : Bx+(Z*,81) X Bp(p,02) — Bx(Z,r) with ¢(Z*,p) = Z such
that (3.2) and (3.7) hold. Thus, we have

(310) 19(’11,*,])) € (afp)il(U*) me(i',T') V(U*ap) S BX*(E*;al) X BP(ﬁa 62)

Since f is continuously g-regular in x at z for (z*,p) with constant p, we can assume
without loss of generality that

(3.11) (w2 —u) < f(z,p) = flu,p) +pllz —ul|" Vo e Bx(z,7)

whenever (u,p) € Bx(Z,r) x Bp(p,d2) and u* € O, f(u,p) N Bx~(T*,d1) (taking
smaller 7, §1, dy if necessary). By (3.10), to prove that the S-condition holds, it
suffices to show that

(3.12)  (0fy) M (u*) N Bx(z,7) C {I(u*,p)} V(u*,p) € Bx-(z*,81) x Bp(p,da).

Let (u*,p) € Bx-(Z*,01) x Bp(p,d2) and xy«, € (0f,) 1(u*) N Bx(Z,r). Then,
u* € Oy f(xy~ p, p), and so it follows from (3.11) and (3.2) that

(u®, I(u", p) = wur p) < f(O(u”,p),p) = f(@ur p, ) + plO(u”, p) = Tus |



2610 XI YIN ZHENG, JIANGXING ZHU, AND KUNG FU NG

and

kllzus p = 0w, p)|* < f(@ur p,p) — F(O(W",p),p) — (U, 2y p — I(u", p)).
This implies that (k — p)||9(u*,p) — Ty= pl|? < 0, and so -, = Y(u*,p) due to the
assumption that p < k. Thus (3.12) is shown and the proof is complete. 0

Proposition 3.3 requires a quite restrictive assumption: the modulus constant p
of the continuous ¢-regularity of f in x at z for (z*,p) is smaller than the modulus x
in (3.2). In the case in which X is a Hilbert space, such a restrictive assumption can
be dropped.

PROPOSITION 3.4. Let ¢ € (1,400) and T* € 0, f(Z,p). Suppose that T is a c-
fully stable q-order minimizer of f for (z*,p) and that f is continuously proz-regular
inx at T for (T*,p). Further suppose that X is a Hilbert space. Then f satisfies the
S-condition at (Z,p,T*). Consequently [ satisfies a uniform q-order growth condition
at (T,p,T*).

Proof. By Corollary 3.1, there exist 01,02,7,& € (0,400) and a mapping ¢ :
Bx+(Z*,01) X Bp(p,d2) = Bx(Z,r) with 9(Z*, p) = Z such that (3.2) and (3.7) hold.
Take an 7 in (0, 7). Thus, by (3.7), we can assume without loss of generality that

(3.13) [9(u”,p) = | <ro V(u”,p) € Bx(Z",01) x Bp(p, b2).
Moreover, (3.2) implies that

fp(0(u®,p)) = (' 9(u”,p)) = min (f,(z) - (u",z))

rE€BXx [T,70]

for all (u*,p) € Bx~(Z*,61) x Bp(p,d2), where f, := f(-,p). It follows that

(3'14) (fp + 5BX[9?7T0])*(U*) = <u*7 ﬁ(U*vp» - fp(ﬁ(u*ap»

for all (u*, p) € Bx«(Z*,01) x Bp(p,d2), where (f, +0p[z,r)* denotes the conjugate
function of f, + 0B (zr.]- Let g, denote the convex envelope of f, +dp [z, that is,

epi(gp) = E(epi(fp + 0By [i,ro]))'
Then, (f, +0Bx(z,r0))" = g5 and gp < fp + 0By [z,r0)- It follows from (3.14) and (3.13)
that

(u®, 9", p)) = fp(I(u”,p)) = g, (u”) = (u”,9(u”, p)) — gp(V(u", p))
= (u*, (u”,p)) = (fp + 0Bx1a,r0) (V(u", D))

(u*, 9(u®,p)) = fp(I(u”,p))

and so
(3.15)  gp(u’) = (", 9(u",p)) — gp(J(u”,p)) and fp(I(u",p)) = gp(I(u",p))
for all (u*,p) € Bx-(z*,61) X Bp(p, &); thus

I(u*,p) € 0g,(u*) V(u*,p) € Bx~(Z",61) X Bp(p,2).

By (3.5) and [14, Proposition 2.8], the convex function g5 is smooth on Bx-(Z,d;)
and
VQ;(U*) = {ﬂ(U*ap)} V(U*ap) € BX*(j*751) X BP(ﬁa 62)7
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which means
gph(dg,) N (Bx+(7*,01) x X) = {(u*,9(u",p)) : u* € Bx~(z*,01)} Vp € Bp(p,da).
Since gph(dgy) = {(z*,z) : (v,2") € gph(dgy)}, it follows from (3.13) that
(3.16) gph(dgy) N (Bx(Z,r0) x Bx+(z*,61)) = {(¥(u*,p),u”) : u* € Bx«(Z,01)}

for all p € Bp(p,d2). Noting that g,(x) < fo(7) + Iy [z, () = fp(z) for all z €
Bx (Z,rg), it follows from the convexity of g, and (3.15) that

(u*,x = 9(u”, p)) < gp(x) = gp(I(u",p)) < fp(x) — fo(I(u",p))
for all (z,u*,p) € Bx (&, 10) X Bx+(Z*,61) x Bp(p,ds). This and (3.13) imply that
u* € Of,(I(u*,p)) C Ofp(I(u”,p)) V(u,p) € Bx-(&*,81) x Bp(p,s).
Thus, by (3.16), one has
(3.17) gph(0gp) N (Bx (Z,70) X Bx-(z",01)) C gph(0f,) Vp € Bp(p,d2).

