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FUNCTIONS*
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Abstract. We establish several set-valued function versions of Ekeland’s variational principle
and hence provide some sufficient conditions ensuring the existence of error bounds for inequality
systems defined by finitely many lower semicontinuous functions.
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1. Introduction. The celebrated variational principle of Ekeland [13, 14] states
that if f is a lower semicontinuous (Isc) bounded below function on a complete metric
space (M,d) then for any v > 0 and any o with f(z¢) < +oo there exists T € M
such that

f(@) < fxo) — vd(xo, ) (1.1)

and
f(@) < f(z) +~vd(z,T), Vo € M\{z}. (1.2)

This principle is an important tool with a lot of significant applications in many
areas including nonlinear analysis and optimization theory. There are many papers
(see [6, 8, 11, 35] for example) reporting different formulations and some have put
forward extended versions applicable to vector-valued/set-valued functions (see [3, 4,
5,9, 15, 16, 18, 38]). This paper is devoted to further extensions which are especially
relevant for the study of error bound issue for the following inequality system:

fi(z) <0, i€l n, (1.3)

where each f; is a proper lsc function on a Banach space X. The system is said to
have an error bound 7 if there exists 7 > 0 such that

d(z,S) < Tzn:fi(x)+, Vo € X, (1.4)
i=1

where f;(x)4 := max{f;(x),0}, and
S:={zeX: fi(x) <0,i€l,n} (1.5)

Since the pioneering work of Hoffman [19], this notion (and its local version) have
played an important role in many areas in mathematical programming and variational
analysis (see the excellent surveys [23, 31] for results before 1997, and for more recent
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results see [1, 2, 7, 10, 12, 27, 28, 29, 30, 36] and references therein). The earlier results
all are either under certain convexity assumption or restricted to the special case when
n = 1. The results obtained in Section 4 are for the general case that n can be any
positive integer, and provide sufficient conditions ensuring that the inequality system
(1.3) has an error bound. They are established via set-valued versions of Ekeland’s
variational principle obtained in Section 3.

2. Notations and Preliminary Results. In general we use (M, d) to denote
a metric space while X,Y and Z usually denote normed spaces (or Banach spaces);
B(z,7) denotes the closed ball with center z and radius r > 0. For short Bz denotes
the closed unit ball in Z and Sz := {# € Z : ||z|| = 1} is the unit sphere. Let
(z*,2) := 2*(z). Given any subset K in Z, S(K) = KN Sz. Let cl(K), co(K),
co(K), coneK and coneK respectively denote the closure, convex hull, closed convex
hull, (convex) conic hull, and closed (convex) conic hull of K. Let d(-, K) denote the
distance function of K, i.e.,

d(z, K) :=1inf{]|z —y|| : y € K}.

We say that a vector space Y is ordered by a convex cone C' C Y, if Y is equipped
with a binary relation (quasiorder) <¢ for elements in Y such that

y1<cy<=y2—y €C (2.1)

(<¢ is a partial order if and only if C is pointed, i.e., CN(—C) = {0}). For example,
in multi-objective optimization problems, we often let R™ be ordered by R”}, where
R”} consists of all n-vectors y = (y1,--- ,yn) € R™ such that each y; > 0. Here the

1
norm for R" can be the usual Euclidean norm ||y|| = (X1, |:[*)® or the /;-norm
llyllh = iz, |yil- One of the advantages of using the /1-norm is that,

if H:={y eR" :|ly[l1 =1} then d(0, H) =1 (2.2)

(and H is closed and convex). For convenience, we henceforth use the /;-norm for R™.

As usual for a set-valued function F : M — 2Y, we use dom F and graph F to
denote the domain and the graph of F respectively, that is, dom F := {x € M :
F(z) # 0}, graph F := {(z,y) € M xY :y € F(x)}. Moreover, if Y is ordered by C,
epi F:={(z,y) € M xY :y € F(x) + C} is the epigraph of F'. Thus

v<cy,v € F(xr) = (x,y) € epi F. (2.3)

For any two nontrivial closed convex cones K7, K5 in a normed space Y we use
£(K1, K5) to denote the quantity (cf. [24, equation (2.2)])

L(Ky, Ky) == inf{d(k, K5) : k € S(K1)}. (2.4)

