CONSTRAINT QUALIFICATIONS FOR EXTENDED FARKAS’S LEMMAS AND
LAGRANGIAN DUALITIES IN CONVEX INFINITE PROGRAMMING

D. H. FANG*, CHONG LIf, AND K. F. NG

Abstract. For an inequality system defined by a possibly infinite family of proper functions (not necessarily lower
semicontinuous), we introduce some new notions of constraint qualifications in terms of the epigraphs of the conjugates of
these functions. Under the new constraint qualifications, we obtain characterizations of those reverse-convex inequalities
which are consequence of the constrained system, and we provide necessary and/or sufficient conditions for a stable
Farkas lemma to hold. Similarly, we provide characterizations for constrained minimization problems to have the strong
or strong stable Lagrangian dualities. Several known results in the conic programming problem are extended and
improved.
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1. Introduction. Centered around the celebrated Farkas lemma and its extensions, we study in
this paper several (old and new) constraint qualifications for optimization problems of the following

type:

Minimize  f(z),
s. t. fi(x) <0, teT, (1.1)
xzeCC,

where T is an arbitrary (possibly infinite) index set, C' is a nonempty convex subset of a locally convex
(Hausdorff topological vector) space X and f, f; : X — RU{+o0}, ¢t € T, are proper convex functions.
Throughout this paper, we assume that

DA£A={zeC: fi(z) <0, VteT}. (1.2)

This problem has been studied extensively under various degrees of restrictions imposed on f;,t € T
or on the underlying space and many problems in optimization and approximation theory such as
linear semi-infinite optimization and the best approximation with restricted ranges can be recast into
the form (1.1), see for example [8, 16, 17, 23, 24, 33, 35, 36, 38, 40, 41, 42]. Another important
and classical example of (1.1) is the following so-called conic programming problem, which recently
received much attention (cf. [2, 3, 5, 6, 9, 18, 28, 29, 30, 31, 32]),

Minimize  f(z),
(1.3)
s. t. xz€C, glx) e =S,
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2 CONSTRAINT QUALIFICATIONS FOR CONVEX INFINITE PROGRAMMING

where X, C and f are as in (1.1); S is a closed convex cone in a locally convex space Y, g : X —
Y U {+o0} is a S-convex function.

Observe that the most works in the literature mentioned above were done under the assumptions
that for (1.1),

C is closed and f, f, are lower semicontinuous (Isc) for all t € T (1.4)
and that for (1.3),
C is closed, f is Isc and g is S-epi-closed (1.5)

(or some stronger continuity assumptions). For example, f, f; are continuous in [8] and lsc in [16, 17,
23], f, g are continuous in [9, 18, 28, 29, 30, 32], f is Isc, g is continuous in [31] and g is S-epi-closed in
[5, 6]. Very recently, an optimality condition for (1.1) was established in [41] for the case when f; are
not necessary lsc, and a Lagrangian duality result via the interiority technique for (1.3) was established
in [3] without any continuity assumption on f and g. Indeed, in the mathematical programming, many
of the problems naturally involve non-convex and non-continuous functions. For example, in the DC
infinite programming (see for example [7, 19, 20, 21, 22] and references therein), the objective functions
and constraint functions are, in general, assumed to be DC functions (such a function is, by definition,
a difference of two convex functions and so can be neither convex nor Isc). Another important example
is the convex composite problem which has been studied extensively by many researchers (see [14,
39, 46, 47, 52] and references therein). In particular, Rockafellar [46] gave many interesting examples
showing that a wide spectrum of problems can be cast in terms of convex-composite functions (which
are, in general, non-convex and non-continuous). Another “nonclosed” situation naturally arises when
one considers the best restricted range approximation in complex valued continuous function space
C(Q), which has been studied extensively (see for example [34, 35, 37, 48, 49] and reference therein),
consisting of finding a best approximation to f € C(Q) from Py = {p € P : p(t) € Q, for all t € Q},
where @ is a compact Hausdorff space, P is a finite-dimensional subspace of C(Q) and Q@ = {2 : t € Q}
is a system of nonempty convex set in the complex plane C. As done in [34, 35, 37, 48, 49], each €
usually is expressed as a level set of some convex function, which is not Isc if ; is not closed. Thus,
our approach can cover the case where ); is not necessarily closed.

Our interest for the above optimization problems in the present paper is focused on two aspects:
one is about the extended Farkas lemma and the other is about the strong Lagrangian duality. Farkas-
type results for convex systems are fundamental in convex optimization and in other fields such as
game theory, set containment problems etc. The literature on these areas is very rich (see, e.g., the
survey in [26]); here let us especially mention some recent papers [8, 16, 17, 24, 27, 42] regarding the
problem (1.1) and [18, 30, 31] regarding (1.3). Usually for the extended Farkas lemma for (1.1), one
seeks conditions ensuring the following equivalence:

dt,- st €T and Ay >0,---, A, >0

[fz)2a, Veed | F@) + 3" M fu (@) > o, Vo € C.

(1.6)
We say that the family {f, d¢; f; : t € T'} satisfies the Farkas rule if (1.6) holds for each a € R, and
that it satisfies the stable Farkas rule if the family {f + p, d¢; f¢ : t € T'} satisfies the Farkas rule for
each p € X*. To our knowledge, not many results are known to provide a complete characterization
for the Farkas rule (or the stable Farkas rule), except the works in [31] where, assuming in addition
that f is Isc and ¢ is continuous on X, a complete characterization was established for the stable
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Farkas rule for the problem (1.3), that is the characterization for the following result of Farkas-type
lemma to hold: For each z* € X* and each a € R,

[—g(z) € S = f(z) > (v",2) + o] &= BN € S®)(Vz € X)f(x) + (Ao g)(x) > (z*,2) + .  (1.7)

Their conditions are given in terms of the epigraphs of conjugate functions of f and Ao g, A € S9,
where

SP :={AeY*:(\y) >0, Vye S} (1.8)

Issues regarding the Lagrangian rules for the problems (1.1) and (1.3) are somewhat similar and most
of the results in the literature are under the assumption (1.4) or (1.5), and only concern with providing
sufficient conditions to ensure the (strong/strong stable ) Lagrangian duality to hold, see for example,
[5, 23, 31, 29].