On the other hand, by the continuous prox-regularity assumption on f, we can assume
without loss of generality that there exists o € (0,+00) such that

(3.18) W,z —u) < fz,p) — flu,p) + %Hx —u|? Vz e Bx(z,r0)

whenever (u,p) € Bx(Z,r9) X Bp(p,d2) and u* € 9, f(u,p) N Bx«(Z*,01) (taking
smaller rg, 01, and s if necessary). It follows that

(3.19) 0< (z* —u*,x—u)+ oz —u|? = (&* +ox — (u* + ou),z —u)

for all (z,z*), (u,u*) € gph(dfp) N (Bx(Z,70) X Bx(Z*,61)) and p € Bp(p, J2). Take
ry € (0, ro) and & € (0, &1) such that 87 + ory < 1. Then, z* € Bx-(Z*, 1)
whenever z € Bx(Z,r() and 2* + ox € Bx«(T* + 0%, ). Thus, by (3.19) and (3.17),

(3.20)
gph(df, + o) N (Bx (Z,7}) X Bx«(Z* + 0,067)) is monotone for all p € Bp(p, 2)

and
(3.21)
gph(9g, + oI) N (Bx (Z,ry) X Bx«(Z* + 07,8})) C gph(0f, + oI) Vp € Bp(p,d2).

Let r’ := § min{r{, %} and n € (0, 7). Then, by (3.7), there exist

51 € (0, min{20(r' —7n),861}) and & € (0, &)
such that
(3.22) |[9(u*,p) —Z|| <n V(u*,p) € Bx-(T*,81) x Bp(p,d2).
It suffices to show that

(323) (afp)il(u*) N Bx(jﬂ?) = {ﬂ(U*ap)} V(U*ap) € BX*(‘f*vgl) X BP(ﬁa 52)
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From (3.22), the definition of " and the choice of 7, it is easy to verify that

(3.24) Bx(z,m) C Bx(9(z*,p),2r") € Bx(z,15) Vp € Bp(p,d2)
and
(3.25) Bx«(z* + a¥(z*,p),207") C Bx«(Z* + 07,8]) Vp € Bp(p,d2).

For each p, let
W, i= Bx(9(z",p),2") x Bx-(z" + 00(&",p), 207").

Then, since Z* € dg,(9(z*, p)) and dg, is maximally monotone for all p € Bp(p, d2),
Lemma 2.2 implies that gph(dg, + oI) N W, is a maximally monotone subset of W,
when p € Bp(p,d2). Thus, by (3.20), (3.21), (3.24), and (3.25), one has

gph(dg, + o) N W, = gph(df, + al) N W, Vp € Bp(p,ds).

It follows from (3.22) and (3.24) that

gph(9gp) N (Bx (2,7) x Bx+ (2", 20(r" —1)))
= gph(9fy) N (Bx(2,n) X Bx-(2",20(r" —1)))

for all p € Bp(z,d2). Since d; < min{20(r’ —n), 1}, this and (3.16) imply that (3.23)
holds. The proof is complete. 0

From the proof of Proposition 3.4, we have the following result.

PROPOSITION 3.4'. Let X be a Hilbert space and let T € 0, f(Z,D) be such that f
is continuously proz-regqular in x at T for (*,p). Suppose that there exist d1, 02,7, 7 €
(0, +00) and a single-valued mapping ¥ : Bx+(Z*,61) X Bp(p,02) — Bx(&,r) such
that im,« ,) 7+ 5) V(u*, p) = 9(z*,p) = T, the mapping u* — I(u*,p) is continuous
on Bx+(Z,01), and

f(u*,p),p) — (u*, I (u", p)) = meg}(il(ﬂm)(f(w,p) — (u”, z))

for allp € Bp(p,02). Then f satisfies the S-condition at (Z,p,T*).

The (BCQ) plays an important role as a basic constraint qualification in the work
by Levy, Poliquin, and Rockafellar [5] and Mordukhovich and Nghia [8, 10, 11]. The
notion given below is a weaker one and plays a role somewhat similar to that played
by (BCQ) in [5] and [8, 10, 11].

DEFINITION 3.4. Given s € (0,400), the objective function f(x,p) is said to
satisfy the s-order basic constraint qualification (in brief s-(BCQ)) at (Z,p) if there
exist L € (0, +00), and neighborhoods U of p and G of (Z, f(Z,p)) such that

s-(BCQ)  epi(fp,) NG Cepi(fp,) + Ld(pr,p2)*(Bx x [=1, 1)) Vp1,p2 € U;

f(x,p) is said to satisfy the weak basic constraint qualification (weak (BCQ)) at (Z,p)
if there exists s € (0,+00) such that f(z,p) satisfies s-(BCQ) at (Z,p).

The following example shows that (BCQ) is strictly stronger than weak (BCQ).
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Ezample 3.2. Let X be a Banach space, P = R, s € (0, 1), and define f :
X x P — RU {+0o0} to be such that f(x,p) := ¢(x) + |p|® for all (z,p) € X x P,
where ¢ : X — RU {400} is a proper lower semicontinuous function. Clearly,

(3.26) epi(fp) = (0, [p|°) +epi(y) Vp € P.