LEMMA 2.1. LetY be a normed space ordered by a convex cone C CY, and let
Co be a convex cone such that {0} # Cy C C. Then the following implication is valid
forally; € Cyp and y2 € Y:

y1 <c y2 = y2 € C and £L(Co, =O)lyall < [ly2ll (2.5)

Proof. By (2.4), we have

£(Co, =C) -yl < dly,=C), vy € Co. (2.6)
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Let y; € Cp and yo € Y with y; <¢ y2. Then yo € y; + C C C. Moreover since
y1 — Y2 € —C, one has by (2.6),

£(Co, =C) - lyrll < d(y1, =C) < lyr — (1 — v2) || = llyell-

This proves (2.5). O

REMARK 2.1. [t is well-known (see [32]) that C is normalin (Y, ||-||) (in the sense
that any {yn }nen converges to zero whenever there are sequences {Zy }nen, {2Zn tneN
convergent to zero such that x, <c¢ yn <c zn for each n) if and only if there is an
equivalent norm || - ||1 on' Y such that

v1 <cy2 = llulli < ly2lli,  Vy1,p2 € C. (2.7)
In view of (2.4) and Lemma 2.1, it follows immediate that C is normal if and only if
L(C,-C) > 0. (2.8)

In particular, if (2.7) is satisfied with || - || in place of || - |1 (this condition is auto-
matically satisfied if Y is a Banach lattice with positive cone C; see [34, Definition
I1.1.2, 11.5.1]). Then £(Cy,—C) =1 for any convex cone Cy such that {0} # Cy C C.
Indeed, if y; € S(Cy) then d(y1, —C) = inf{||ly1 +¢||: c € C} = ||n1] = 1.

EXAMPLE 2.1. LetY be a Hilbert space. Fiz e € S(Y) and let C .= {y € Y :
(e,y) > %HyH} It can be verified that £(Cy,—C) =1 for any convex cone Cy with
{0} £Cy CC.

Let A be a nonempty subset of a metric space (M, d), and let < be a partial order
defined on A. Recall that a point a € A is called a minimal point of A if there does
not exist a € A\{a} such that a < a. The set of all the minimal points of A is denoted
by Min(A, <). Recall that A is said to have the domination property with respect to
=< if for each 2y € A, there is T € A such that

T=2xo and T € Min(A,=). (2.9)

The next result is due to Hamel and Tammer and would be convenient to be
stated in the following form:

LEMMA 2.2. Let A be a nonempty subset of a metric space (M, d), and let < be a
partial order defined on A such that any decreasing sequence {xy, }nen in A converges
to some a € A with

a = Ty vn € N. (2.10)

Then A has the domination property with respect to <.
Proof. This follows immediately from [18, Theorem 2.2]. O

3. Partial Orders Generated by Set-Valued Functions. Let (M,d) be a
complete metric space and let Y be a Banach space ordered by a nontrivial closed
convex cone C. Let F': M — 2Y be a set-valued function.

DEFINITION 3.1. Lety > 0 and let H C C\{0} be a closed convex set such that

L (comeH,—C) > 0. (3.1)

We define relations =(p~ i)y and Z(py,m) (or <, 3 for short if no confusion can arise)
on dom F by

T 3(Fpy,H) T2

(3.2)
Vys € F(xs), Jy1 € F(z1),h € H, s.t. yd(z1,22)h <c y2 — ¥1,
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and
21 3wy T2 =V € (0,7), ¥1 Z(pym) T2 (3.3)

respectively, where x1,x2 € dom F.
By (3.2), we have the following equivalences:

L1 2(F,H) T2 <= F(a2) C F(a1) +yd(z1, 22)H + C (3.4)
<= Vy € F(x2),3h € H s.t. (z1,y2 —vd(z1,22)h) € epi F.  (3.5)
Since H C C and by (2.3), the following implications are also valid:
T1 R(py,H) T2 = F(22) C F(21) + C, (3.6)
T1 R(py,H) T2 = (T1,Y2) € epi F, Yy € F(x2). (3.7)
It is clear that for any x1, x5 € dom F,
T1 2Py, H) T2 = T1 J(Fy,H) T2- (3-8)

But generally, the inverse does not hold.