Constraint qualifications involving epigraphs have been studied and extensively used by Jeyaku-
mar and his collaborators in [11, 12, 23, 28, 29, 30, 31], Bot et al. [4, 5, 6, 9, 10], Dinh et al.
[16, 17, 19, 20, 21, 22], and Li et al. [40, 41]. Our main aims in the present paper is to use these
constraint qualifications (or their variations) to provide complete characterizations for the Farkas rule
and the stable Farkas rule, and for the (strong/strong stable ) Lagrangian duality. In general we
do not impose any topological assumption on C' or on f, f;, that is C is not necessarily closed and
fs fi(t € T)) are not necessarily lsc. In particular, even in the special case when (1.4) is satisfied, our
results provide improved versions of [17, Theorems 2 and 5] and that of [23, Theorem 4.1]. Moreover,
applications to the problem (1.3) are given: we not only extend and improve some recent known
results in [3, 5, 9, 18, 29, 31] but also provide new results as detailed in Section 6.

Although most of our considerations (e.g., Theorems 4.3-4.5, 5.1 and Theorems 6.5-6.8, etc.)
remain valid even if one drops the convexity assumptions of the involved sets/functions, we shall keep
these convexity assumptions throughout, for the sake of simplicity in presentation. Moreover, to avoid
the triviality in our study for (1.1), we always assume that

domf NA#0. (1.9)

The paper is organized as follows. The next section contains the necessary notations and prelim-
inary results. In Section 3, some new constraint qualifications are provided and several relationships
among them are given. The characterization of the extended Farkas lemma and that of the stable
extended Farkas lemma (with linear perturbations of the cost function f) are obtained in Section
4. In Section 5, we provide characterizations for minimization problems with constraints defined by
inequality systems to have the strong or strong stable Lagrangian dualities. Applications to the conic
programming problem are provided in Section 6.

2. Notations and preliminary results. The notations used in this paper are standard (cf.
[51]). In particular, we assume throughout the whole paper that X is a real locally convex space and
let X* denote the dual space of X. For € X and z* € X*, we write (z*, z) for the value of z* at
x, that is, (z*,z) := 2*(z). Let Z be a set in X. The interior (resp. closure, convex hull, convex
cone hull) of Z is denoted by int Z (resp. clZ, coZ, coneZ). The dual X* is endowed with the
weak*-topology. Thus if W C X* then clW denotes the weak*-closure of W. We shall adopt the
convention that cone Z = {0} when Z is an empty set.
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The positive polar cone Z¥ and the negative polar cone Z© are defined respectively by
Z%:={z* e X* : (z%,2) >0 forall z € Z}
and
79 ={a* e X* : (2%,2) <0 forall z € Z}.

Following [5], we use R(") to denote the space of real tuples A\ = (\;)ser with only finitely many

A¢ # 0, and let R(f) denote the nonnegative cone in R(™)| that is
]RS_T) = {(At)ter € R™) ;)\, >0 for each t € T}.

The indicator function d and the support function oz of the nonempty set Z are respectively defined
by

Sa(z) = 0, x € Z,
Z3 7 400, otherwise,

and

oz(x*) = sgg(x*,x) for each z* € X™.
x

Let f be a proper function defined on X. The effective domain, conjugate function and epigraph of f
are denoted by dom f, f* and epi f respectively; they are defined by

dom f:={zre€X: f(z)<+oo},

[ (@") :=sup{(z*,z) — f(x): v € X} foreachz” € X*,
and
epif:={(z,r) e X xR: f(x) <r}.
Then, the Young-Fenchel inequality below holds:
f(x)+ f*(z*) > (™, z) for each pair (z,2%) € X x X*.

It is well known and easy to verify that epi f* is weak*-closed. In particular,

epidy =epioy = Z° x R,. (2.1)
The closure of f is denoted by clf, which is defined by

epi (clf) = cl(epi f).
Then (cf. [51, Theorems 2.3.1]),
fr=(cdf)" (2.2)

By [51, Theorem 2.3.4], if cl f is proper and convex, then the following equality holds:

Fr=clf (2.3)
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Furthermore, if f, h are proper functions, then
epi f* +epih* Cepi(f+h)” (2.4)
and
f<h= f*>h"<=epif* Cepih®. (2.5)
Finally, we introduce the definition of infimal convolution functions. Given two proper functions
fy h: X = RU {400}, the infimal convolution of f and h is defined by
fOh: X = RU {00}, (fOR)(@) = inf {f(x) + hla — )},
which is said to be exact at some a € X if there is an x € X such that (fOh)(a) = f(x) + h(a — ).
The following lemma characterizes the epigraph of the conjugate of the sum of two functions.

LEMMA 2.1. Let g,h: X — RU{+oo} be proper convex functions such that dom g N dom h # 0.

(i) If g and h are lsc, then

epi(g + h)" = cl(epi(¢*0Oh")) = cl(epig* + epi h™).

(i) If g or h is continuous at some xy € dom g Ndom h, then
(g+h)" =g*0On*, g*Onh* is exact at every p € X* (2.6)
and

epi(g+h)* =epig* +epi h". (2.7)

Proof. Part (i) is a simple consequence of the Rockafellar-Moreau theorem (cf. [45, 50]). For (ii),
one notes (by [51, Theorem 2.8.7]) that the given assumption implies that (2.6) holds and then (2.7)
follows from [10, Proposition 2.2]. O

3. New regularity conditions. Asin [51], we use A(X) to denote the class of all proper convex
functions on X. For a convex set Z, we write

Az(X)={g e A(X): domgn Z # 0}.