Noting that
(a+b)° <a®+b° Va,be [0, +00)

(thanks to s € (0, 1)), one has

100, [p1]*) = (O, [p2*)I| = lIp1|® — Ip2|*| < [p1 — p2|® Vp1,p2 € P.

It follows from (3.26) that s-(BCQ) holds for any (Z,p) € dom(f) with L =1, U =
P, and G = X x R. This shows that f(x,p) satisfies the s-order basic constraint
qualification at each (Z,p) in dom(f). Next suppose that there exist zyp € dom(yp)
and 7 > 0 such that ¢(z0) = mingep(zy,r) ¢(x). Then, by (3.26), one has

(w0, p(x0)) € epi(fo) \ epi(f1) and d((zo, p(z0)),epi(f1)) = —
1

I
TS

. d((zo,p(x0)),epi(fr)) |
lim T " = lim n = +o0.
n—00 d(o’ E) n—00

for all n € N with n > and so

It follows that for any L € (0, +00) there exists ny, € N such that

(20, 0(x0)) € epi(f) + Ld(O7 111) (Bx x[-1,1]) VneNwithn >np.

1
n

Hence

epi(fo) NG ¢ epi(fy) + L0 2 ) (B x [-1. 1)

for any neighborhood G of (xg, f(20,0)) and n € N with n > ny. This shows that
f(z,p) does not satisfy the basic constraint qualification (BCQ) at (xo,0).

The following lemma is similar to [8, Proposition 3.1] and immediate from Defi-
nition 3.4.

LEMMA 3.1. Lets € (0,+00) and (Z,p) € dom(f) be such that f satisfies s-(BCQ)
at (z,p). Then there exist r,02,c,¢ € (0,400) such that

(3 27) T € BX(i‘7T)a P1,P2 € Bp(ﬁ, 52)7 }
' f(xlapl)gf(g_jaﬁ)+€
||5L'1 - $2|| S ed(p17p2)sv

= dxy with
’ {f(932,102) < f(z1,p1) + Ld(p1, p2)°.

The following is another lemma about the weak-(BCQ) which plays an important
role in the proofs of some results.
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LEMMA 3.2. Let (Z,p,%*) € gph(0,f) be such that [ satisfies the weak-(BCQ) at
(Z,p) and suppose that there exist g € (1, +00) and 69 > 0 such that

(3.28) kllx — 2|9 < f(z,p) — f(Z,p) — (Z*,x — %) Vz € Bx|[Z, o]

Then, for all sufficiently small n > 0 there exists 0, > 0 with the following property:
for any (u*,p) € Bx«(Z*,0,) X Bp(p,d,) there exist sequences {v,} C X and {v};} C
X* such that

(3.29) fon,p) — (W' v,) < inf  {f(x,p) — (u",2)} + % Vn € N,

x€Bx [Z,n]

1 2
(3.30) vy € Bx~ [u*, n] and v, € (0f,) " (vi) N By (f, 377> vn € N.

Proof. By the weak-(BCQ) assumption and Lemma 3.1, there exist s,7,d2,£,£ €
(0, +00) such that (3.27) holds. Since f is lower semicontinuous at (Z,p) € dom(f),
f is bounded below on a neighborhood of (Z,p). Hence there exist sufficiently small
0,6, € (0, +00) such that f is bounded below on Bx|[z,n] x Bp(p, d,),
(3.31)

< min{r, 527 (50}

(T U . 7
2 ’ 6n§mln{§762}a Z(szggv 2(”33 |+677+6>77§5?

and

q
(3.32) 2063 (||| + 8y + 1) + 6,80 < 5 (g) .

Take an arbitrary (u*,p) in Bx«(Z*,6,) X Bp(p,d,). Then there exists a sequence
{un} C Bx[%,n] such that

flnp) = (0" ) € _ind{fep) = (' 0)} + 5 Ve,

This and Ekeland’s variational principle imply that for each n € N there exists v,, €
Bx[Z,n] such that (3.29) holds,

1
. — < —
(3.33) [vn — un|l < o’
and
1
(3.34) Fvn,p) = (u”,vn) < flz,p) = (u”,2) + ~ |z —vn|| Vo € Bx[z,7].

By choosing (x1,p1) = (Z,p) and ps = p in (3.27), we can find x5 = w such that
(3.35) lw —z|| < td(p,p)* < L5}, <n

and f(z,p) > f(w,p) — £d(p,p)® > f(w,p) — £4,. This and (3.34) imply that

f(@,p) + 46, > f(w,p)
1
> * — _ _
(3.36) 2 f (s p) + (' w = vn) = —flw —n|
= f(vn,p) = ]l [[w = vall = [lw = vn|
2 f(vn,p) = (12 + 6y + 1) |w — v
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Since [|w — v, < [Jw — Z|| + [|Z — va|| < 27, it follows that
f(on,p) < f(, ) + €05 + 2([|77[| + 6y + 1),

and so f(vn,p) < f(Z,p) + € (thanks to (3.31)). Thus, setting (z1,p1) = (vn,p) and
pe = p in (3.27), we can find z, € X such that

(3.37) |20 — vnll < €d(p,p)*® < €6,
and
(3.38) f(on,p) = f(2n,D) — td(p,D)°* = f(2n, D) — £55.

It follows from (3.31) that

. - s 4n
(3.39) lzn = Z|| < [l2n — vall + [l — Z|| < €65 +1 < 3 < 0.