ExaMPLE 3.1. Let Y = lo, the Hilbert space consisting of all square-summable
sequences of real numbers. For each n € N, let e,, denote the element in ly whose nt"
coordinate is 1 and other coordinates are zero. Let C := {y € la : {e1,y) > %Hy“}

Consider two distinct points x1,za in metric space (M, d) with
d(xl,l‘g) =1. (39)

Let H := {y € C : {e1,y) = 1}. Then H is a closed convex subset of C such that
coneH = C (so coneH is closed). By Example 2.1,

L (conmeH,—C) = 1. (3.10)
Let F : {x1, 20} — 2Y be defined by

F(xz) = {0}, (3.11)
F(z) = {(% —1)(e1 + en) fn>2. (3.12)
We claim that
Ty J(F1,H) T2, (3.13)
but that
1 ﬁ(F,l,H) T2, (3.14)

First, since ey + e, € H for alln > 2, we have
1
F(x2) CF(I1)+(175)H+C, Vn > 2. (3.15)

Also, for any +' € (0,1), there exists n' > 2 such that v’ < 1 — X.. Hence by (3.15)
and the fact that (1 — 5)H C v'H + C, it follows from (3.9) that
F(xz) C F(z) +YH+C
= F(z1) +v'd(z1,22)H + C.

4
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Together with (3.3) and (3.4), we obtain (3.13).
Second, since (X —1)(ey +e,) ¢ —H — C for all n > 2, we have

F(z)N(—H - C) =1, (3.17)
and then
F(z2) ={0} £ F(z1) + H+C. (3.18)

Together with (3.4), (3.14) holds.

Recall that a subset D of Y is said to be C-bounded (cf. [25, pp. 13-14]) if
there exists some bounded set Dy C Y such that D C Dy + C. For example, with
(Y,C) = (R,Ry), a subset D of R is Ry -bounded if and only if D is a bounded below
set of real numbers.

For the remainder of this section, the following assumptions will be considered:

(A1) H c C\{0} is a closed convex set (thus we have x := d(0, H) > 0).
(A2) ¢ := £(comeH,—-C) > 0.
(A3) F(M) is C-bounded: there exists n > 0 such that

Yy e F(M),3u €Y s.t. JJul| <nand u <¢y. (3.19)

(A4) epi F is closed in M x Y.
EXAMPLE 3.2. In the ordered Banach space (Y,C) = (R",R%), let H be defined
5 (2.2). Then (A1) is satisfied. Moveover, it is obvious that coneH = R’} and

£(coneH, R ) = 1. (3.20)

So (A2) is also true.
For the inequality system (1.3), let D := N_dom f; and let F : X — R™ be a
set-valued function defined as

Then F(X) C R is R} -bounded. It is easy to verify that epi F' is closed. Thus (A3)
and (A4) are satisfied.

The following proposition provides a sufficient condition ensuring that < and =
are partial orders:

PROPOSITION 3.2. Consider v > 0 and F, H satisfying assumptions (A1)-(A3)
with the associated constants x,(,m > 0. Then, both the relations =(r. m and
2(F,H) defined in Definition 5.1 are partial orders on dom F.

Proof. We need only to show that the relation =< is a partial order on dom F
(as the corresponding result for 3 follows easily). It is easy to see that the relation
=< is reflexive, that is, x < x for all x € dom F. Let x1,x2, 23 be distinct elements
of dom F' such that 1 =< z2 and z2 =< x3. Then for any y3 € F(x3), there exist

y2 € F(x2), 11 € F(x1) and hy,he € H such that yd(z1,22)h1 <¢ y2 — y1 and

7d(1’2,$3)h2 gc Y3 — Y2. Let h3 = d(117i2€:2€;2’m3)h1 —+ d(Tl,i(Qz)i(aij?ig,I5)h2 Then

hs € HC C and

yd(z1,23)hs <c v [d(x1,22) + d(x2,23)] hs

(3.22)
<c Ys —y1-
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So 1 =X x3. To prove the anti-symmetry of <, suppose that z < 2’ and 2’ < z. By
what has just been proved, for any z € F(x), there exist 2/ € F(z) and ' € H such
that

2vd(z, 2" )b <c z— 2. (3.23)

Therefore, inductively, there exist sequences {zy, }neny C F(2z) and {h), }nen € H such
that