Note that functions in A(X) are not necessarily 1sc. Unless explicitly stated otherwise, let f,T,C,{f; :
t € T} and A be as in section 1, namely, T is an index set, C C X is a convex set, f; € A(X) for each
t €T, and A # () is the solution set of the following system:

xz € C; fi(x) <0 for each ¢t € T. (3.1)
Then, the following equivalence holds:

[f(x) > a, Ve € A] <= (0, —«) € epi(f +da)*. (3.2)
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Following [17], the characteristic cone K of (3.1) is, by definition,
K := cone {(epid5) U (Urerepi ;) }. (3.3)
Taking into account that epidf, is a convex cone, K can be re-expressed as
K := epid§ + cone {Uerepi f7}. (3.4)

Adapting the convention that 0-oco = 0, we have 0-h = 0 for all proper function h. Therefore, noting
(2.4),

epi f*+ K epi f* + epidg + U,\eRf)epi (ZtET Aef)*
epl f>k + UAERiT)epi (60 + ZtGT )\tft)*
User(mePL(f + 00+ Xier Acfi)®
epi (f +64)",
where the last inclusion holds because of (2.5) and the fact that f+dc + 3, o0 Aeft < f+04 for each
A= (A R

(At)ter € RY V.

(3.5)

NN NN

In the case when f =0, (3.5) entails that

K C U, cgemepi (b + D Aefi)” C epidh. (3.6)
teT

Especially, if the assumption (1.4) holds, it is known (cf. [17])
cl K =epid}. (3.7)

Throughout the remainder, we assume that (1.9) holds, namely, f € A4(X). Then f + 4 is proper.
Therefore one can apply Lemma 2.1(i) and (3.5) to conclude easily that

epi(f 4+04)" =cl(epi f* +clK) =cl(epi f*+ K) C cl(UAGRf)epi(f +dc + Z)\tft)*). (3.8)
teT

Regarding some possible reversed inclusions in (3.5), we introduce the following definition.
DEFINITION 3.1. The family {6¢; fi: t € T} is said to have

(a) the conical EHP relative to f (denote by conical (EHP)y) if

epi(f +d4)" = epi f* 4 epidl + cone (Urerepi fi) (= epi f* + K); (3.9)

(b) the conical WEHP relative to f (denote by conical (WEHP)y) if

epi (f +04)" = U, cgemepi (f +dc + S OMfo)" (3.10)
teT

REMARK 3.1. (a) By (3.5), we see that (3.9) and (3.10) in Definition 3.1 can be equivalently
replaced by

epi (f +04)" Cepi f* + epidy + cone (Uierepi ff), (3.11)



D. H. FANG, CHONG LI AND K. F. NG 7

and

epi (f +04)" C U, cpemvepi (f +dc + S )" (3.12)
teT

(b) In the case when f =0, the conical (EHP); reduces to the conical EHP (see [{0]), that is,
epid’ = epids + cone (Userepi ;) (= K);
equivalently,

epidy C K.

(c) As the terminologies suggested,

the conical (EHP)y = the conical (W EHP);

(see (3.5)).
Extending the definition given in [13, 17, 19, 20, 21, 22|, we say that condition (CC) holds if

epi f* + cl K is weak*-closed (3.13)

(regardless (1.4)) holds or not).

To establish the relationship between conditions (EHP); and (CC'), we consider (in the spirit of
the condition introduced in [25, Theorem 13]) the following condition:

c(f+da)=clf+04a, (3.14)
where A°! denotes the set defined by
A% = {x €clC :cl fy(x) <0 for each t € T}. (3.15)
Note that cl (f +04) > cl f + 04« holds trivially and (3.14) is equivalent to:

cd(f+6a)<clf+dga. (3.16)

LEMMA 3.2. Assume that cl f,cl fy and cl (f + d4) are proper. The following equivalences hold:

(3.14) <= epi(f 4+ 04)" = cl(epi f* + K) < epi(f + da)* C cl(epi f* + K). (3.17)

Proof. By (2.3) and (2.5), the following equivalences hold:
(3.14) <= (f+04) = (cl f+ dpa)" < epi (f +Ja)" = epi(cl f + d4a)". (3.18)
By (3.15) and (3.7) (applied to c1C and {cl f;} in place of C and {f;}),

epidia = cl(cone(epi - + Userepi(cl fi)*)) = cl (cone(epids; + Uierepi f;)) = cl K. (3.19)
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Since cl f and § 4a are proper lsc functions, it follows from Lemma 2.1(i) that

epi(cl f+040)" = cl(epi(cl f)* 4+ epidha)
1(epi f* + epid’a)
cl(epi f* + cl K)
cl(epi f* + K).

o

(3.20)

This together with (3.18) proves the first equivalence in (3.17). The second equivalence in (3.17) is
immediate from (3.5) and the fact that epi (f + d.4)* is weak*-closed. O

The following proposition is direct from Lemma 3.2.

PROPOSITION 3.3. Assume that cl f,cl fi and cl(f + d4) are proper. The following equivalence
holds:

(EHP); < [(3.14) & epif*+ K is weak*-closed).
Moreover, if K is weak™-closed, then

(EHP); <= [(3.14) & (CO)).

Since (3.14) is automatically satisfied and cl f, cl fi, cl (f + d4) are proper if (1.4) is assumed, we
arrive at:

COROLLARY 3.4. Assume (1.4). The following equivalence holds:
(EHP)f <= epi f* + K is weak*-closed. (3.21)
Moreover, if K is weak™-closed, then

(EHP); <= (CC). (3.22)

The following proposition shows that, in the case when (1.4) holds, the notion of the conical
(WEHP)y is equivalent to the closedness of the union set on the right-hand side of (3.10).