)

('Unap) + <U’*7 w — Un> - n_le - UnH
(Zn,ﬁ) - 6573] + <U*7w - Un> - n_1||w - DnH
(

,p) + (2%, 20 — T) + hillzn — 2|7 — €6y + (u*,w — vg) — 207 1),
This, together with (3.37), (3.35), and (3.39), implies that

205, + 207 > k2, — 2T H (T — w2, — )+ (U 2, — T w — vy)
Z Kllzn — 2" =127 = w2 = 2] = [lu"[[([[2n = vall + Jw = Z]])
=K

lzn = Z[|* = dndo — 2605 ([|Z"|| + 61),

and so kl||z, — Z||7 <2065 (||z*|| + 6, + 1) + 6,00 + 2n*117. It follows from (3.32) that
n n n

q
limsup k|| zn, — || < 20655 ([|Z7[] + 6,y + 1) + 8,00 < K (ﬂ) .
n——+oo 3

Hence, ||z, — | < 7 for all sufficiently large n. Since ||v, —Z|| < |[vn — zn || + |20 — 2|,
it follows from (3.37) and (3.31) that

2
(3.40) vy € Bx <i, ;) for all sufficiently large n.

This and (3.34) imply that 0 € 9, f(vn,p) — u* + n~!Bx-, namely there exists v} €
Bx-«[u*, 1] such that v, € (9f,) "' (v}). Therefore, by (3.40), one can see that (3.30)
holds. The proof is complete. O

THEOREM 3.1. Let f : X x P — R satisfy the weak-(BCQ) at (Z,p) € dom(f).
Let ¢ € (1, +00) and * € O,f(Z,p) be such that [ satisfies the uniform q-order
growth condition at (T,p,Z*). Then T is a c-fully stable q-order minimizer of f for
(Z*,p) and f satisfies the S-condition at (Z,p,T*).

Proof. Since f satisfies the uniform g-order growth condition at (Z,p, z*), there
exist k,7, 81,2 € (0,400) such that (3.8) holds for all

(u, p,u”) € gph(0f) N (Bx (Z,7) X Bp(p, 02) X Bx+ (", d1)).
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Hence

K)H’U,Q - ul‘lq S f(u2ap) - f(ulap) - <U’{,’U/2 - ’U/1>,
Kllug —ui |9 < f(ur,p) — fuz,p) — (u3, ur — uz),
and so
26ur — uz||? < (ui —uz,ur —ug) < luj —usll - flur — uz|

for all (u1,p,ut), (uz, p,us) € gph(0,f) N (Bx (&, r) X Bp(P,62) X Bx«(Z*,01)). This
implies that

(3.41) (0fp) (") N Bx (z,7) = {9(u*, p)}
and
(3.42) (2R) T 9w}, p) — I(ud, p)|| < [luf — wp]| 7

for all p € Bp(p,d2) and u*,uj,us € Bx+(Z*,61) N Ofp(Bx(Z,7)). Thus, by Defini-
tions 3.1 and 3.3 and (3.8), it suffices to show that there exists ¢’ € (0, min{dy,d2})
such that

(3.43) Bx-(z",8') C 8f,(Bx(z,r)) Vpe Bp(p,d).

To do this, let n be an arbitrary number in (0, 7). Then, by (3.8), the weak-(BCQ)
assumption, and Lemma 3.2, there exists 6, € (0, min{d;,d>}) with the following
property: given any (u*,p) € Bx«(Z*,0,) x Bp(p, d,), there exist sequences {v,} C X
and {v}} C X* such that (3.29) and (3.30) hold. Hence, by (3.30), (3.41), and (3.42),
we have that v, = 9(v},p) € Bx(7, %’7) for all n € N, lim,,_,oo v} = u*, {v,} is a
Cauchy sequence, and so lim,_,. v, — v € Bx]|Z, %’7] It follows from (3.29) that
f(v,p) = (u*,v) = mingep, [z, (f(z,p) — (u*,x)) and hence 0 € 0, f(v,p) — u*. This
implies that u* € O0f,(v) C 0fy(Bx(Z,r)), and so (3.43) holds with §' = 4,. The
proof is complete. 0

The following lemma is useful for our analysis later, which is established in the
proof of [17, Theorem 4.3].

LEMMA 3.3. Let X be a Banach space and o : X — R be a proper lower semicon-
tinuous function. Let & € dom(yp) and r1 > 0 be such that p(T) = mingep, (z,r,] ().
Suppose that Oy is strongly v-order metrically reqular at (z,0) (with v € (0, +00)),
in the sense that there exist ro,k,0 € (0, +00) and a mapping ¥ : Bx+(0,8) — X
with 9(0) = Z such that

(844) (99)'(u") N Bx(3,r2) = {9(u")} and w[W(u") — (") < Ju* — v

for all uw*,v* € Bx~«(0,68). Then
(3.45)
Tllz—9(u) |7 < p(@) =)~ (w2 =V(u)) V(,u") € Bx(F,1)x Bx-(0,8),
where
YR / L+y

= ‘= ————— mi 1)
Ty A1 1 2) Mot 0k

and
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With the help of Lemma 3.3, we can establish the following sufficient condition
for f to have a c-fully stable Holder minimizer.

THEOREM 3.2. Let (Z,p,Z*) € gph(0,f) be such that T is a local minimizer of
the function fz —* and f satisfies the weak-(BCQ) at (Z,p). Suppose that O, f is
uniformly strongly ﬁ—order metrically reqular at (T, p,T*) (with ¢ > 1), in the sense
that there exist r,k,01,02 € (0,400) and a mapping ¥ : Bx«(Z*,d1) X Bp(p,d2) —
Bx (Z,r) with 9(Z*,p) = T such that
(3.46)

(0f,) " (") N Bx(z,7) = (9w, p)} and k[d(u*,p) — dw*,p)| < [lu* —v* [T
for all u*,v* € Bx«(Z*, 01
growth condition at (Z,p, T
[ for (z%,p).