2vd(z, 2", <c zn — Zn1, Vn € N. (3.24)
By assumption (A3), there exists a sequence {u, }nen C Z such that
Junl <n,  VREN, (3.25)
and
Up <o Zn, Vn € N. (3.26)
It follows from (3.24) and (3.26) that

n

2yd(z,2') Y hi<c 21— Zng1 S0 21— Ung1, Y EN, (3.27)
=1

Since H C C\{0} and C is a closed convex cone, Cy :=coneH C C. Using (2.5) with
y1 and yo replaced by 2vd(z,z') Y1 | h; and 21 — up41, we have

2vd(z, ") Z h';

i=1

¢ 2vd(z,2") - nk < -

(3.28)
<21 — unal|
<

1zl +m), vn € N.

Since k, (,n and v are positive constants it follows that d(z,2’) = 0 and so x = 2’. O
REMARK 3.1. Assumption (A3) in Proposition 3.2 can be relazed to the condition
that F(z) is C-bounded for each x € dom F'.
LEMMA 3.3. Consider v > 0 and F, H satisfying assumptions (A1)-(A4) with
the associated constants k,(,n > 0. Let {xptnen be a decreasing sequence of dom F
with respect to =(p, iy (X for short). Then {T,}nen converges to some a € dom F,
and

F(z,) C F(a)+ C, Vn € N. (3.29)

The same assertion is also true for Z (g~ my in place of 2(Fq, m)-

Proof. As the last assertion follows easily from the first, we only need to prove the
results regarding <. First, we show that {x, }nen is Cauchy. Suppose not, without
loss of generality, we may assume that there exists € > 0 such that

A(Tp, Tp1) > €, Vn € N. (3.30)

Since {y, }nen is decreasing, there are sequences {yn tnen, and {hp}neny C H such
that

Yn € F(xy), Vn € N, (3.31)
'Vd(mnaxn+1)hn <c Yn — Yn+1, Vn € N. (332)
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By (3.19), there exists a sequence {u, tneny C Y such that

It follows from (3.32) that

n

Y1 = Unyl 2C Y1 — Ynt1 = Z(yz = Yi+1)
i=1

>c Zﬁ’d(wm Tit1)hi (3.34)

i=1
- anmihi =8, <§n: §h> . VneN,
i=1 i=1""

n

where o := d(z;,z,41) and 8, := Y ., a;. Noting by (3.30) that £, > ne, and it
follows from (2.5), (3.33) together with the assumed (A1) that for any n € N,

lyall + 7 > [ly1 — una|
n o n a‘
K2 3
E —h; E —h;
i:1 ﬂn i:l /GTL

But this is impossible because «, (,n and ~y are positive constants while n is arbitrary.
Therefore {x, }nen is Cauchy and hence converges to some @ € M.

Moreover, note that for any fixed n € N, {z }x>» also converges to @; this together
with (3.2) and (3.6) implies that for any y € F(x,,), {(zx,y) : k£ > n} is a sequence
in epi F' and converges to (a,y). Hence (a,y) € epi F' thanks to the assumption that
epi F is closed. Therefore Z € dom F and y € F(a) 4+ C for each y € F(x,), that is,
(3.29) is true. O

Next we present a set-valued version of Ekeland’s variational principle type.

THEOREM 3.4. Suppose all the assumptions in Lemma 3.3 are satisfied. Then
dom F has the domination property with respect to 3 (g~ m), namely, for each xo €
dom F, there is * € dom F' such that

(3.35)

> ¢ 7Bn > (- ne > (- ne- K.

T Z(FqH) To and T € Min(dom F, Z(p~,m)); (3.36)
in other words,
F(x0) C Nyre(oq) [F(Z) 4+~ d(xo, 2)H + C], (3.37)
and
F(z) € Nyeoq [F(x) ++d(x,2)H + C], Yz e (domF)\{z}.  (3.38)
Proof. We use 3 to denote Z(p,, g for simplicity. By Proposition 3.2, 3 is a
partial order on dom F. Let {z, }nen be a decreasing sequence of dom F with respect

to <. By Lemma 3.3, {x,, }nen converges to some @ € dom F and (3.29) holds. By
Lemma 2.2, we need only to show that

a3 Tp, Vn € N. (3.39)