PROPOSITION 3.5. Assume (1.4). Then the family {éc; fi : t € T} has the conical (WEHP); if
and only if UAGR(T)epi(f +0c + D er Mfi)” is weak*-closed.
+

Proof. By the given assumption, Lemma 2.1 and (3.7), we have
epi(f+d4)" =cl (epif* +epidy) =cl (epi f*+cl K)=cl (epi f* + K), (3.23)
and, by (3.5), it holds that

epi f*+ K C U, pemepi (f +6c+ Y Aef)* Cepi(f+6a)".
* teT
Thus
epi (f +04)" = (U, cpemrepi(f +dc + > Af)Y)
teT

and the result is clear. O
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4. Extended Farkas Lemmas. Throughout this and the next sections, the notations f, C,
{ft : t € T}, A and K are as explained at the begining of section 3. Let a € R. We study the
solvability issue for the system

zeC, fi(z)<0(teT), f(x) <a. (4.1)
Of course the insolvability of (4.1) is equivalent to saying that f(z) > « is a consequence of the system
zeC, fi(x)<0(teT), (4.2)
that is, the insolvability of (4.1) is equivalent to
f(z) > a foreach z € A. (4.3)
Replacing f by all of its linear perturbed functions, we shall also consider the following condition
f(z) = (p,z) > a foreach p e X* and x € A. (4.4)

The following lemma provides a sufficient condition ensuring (4.3) to hold.
LEMMA 4.1. If (0, —«) € epi f* + K, then

(0,—a) €epi(f+04)" and f(z)> « for each x € A. (4.5)

Proof. These two assertions follow from (3.5) and (3.2) respectively. O
PROPOSITION 4.2. The following statements are equivalent:

(i) For each o € R,

[f(x) > a, Ve € A] <= (0,—«) €epi f* + K. (4.6)

(i)
epi (f +364)" N ({0} x R) = (epi f* + K) N ({0} x R). (4.7)

Proof. By (3.5), (i) is equivalent to
(0, —a) € epi(f+04)" <= (0,—a) € epi f*+ K for each a € R. (4.8)
Since (4.8)<=>(ii) as easy to see, we then have (i)<=(ii). O
The following result provides a characterization of the conical (EHP);.
THEOREM 4.3. The following statements are equivalent:
(i) The family {dc; fi : t € T} has the conical (EHP);.
(i) For each p € X*,

epi (f —p+04)" N ({0} x R) = (epi (f —p)" + K) N ({0} x R). (4.9)
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(iii) For each p € X* and each o € R,

[f(x) > (p,z) + @, Vo € A] &= (p,—a) € epi f* + K.

Proof. Because
epip® = (p,0) + {0} x [0,+00) and epig*+ {0} x [0,+00) = epig*
for any proper function g, we have that epi (f —p)* = epi f*+ (—p, 0) and hence that, for each p € X*,
(p,—a) €epi f*+ K < (0,—a) €epi(f —p)* + K.
Thus the equivalence of (ii) and (iii) follows from Proposition 4.2 (applied to f — p).

To prove (i)<=>(ii), consider an arbitrary p € X*. By Lemma 2.1(ii), one has that

epi (f —p+0a)" =epi(f +064)" +epi(—p)* =epi(f +3da)" + (=p,0). (4.10)
Hence
epi (f —p+04)" N ({0} x R) = epi (f +d4)" N ({p} x R) + (=p,0). (4.11)
Similarly,
(epi (f —p)" + K) N ({0} x R) = (epi f* + K) N ({p} x R) + (=p,0). (4.12)

Therefore, (ii) holds if and only if
epi (f +d4)" N ({p} xR) = (epi f*+ K) N ({p} xR) for each p € X*
which is obviously equivalent to
epi(f+0da)" =epif*+ K. (4.13)
This proves the equivalence of (i) and (ii). O

Next we give a new version of Farkas Lemma. Let us say that the family {f,dc;f; : t € T}
satisfies the Farkas rule if, for each o € R, it holds that

[f(z) > a, Vo € Al <= [FA)er € RY st f(2) + Y Mfilz) > a, Vo € C], (4.14)
teT

and the stable Farkas rule if the family {f+p, d¢; f: : t € T} satisfies the Farkas rule for each p € X*,
(the implications (<=) in (4.14) always holds as can be verified easily; likewise, the implications (<)
in (4.15) also always holds).

THEOREM 4.4. The following statements are equivalent:
(i) The family {f,0c; fi : t € T} satisfies the Farkas rule.

(ii) For each o € R,

(0, @) € epi (f +04)* <= B(A)eer € RY st. (0,—a) € epi(f +dc + > Afo)*]. (4.15)
teT
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(iii)
epi (f404)" N ({0} x R) = User(mepi (f + ¢ + Z Aefe)* N ({0} x R). (4.16)

teT

Proof. Tt is evident that (ii)<=>(iii). By (3.2), the condition stated in the left-hand side of (4.14)
and that of (4.15) are equivalent. The corresponding assertion regarding the right-hand side is also
valid. Therefore (4.14) and (4.15) are equivalent, and so (i)<=-(ii). O

Using Theorem 4.4 and a similar argument as for Theorem 4.3, we can prove the following stable
Farkas lemma in terms of the conical (WEHP);.

THEOREM 4.5. The following statements are equivalent:
(i) The family {f,dc; fi : t € T} satisfies the stable Farkas rule.

(i) For each p € X* and each o € R,

(p,—a) € epi (f +04)" <= [BA)eer € RT st. (p,—a) € epi (f +dc + D Aefo)*]. (4.17)
teT

(iii) For each p € X*,

epi (f = p+64)" N ({0} X B) = U, mepi (f = p+ 60+ 3 Mefi)” 1 ({0} x R). (4.18)
teT

(iv) The family {c; fi 1t € T'} satisfies the conical (WEHP)jy.

The equivalence between (i), (ii) and (iii) in Corollary 4.6 below was established in [17, Theorem
2] for the case when p = 0 and the assumptions (1.4) and (4.19) below were assumed:

(CC) and K is weak*-closed. (4.19)

(These assumptions imply by Corollary 3.4 that (EHP)y holds.)

COROLLARY 4.6. The family {6c; fi : t € T} has the conical (EHP); if and only if for each
p € X* and each o € R, the following statements are equivalent:

(i) f(z) > (p,z) + « for all z € A.
(i) (p, —a) € epi f* + K.
(iii) There exists (At)teT € R(f) such that f(x) 4+ ,cr Mifi(x) > (p,x) + a for all x € C.