Proof. Since Z is a local minimizer of f;—Z*, it follows from (3.46) and Lemma 3.3
that there exist 7 € (0, +00) and 7’ € (0, r) such that

) and p € Bp(p,d2). Then f satisfies the uniform g-order
*). Consequently, T is a c-fully stable g-order minimizer of

77—”1’1 _'i‘llq < f(x’ﬁ) - f("fvﬁ) - <§j*,.’1] _j> YV € BX[‘iT/}'

Thus, by Lemma 3.2, there exists 7 € (0, %) such that for any € € (0, 27] there exists
de € (0, d2) with the following property: for any p € Bp(p,d.) there exist sequences
{vp} € X and {v}} C X* such that

(3.47) fop,p) — (", v,) < inf ]{f(z,p) — (", x)} + % vn € N,

z€EBx|[T,e
* i 1 —1/ % _ 2
vy € Bx« | - and v, € (0fp)” "(v}) N Bx T3 vn € N.
This and (3.46) imply that
2
BA8) v =0 0 € B [n.5| We Bep)
Hence lim,_,; 9(z*,p) = & (because ¢ is arbitrary in (0, 27]). Thus, by (3.46), we

have that
(3.49) lim Yu*,p) ==

(u*,p)—=(Z*,p)

and that there exists 4 € (0, min{dy,d,}) such that
* = T - * —% r *
330) o)~ < ad @) )0 Bx (9.} ) = (00 )

for all (u*,p) € Bx-(&*,8) x Bp(p,d). Since f is lower semicontinuous, (3.47) and
(3.48) imply that

f@,p),p) — (2%, 0(", p)) = _ Inf ]{f(%p)—@*’@} Vp € Bp(p,9),

zE€EBx[Z,T

where § := §z. Thus, by Lemma 3.3 (with ¢ and Z replaced by f, — z* and 9¥(z*, p),
respectively), (3.46), and (3.50), there exist 7,7,d; € (0, +00) (only dependent on
k, 7,0 and J) such that

Tz = I, p)|? < f(z,p) — f(I(u,p) — (u*,z — I(u", p))
V(z,u*) € Bx(9(Z*,p),n') x Bx«(Z*,8))



2618 XI YIN ZHENG, JIANGXING ZHU, AND KUNG FU NG

whenever p € Bp(p,min{d,d}). Thus, from (3.46) and (3.49), it is easy to verify
that f satisfies the uniform g-order growth condition at (Z,p, z*). The proof is hence
complete. ]

4. Stable (g, s)-minimum with respect to both tilt and parameter per-
turbations. In this section, motivated by [5, 8, 10, 11], we consider the more general
Holder stability of a minimum with respect to both tilt and parameter perturbations.
Given r > 0, let

(4.1) M, (u*,p) := argmin {f(z,p) — (u*,2)} V(u",p) € X* x P
z€Bx (Z,r)
and
my(u*,p) = inf {f(z,p) — (W*,z)} V(u*,p) € X" x P.
z€Bx (z,r)

DEFINITION 4.1. Given ¢,s € (0,400) and (Z,p,z*) € gph(0.f), we say that f
gives a fully stable (q,s)-minimum at T for (T*,p) if there exist r,L € (0, +00), a
neighborhood W of (z*,p) such that (u*,p) — M,(u*,p) is single valued on W with
M, (z*,p) =& and

(4.2) [[My(u1, pr) =My (ug, p2)||* < L([Jug —us|[[[ My (w1, pr) =My (u3, p2)[|+d(p1, p2)°)

for all (uy,p1), (u3,p2) € W.

Inequality (4.2) is just (1.6) in section 1. Here we adopt the terminology “fully
stable (g, s)-minimum” because it reduces to the tilt-stable ¢g-minimum in [17] (and
tilt-stable minimum in [15]) when P is a singleton (and ¢ = 2).

Remark. Since M, (W) C Bx(Z,r), inequality (4.2) implies that
(4.3)
1My (ui, p1) = My (us, p2) | < L(J[uf — w3l + d(p1, p2)*)  V(ui, pr), (us,p2) € W,

where L' := Lmax{2r,1}. On the other hand, multiplying both sides of inequality
(4.3) by [[M;(ui, p1) — My (u3,p2)||; one has
1M, (uis pr) — My (us, pa)|| 77
< L'(l[ug = u3ll| My (ui, p1) — My (uz, p2)ll + 2rd(p1, p2)°)
< L"(fluf — w3 ||| Mr (uf, p1) — Mr(u3, p2)|| + d(p1,p2)")
for all (uf,p1), (ud,p2) € W with L” = L'’ max{2r,1}. Next we prove that inequality

(4.3) holds for some positive number L’ if and only if there exists K > 0 such that
(4.4)

1 £ * *
||MT(UT7p1) - MT(USvPQ)” < K(HUI - ’LL;H‘I —|—d(p1,p2)‘1) v(uhpl)) (u27p2) ew.

Indeed, noting that

* * N
2max{|uy — 3|, d(p1,p2)°})7

o\ L
(ui = uall + d(p1,p2)*) 7 < (
< 20 (|luf — w3l v +d(pr.p2) ),

(4.3) implies (4.4) with K = (2L’)%. On the other hand, since

* s L 2 * * s
(lui = u3lle + d(py,p2)7)? < 2([[ul — u|| + d(p1, p2)°),
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(4.4) implies

[M;- (uy; p1) = M (us, p2) |1 < (2K)7(luy — us| +d(p1,p2)°)  V(ui, p1), (uz,p2) € W,

and so (4.4) also implies (4.3) with L' = (2K)9.
In the case in which ¢ = 2, we have the following exact relationship.

