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Abstract

Learned inverse problem solvers exhibit remarkable performaneenin applications like image recon-
struction tasks. These data-driven reconstruction methods oftennfollowna’ two-step procedure. First,
one trains the often neural network-based reconstruction scheme via ardataset. Second, one applies the
scheme to new measurements to obtain reconstructions. We follow these steps but parameterize the re-
construction scheme with invertible residual networks (iResNets): We demonstrate that the invertibility
enables investigating the influence of the training and architecture&hoices on the resulting reconstruc-
tion scheme. For example, assuming local approximation properties of the network, we show that these
schemes become convergent regularizations. In addition, the investigations reveal a formal link to the
linear regularization theory of linear inverse problems and provide a nonlinear spectral regularization for
particular architecture classes. On the numerical side; we investigate the local approximation property
of selected trained architectures and present a series of experiments on the MNIST dataset that underpin
and extend our theoretical findings.

1 Introduction

In inverse problems, one aims to reeovernunderlying causes from measurements by reversing the forward
measurement process. Naturally, they arise imseveral fields, e.g., medical imaging, non-destructive testing,
and PDE-based models. One defines inverse problems via their ill-posed nature, i.e., reversing the mea-
surement process is discontinuoeus, and obtaining reasonable reconstructions requires a stable reconstruction
scheme. Usually, one defines the forward problem by possibly nonlinear forward operator A : X — Y map-
ping between Banach or Hilbert.§paces/ Linear spectral regularizations for linear problems in Hilbert space
settings were already well studied over two decades ago [17]. Also, more general nonlinear regularizations,
e.g., sophisticated variational'and iterative approaches, were the subject of extensive investigations for linear
and nonlinear problems. We, refer to the review [9] for a more general overview of this development. More
recently, the linear spectral regularization approach was generalized to diagonal frames [15]. Frames provide
larger flexibility by allowing advantageous representations of the data, e.g., via a set of images, instead of
solely singular functions provided by the operator. Nonlinear spectral regularizations with nonlinear depen-
dence on the measutement data were only considered in a few works, e.g., in the context of CG methods [17,
Cor. 7.4].

During the last decade, these research directions have been accompanied by a highly dynamic development
of learning-based methods for inverse problems (see [1] for an earlier review). Many promising methodological

directions have arisen, such as end-to-end learned reconstructions [36, 20], learned postprocessing [21, 41],
unrglled iteration schemes [18, 1, 19], plug-and-play priors [43, 39, 24], learned penalties in variational
approaches {28, 31, 26, 2, 35], (deep) generative models [10, 13], regularization by architecture [42, 14, 3],

and several more directions are developed. Besides the pure method development, an increasing number
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of works investigate theoretical justifications using the framework of regularization theory (see the,recent
survey [32] and the more detailed consideration in Section 1.1).

In the present work, we follow a general supervised learning approach for a reconstruction scheme based on
the concept of invertible residual networks [3]. We use this architecture to provide a nonlinéar regularization
scheme for which we develop the general convergence theory by exploiting a local ‘@pproximation. property
of the underlying network. Furthermore, instead of solving the inverse problem directly, we use a training
strategy that aims to approximate the forward operator. We also introduce an archite¢ture typeacting on the
singular function directions, and show that it provides a data-dependent nonlinear spectral regularization
which is theoretically analyzed for specific shallow architectures and it is linked’to thesestablished linear
spectral regularization theory. In addition, we underpin our theoretical findings with, several numerical
experiments.

The manuscript is structured as follows: Section 2 defines the problem setting %d the theoretical frame-
work. We then investigate general regularization properties in Section 3. In_Seection 4, we discuss specific
architectures and the outcome of a training approach aiming for appreximating the forward operator. We
then relate it to the classical filter-based regularization theory. Following the theoretical investigation, Sec-
tion 5 presents a series of numerical experiments. We conclude with a discussion and outlook in Section 6.

1.1 Related work

Empirically the success of learning-based methods has beenestablished for several applications like various
imaging modalities. Theoretically, there is still a gap, esginregarding the convergence properties of such
reconstruction schemes. Recently an increasing number of works have examined this aspect. We recommend
the excellent survey article [32], illustrating regularization properties of some learned methods [32, Fig.3].

One early example providing a convergent learned postprocessing approach is the deep null space net-
work [41]. It utilizes established regularization methods and turns them into learned variants. While it
replaces the concept of a minimum norm solution, )it inherits convergence guarantees. [5] investigates the
convergence of regularization methods trained on a finite set of training samples without access to the entire
forward operator. Specifically, the authors econsiderthe projections on the subspaces spanned by the dataset.
Assumptions on the dataset ensure desired approximation properties for the convergence analysis of the reg-
ularization method. The authors then also consider. the data-dependent projected problem in a variational
Tikhonov-type framework and derive convergence of the regularization by assuming certain approximation
properties of the projection being fulfilled for the desired solution.

Also, Tikhonov-type/variational methods and their classical regularization theory were used to obtain
learned regularizations with convergence guarantees. In particular, learned convex regularizers [31, 33] and
the network Tikhonov (NETT) appghch [26, 35] investigated this.

Minimization of Tikhonov-type functionals is often performed by solving an equilibrium equation, e.g.,
obtained from first-order optimality conditions. This concept is generalized by the authors in the recent work
[34] where a learned operator is introduced in the equilibrium equation replacing, for example, the component
delivered by the regularizer. » The authors formulate suitable assumptions on the learnable operator to
guarantee convergence, andithey also illustrate that residual networks fulfill the desired properties if the
residual part in the network is contractive.

[16] recently suggested convergence results for plug-and-play reconstructions that are conceptionally mo-
tivated by the Tikhonov theory. They guarantee convergence by assuming the required conditions on their
parameterized family of denoising operators.

The deep_image prior [42] proposed exploiting a network’s training and architecture as a regularization
to achieve better image representation. Based on this concept of unsupervised learning from one single mea-
surement, the authors of [14] derived an analytic deep prior framework formulated as a bilevel optimization
problem. This allowed them to verify regularization properties for particular cases by exploiting relations to
the/classical filter theory of linear regularizations. More recently, [3] investigated the equivalence between
Ivanov regularization and analytic deep prior. They investigated the inclusion of early stopping and proved
regularization properties [3].

An earlier work [12] proposed a data-driven approach to a learned linear spectral regularization; more
recently, [7, 22] considered convergence aspects. In [22], the authors learn a scalar for each singular function
direction in a filter-based reconstruction scheme, i.e., a linear regularization scheme. Due to the assumed

Page 2 of 31



Page 3 of 31

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - IP-104037.R1

properties of noise and data distributions, their training outcome is equivalent to a standard Tikhonov
regularization with a data- and noise-dependent linear operator included in the penalty termij»which,is
diagonal with respect to the system of singular functions. The authors further verify convergence results
concerning the data- and noise-dependent regularization parameters.

2 Problem setting - theoretical framework
We consider linear inverse problems based on the operator equation
Az =y, (2.1)

where A: X — Y is a linear and bounded operator between Hilbert spaces X and. Y< For simplification,
Al = 1 is assumed, which can be easily obtained by a scaling of the operator.. We aim to recover the
unknown ground truth zt as well as possible by only having access to a noisy observation y° € Y such that
lly? — Azt|| < 6, where § > 0 is the noise level.