Proof. (=). Suppose that the family {d¢; f; : t € T'} has the conical (EHP);. By Remark 3.1(c),
it has the conical (WEHP);. Then the result follows immediately from Theorem 4.3 and Theorem
4.5.

(«<). Suppose that for each p € X* and each o € R, (i) <= (i¢). Then the result is clear by the
implication (iii)==(i) in Theorem 4.3. O

The following example shows that the conical (EH P) is strictly weaker than the condition (4.19)
even in the case when the assumption (1.4) holds.
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EXAMPLE 4.1. Let X = C = R? and let T := (0,+00). Consider closed cones D, Ay, (t € T)
in X defined by D = {(z1,22) : 1 < 0,29 > 0} and Ay = {(z1,22) : 2 > tx1}. Then D = MierAy.
Noting that

epidy = Z° x Ry, (4.20)

where Z is a convez cone Z in X, one has in particular that epi 65 = D® xR, and epi 0, = AP xR,
Hence the characteristic cone K of the family {0c,84, : t € T} of lsc functions is given by

K = cone(Urer (A7 x R1)) = ({(z,) 1 2 > 0,y < 0}U{(0,0)}) x R4

(so (4.19) is not satisfied). It is also clear that K C epi 0}, and so epid}, + K = epid},. Since
dp = 0p + 964 (as D = A), we then see that {6c,0a, : t € T} has the conical (EHP)y, where
f = 6D-

Inspired by [3, Example 3.13], we give an example for which the conical (EH P) holds but f; are
not lsc.

EXAMPLE 4.2. Consider the classical sequence space 1> (consisting of all square summable
sequences of real numbers, under the usual inner product); let li denote the positive cone in 12

(consisting of all sequences with nonnegative coordinates). Take T := (0,+00), by := (%)nen and
1

by = (ﬁt, 0 ) €12 for each t € T. Let g; denote the linear functional defined by
gi(x) = (by,z)  for all x € 12
(thus epigf = {b:} x Ry). Let f; := gt + 0¢,, where

o {An)nen €12 —t <\, <0, Vn € N}, te(0,1),
T {)nen €121 0< N, < 1, Ve N}, tel,400).

Note that Cy is not closed and f; is not lsc. Let Ay := {x = (Ap)nen € I? : fi(x) < 0}. Then

— Ct7 t e (0, 1)7 B
A= { {0}, tell,+o0) and Ner Ay = {0}

Thus, with X = C = 1? and the above data together with f defined by

: 72
@) = { !-xolg, othirfuiii, i
we see that the feasible set A as defined in (1.2) is exactly {0}. Then, clearly, f + 64 = 64 and so
epi (f +04)* = A® xR, =1 xR,. (4.21)
Also, since each coordinate of by is strictly positive, one has (by — 13)® = {0} and so, by (2.1),
epi oy, 2 = (bo — 12)° xRy = {0} x R;.

Furthermore, one has by [51, Corollary 2.4.16], that

epi (|| - [)* =B" x Ry
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( where B* denotes the unit ball in [?) and it follows from Lemma 2.1 that
epi f* = epi (|| - | + Gy, -2 )" = epi (|| - )" + epidy, 12 =B x Ry (4.22)

2, te(0,1),

12, te[l,+o0) and it follows from (2.1) that

Note further that CY = {

li XR+, te (0, 1),

epidg, e X Ry { 12 xRy, te[l,+00).

Thus, by Lemma 2.1, one has

(bt+l~2‘r) X R+7 te (071)3

epi f; = epi(g: + 6c,)* = epig; + epidy, = { (b —13) xRy, e[l +00)
+ ' ’ '

Hence, the characteristic cone of the family {6c, fi : t € T} is given by
K = cone(Userepi fi) =12 x R

because K contains the set (b1 + 12 + by — %) x Ry, which equals to [> x Ry ). This together with
3T
(4.21) and (4.22) implies that

epi (f +04)" =1 xR, =epi f* + 1> xR, =epif*+ K.
This shows that the family {dc, fi : t € T} has the conical (EHP);.

5. Strong Lagrangian dualities. Let us use (Py) to denote the problem (1.1). Define the
Lagrangian function Ly on X X R(f) by

Ly(xz,\) = f(z)+ Z Atfi(x) for each (z,)) € X x RSFT). (5.1)
teT

Then the dual problem of (Py) is, by definition,

Maximize infgec Ly(z,N),

5.2
s. t. A€ ]RS_T). (5:2)

(Dy)
We denote by v(Py) and v(Dy) the optimal objective values of (Py) and (Dy), respectively. Clearly,
v(Py) > v(Dy), that is, the weak Lagrangian duality holds between (Py) and (Dy). We say that the
strong Lagrangian duality between (Py) and (Djy) holds if there is no duality gap (that is v(Py) =
v(Dy)) and the dual problem (Dy) has an optimal solution, and that the strong stable Lagrangian
duality between (Py) and (D) holds if, for each p € X*, the strong Lagrangian duality between (Pj,)
and (Djf4,) holds. An important problem in convex analysis is: when does the strong Lagrangian
duality hold? The following result shows that the condition (4.16) provides an answer.

THEOREM 5.1. Each of (i)-(iii) of Theorem 4.4 is a necessary and sufficient condition for the
strong Lagrangian duality between (Py) and (Dy) to holds.

Proof. (=). Suppose that (i) of Theorem 4.4 holds. Let a := v(Py). We assume that o # —oc.
Then o € R (as domf N A # @) and f(z) > « for each z € A. Thus by (4.14), there exists
(M\)ter € RS_T) such that f(z) + > ,cp Mefe(z) > o for each z € C. This together with the weak
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duality shows that (A\¢)ier is an optimal solution of (Dy) and v(Py) = v(Dy). The same is trivially
true if a = —oco (then take Ay = 0 for all t € T)).