PROPOSITION 4.1. Let s € (0,+c0) and (Z,p,%*) € gph(d.f). Then f gives a
fully stable (2, s)-minimum at T for (T*,p) if and only if there exist r,1 € (0, +00), a
neighborhood W of (Z*,p) such that (u*,p) — M, (u*,p) is single valued on W with
M, (z*,p) =& and

1M (u, p1) = My (us, p2) || < U(|Jui —uz)| +d(prp2)?)  V(ui,p1), (us, p2) € W.
Proof. Since q = 2, (4.2) can be rewritten as

(130, 1) = Mo o)) = 5t = 031} < Tl = 512 + Lo o)

and so (4.2) is equivalent to

* * L * * L? * *
1M (w1, pr) = My (uz, p2)|| < S llur —uzll + \/4||u1 — uz|[* + Ld(p1, p2)*.

Thus the proposition is shown because, elementarily,

* * s L?
hiljui — w3l + l2d(p1,p2)? < \/4||UT —u3 | + Ld(p1, p2)*
< Ly||uj — u3|| + Lad(p1, p2)®

for all (u},p1), (us,p2) € X* x P and some 1,12, L1, La € (0, +00). O

In light of Proposition 4.1, we note that a fully stable (2,2)-minimum means a
fully Lipschitz-stable minimum in the sense of Levy, Poliquin, and Rockafellar [5]
while a fully stable (2, 1)-minimum means a fully Hélder-stable minimum in the sense
of Mordukhovich and Nghia [8]. The following example shows that Definition 4.1
genuinely extends the notions of both a fully Lipschitz-stable minimum in the sense
of Levy, Poliquin, and Rockafellar [5] and a fully Holder-stable minimum in the sense
of Mordukhovich and Nghia [8].

Ezample 4.1. Let X = P = R, n € N\ {1}, and s € (0, %), and define f :
X x P — R as follows:

1 S n
fla,p) =5 -(x —[pl )*" +a(p) V(x,p) € X x P,
where a(p) is a real-valued function. Clearly x — f(z,p) is a smooth convex function
for each p € P. For any u* € R, the convex function = — f(z,p) — (u*, z) is smooth
and

. * * * mmir s
arggm{f(x,p)—(u o ={zeR:vf(,p)(x)—u" =0} ={u*"T+|p|°} VpeP
EdS
Setting (z,z*,p) = (0,0,0) and letting M (u*,p) := u* T 4 [p|®, by the known

inequality
(a+b)7"<a”+b" Va,be (0, +00) and v € (0, 1),
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it is easy to verify that
1 1
[M (ug,p1) — M(u3,p2)| < |up®=" —uz 1| + ||p1]* — |p2°|
1
< fui — w377 + |py = pal®

for all (uf,p1), (ub,p2) € B(0,1) x B(0,1). This shows that f gives a fully stable
(5, s)-minimum at z for (z*,). On the other hand,

M * _ M 2n—2
w0 |u* _ 0| u*—0
M - M
li |M(0,p) L (0,0)] — lim |p‘5*% = 400,
p—0 |p|2 p—0
and
M - M
lim | (O,p) (070)‘ — lim |p‘5*1 = 400
p—0 Ip| p=0

(thanks to s € (0, 1)). This shows that f gives neither a fully Lipschitz-stable

minimum in the sense of Levy, Poliquin, and Rockafellar [5] nor a fully Holder-stable
minimum in the sense of Mordukhovich and Nghia [8].

Mordukhovich and Nghia (cf. [8, Proposition 4.2]) showed that the fully stable
(2,1)-minimum and (BCQ) imply the Lipschitz continuity of m,.. Similarly, the fol-
lowing proposition establishes the corresponding Holder continuity of m,. for the more
general fully stable (g, s’)-minimum and s-(BCQ).

PROPOSITION 4.2. Let (Z,p,Z*) € gph(d,.f) and q,s', s € (0, +o0) be such that f
gives a fully stable (q, s")-minimum at T for (T*,p) and f satisfies s-(BCQ) at (Z,p).
Then there exist r, L € (0,400) and a neighborhood W of (T*,p) such that
(4.5) [my(uz, p2) —me(uy, p1)| < L([Jug — uill + d(p1,p2)°)  V(ui,p1), (u3,p2) € W.

Proof. By the assumption, there exist r,L,6 € (0,400) such that (u*,p) —
M, (u*,p) is single valued on Bx«(Z*,0) x Bp(Z,0), with M, (z*,p) = Z, and (4.2)
holds (with s = ¢’) for all (u*,p) € Bx+(z*,0) x Bp(Z,d). Hence

1M (u”, p) — 2| = || M, (u", p) — M(z", p)|*
(4.6) < L(|lu® = 2*[| - [|My(u”, p) — Z|| + d(p, P)* )
< rLlju* — z*|| + Ld(p, p)*
for all (u*,p) € Bx~(T*,d) x Bp(p,d). It follows from s-(BCQ) and Lemma 3.1 that
we can assume that there exist ¢, d2, ¢ € (0, 400) such that (3.27) holds (noting that r

in Lemma 3.1 can be replaced by an arbitrarily small one). By (4.6), take r¢ € (0, )
and 7 € (0,min{d, d2}) such that

(47) MT(BX* (jj*”/]) X BP(ZZ 77)) - BX(j7T0)7
(4.8) 02n)° +ro<r, and In°+ (|Z¥] +n)(ro + In°) < e.