Instead of solving (2.1) directly, we define A = A*A and 2° = A*y? to get'the operator equation

Ar = A" Az = A%y =2 (2.2)

which only acts on X, i.e., we consider the normal equation with respect to A. We propose a two-step
data-based approach for solving (2.2), resp. (2.1), which wereferito as the iResNet reconstruction approach:

(I) Supervised training of an invertible neural network ¢g: X" =% to approximate A.
(IT) Using (‘06—1 (or @51 o A*, respectively) to solve the inverse problem.

In general, the supervised training covers both cases, either training on noise-free data tuples (x(i), Am(i)) or
on noisy tuples (z(?, Az 4 1) with noise n*) foria given dataset {x(i)}ie{l ~n}y € X. To guarantee the
invertibility, we use a residual network of the,form

.....

Pae) = © — fo(x) (2.3)
and restrict fp to be Lipschitz continuous with Lip(fy) < L < 1. We refer to this architecture, which is
illustrated in Figure 1, as an invertibleresidual network (iResNet) [3]. Note that [3] considers concatenations

of several of these invertible blocks while we focus on a single residual block.
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Figure 1: Illustration of the residual network architecture of ¢y with residual function fy and skip connection.
The essential properties of the iResNets (like how it can be inverted) are summarized in the following
lemma.

Lemmar 2.1 (General properties of iResNets). Let @g, fo 1 X — X, pg(x) = z — fo(x), where Lip(fy) <
L < 1. Then it holds:
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()
Lip(¢g) < L+1 (2:4)

(i)
1

Lip(p, ') < -1 (2.5)

1i1) For given z € X, the unique x = @, " (2) is given by x = limg_, o x where
i) F , X. th . ;1 . . b 1i k wh
Pt = fo(aF) + 2 (2.6)
for arbitrary and given 2° € X.

Proof. The idea of the proof is taken from [8, Section 2]. The first assertion follows directly from

Lip(ypg) < Lip(Id) + Lip(fy). (2.7)

Assertion (iii) follows from the fixed point theorem of Banach. Since fg is contractive, the iteration
convergences to a unique fixed point. This fixed point z fulfills

z=1x+ fo(z) = (&) (2.8)
Finally, assertion (i) follows from
lo@t) = po(a®)] = llz* = a? - (fo(4E) FolaBNI (2.9)
> |zt — 23l fo(a' g folr®)]| > (1 - L)||2" — 22|
by replacing (g (2?) with z* and 2° with ¢, ' (2?) fori = 132. O

Besides, we assume the existence of afsingular. value decomposition (SVD) (u;, v;,0;) en of the operator
A, ie,u; €Y, v; € X, 0; >0 such that

Ax = Z@(:cwj}uj (2.10)
j=1

holds'. All compact operators guarantee this. With respect to A, the vectors v; are eigenvectors, and 0]2-

are the corresponding eigenvalues. 'I}e system {v,},; € N builds an orthonormal basis of R(4) = R(A*) =
N(A)L = N(A)L. Due to the assdmption ||A| = 1, it holds o; € (0, 1].

3 Regularizationyproperties of the iResNet reconstruction

In this section, we discuss regularization properties in terms of well-definedness, stability, and convergence of
the general reconstruction approach defined by the family of operators Ty, = <p(;71L o A*. Note that L € [0,1)
in the constraint of the Lipschitz constant of the residual function undertakes the role of the regularization
parameter by L — 1, as will be made apparent in this section.

3.1 General architecture and local approximation property

To highlight the essential dependence of the trained network on L, we write ¢p 1, and fg 1, in the following.
Please note that«the set of possible network parameters and the underlying architecture might also depend
on (L. We thas consider a network parameter space (L) depending on L.

Lemma. 3.1 (Well-definedness and stability). For L € [0,1) and § € O(L), let fo.r : X — X be such that
Lip(fo.r) < L and g r(x) = © — for(x). Then, the reconstruction scheme T, = ap;IL oA* 1Y — X is
well=defined and Lipschitz continuous.

'n case of dim(R(A)) < oo, the number of singular values is finite.
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Proof. Well-definedness follows immediately from Lemma 2.1 (iii) and Lipschitz continuity from’ (i) O

While well-definedness and continuity (stability) immediately follow from the construgtion of the re-
construction method T, the convergence property requires a specific approximation prgperty, which we
must guarantee during training. We do so by introducing an index function that generalizes the coneept of
convergence rates (see, e.g., [40]).

Definition 3.1. An index function is a mapping ¢¥: Rxo — Rxq, which is continuous, strictly increasing
and it holds ¥(0) =0

Now, we can formulate a convergence result for the reconstruction T (y°) for § — .0 and a suitable a
priori parameter choice L(J).

Theorem 3.1 (Convergence - local approximation property). Let xT & X beta“solution of the problem
Az =y fory € R(A) and y° € Y fulfill |y° — y|| < 6. Furthermore, let the metwork parameters 6(L) € ©(L)
for L €10,1) be obtained in a way that the local approximation property

A" Azt — @gr) (2N = O((1 = L)p(1 ~B))  (as B 1) (3.1)
holds for some index function .

If L:(0,00) — [0,1) fulfills

L(o)—=1 A 1——L(6) — 0 fogé — 0, (3.2)

then for x‘SL(J) = Tre)(y°) = (‘Pa(L(s)) L) O A" )(@2). it holds
Hx‘z(é) —zf|'=0 for 6 — 0. (3.3)

Proof. For improved readability we write'@s = @gcs)),r(5) and fs := fo(r(s)),L(5) in the remainder of the
proof. Using Lemma 2.1, it holds

25,5y — " ' lles  (A*y°) =05 (A )|l + lley ' (A*y) — 2T

A* .
S 1[ y)Hy —yll + [l ! (A" AzT) — 2|

T —il(é) + s (AT AT — o5 (s (@)

= —(5L(6) 1 —1L(5) A" Az — o5 (2T)]). (3.4)

The assertion follows.due to therassumptions (3.1) and (3.2) as limy,_; (1 — L) = 0. O

Remark 3.1. Wedean obtain'a convergence rate of ||x5L(5) —2f| = 0(55/(1+8)) fore >0, if (3.1) is fulfilled
with the index fumetion W(A\)&= A, i.e

A" Azt — @g(r), ()] = O((1 = L)!*) (3.5)
and by choosing 1 —L(5) ~ §/(1+e),

Remark 3.2. Note that the local approxzimation property (3.1) is a slightly stronger assumption, which is
derived by exploiting the properties of the iResNet to remove the explicit dependency on the inverse within
the constrainty, A weaker but sufficient condition (which is implied by (3.1)) is

||809 (L), J(ATAzT) — 27| -0 as L — 1. (3.6)
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The local approximation property (3.1) provides a relation between the approximation capabilities of
the network architecture and the regularization properties of the iResNet reconstruction schéme, which
also contains a certain kind of source condition. Note that the previous statement differs from common
convergence results, which are stated not locally but for a broader range of solutions, i.e., for any y € R(A).
Here, the locality is strongly linked to the approximation capabilities of the underlying networkywhich can
imply certain limitations. Thus, of particular interest for the convergence properties is the approzimation
property set

S = {z € X |3 index function ¢ : z fulfills (3.1)}. (3.7)

There are no specific assumptions on the design of the training of the networkd4pg made by.(3.1). But since
both architecture choice and training procedure are crucial for the resulting network parameters (L), they
also have a strong impact on the local approximation property and the strueture,of S. This is discussed in
more detail in the context of the specific shallow architectures in Section 44 In addition, we report numerical
experiments regarding the local approximation property in Section 5.