Let n € N be fixed and consider any v € (0,7). Since {zy}x>n converges to a, there
exists k’ > n such that

N e _
d(xk/, a) S ~ n ’y/ d(ﬂjn, CL). (340)

Noting that z3 = x, and %7' € (0,7), it follows that for any y € F(z,,), there exist
Yy € F(xy/) and b/ € H such that

T+

d(zp, zp)h <cy—1vy'. (3.41)
By (3.29), there exists § € F'(a) such that

g<cvy. (3.42)

And by (3.40), we have

/

d(xp, ) > d(xp,a) — d(ag,a) > poare ,},/d(m"’ a). (3.43)
Hence, by (3.41), (3.42) and (3.43), we have
Yd(zn,a)h' <cy—y. (3.44)

Thus @ 3 x, by (3.3). So (3.39) holds and we complete the proof. O
REMARK 3.2. FEkeland’s variational principle (that we stated at the beginning)
can be deduced immediately from Theorem 8.4 and Ezxample 3.2 (with n = 1 and

fi(x) = f(z) —infps f(-)) and the fact that

Nye(o @)} +7d(zo, 7) + [0, +00)] = {f1(2)} + yd(w0, ) + [0,+00)  (3.45)

and

Nyreoqy {1(@)} +7d(z,2) + [0, +00)] = {f1(2)} + yd(x, ) + [0, +00).  (3.46)

Next we discuss the domination property of dom F with respect to =<(p  g). The
following theorem is similar to (but distinct from) Theorem 3.4. In fact Example
3.1 has shown that =(p, m) and Z(p, m) are distinct, even when dom F' has the
domination property with respect to each of the two relations. Also there are examples
to show that Theorem 3.5 would not longer be valid if (i), (ii) and (iii) are dropped.

Recall that the positive polar of C' is defined as

Ct:={y"eY*: (y*,y) >0,Vz € C}.

THEOREM 3.5. Suppose all the assumptions in Lemma 3.3 are satisfied, and that
(at least) one of the following assertions holds:

(i) There exist y5 € S(CT) and & € (0,1) such that

Hc{yeY &yl < (v, v} (3.47)

(i) H is bounded.



(iii) Y is reflexive.
Then dom F' has the domination property with respect to =(r ., m), namely, for each
xog € dom F, there is T € dom F' such that

T X(Fq,H) To and T € Min(domF), j(FmH)); (3.48)
in other words,
F(x¢) C F(Z) + ~vd(zo,z2)H + C, (3.49)
and
F(z) € F(z)+~d(z,z)H + C, Vz € (dom F)\{z}. (3.50)

Proof. We use =< to denote =(r,, g for simplicity. By Proposition 3.2, < is a
partial order on dom F. Let {z,},en be a decreasing sequence of dom F with respect
to <. By Lemma 3.3, {2, }nen converges to some @ € dom F and (3.29) holds. Similar
to Theorem 3.4, we need only to show that

a = Tp, Vn € N. (3.51)

Let ng € N be fixed. Since {x,}nen converges to a, there exists a subsequence
{zn}nen C {Zn}nen such that

21 = Ty, (3.52)

and

1
n = n d d n 77 PR v N 353
Zntl = Zp an (z+1a)<n+1 n € (3.53)
For any fixed y; € F(z1), let {yntnen C Y, {h }neny C H and {up}ney C Y such
that

Yn € F(zn),  VnEN, (3.54)
'yd(zna Zn-l—l)hil SC Yn — Yn+1, Vn € N7 (355)
[unll <nand u, <o Y,  VneN. (3.56)

It follows that

Y1 — Unt1 2C Y1 — Ynt1

>c Z ’Yd Zis Zz+1 Vﬁn [Z ﬂ ‘| = Vﬁnh;; Vn € N7

i=1

(3.57)

where a; = d(2i,zi+1), Bn = Dy and Al = >, g hi € H. Using (2.5)

together with the properties of 1, and & given in (Al)-(A4), we get
lysll +n > C-Bullbyll = C-vBn -5, YneN. (3.58)