(«<=). Conversely, suppose that v(P;) = v(Dys) and that the problem (Dy) has an optimal
solution (At)rer. Let o € R be such that f(z) > o for each € A. Then v(Pf) = infea f(z) > «
and

inf {f()+ D Mfilw)} = v(Dy) = v(Py) > a.

teT

This means that (i) of Theorem 4.4 holds because the converse implication of (4.14) holds automati-
cally as noted earlier. O

By Theorem 5.1 (applied to f — p for each p € X*) and Theorem 4.5, we arrive at:

THEOREM 5.2. The family {dc; f¢ : t € T} has the conical (WEHP)y if and only if the strong
stable Lagrangian duality between (Py) and (Dy) holds.

The following corollary, which was proved in [17, Theorem 5] under the stronger assumptions (1.4)
and (4.19), is a direct consequence of Theorem 5.2.

COROLLARY 5.3. If the family {6c; f; : t € T} has the conical (WEHP)y, then the strong
Lagrangian duality between (Py) and (Dy) holds.

The following theorem gives a characterization for the conical (WEHP), with f = 0.
THEOREM 5.4. The following statements are equivalent:

(i) The family {6c; fr : t € T} has the conical (W EHP)y, that is,

epi % = U, cgemepi (o + > )" (5.3)
teT

(i) If h € Aa(X) is such that the family {64} has the conical (EHP)y, that is,
epi(h+04)" =epi h* +epid}y, (5.4)

then the strong Lagrangian duality between (Pp,) and (Dp,) holds.

(iii) If h € Aa(X) is continuous at some point in A, then the strong Lagrangian duality between
(Pr) and (Dy) holds.

() If p € X*, then the strong Lagrangian duality between (P,) and (Dp) holds.

Proof. (i)=-(ii). Suppose that (i) holds and let h € A4(X) be such that (5.4) is satisfied. Then,
it follows from (5.3) and (2.4) that

epi(h+3d4)" =epih* + U/\eRf)epi (0c + Z M fe)*
teT

= Uyer(m (epih” +epi (dc + S OMF))
teT

C Uyerinepi (h+0c + > ONf)"
teT
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This shows that the family {d¢; f; : t € T'} has the conical (W EH P);, (cf. Remark 3.1(a)). Applying
Corollary 5.3, we complete the proof of the implication (i)=-(ii).

(ii)=-(iii). Note that (5.4) is satisfied if h € A4(X) is continuous at some point in A (see Lemma
2.1(ii)). Thus, it is immediate that (ii)=>(iii).

(iil)=-(iv). It is trivial.
(iv)=-(i). It is a straightforward consequence of Theorem 5.2 by letting f = 0. O

COROLLARY 5.5. Suppose that the following condition holds:

Uner(® ePi 6o+ > Mf)* =K. (5.5)
teT

Then each of (i)-(iv) of Theorem 5.4 is equivalent to the following statement:
(v) The family {dc; fr : t € T} has the conical EHP, that is, epid’y = K.
Proof. Suppose that (5.5) holds. By Theorem 5.4, it suffices to verify that

the conical EH P <= the conical (W EH P)j. (5.6)

By Remark 3.1(c), we need only to prove the implication“<=". Now if the family {d¢; f: : t € T}
has the conical (WEHP)y, then (5.3) holds, and so (5.5) simply means epid’ = K; hence the family
{d¢; ft : t € T'} has the conical EHP. Thus the implication“<=" of (5.6) is shown. O

The following corollary was given in [23, Theorem 4.1] under the additional assumption (1.4).

COROLLARY 5.6. Suppose that, for each t € T, f; is continuous at some point of A. Then (5.5)
and the conclusion of Corollary 5.5 hold.

Proof. We need only to show (5.5). By (3.4) and (3.6), it is sufficient to show that

UAGRf)epi (0c + Z A fe)" Cepids + cone {Uierepi f; }. (5.7)
teT

To do this, let A = (A)ier € RS with 0 # J := {t € T : A, # 0}, say J = {t1,-- ,tm}. Then we
have (noting that 0- A = 0 for all functions h as mentioned earlier)

epi (0o + 3 Aef)* =epi (6 + Y A fi,)" = epidos + > Aepi £,
teT =1 =1

where the last equality holds because one can apply Lemma 2.1(ii) iteratively as each A, fi, is contin-
uous at some point of A thanks to the given assumption. Thus (5.7) follows and the proof is complete.
|

The following example presents the case when the condition (5.5) holds but there exists some f;
which has no continuity. Hence Corollary 5.5 is a proper extension of Corollary 5.6 (and [23, Theorem
4.1]).

EXAMPLE 5.1. Let X = R? and let C, D be closed convex cones in X defined respectively by

C .= {(1’1,1’2) LI S 0,1’2 Z O} and D := {(1’1,1172) L X Z O,IL‘Q Z O}
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Then
CND={(z1,29) : 21 =0,29 >0} and (CND)®°=C®+ D°.
By this and (4.20), we have that §&p = 65 + 63, Since dcnp = d¢ + dp, we have then
epi (0c +dp)" = epidy +epidp.
Thus (5.5) is satisfied by the family {dc, f1}, where fi = dp. Note that for the above family, one has

A=CnD. Clearly, f1 is not continuous at each point of A.

6. Applications to Conic Programming. Throughout this section, let X, Y be locally convex
spaces, C' C X be a nonempty convex set. Let S C Y be a closed convex cone. Define an order on
Y by saying that y <g x if y —xz € —S5. We attach a “greatest element” +o0o ¢ Y with respect
to <g and denote Y* := Y U {+o0}. The following operations are defined on Y*: for any y € Y,
Y+ (+00) = (+00) + y = 400 and t(+00) = +oo for any t > 0. Let f: X — RU {+oo} be a proper
convex function and g : X — Y'® be S-convex in the sense that for every u,v € X and every t € [0, 1],

g(tu + (1 = t)v) <g tg(u) + (1 —t)g(v)
(see [4, 5, 30]). Consider the following conic programming problem (Py(S5)):

Minimize  f(z),

s. t. z € C, g(x) e —-8S. (6.1)

Problem (6.1) has been studied in [5, 6], and also studied in [9, 28, 29, 30, 31, 33, 32| for the special
case when X,Y are Banach spaces (or normed spaces) and g : X — Y is S-convex and continuous.
As in [4, 5, 16, 41], we define for each \ € S,

N g(z))y ifx €domy,

(Ag)(z) := { (6.2)

+00 otherwise.