A simple example illustrating the conditions under which a linear netweork satisfies the local approximation
property is given in the following remark.

Remark 3.3 (Local approximation property for linear _networks). Assume that the network g 1, is linear
and the prediction error is bounded by |va(r(s)),n(5)(x')) — AU T'LEO) with ((5) € R on a dataset

(x(i),y‘;’(i))izly__’]v with || Az — %@ || < 5. Then, for 2¥ given by xt = Zivzl t;x® with t; € R we have
N .
I A* Azt — g(L(8)).L0) ()] = HA*AZt 2 Ztiwe(L(a)‘,L(a)x(’)H
i—1
N
Z It;] | A=A — oo . L5z |
i—1

<

X

1 1t

|2l (||A*Ax(i) — AP O 4 || ATy — SOG(L(é)),L(é):E(i)H)
1

.
I

<

[t:] (6 +€(9))- (3.8)

-

Il
4

K3

As as result, Theorem 3.1 implies convergencesof xi(a) to zt if

N 04 ¢(9)

and if L(9) satisfies thetconditions.of (3.2). This example shows that in the case that the reconstruction error
can be bounded by ((9) satisfying (3.9), the convergence directly translates to the linear span of the training
data. Consequently, forstest data similar to the training data, a simple criterion, that can be numerically
validated to ensure donvergemee to the ground truth data, is obtained.

Similar to a source,condition, (3.1) also has an influence on the type of solution z one approximates in
the limit 6 — Ofif the operator A has a non-trivial kernel. For example, if R(fy(1).r) = N(A)*, the local
approximation property @nforees that Py A)o:T =0, i.e., together with the approximation of .A*.4 one would
consider the minimum norm solution. More generally, we can formulate the following property of .S.

Lemma/3.2. Let :1:?[,:10; € S both be solutions of Ax =1y for oney € R(A). Then it holds :CJ{ = x;
Proof.. For abbreviation, we write fz and ¢ instead of fy(r) 1, and @g(r) . Using Axi = Amé, it holds
- 25l
< llad — A" Axl — fr (D)) + A" A + fr(a]) — A" Ax] — fr(ab)]| + A" A] + fr(ah) — i)
1 1 1 L4y 2 L\L2 2 L\Lo 2
= |z (2}) — A" Azl + || fz(2]) = fr(@})l| + | A" Azh — or(z})]]
< A" Az} — o]l + L] - ab) + A" Az} - or(])]). (3.10)
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Subtracting Lzl — 21|, it follows
(1= L)z} — a}|l < 4" Az] — o (=) + A" Ax] — or ()] (3-11)

Since xL 9:; both fulfill the local approximation property (3.1), there exists an index function, v such that
(1 —L)|lz} — 2} = O((1 = L)y (1 — L)) must hold. This implies ||z} — 23| = O@(1 ~.L)), whiéh'is only
possible for xJ{ = 5. O

3.2 Diagonal architecture

In order to investigate relations to established and well-studied spectral regularization methods, we continue
with the introduction of a particular network design, which is exploited in thesremainder of the manuscript.
The idea of spectral regularization is to decompose the data using the SVD (u;, v;,09)5en of A and apply filter
functions to the singular values. Analogously, we consider a network architecture consisting of subnetworks
fo; :R—=R,jeN, ie,
z) = Z fo,5((z,v))v;, (3.12)
jEN
where all the components (z,v,) of the data are processed separatelys. We refer to this architecture as
diagonal architecture, which is also illustrated in Figure 2. The naming,is motivated by the similarity of the
structure of fg to a matrix multiplication with a diagonal matrix w.r.t the basis {v;};en. This architecture
choice is, of course, less expressive than general architectures, but it has the useful benefit that this way,
the iResNet can be analyzed like a filter-based regularization schemey Besides, it enables us to simplify the
infinite-dimensional inverse problem Az = y to 1D subproblems of the form o;(z,v;) = (y,u;), which will
be exploited in section 4.
In case of a diagonal architecture, the Lipschitz c¢onstraint Lip(fy) < L is fulfilled if Lip(fp ;) < L holds
for all j € N, i.e., for any x,y € X it holds

1 fo(a) = fo@)I* = D |fos (o, o)) =gy, o)1 < L2 D (& — y,v5)* < L2z — yI*. (3.13)

JEN jEN

The local approximation property (3.1), in this case.for T € A(A)+, implies
| focn) Lgh@ih= (1 — 0%)zf| = O((1 = L)p(1 - L)) (3.14)

for any j € N, where mT = (2T, v;). Note that for infinite-dimensional operators, the constants in O((1 —
L)Y(1 — L)) must be an 2 segiienceswith respect to j to obtain the implication in the opposite direction
and thus equivalence.

The particular aim of using #he diagonal architecture is now to find a filter function that defines a
spectral regularization scheme thatiis-€equivalent to T, = <p9_1 o A*. Since filter-based regularization methods
are usually linear and we want to also allow for nonlinear architectures, our filter function r; must be
data-dependent. Theréforeywe define r7,: R, x R — R such that for z € R(A*)

‘Pe ZTL ]?<Z v;)){z, vj)vy, (3.15)
jEN
orforyeY
Tily) = o5 (A"y) = D ril0],05(y,u;)o;(y, us)v; (3.16)
jEN

holds. The first argument of ry, is the singular value (as usual), and the data-dependency comes via the second
argument. This can be seen as a nonlinear extension to the established filter theory of linear regularization
methods [38,27], where 1, would depend on sz only. The subnetworks thus play an important role in
defining the filter functions via

(Id— for;) " (s) = ’/‘L(O' s)s. (3.17)
For this to be well-defined, we need to assume that all singular values o; > 0 have a multiplicity of one. In
case of @; = oy, for j # k (multiplicity greater than one) one must ensure that fg 1, ; and fg 1,k also coincide.
In practice, this could be realized by sharing the weights of these networks.
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Inputs Outputs
= o—_
z1 O////:iiﬁo fo1(x1)
o—_
2 O////:iiﬁo fo,2(z2)
oO—_
Zj o —Q0 fg, j (x{)

Figure 2: Diagonal structure of the residual function including subnétworks fs ;4 R — R acting on z; =
<.’E, 'Uj> .