This implies that {8, },en is bounded and hence converges to a finite limit, say dp,
that is, dy = Zj:f d(zj,z]H) < 4oo. Since B, = Yi_; d(z),2j41) > d(z1,a) —
d(zny1,a) > d(z1,a) — n+1 for all n € N, it follow from (3.57) that, for each n,

yi—7 [d(zl, a) — ] hy 20 Y1 — VBuhy 20 Ynt, (3.59)

n+1
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that is,

Y1 — 7y {d(zl, a) — } h! € ypi1+ C, Vn € N. (3.60)

+1

Since ypt+1 € F(zn+1) C F(a) + C (by (3.54) and (3.29) applied to z,41 in place of
Zn), it follows (3.60) that

and so

1

1
(a,y1 - [d(zl,a) o 1] h") EepiF, Vn € N. (3.62)

We now split the proof into the following three cases.

(i)

(i)

There exists y; € S(CT) and € € (0,1) such that (3.47) holds. It follows
from (3.56), (3.57) and (3.47) that

Il +m > W5, 1 — tng) > ymzaz >w£ZaZ||h’H (3.63)

for all n. This implies that 32,77 «;||h}| is a convergent series. Moreover, for
all m,n € N with m < n, we have

Ui 1 1 L
hg_h:”/n: Oéih;-(— )+ ZZ.
; ﬂn /Bﬂ’L 72 ﬁn

1=m-+1
Hence

" " m / 1 - /

Iy — ninl < B =B (5 o RLA
ﬁn ﬁm i=1 ﬂ" i=m—+1

. (3.64)
ﬁn_ﬁm /
< SO0 (Il )+ 5 (i_%lan Z|>

Since By, By, converge to dg and Y ;- ma1 illhg || converges to 0 when m — oo,
the sequence {h]'} is Cauchy. Let hg := lim, . h/}; then hg € H, by (3. 62)
we get

(@,y1 — vd(z1,a)ho) € epi F. (3.65)

Since y; is arbitrary in F(z1) and z; = x, this implies that (3.51) holds (see

(3.5)).
H is bounded, namely supy || - || < +o00. For any v € H + C, there exist
vy € H such that v; <¢ v. Then, by (2.5), we have

[v]| = flos]l - ¢ = K- ¢,

and so
inf ||-] > k- . .
Hl,gcll [>r-¢>0 (3.66)
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(iii)

This implies that cl(H + C) (which is a closed convex set) does not contain
0. By the separation theorem, there exists yj € Y* with ||yg|| = 1 such that

inf 0y . .
et (86,7 >0 (3.67)
Thus y5 € S(CT) and
igf(y(’)k7 9 >0 (3.68)

Hence one can pick ¢ € (0,1) such that

inf .
<1nH<yOv>

. (3.69)
supg || - ||

Now it is easy to verify (3.47). This shows that (ii) is a special case of (i).
Y is reflexive. By (3.59) and (3.56) we note that, for all n,

1
04 {d(zhl_l) - n—&-J hy <c Y1 — Ynt1 <C Y1 — Uni1- (3.70)

Using (2.5), we have

1

sy ld(zy,a) — —— | ||W']] < — Uy < . .71
o aera) = g I < I = vl < Bl 0 )
Thus {h!'} is bounded and so has a weak-cluster point hg in the closed convex

set H (thanks to the reflexivity assumption) We claim that
(@,y1 — vd(z1,a)ho) € epi F (3.72)

(that is, (3.65) holds with ho replaced by ho and so one completes the
proof as that in (i)). To establish the claim, we take any n; € N and
let Hy := co({h!!}n>n,)- Then cl(H;) is a weak closed convex set and
hence hy = w*-lim, ., h!' € cl(H;). Therefore there exist ny > n; and

Anyt1s7 5 Ay > Osuch that 372 A =1 and

|ho — ha| < 1, (3.73)

where hy := Y2 \ihf € Hy C H. By (3.60) we note that for any

neny + 1,n9,

1
— v |d(z,a) — h! > — v |d(z1,a) — —— | A
1 'Yl:(l ) n1+1] n =C Y1 7[(1) n+1]" (3'74)
2C Ynt+l 2C Yna+1,
and hence
1 _
Y1 — Y l:d(Zl, @) — :| hy € Ynot1 T+ Cc F(Zn2+1) + C. (375)
ny + 1
Inductively, we construct sequences {n 'ren and {hy }ren such that
1<n<no<---, (376)
- - 1
lho — hi]l < o Vk € N, (3.77)
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and

Y1 — [d(zl,a) peprs 1] hi € F(zngpyy+1) + C, Vk € N. (3.78)

Therefore (Zn(k+1)+1,y1 — [d(zl,&) — ﬁ} i_zk) € epi F for all kK € N and

{(Zn(Hl)Ha Y1 —7 {d(zh a) — ﬁ} Bk) }keN converges to (@, y1—d(z1,a@)ho).
Thus (3.72) holds since epi F is closed.