Take any (uf,p1), (us,p2) € Bx+(Z*,n) X Bp(p,n) and let u; := M,(u,p1) and
ug := M, (ub, p2). Then uy,us € Bx(Z,r9). By (3.27), there exists w € X such that

|w—Z[| < ld(py,p)* < fn® <r and f(w,p1) < f(Z,p) + Ld(p1,D)°.
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Hence

(49) f(ulvpl) - <u>1kau1> < f(val) - <u)1kaw> < f(jvp) +£d(p1»p)s - <’LLT,'[U>.

It follows from the second inequality of (4.8) that

fuy,p1) < f(Z,p) + €d(p1,p)° + [Juf|l]ur — w]|
< f(@,p) + g + (|Z*]| +n)(ro + £n*)
< f(z,p) +¢.

By (3.27) again, we could find @; € X such that
a1 — i < ld(p1,p2)® < €(2n)° and  f(@1,p2) < f(ur,p1) +€d(p1,p2)°.

Thus, by the first inequality of (4.8), one has ||u1 — Z|| < |41 — w1 + [Jur — Z|| <
0(2n)° + 1o < r. It follows from the definitions of u; and ug that

mr(u§7p2) - m'r(uipl) = f(u27p2)

— (us,uz2) — (f (w1, p1) — (ui, u1))
(4.10) < f(a1,p2) — (u3

Ug, ~1> - (f(ulvpl) - <7.L>'1<,u1>)
< Ad(p1,p2)® + (uy,ur) — (u3, t1).
Since
(uy,wr) — (uy, @) = (uj —uy,ur) — (u3, 41 — u1)
< (2]l 4+ ro)lluz — will + (1Z*[| + m)[lu1 — @]
< ([[2]] + ro)lluz —wi|l + €([|2" || +n)d(p1,p2)*,
we have

my(u3,pa) —my(ui, p1) < (2] +ro)lluz — uil| + (1 + [27]] + m)d(p1, pa)°.
Changing the role of (u},p2) and (uj,p;) in the above inequality, one has
[ (ug, p2) — m (ui, pr)| < (|Z]] + ro)lus — will + £(1 + [|Z7]| + n)d(p1, p2)*,

verifying that (4.5) holds with L := max{||Z|| + ro, £(1 + ||Z*|| + )} O

THEOREM 4.1. Letq € (1,40), s € (0, +00) and (Z,p,T*) € gph(9sf). Suppose
that f satisfies s-(BCQ) at (Z,p) and that T is a c-fully stable q-order minimizer of f
for (z*,p). Then f gives a fully stable (q, s)-minimum at T for (T*,p).

Proof. By Corollary 3.1 and the assumption that Z is a c-fully stable g-order
minimizer of f for (Z*,p), there exist d1,02,7,k € (0,+00) and a mapping ¢ :
Bx+(Z*,81) x Bp(p,d2) — Bx(Z,r) with ¢(Z*,p) = Z such that both (3.2) and
(3.7) hold. Since f satisfies s-(BCQ) at (7, p), by Lemma 3.1, we assume without loss
of generality that there exist €,¢ € (0, +00) such that (3.27) holds (taking smaller r

and 0y if necessary). Hence there exist n € (0, ) and 0 € (0, min{dy,d2}) such that

(4.11) [9(u",p) —Z|| <n V(u",p) € Bx«(2",5) x Bp(p,d),
(4.12) 0<0(20)" <n< g and  £0° + 2(| ]| + 6 + 1)y < e.
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Take any (uf,p;) € Bx~(Z*,0) x Bp(p, ) and let u; := I(ul,p;) (i = 1,2). Then, by
(3.27) (with (z1,p1) and py being replaced respectively by (Z,p) and p;), there exists
Z; € X such that

T — || < ld(pi,p)* < £6° <n and  f(Zs,p;) < f(Z,p) +Ld(pi,p)°* (i=1,2).

This and (3.2) imply that

f(z,p) +£6° = f(Zi,pi)
> fug, ps) + (ui, & — ug) + K[| T — g ||?
> flugpi) = [luf]] - [|@ — will
> flui,pi) = 2([|2"| + 6)n

(the last inequality holds because of (4.11)). Hence
fuispi) < (2, p) +£6° + 2|27 + d)n

and it follows from (4.12) that f(u;,p;) < f(Z,p) +e. By (3.27) again, there exist
v1, Vg such that

(4.13) |ug — v1]| < Ld(p1,p2)® < 0(26)%, |lur — val| < d(p1,p2)® < £(20)°,
f(vi,p1) < f(uz,p2) +4d(pr,p2)°, f(ve,p2) < f(ui,p1) + €d(p1,p2)°.

Hence, by the first inequality of (4.12), one has
lor = 2| < lor —uall + lluz — || < £(26)° +n <,

which yields vy € Bx(Z,r); similarly, one has va € Bx(Z,r). This, together with
(3.2), ensures that

f€||v1 - U1||q < f(UhPl) - f(ulvpl) - <UT701 - U1>,
Kllva —ugl|? < f(v2, p2) — f(uz, p2) — (u3, v — ug),

and so
Kllvr — ur]|? + Kllva — uz||?
< f(vi,p1) = fuz,p2) + f(v2,p2) — f(ui,p1) — (ul,v1 — u1) — (u3, ve — uz).
It follows from (4.13) that
kllvr —ur]|? + Klve — ual|?
< 20d(p1,p2)® — (ul,v1 — u1) — (u3,v2 — ug)
(4.14) = 20d(p1,p2)® — (u},v1 — ug) — (ud, v —u1) — (uy — uj, us — u1)

< 2Ud(py, p2)° + ([[urll + l[us|)ld(pr, p2)” + lluz — uill[lug — w|
< 2([[27]| + 6 4+ 1)ed(pa, p2)° + [Jug — ui|[[lug — uall.