Remark 3.4. Some authors define filter functions in termsfof the owiginal problem with respect to the
generalized inverse A" such that

1 )
0y (Ay) = > Fr(oy, {ys ug)) —(y, u; o QttnEr (0, s) = o’rp (0%, 0s). (3.18)
jeN J 4

Note that the choice of the representation, either in terms of rg or in terms of Fr, depends on personal
preference (compare, for example, [78] and [27]). Tmnthe following, we represent the filter function in terms
of rr.

One simple nonlinear dependence on stwill be taken into account explicitly in the following, as it becomes
relevant in later investigations. In analogy te the bias in neural network architectures, we consider a linear
filter framework with bias, i.e.,

Ly, (y) = b + 30, 71.(07)0; (Y, u;)v; (3.19)
S\

where ISL € X is a bias term and 7 is a classical filter function. With additional simple assumptions on b L,
this becomes a regularization method. For the sake of completeness, we provide the following result.

N
Lemma 3.3 (Filter-based speétral regularization with bias). Let 7y, : [0, |.A|?] — R be a piecewise continuous
function and let by, € X for L € [0,1). Furthermore, let

(i) limp,_q fL(ajz-) = Uqu- for any.ajyy € N,
(it) 30 < C < oo: @5 ligla N C for any oj, j € N and L € [0,1),
(iii) by € X for B€0,1) and limp_,, ||by|| =0

hold. Let xt € N(A)E be @ solution of the problem Ax =y for y € R(A), the operator Tr, : Y — X be given
by (3.19) and y® €& with ||y =y°| < 5. In addition, let L : (0,00) — [0,1) be such that

L&) =1 A &y/sup{|fr(5)(0s)||i € N} =0 (3.20)
as 6 =.0." Then, Tg is a regularization method and for l'i(é) i=Trs5)(y°) it holds lims_,o ||3:5L(6) —a2f||=0.

Proof. By défining 5:5L( 5 = Trs) (v°) — l;L(g) (removing the bias), we get an ordinary linear regularization
).

method (seej e.g., [38, Corr. 3.3.4]). It holds
||936L(5) -zl < ||1‘5L(5) - 53(2(5)” + ||9~Ci(5) —af|| = HBL(S)” + Hii((s) — . (3.21)
Since ||b ()|l = 0 by assumption and a}i( 5 x! by standard theory, T}, is a regularization method. O
8
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4 Approximation training of specialized architectures

Besides the architecture choice and the available data, the loss function for network training is an impertant
ingredient. Having regularization properties in mind, a natural choice for training the iResNet is to approx-
imate the forward operator A: X — X, A = A*A, on a given training dataset {SE )}ze{l ,,,,, N} € X4 This
is also strongly motivated by the structure of the local approximation property (3.1) t6 obtain convergence
guarantees. The training of pg = Id — fy then consists of solving

i — (@) @2 g ~ <
Ig{lc_léll((pg, mln n Z lpo(x'™) — Az'||*  s.t. Lip(fo)e <L (4.1)

with L < 1 as a hyperparameter, which we refer to as approzimation training. Here, we restrict ourselves
to the noise-free case as the outcome of the approximation training is independentfor N — oo (assuming
stochastic independence between data and noise).

In the following, we analyze to which extent cp;l acts as a regularized inverselof A for different simple
diagonal iResNet architectures trained according to (4.1). We compute the particular network parameters 6
and derive the corresponding data-dependent filter function r: RGR — R (see Section 3.2). Additionally,
we check whether the local approximation property (3.1) is fulfilled. For this purpose, the assumptions on
the architecture as well as on the dataset used for the training must be specified.

4.1 One-parameter-network — Tikhonov

We begin with a very simple linear network, which only hasone sing?e scalar learnable parameter. We show
that this architecture is equivalent to Tikhonov zegularization if trained appropriately.

Lemma 4.1. Let (vj,0 ) be the eigenvectors amd eigenvalues of A and let o9 = Id — fy be an iResNet
which solves (4.1) with

(i) fo =k(Id— A), where § =k and @ =R (architecture assumption),

i) the training dataset {zD},cq1 N contaims.at least one V) s.t. Az # () (dataset assumption).
€{l,...N}

Then, the solution of (4.1) is k = L and. (3.15) holds with
1 1 1-L
2 .y _
TL(U,S)—E‘OH_UQ, a = I (4.2)

for any s € R.

The proof of the lemmé& can be found in Appendix A.1. The derived filter function corresponds to the
Tikhonov method (with/reference element)

min || Az — y°||? + afjz — A*y°|? (4.3)
zeX
as one can see byseconsidering the first-order optimality condition, which implies

1+«
_Za—l—02 (0 ug)v; (4.4)

and using the fact that % =1+ a. It is illustrated in Figure 3. We plot o2rz (02, s) since the multiplication

of thefilter function with o2 corresponds to the concatenation gagl o A which emphasizes the regularizing
effect.

Remark 4.1. This particular choice of the residual function fy is one example where the local approximation
property s not fulfilled for any z' € X except for eigenvectors corresponding to o =1, i.e., S = span{v; }.
Butsthe linear nature and the specific spectral representation of the residual network allow for the verification
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o?rp(0?,s)
1
— L =09
0.5 — L =0.98
0 o2
0 0.5 1

Figure 3: The plot depicts graphs of orp (02, s) as given in (4.2) to visualize-theeffect of the regularization,
which is also known as standard Tikhonov regularization. ~

of the weaker constraint in (3.6) being highlighted in Remark 3.2 and being, sufficient for convergence. For
the residual function fo(r) = L(Id— A) and z' € N'(A)* we obtain

loacsy o (Aat) — a2 = [[((1d - L(Id A5 A dda |

( 2 2 T 2
J
= g —1) [{z", v;)] (4.5)
— — 2 s Ug ’
= 1—L(1—o0%)
:UJZ’I‘L(O’?) v

which converges to zero for L — 1.

Alternatively, convergence can be verified by standard arguments following, for example, the line of
reasoning in the proof of [27, Thm. 3.3.3], where properties of the filter function Fr(o;) = O’?TL(O'?) are
exploited. Since Fr defines the filter funetion for Tikhonov reqularization and is therefore known to fulfill
the desired properties, we have convergence for arbitrary x' € N'(A)*.

4.2 Affine linear network = squared soft TSVD

We continue with a slightly more genéral affine linear architecture fop(x) = Wz +b. It can be observed that
the linear operator W : X — X only depends on A and L while the bias vector b € X is data dependent.

2

Lemma 4.2. Let (vj,0;

solves (4.1) where

); be the eigenvectors and eigenvalues of A and w9 = Id — fg be an iResNet which

(i) fo(x) =Wz + b, with 0 = (W, b)dand
0 = § (Wb LX) x X | (w;)jen, (b)jen : W =Y wi(v)v5, b= bjvj o,  (4.6)
JeN JEN
(i) the training ddtaset {€9},c(1 Ny and the mean values p; = % Zi]\;(x(i),vj) fulfill
VieN: Jie{l,..N}: (@D ) #p;. (4.7)

Then, the solution of the training problem (4.1) is w; = min{l — O’?,L}, b; = max{0,1 — L — sz},uj and
@, Mo A* is equivalent to Ty, in (3.19) with
1 “ 1 1—L—o?
N 2 j
- _ by = — biv: = —— ;. 4.
TL(J ) maX{O’Q,l—L}’ L 1—LZ ]’U] Z l—L /J’]’Uj ( 8)
JEN o2<1-L

The proof of the lemma can be found in Appendix A.2. The filter function is illustrated in Figure 4.