REMARK 3.3.

(a)

(b)

(c)

The idea of using partial order in the Ekeland’s Variational Principle re-
lated results has been used by many authors including Ekeland [14] himself,
Bishop-Phelps [6], Brondsted-Rockafellar [8], Dancs-Hegedus-Medvegyev [11],
Turinici [35], and Hamel-Tammer [18].

Most of the extensions (see [3, Theorem 1],[4, Theorem 3.4], [9, Chpater
4] [16, Theorem 8.1 & 3.2], [18, Theorem 4.1 & 4.2], [38, Theorem 4.1
& 4.2]) and references therein) of the Ekeland principle take the follow-
ing form: Under some suitable conditions, for any v > 0, £ € C\{0},
(z0,y0) € graphF C M XY, there exists (Z,7) € graphF such that

Yo € §+ vd(xo,T)E + C, g € Min(F(z),<¢c),

3.79
G y+d@E e+ 0 Yay) € graphF, () # @ 5). )

A novelty of our approach here is to replace the singleton {&} but allowing &
in (3.79) to be selected from a set H satisfying (A1) and (A2). Thus, instead
of approaches of earlier authors asserting relations between elements of the
values of the set-valued function F, our extension (reported in Theorem 3.4
and Theorem 3.5) of the Ekeland principle are directly expressed in terms of
values (as entities) of F'. The idea of replacing a singleton by a set or a suit-
able set-valued function has very recently been used by Bednarczuk-Zagrodny
[5] and Gutiérrez-Jiménez-Novo [15] in their extended Ekeland’s variational
principles for vector-valued (single-valued) functions. Our discussion on the
issue of error bounds in the next section will further shed light on using a
set H instead of a singleton in our extensions of the Ekeland’s variational
principle.

The notion of considering relations between values of F has also been used by
Kuroiwa [21, 22] when he studied set-valued optimization problems and their
dual problems.

The assumption (A2) plays an important role in Theorem 3.5 especially for
(3.51) and also it ensures that = (g, iy and 3 (py,m) defined in Definition 3.1
are anti-symmetric.

4. Error Bounds of Systems. In this section we consider a Banach space
X and study the inequality system (1.3) defined by proper lsc functions from X to
(=00, +00]. To avoid the triviality, we always assume that

D :=n}_dom f; # 0. (4.1)

Let S be the solution set (defined in (1.5)). For each « € X, Let I (z) denote the set
of 7infeasibility indices” for & while I>(z) denotes that of "boundary indices”; they
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are respectively defined by

I.(z):={i€1,n: fi(z) > 0},
Is(z) ={iel,n: fi(x) > 0}

(4.2)

Let v > 0, and we say that v € X\S has the y-descent property if there exists
4 € X\{u} satisfying the following properties

I (a) C I (u), (4.3)
d(w i) < Y (filw)s — fil@)y). (4.5)
i€l (u)

By (4.3) and (4.4) it is clear that
(both sides are zero if i ¢ I (u)). This together with (4.5) implies that
yd(u,8) <Y (filw)s — fil@)+). (4.7)
i=1

EXAMPLE 4.1. Let f be be a proper function from X to (—oo,+o0]. For z € X
with f(z) € R and v € X, recall that (cf. [28]) upper Dini-directional derivative of f
at x in direction v is defined by

fla+t) -~ fla)

d¥ f(x)(v) := limsup (4.8)
t—0t t
Let v > 0 and w € X\S. If there exists v € X with ||v|| = 1 such that
d* fi(u)(v) exists and finite for eachi € 1,n, (4.9)
dt fi(u)(v) <0, Vi€ I>(u), (4.10)
> dfi(u)(v) < —. (4.11)

i€l (u)