It is easy to see that g is S-convex if and only if (Ag)(-) : X — RU {400} is a convex function for
each A € S®. Moreover, the problem (6.1) can be viewed as an example of (1.1) by setting

T=S8% and gy=M\g foreach \eT = S%. (6.3)
As before, we use A and K to denote respectively the solution set and the characteristic cone of
(Pr(5)):
A={zeC: (\g)(x) <0, VA€ S} ={reC: g(z) € -5} (6.4)
and
K :=epidf + cone (Uyegoepi (A\g)") = epide + Uycgaepi (Ag)™, (6.5)
where the last equality holds because S® is a convex cone and so
cone (Uyeseepi (Ag)") = Uxes=epi (Ag)". (6.6)
Moreover, by (6.6), the corresponding dual problem (Df(S)) can be expressed as

Minimize infiec{f(z)+ (A\g)(x)},
s. t. A e S9.



D. H. FANG, CHONG LI AND K. F. NG 17

In this section, we always assume that
A#0, feAa(X) and gis S-convex. (6.8)

The following notion of S-lower semicontinuity was introduced in [44] and extended in [1, 15] for
functions g : X — Y'*. It was also considered in [4, 5, 41].

DEFINITION 6.1. Let g : X — Y® be a S-convex function. The function g is said to be

(a) S-lower semicontinuous if for each xog € X, each neighborhood V' of zero in'Y and any b €Y
with b <g g(xg), there exists a neighborhood U of zero in X such that

g(xo+U) Cb+V 4+ SU{+oc}. (6.9)

(b) S-epi-closed if epig(g) is closed, where

epig(g) :={(z,y) e X xY :y € g(z) + S}.

It is known (cf. [43]) that S-lower semicontinuity implies that A\g is Isc for each A € S®, which
implies in turn that g is S-epi-closed. Furthermore, if g is S-epi-closed and C' is closed, then A is
closed and hence d 4 is Isc

The following lemma is taken from [5, Lemma 1].
LEMMA 6.2. Suppose that C is closed and g is S-epi-closed. Then

epidy = cl(epi 65 + Uyesaepi (Ag)*) = cl K.

Generalizing the corresponding notions in [5, 6] to suit our present noncontinuous situation we
make the following definitions (thanks to (6.5)). It is easy to see that the notions C;(f, A) and C(f, A)
in the following definition coincide with corresponding ones in [5, 6] (where they assumed that (1.5)
holds).

DEFINITION 6.3. We say that {dc; g} satisfies

(a) the condition Ci(f,A) if the family {dc;Ag : X € SP} has the conical (EHP)y, that is (by
(6.5)),
epi(f 4+ 04)" =epi f* 4+ epids + Uyeseepi (Ag)* (= epi f* + K); (6.10)

(b) the condition C(f, A) if the family {6c; g : A € S®} has the conical (WEHP)y, that is,
epi (f +04)" = Useseepl (f +dc + (Ag)); (6.11)
(c) the Farkas rule (resp. the stable Farkas rule) with respect to f if the family {f,0c; g : A € SP}
satisfies the Farkas rule (resp. the stable Farkas rule).

REMARK 6.1. By Remark 3.1(a), we see that (6.10) and (6.11) in Definition 6.3 are respectively
equivalent to

epi (f +3d4)* Cepif* 4+ epidl + Ureseepi (Ag)™, (6.12)
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and

epi (f +94)" C Usesaepi (f +dc + (Ag))™. (6.13)

Let conth denote the set of all points at which A is continuous, that is,
conth = {z € X : h is continuous at z}.

The following proposition (except the last assertion) is due to Bot et al. (see [5, 6] where the first
equality of (6.14) together with (i) and (ii) were established while the second equality in (6.14) is an
easy consequence of the first).

PROPOSITION 6.4. Assume (1.5). Then
epi (f +d4)" =cl (epi f* + K) = cl (Uyegaepi (f + dc + Ag)*). (6.14)
Consequently,
(i) the family {6c; g} satisfies C1(f, A) if and only if epi f* + K is weak™-closed;
(i) the family {6c; g} satisfies C(f, A) if and only if Uyegeepi (f + do + Ag)* is weak™-closed.
Moreover, if contf N ANint C # (, then the following equivalence holds for the family {6c; g}:

Ci(f,A) <= C(f,A). (6.15)

Proof. By [5, 6], we only need to prove the last assertion. Suppose that
contf NANintC # 0. (6.16)

It suffices to show that the set on the right-hand side in (6.10) and that in (6.11) are the same. But
this is immediate from Lemma 2.1(ii) and (6.16):

epi (f +dc + (Ag))" = epi f* +epi(dc + (Ag))" = epi f* +epids + epi(Ag)” for each A € S°.
The proof is completed. O

By Theorems 4.3, 4.4, 4.5, 5.1, 5.2, 5.4 and Corollary 5.5 (applied to {dc;Ag : A € S®}, and
thanks to (6.5) and the fact that S® is a convex cone), we have the following Theorems 6.5-6.8 and
Corollary 6.9. The equivalence (ii)<=> (iii) in Theorems 6.7 and 6.8 was given in [5, Theorems 1 and 2]
while (i)<=(v) in Theorem 6.8 was given in [5, Corollary 1] under stronger assumptions (assumption

(1.5)).

THEOREM 6.5. The following statements are equivalent:

(i) For each p € X* and each o € R,

[f(x) 2 (p, ) + o, Vo € A] <= [(p, —) € epi f* + epidp + Ureseepi (Ag)"]. (6.17)

(ii) The family {6c; g} satisfies the condition Cy(f, A).