10
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Remark 4.2. Note that a similar filter function has been found in the context of an analytic deep. prior
approach for regqularization [1/]. The authors derived the filter function Fr (o) = o*f1(0?), whichyis linear
for small o, and named it soft TSVD (soft truncated SVD). In contrast, the filter function in (4.8), is a
polynomial of degree two for small o, which we refer to as squared soft TSVD.

o%rp(0?)
1
— L =028
0.5 — L =09
~
0 1 0'2
0 0.5 1

Figure 4: The plot depicts graphs of 027 (c?) as given in (4.8) to visualize the effect of the regularization,
which is similar to the known soft TSVD regularization.

Due to the affine linear nature of the found reconstruction scheme, regularization properties can imme-
diately be derived by verifying certain properties of the filter function 7; and the bias by, using Lemma 3.3.
This is summarized in the following corollary. 4

Corollary 4.1. The filter based method (3.19)with 7, and by, given by (4.8) fulfills the properties (i)-(iii)
in Lemma 3.3, i.e., in the setting of Lemma 3.3t is$ha convergent regularization.

The previous result provides a link to the classical theery for linear regularization operators. Besides
the well-known classical theory, we furtherswant to investigate the local approximation property (3.1) to
verify whether the convergence property cantalso be ebtained using Theorem 3.1. As a first step, we derive
a technical source condition for 2, which impliesithe local approximation property.

Lemma 4.3. Let the network @y andthe setting be that of Lemma 4.2. Assume x¥ € N'(A)* and let 1 be
an index function such that

3B OB VB E0.8): Y (a,0;)? = O(W(B)?) (4.9)

ji 02<p

holds. Then there existssamother index function 1[) such that the local approzimation property (3.1) is fulfilled
for zt.

Proof. With the setting of Lemma 4.2 and the trained parameters (W, b) of the network fy, it holds
[Py (e") — Azt = [|(1d = W)aT — b — Aat|| < [|(Id = W — A)aT|| + |[b]]. (4.10)

Now, we estimate the convergence order of both terms w.r.t (1 — L) — 0.

11
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For the first part, we exploit the simple computations

2

I(7d =W = A)a’|? = |3 (1 —wj — o) (", v)v;

J
J

= Z(l — 07 —min{l — U?,L})2<!L‘T,1}j>2
J

= Zmax{l —L— UJQ»,O}Q{xT, v;)?
J

Z (1-L- a?)z(xT, vj>2

o2<1-L ~
< Y (-1 ah )
o2<1-L
=(1-L) Y (&> (4.11)
02<1-L
Using assumption (4.9), we obtain
(1-10? Y @hu)?=0 ((1 201 — L)?) . (4.12)

0?<1-L

Regarding the second part, it holds
6]1> = ijz = Zmax{& 1=5—- 02}2u§
J J
= > (ISl-oPw<1-L? Y . (4.13)

O’nglfL 072.<17L

Since the values y; form by definition”(see'Lemma 4.2) an £? sequence, there exists an index function Y,

such that , ~ ,
J UJ%:_L w=0 <¢(1 — L) ) . (4.14)
Overall, we obtain
| (T =i )t + o]l = 0 (1 - D)% - 1)?) (4.15)
thus, the local approximation property (3.1) is fulfilled. O

While (4.9) is quite a technical source condition, standard source conditions of the form
Jwe X,u>0: af=Atw (4.16)

imply it. In this\¢ase, the index function % is of the form (3) = B#. The proof of the following corollary
reveals thé exact relation between standard source conditions and (4.9).

Corollary, 4.2. We assume that the setting of Lemma 4.2 holds. Let A be compact. Then, for any
ot eNF(CA)+ thedocal approzimation property (3.1) is fulfilled (i.e., S = N(A)*).

Proof. Let z¥ € N(A)* be arbitrary. By construction, A = A* A is self-adjoint and non-negative. As A is also
compact, we can deduce from [29, Thm. 1]: For any € > 0 there exists an index function % : [0, 1] — [0, 00)
such that ' € {z € X |z = ¢Y(A)w, [|w| < (1 +&)||=T|}.

12
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This implies that there exists a w € X such that 2t = ¢)(A)w. We thus obtain for 8 > 0

Z <33T7Uj>2 = Z (Y(A)w UJ Z P(oj) (w UJ>

a2< a2<p a2<p
<Y B8 (w,v)? < wlPp(8)” < (14 2)°||=T|P¢(8)% (4.17)
2<ﬁ
By Lemma 4.3, we get the desired local approximation property (3.1). O

The verification of regularization properties by Theorem 3.1 in terms of the local appreximation property
is thus in line with the existing theory exploited in Lemma 3.3, and it further illustrates the character of the
local approximation property combining the approximation capabilities of the reSJdual network and a source
condition on the desired solution.

4.3 Linear network with ReLU activation

In the following, we include selected nonlinearities as activation functions in a shallow network, allowing for
an analytical investigation of the resulting reconstruction schemem Herepwe start with a ReLU activation,
which requires a certain assumption on the training dataset depending on the chosen nonlinearity. For
simplicity, we do not include a bias in the architecture, in contrast to the architecture from the last section.

Lemma 4.4. Let (vj,0 j) be the eigenvectors and eigenvalues ofA and pg = Id — fy be an iResNet which
solves (4.1) with

(i) fo(x) = dp(Wx), where @ =W and © = {Wi€ L(X) |3 (Wy)jen : W =3 oy w;i(v5)v5} and ¢ being
the ReLU function w.r.t. the eigenvectors, Ge., ¢p(x) = Z]EN max(0, (vj, z))v;,

(i1) for every eigenvector v; of A, the_training ‘dataset {x(i)}ie{l,__ﬂN} contains at least one xV s.t.

(D v;) > 0.
Then, the solution of (4.1) is W = .y w; (-, 05);, w; = min{l — 0?,L} and (3.15) holds with

1 >0
(o) — | mxtorry 1520, (4.18)
1 if s < 0.

The proof of the lemma cande found.in Appendix A.3. The obtained filter function is now characterized
by a varying behavior depending on the actual measurement y. This is expressed via the variable s which
represents the coefficients (z,u;) /= o;(y,u;) (see (3.15), (3.16)). Whenever the coefficient is positive, the
reconstruction scheme hehaves like.thé squared soft TSVD without bias discussed in Section 4.2, i.e., they
share the same filter function, for those 2T € N'(A). In all other cases, the reconstruction method does not
change the coefficients of the data; i.e., it behaves like the identity. Due to the relationship to the squared
soft TSVD, we can immediately specify those z fulfilling the local approximation property, i.e., for the
ReLU network, we have

S={zxeNA™'|VYjeN: (v,z) >0} (4.19)

Thus, the nonlinearity in the network architecture introduces restricted approximation capabilities as well
as convergence guarantees on a limited subset of X only.