Then w has the v'-descent property for any v’ € (0,7). To see this, let v € (0,7) be
fized. By (4.11) and (4.10) (applied to the indices i in I-(u)), there exists a series of
positive numbers {7, : i € I (u)} such that

J+f7,(u)(’l)) < _71{7 Vi € I> (’U,), (412)
and
Z v =~ (4.13)
i€l ()

For each i € 1,n, we select t; > 0 in the following way:
(a) If fi(u) > 0, then by (4.12), there exists t; > 0 such that

0 < filu+tv) < fi(u) —~it, vt € (0,1 (4.14)
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(b) If fi(u) =0 then, by (4.10), there exists t; > 0 such that

filu+t) <0, Ve (0,4]. (4.15)
(c) If fi(u) <O then, by (4.9), there exists t; > 0 such that

filu+1tv) <0, vt € (0,t;]. (4.16)

Hawing specified t; > 0 for all i € T,n, let t := min{t; : i € T, n} and @ :=u + tv. We
note that the following equivalence holds for all i:

fz(ﬁ) >0 <— fl(u) > 0,

that is Is () = I (u)((4.3) holds). Further, by (4.13) and (4.14), we have (4.4) and

Yd(u,a) < Y (filu)s = fil@)4). (4.17)

i€ls (u)

Therefore u has the '-descent property.

The following result was established (based on a result of Hamel [17, Theorem
2(ii)]) in [28] for the special case when n =1 and W = ().

THEOREM 4.1. Let X, f1, fa, -+, fn, D and S be as at the beginning of this sec-
tion. Suppose that there exist positive constants 11, and a subset W of X satisfying
the following two conditions:

()
d(w,S) § T1 ifz(w)Jra Yw e W. (418)
i=1

(i) Each uw € X\(W U S) has the vy-descend property (with the corresponding
Then the inequality system (1.3) has an error bound T := max{y~!, 71}.

Proof. Let xy be an arbitrary element of X. We have to show that the following
inequality

d(.Z‘Q,S) S TZfi(.To)+. (419)

We suppose without loss of generality that o € D\(W US). We shall apply Theorem
3.5 with the following data: ¥ = R™ with the partial order defined by C := R’} and
the [1-norm. Clearly, if y € R \{0} and A > 0 then

A< lylh == Ao <gg . (4.20)
s
Let H =R} Nn{y: ||yl = 1}. Thus
d(0,H) =1, vconeH =R’ and <£(coneH,—R!)=1. (4.21)

Let F: D — Y be defined by F(x) = (f1(2)+, fo(@)4, -+, fu(x)4) for & € D. Thus
epi F' is closed (thanks to the assumption that each f; is 1sc). Together with (4.21),
we see that (Al)-(A4) are satisfied by the data. Hence Proposition 3.2 and Theorem
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3.5 are applicable with <:==(r, g). In particular, there exists u € D satisfying
u =z and z A u for all z € D\{u} (that is u is a minimum element of D). Thus, by
definitions, there exists h; € H such that

’}/d(.’L'()7 u)h1 S]Rff_ F(.’I?o) — F(u), (422)
and so
vd(zo,u) = [[vd(zo, whally < [|F(w0) = F(u)lls- (4.23)

We claim that w € WUS. If not, then, by assumption (ii), u has the v-descent property
with the corresponding 4 # u: (4.3)-(4.7) hold. Clearly, (4.7) can be rewritten as
yd(u, @) < ||F(u) — F(4)|]1, and it follows from (4.20) that vd(u, @)he < F(u) — F(4),
where ho = m This implies that 4 < wu, contradicting the minimality of

u. This shows that u € WUS. If u € S then F(u) =0 and (4.23) entails that
(w0, S) < ||F(xo)lls = Y, filwo)s- (4.24)
i=1

and so (4.19) holds in this case. It remains to consider the case when v € W. Then, by
(4.18), one has 7, *d(u, S) < ||F(u)||; and it follows from (4.20) that, for hs = IO

(ROl
1 td(u, S)hy <wr F(u). (4.25)

This and (4.22) imply that
min{vy, 7, ' }d(zo, u)h1 + d(u, S)hs] <gn F(zo). (4.26)

and so min{vy, 7, ' }d(zo,u) + d(u, S)] < ||F(x0)||;. Thus (4.19) is seen to be true. O
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