Since the function ¢ — t7 is convex on [0, +00),

o1 = ug | = [lug — u]|? > gllug — ur |97 (Jor — wall = [Juz — ual])

> —qllug — un || vy — uz.
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Hence, by (4.11) and (4.13), one has ||v; — uq[|? > |Jus — u2||? — ¢f(2n)9~1d(p1, p2)*.
Similarly, one also has [Jva — ua||? > [Jug — ua||? — ¢€(2n)?'d(p1, p2)*. 1t follows from
(4.14) that

1 * * — 14 _x :
lur = w2l < o fluf = usll - flur = wall + |g€(20)* " + —([l7"[| + 0 + 1) | d(pr, p2)*.

This shows that f gives a fully stable (g, s)-minimum at Z for (Z*, p). 0

In the framework of Hilbert spaces, the following theorem provides some charac-
terizations for f to give a fully stable (g, s)-minimum at z for (z*, p).

THEOREM 4.2. Let X be a Hilbert space and f : X X P — R U {400} be a
proper lower semicontinuous function. Let q € (1,+00), s € (0,400), and (Z,p,T*) €
gph(0.. f) be such that f is continuously proz-regular and satisfies s-(BCQ) at (Z,p, T*).
Then the following statements are equivalent:

(i) T is a c-fully stable q-order minimizer of f for (z*,p).

(ii) f satisfies a uniform q-order growth condition at (T, p, T*).

(iii) f gives a fully stable (g, s)-minimum at T for (T*,p).

(iv) Z is a local minimizer of fz — Z* and there exist r,01,02, L € (0,400) and a
mapping ¥ : Bx«(Z*,61) X Bp(p,d2) — Bx+(Z,r) with ¥(z*,p) = T such that
(4.15)

(04,7 () (1 Bx-(5,7) = (9(u",p)}  ¥(u",p) € Bx-(7",61) x Bp(5,55)

and
(4.16)

[0(ut, p1) = O(ug, p2) || < L(lJuy — | - |9(ug, p1) = (3, pa)|| + d(p1,p2)°)

for all (ui, p1), (u3,p2) € Bx~(Z*,01) x Bp(p,02).

(v) & is a local minimizer of fz — T* and there exist 1,01, 02, L € (0,+00) and a
mapping ¥ : Bx~(T*,61) x Bp(p, d2) = Bx+(Z,r) with $(T*,p) = T such that
(4.15) holds and

(4.17)  |[9(ui, p) — 9(ud, p)|| < Ljuj — usl|s—T
V(Uf{,p), (’U';?p) € BX*(j*751) X BP(@ 52)'

Proof. The implication (iv)=-(v) is trivial, (ii)<(i)=-(iii) are immediate from
Proposition 3.4 and Theorems 3.1 and 4.1, while (v)=-(ii) is just Theorem 3.2. Thus,
we only need to show that (iii)=(iv). Now suppose that (iii) holds. Then there exist
r,L € (0, +00), a neighborhood W of (z*,p) such that (u*,p) — M, (u*,p) is single
valued on W with M, (z*,p) = Z and (4.2) holds for all (uf,p1), (us,p2) € W. It
follows from Proposition 3.4’ that f satisfies the S-condition at (Z,z*,p). Hence, by
(4.1), there exists a neighborhood Wy of (Z*,p) such that Wy C W and

gph(awf) N (BX(i‘vT) X WO) = {(u,p, MT(U'*’p)) : (u*ap) € WO}

Take 61,2 € (0, +00) such that Bx«(Z*,01) X Bp(p, d2) C Wy, and define 9(u*, p) :=
M, (u*,p) for Bx«(Z*,81) x Bp(p,d2). Then, by (4.2), (4.15) and (4.16) hold. This
shows (iii)=-(iv). The proof is completed. d

In Theorem 4.1 and Theorem 4.2(i), the required lim,_,; 9(Z*, p) = J(Z*,p) as a

part of the c-fully stable g-order minimizer (see Definition 3.1) is somewhat restrictive.
However, under the assumption that X is finite dimensional and f is continuous,
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Proposition 3.1 shows that “a c-fully stable g-order minimizer” can be relaxed to “a
fully stable g-order minimizer” in Theorems 4.1 and 4.2.

Without any need to involve “order s of parameter p,” we have the following
corollary, which follows immediately from Theorem 4.2, Proposition 3.1, and the
definition of weak-(BCQ).

COROLLARY 4.1. Let f : R™ x P — R be a continuous function, and let q €
(1, +o0) and (Z,p,7*) € gph(0,f) be such that f is continuously proz-regular and
satisfies weak-(BCQ) at (Z,p,x*). Then the following statements are equivalent:
(i) T is a fully stable q-order minimizer of f for (T*,p).
(ii) f satisfies a uniform q-order growth condition at (T, p, T*).
(iii) z is a local minimizer of fz — T* and there exist r, 81,02, L € (0,+00) and a
mapping ¥ : Brn (T*,81) X Bp(p,d2) — Bgrn(Z,r) with 3(T*,p) = T such that
(4.15) and (4.17) hold.
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