4.4 Linear network with soft thresholding activation

At last, we want to analyze a network with soft thresholding activation, e.g., known from LISTA [18]. This
funetion is known to promote sparsity since it shrinks all coefficients and sets those under a certain threshold
to zero. That is why only training data with sufficiently large coefficients matters for the result of the
training, and the condition [(z,v;)| > F* is crucial in the following lemma.

Lemmar4.5. Let (vj,0 J) be the eigenvectors and eigenvalues of A, o = (), = 0 and wg = Id — fg be
an iResNet which solves (4.1) with

13
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(i) fo(z) = pa(Wa), whered = W, © ={W € L(X) | I(w))jen : W = > cyw;(-,vj)vj} and da isithe soft
thresholding function w.r.t. the eigenvectors, i.e., pa(x) = 3oy sign({z, v;)) max(0, [(z @)= o)

(ii) the training data set is {x};c(1 Ny, where for any j € N:3i: [(2),v;)] > S

Sier, (yIE 05)1?
Zielj(L) [{=50;)] 7

Then, a solution of (4.1) is W =} .y w;(-,vj)vj, w;j = min{pczj, +1-02,L}, prj =

Li(L)={ie{1,...,N}| [(zD,v;)| > F} and (3.15) holds with

1 Is|l—ay

- T if sl > 5t
max{a?—mﬂ—L} Isl 7 (420)

1 if |s| < g

TL(O-j ’ S) =

For singular values 0]2 =1, w; is not uniquely determined.

The proof of the lemma can be found in Appendix A.4. It follows the same line of reasoning as in the
previous sections but is more technical due to the effects of the nonlinearity.

So far, the filter function ry in Lemma 4.5 is only defined on the'discrete values 0]2 (and not continuous

for 02 € [0,1]) since it depends on the coefficients py ;, «; afidww;. However, if we assume continuous
extensions pr,(0?) with pr(0%) = pr j, wr(0?) with wg,(0%) =w;, andia(c?) with a(0?) = a, the function

2
r, = rr(0?,s) also becomes continuous. The continuity at the point |s| = ufffgg) is assured by

1 %:2)) —a(0?) 1—wL(J?) 9
2 a(o?) L a(o?) = 2 afo?) I =1= TL(O- ’S)' (421)
max{o® — e 1= LE ey max{o Qe gtory 1 — L}

To be able to interpret the filter function, suitable wvalues for s representing the coefficients (z,v;) =
oy, u;) (see (3.15), (3.16)) need to be considered. One reasonable option is to choose s according to the
data on which g has been trained. We thus consider an eigenvector v; scaled with the coefficient pr, ;. Since
g minimizes (4.1), we expect g (pr jvj) < Py Av; = pLJa?vj and wgl(p,;,jajzvj) ~ pr,jv;, respectively.
Accordingly, we choose |s| proportienal to pr(0?)a?, i.e., |s| = v pr(c?)o? for different values v > 0. Hence,
the case v = 1 corresponds to a test vector z with coefficients |(z,v;)| = |s| = pr(07)07, which perfectly fits
to the training data. Analogously, the cases v < 1 (and ~ > 1, respectively) correspond to test data whose
coefficients are smaller (or bigger, respectively),than the average coeflicients of the training data.

For v = 1, the filter function rp, &m be written in a form, which allows for an easier interpretation. It
holds

1 if 02 < )
2 23 ) 0@ \ e ol aled)
r (0% 2@ o (1 - 5o ) i oy < < 2h +1-1 (4.22)
2
% if 02> 2T 41— L.

The derivation can be found in*Appendix A.5. Note that the filter function depends especially on the quotient
of a(0?) (soft thrésholding parameter) and pr(c2) (property of training data). To visualize the influence,

we depicted the graph in Figure 5 for two different (constant) values of pO‘L((U: 2)). As can be seen, the graph
of 02+ o?r(c2,pg(0?)0?) has two kinks. The first one depends mainly on the choice of %, the second

one mainlysomw the choice of L.

For 4 # 1, the filter functions cannot be written in a similarly compact and easy form as in (4.22).
Instead, we illustrate them in Figure 6. In contrast to the case of v = 1, the graph of 02 — o%r (02, pr.(0?)0?
is not’equal to.one for the larger values of o2.

Finally, we want to analyze to which extent @y fulfills the local approximation property (3.1). The
illustration of the filter function in Figure 5 implies that convergence can only be possible if both kinks
tend to zero. So, we need L — 1 and o — 0. Thus, the structure of the nonlinearity (soft thresholding)
has a severe influence on the regularization properties of the reconstruction scheme. But in contrast to the
RelLU architecture, the soft thresholding operator provides the opportunity to control its similarity to a
linear operator, which can be controlled via the coefficients «. In the following lemma, we discuss in more

14
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O'QTL(0'7 j:pLO—Z) Oé/pL =0.1 O'QTL(0'7 :l:pLo.Q) a/PL =0.05
1 1
— L =028 — L=038
0.5 — L =0.9 0.5 ’ | — 0D=.09
0 o2 0 o2
0 0.5 1 0 0.5 1

Figure 5: The plots depict graphs of o2rp (02, +pr(0?)o?) as given in (4.20) and (4.22). The choice s =
pr(0?)o? corresponds to the case that the test data is similar to the average tralmng data. In this case, rp,
shows a quite similar behavior as the squared soft TSVD function.

o%rp (o, £ypro?) a=0.1,pL=1 |62 (0, +ypro?) a=01p,=1
v =085 v=115
1 1 "
— L =038 ‘ — L =038
0.5 — L =09 o5t = — L=0.9
0 o? 0 >4 o2
0 0.5 1 0 0.5 1

Figure 6: The plots depict graphs of or(02, & ypr(c?)a?) as given in (4.20). The case v # 1 corresponds to
test data, which differs from the average training data. Especially for larger singular values o2 (to the right
of the two kinks), the filter function shows arsuboptimal behavior compared to the squared soft TSVD filter
function.

detail how a can be chosen depending on, the regularization parameter L to obtain the desired regularization
properties.

Lemma 4.6. Let all assumptions of. Lemma 4.5 hold. Further, assume that A is compact and let pt =

N
ZjeNp;vj be given by p} = % L If???v”))ll In addition, consider ¥ € X as well as strictly monotonic and

continuous architecture parameter choices a;, 5 : (0,1) — [0, 00) with

a; (L) <p;B(L), with B(L) = O((1 — L)$(1 ~ L)) (4.23)
for an index function'tp - {0,1] =0, c0).
Then, the local approzimation property (3.1) holds for any x™ € N(A)*+
Proof. We first erify that.pi, p! € X (pr = ZjeN prL,;v;). For this, we exploit for each j € N that
() .
Mol (4.24)
PORRRICIORT
for any . We thus obtain via Young’s inequality
N ' 2 N '
71 = S < X (1) < 2% S O < o (4.25)
jEN JEN \i=1 i=1

Amalogously for p;. Due to the finite nature of the data set and the properties of a we immediately have
pr — p' for L — 1 and py, = p! for L being sufficiently close to 1.