THEOREM 6.6. The following statements are equivalent:
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(i) The family {dc; g} satisfies the Farkas rule with respect to f.
(i1) The strong Lagrangian duality between (Pr(S)) and (Dy(S)) holds.
(iii)

epi (f +04)" N ({0} X R) = (Ureseepl (f +dc + (Ag9))") N ({0} x R). (6.18)

THEOREM 6.7. The following statements are equivalent:

(i) The family satisfies the stable Farkas rule with respect to f.

(it) The strong stable Lagrangian duality between (Pf(S)) and (D#(S)) holds.
(iii) The family {6c; g} satisfies the condition C(f, A).

THEOREM 6.8. The following statements are equivalent:

(i) The family {6c; g} satisfies the condition C(0, A).

(i) If h € Aa(X) and epi (h+04)* = epil h*+epi 8%, then the strong Lagrangian duality between
(Py(S)) and (Dy(S)) holds.

(iii) If h € As(X) is continuous at some point in A, then the strong Lagrangian duality between
(Pn(S)) and (Dy(S)) holds.

() If h € Aa(X) is continuous, then the strong Lagrangian duality between (P (S)) and (Dy(S))
holds.

(v) If p € X*, then the strong Lagrangian duality between (P,(S)) and (D,(S)) holds.

COROLLARY 6.9. Suppose that the following condition holds:
Uxese (6c + (Ag))" = epid + Ureswepi (Ag)™.
Then each of (i)-(v) of Theorem 6.8 is equivalent to the following statement:
(vi) The family {d¢c; g} satisfies the condition C1(0, A).

Under the stronger assumptions (X, Y are Banach spaces, C = X and f, g are continuous), the
implications (i)<=>(iii) and (ii)<=(iii) in the following corollary were given respectively in Theorem
3.1 and Theorem 4.1 of [31], while the implications (iv)=-(i)&(ii) improve [18, Theorem 2.2] by allowing
general p € X* rather than only p = 0.

COROLLARY 6.10. Suppose that C is closed, g is S-epi-closed and that contf N A # (). Consider
the following statements:

(i) Same as (i) in Theorem 6.7.

(ii) Same as (i) in Theorem 6.5.

(#11) epi f* + epi 05 + Uresoepi (A\g)* (= epi f* + K) is weak*-closed.

(1v) epi 8§ + Uresoepi (A\g)* (= K) is weak*-closed.

Then, (w)=[(i), (ii)& (i11)]. Moreover, (i) (ii)< (iii) provided that contf N ANint C' # 0.
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Proof. (iv)=[(i), (ii)&(iii)]. By Lemma 6.2 and (iv), one has epid* = clK = K. Hence (iv) and
Lemma 2.1(ii) (thanks to the assumption that contf N A # () imply that

epi(f +3da)" =epif*+epidy =epif*+ K. (6.19)

This means that the family {0c;g} satisfies Ci(f, A) and so C(f,A) (by definitions and Remark
3.1(c)). Hence (i) and (ii) hold by Theorems 6.7 and 6.5. Furthermore, (6.19) implies that epi f* + K
is weak*-closed (because epi (f + 04)* is so); hence (iii) holds.

Finally, we assume that contf N A N intC # (. Then (6.15) of Proposition 6.4 holds and so the
following equivalences hold for the family {d¢, g}

C(f,A) <= C1(f,A) < epi f* + K is weak*-closed,

and therefore (i)<= (ii)<= (iii) by Theorems 6.5 and 6.7. O

The equivalence (iii)<=-(iv) in the following corollary was proved in [29, Theorem 3.1] under the
stronger assumption that g is continuous.

COROLLARY 6.11. Suppose that C is closed, g is S-epi-closed and that contg N A # (). Then the
following statements are equivalent:

(i) The family {dc; g} satisfies the condition C(0, A).
(i) The family {0¢c; g} satisfies the condition C1(0, A).
(1it) epi 6 + Upegaepi (Ag)* (= K) is weak™-closed.

(iv) The strong Lagrangian duality between (Py(S)) and (Dp(S)) holds whenever h € As(X) is
continuous.

Proof. Since cont gN A # (, it follows that cont (Ag) N A # () for each A € S®. Then by Definition
6.3 and Corollary 5.6 (applied to {C, Ag : A € S®} in place of {C, f; : t € T'}), we have (i)<=(ii).
Further, by Theorem 6.8, we have (i)<=-(iv). Finally, by Proposition 6.4(i) and thanks to the given
assumptions, (ii)<=(iii). O

REMARK 6.2. Let Z be a convex subset of X. Recall (cf. [3]) that the quasi-relative interior and
the quasi interior of Z are defined respectively by

qri Z:={x € Z :cl cone(Z — ) is linear} and qi Z:={zx € Z:clcone(Z —z) = X}.

Bot et al. [3] established the strong Lagrange duality between problem (Py(S)) and (D#(S)) under the
following interiority condition:

0 € ail(9(C) +5) — (9(C) + )], 0€ ai(g(C) +S) and (0,0) ¢ aricol,(r,(s) UL(0,0)}), (6:20)
where
eu(pys)) = {(f(@) +a—v(Ps(9)),9(z) +y): z€Ca >0,y € S} CRxY.

Clearly, combining Theorem 6.7 and [3, Theorem 4.2], we see that the interiority condition (6.20)
implies (6.18). The following example shows that the converse is not true.
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EXAMPLE 6.1. Consider the real space X = C =R. Let S =R, and let f,g: R — R be defined
by f = 0j0,1) and g = 6(_1 0] respectively. Then A ={x € C: g(x) € =S} = (-1,0] and f+54 = f+g.
Noting A\g = g for all X > 0, it follows that

epi (f +04)" =epi (f +9)" C Uxeseepi (f +Ag)";

hence C(f, A) holds (thanks to Remark 6.1) and so does the condition (6.18). However, the above
interiority condition (6.20) does not hold as 0 ¢ qri(g(X) +S) (since cl cone g(X) + 5 =Ry is not a
linear subspace of R).
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