15
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We now continue with the approximation property, making use of the notation z; := (xT,vj> and a
sufficiently large L < 1 where w; = min{% +1-— ajz, L} >o0:

J

2
o (@) = Aat? = 37 (max(0,wla] - a; (L)) = (1 = o2)z1)
JEN
<2 Z(l - O'JZ- —w;)?|w;]? + (wjlz;| — max(0,w;|z;| — aj(L)))?
JEN
=2 (11— 07 —w;)?|lz;|* + (max(0, w;|z;]) — max(0, wj|z;[ <, (L)))?
JEN
<2 (1-07 —w))?|z;|* + a;(L)? -
JjeEN
2 20,12 29,12
<2 (1 - 03 —wy)[ay]” +28(L)°|Ip' | (4.26)
JEN

due to Young’s inequality, the Lipschitz continuity of the ReLU function, and the assumption on «a;. We
further obtain

D (1 —0f —w)?lay” = > (1 -0 = w;)?|a;[*

jeN ':o’?{l—L—i—aj(L)
J:05 ﬁ—pj IS
=:(I)
+ > (1 - 02 — w;)?|z;[> (4.27)

Jra2>1 i)
J pl
J

=:(1I)
We thus need to derive estimates for () and (4I).

(1) = Y Ah=eg - L)l

j:ay2<1fL+i(f—)

. o
DY 2y o S SUrC
j:oj‘gl—L—s-ﬁ(L)

<O O=eis D)z, + > (1—07 — L)?|a;[?

jior <1=k j:02>1-LAo2<1-L+B(L)
< SN D2 + > B(L)|a;I?
jio2<1-L jio2>1—LAo2<1—L+B(L)
SO=L? D oy + 8L |27, (4.28)
j:a'?.gl—L

where wefagain exploit Young’s inequality and the properties of a;. For (II) we immediately obtain

2

oy (L)
(= > =L fayl? < BT (4.29)
j:o;‘.’>1—L+L<TL) Pj

J

Due to the properties of 3, (I7) already has the desired characteristics for L — 1. In contrast, (I) requires
some further calculations. Following the same line of reasoning as in the proof of Corollary 4.2 we can find

16
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1

2

2 an index function 1’ for any € > 0 such that

5 S Gaho)? < (1422t 20 (1 - L)

6 j:crjz.glfL

; = 0@ (1-L)?%. (4.30)

9 Combining this with (4.26), (4.28) and (4.29) we obtain the desired result. O

10 Remark 4.3. Analogous to the line of reasoning in the proof of Lemma 4.3, we split'the series into two sums,

11 (I) and (II). (I) takes care of small singular values and needs to be related to a property of.the element ¥ in

12 terms of a certain kind of source condition. The second sum (II) is somehow/related to,the approzimation

13 properties of the underlying architecture. In the proof of Lemma 4.3 it is immediately zero for any x¥ which

14 is due to the linear network assumption therein. In contrast, in the previous proof weshad to carefully control

15 the behavior of this term since it is strongly influenced by the structure of the monlinearity.

1? In general, the previous lemma serves as an example of the interplay. between ghe approximation capa-

18 bilities of the network and the resulting regularization properties.

19

;‘1) 5 Numerical experiments

22 In this section, we present numerical results in order to céompare our theoretical findings from Section 3

23 and Section 4 to its corresponding numerical implementations and extend these by experiments in a more

24 general setting by learning from noisy measurements. To thisiendy we use a Radon transform with 30 angles

25 and 41 detector pixels as our forward operator. We diseretize the Radon transform for 28 x 28 px images.

26 This results in a linear forward operator A : R28x28 — R30x4L 7 For the training of the different iResNet

27 architectures, we use the well-known MNIST datasetyof handwritten digits [25]. This dataset is split into

28 60000 images for training and 10000 images for testing. "For our experiments, we treat the 28 x 28 images

29 as column vectors of length 784 and use fully connected layers in all network architectures. We optimize the

30 networks using Adam [23] and a learning rate scheduling scheme.

31 There are multiple ways to satisfy the Lipschitz constraint during training. Bungert et al. [11] use an

32 additional penalty term in the losssfunction. However, this method does not strictly enforce the constraint.

33 Behrmann et al. [3] use contractive nonlinearities and only constrain the Lipschitz constant of each individual

34 linear mapping. They compute the Lipschitz constant using a power iteration and normalize the weights after

35 each training step. We observe an improvement, of convergence when directly parameterizing the weights to

36 fulfill a specific Lipschitz constant bysextending the approach in [30].

37 In Section 5.1, we show experiments on'the local approximation property in Theorem 3.1. To this end,

38 we use the diagonal architecture proposed in Section 3.2. The resulting data-dependent filter functions are

39 visualized in Section 5.2, and the convergence property is considered in Section 5.3.

40 We implement each subnetwork'fg ;, j =1,...,n, (see (3.12)) as a small fully-connected neural network

41 with independent weights forreach, j, where n denotes the total number of singular values in the discrete

42 setting. Each subnetwork consists of three layers, where the first two layers féﬁ j» k =1,2 each contain 35

43 hidden neurons, and its final layer fg” ; contains 1 neuron. Every layer is equipped with a linear matrix

44 multiplication and.corresponding additive bias and a ReLU activation function (k = 1,2). Accordingly,

45 each subnetwork has 1366 trainable parameters. An illustration of the architecture is provided in Figure 7.

46 Altogether, the parameters of the subnetworks determine the parameters 8 € ©(L) of vy = Id — fp, where

47 O(L) includes, thé network parameters as well as the Lipschitz constraint being realized by constraints on

48 the netwgrk parameter. Here, we enforce the Lipschitz constants Lip(fy ;) < L, j = 1,...,n, by constraining

49 Lip(fé“’j) < 1for k=1,2 and Lip(fg’yj) < L. In the following, we thus write §(L) in order to give emphasis

50 to thewregularization parameter. Our training objective is the minimization of the approximation loss (4.1),

51 i.e.{ minimize the loss )

o (o0, 4) = 57 2 lleo®) — A (5.1)
K3

>4 subject to Lip(fy) < L.

3> Thewsource code corresponding to the experiments in this section is available at https://gitlab.

g? dnformatik.uni-bremen.de/inndip/iresnet-regularization.

58
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ReLU ReLLU

Lip(f5 ;) <1 Lip(f7 ;) <1 Lip(f§;) <L

Figure 7: Illustration of the subnetworks fg ; : R = R, j =1,...,n. Each/having 1366 trainable parameters.

5.1 Local approximation property

According to Theorem 3.1, we expect cp;(lL) to act as a regularizer, as soon as the local approximation
property (3.1) is fulfilled. Note that the architecture does not ¢hange for varying L in our experiments such
that we write gz instead of g1 .. To be able to observe this behawior of our trained network, the local
approximation property needs to be verified with respect to the trained network parameters. Therefore, we
evaluate the approximation error with respect to fixed data samples

i 40
Exir (o(ry, A) = |lpam) () = Az (5.2)
as well as the mean approximation error over the test data set
1 i i
Emean(Vo(r), A) = N Z ggr) (z) — Az D). (5.3)

Figure 8 indicates superlinear convergence of.& yoan for L — 1, i.e., the existence of an index function 1 such
that the local approximation property (3.1) is'satisfied within our test data set on average. This underpins
the capability of the chosen netweork architecture and training to locally approximate the operator A in
terms of (3.1). Furthermore, the evaluation of £,() shows that the chosen sample (1) fulfills the superlinear
convergence and behaves very similarly to the mean error over the test data set. However, from the selection
of data sample z(?) and corresponding error &, , we notice that the local approximation property does not
hold for all samples of our test dat»a\set. Figure 8 additionally shows that some coefficients xg»Q) of 22,
corresponding to large singular values, severely deviate from the corresponding mean values with respect to
the data distribution. This effect 4s reduced for z(1). Therefore, the slow, respectively non-, convergence of
&, could possibly be explained by thé fact that Structures outside of the core of the dlstrlbutlon of chosen
singular values have not/been learned properly during network training.

5.2 Data-dependent filter functions for diagonal architecture

For the experiments in, this and the subsequent section, we train networks gy with Lipschitz bounds
Le{L,=1—-1Y3|m=1,...5}. We also include additive Gaussian noise in the network training
via minimizing the approximation loss (4.1). More precisely, for each training sample () we generate
Az + ) with ) ~ N(0,6,1d) and relative noise level §, = 5@ - stdynisT, where stdyinisT denotes the
averaged(standard. deviation of the coefficients (z(?),v;) of the MNIST data set (standard deviation with
respect t0.¢, mean with respect to j) and

. 1yt
5, = (3) forO0< ¥l <7 (5.4)
0 for £ = 0.
The loss function [ then amounts to
(g, A) = = @y — Azx® — @2, .
min (o, erg(nL)NZIIwe x 2@ — || (5.5)
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15 Figure 8: Test samples (V) and x(®) (left). Evaluations of Emean(Pouh) A\), & (poL,,),A) and

16 Ex (por,,), A) for Ly, = 1 —1/2m with m = 1,...,8 on the MNIST test data/ set (middle). Squared

1; absolute differences of the coefficients x;k) = (™ v;) for k = 1,2 to the mean value of corresponding

19 coefficients in the test data set (right).

20

21 Note that this includes (4.1) in the noise-free case. Trained metworks on noisy samples with noise level ¢

22 with a particular Lipschitz bound L are denoted by @g(r ). The noise-free training outcome is denoted by

23 Po(L)- 7

24 Utilizing identical network architectures as in the /previous subsection, we evaluate the learned filter

;2 functions of chosen networks. Analogously to (3.19) the regonstruction can be written as

;é Tr(y) = o5 ' (A'y) = br ZfL(U?a i (Y, u;j))oj(y, uj)v; (5.6)

JEN

29

30 for by € X = R". As stated in Section 3.2, the learned filter function of a trained network with diagonal

31 architecture follows immediately from its subnetworks. Due to the additional bias, we make a small adaption

32 to (3.17), which gives

2431 (Id — fo )5l (s) —brj = ’I"L(O'JZ,S)S for s € R, (5.7)

35 where each entry lA)L}j = (br,v;) corresponds to the axis intercept of a subnetwork ¢y ;, 7 =1,...,n, ie,

36 brj = (Id — fs.;)~1(0). Since fy ;i corresponds to o; or 07, respectively, we also write br; = IA)L(O'?).

37 Adapting to the mean valués with™respéct to the distribution of each coefficient, we compute

38

39 N

40 g %Z(aj(l),vﬁ forj=1,...,n (5.8)

41 i=1

42 and evaluate the filtér function with respect to its second variable at the continuous extension o?u(0?) with

R " e ——
From Figure-9»we notice/that the regularization of smaller singular values increases with decreasing

45 Lipschitz bound L for the mean MNIST data sample. This is in line with the regularization theory, as

46 L serves as our regularizationparameter. Thus, the filter plots in Figure 9 visualize how L acts as a

47 regularizationy parameter. The trained diagonal networks gz, ) for Ly and Ls show a slightly different

48 behavior/at 032» ~ 0.27. The distributions of the coefficients (z,v;);=1,. . are treated independently and

49 in this particular singular value we observed a wider distribution of coefficients (z,v;) in the dataset. The

50 inherentystructure within the dataset might be one possible explanation for this outlier. In general, when

51 neglecting the previously mentioned outlier, for the mean MNIST sample one can observe a similarity to

52 the squared soft TSVD filter function (see Section 4.2) to some extent. In addition, the observed decay of

>3 [|br || Withsificreased L is also in line with the necessary condition for a classical filter function with bias to

>4 become a convergent regularization (see Lemma 3.3). The observed increase for the largest L is most likely

33 causedrby a numerical instability when evaluating (Id — fp ;) ~'(0) via the fixed point iteration performed

26 for 30 iterations.
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Figure 9: Learned filter functions 7 (02, 0%u(0?)) of the iResNet with diagonal architécture and zero noise
level §g for different Lipschitz constraints L (left) where the eigenvalues crjz- are highlighted as black bullets on

the x-axis. ||BL || corresponding to the axis intersection by, = Ej I;L,jvj, évaluated for,,, m = 1,...,5 (right).

Figure 10 includes reconstructions of a fixed sample from the test data set. This example illustrates the
effect of a regularization induced by the Lipschitz bound even if the training takes noise into account. It
becomes stronger for small values of L, which coincides with our previous observations. Reconstructions
resulting from increased noise levels require stronger regularizations in order to improve reconstruction
quality. Therefore, the best reconstructions in case of 8o and opyresult from <p0_(1LS7 50) and ‘Pe_(ng, 5 In

comparison, gog(le, 5a) and gog(le 5s) provide improved reconstructio?ls for the cases 04 and ds. Moreover,
at L; we notice similar blurred structures in the background of the reconstructed digit for all noise levels.
One might argue that its structure compares to a handwritten digit itself, making the learned background
pattern being encoded in the bias BL suitable to the data,set. These additional observations from Figure 10
indicate a dependency of the regularization on learned data structures. The corresponding filter functions
being illustrated in the right column of Figuresl0.show a similar behavior for all training noise levels which
underpins that the outcome of the approximation training is independent of the noise for a sufficiently large
number of training samples. The outlier in the filter function for the mean sample (1;); can also be observed
in Figure 10. In addition, this testwsample has a slightly different behavior with respect to the second
singular value. Note that the seeminglyslinear behavior for O'JQ» > 0.4 is only due to the fact that this is
the linear continuous extension between the first and second singular value. In summary, the resulting filter
behaves similarly to the squared soft, TSVD filter independent of the training noise and with exceptions at
two singular values. N

5.3 Convergence property

After investigating approximation capabilities of trained networks with respect to the operator A in Sec-
tion 5.1 in the noise-free case andiextending the training to the noisy case in Section 5.2, we continue verifying
the convergence property withirespect to different noise levels. We analyze the convergence property by com-
puting the averaged reconstruction error

N
1 , B , .
SR, (Po(z.0),4) = 1 D12 = 9 5 (Az + 5 2, (5.9)

i=1

including’ the noise levels §; and noise samples (9 ~ N (0,00Id) in the reconstruction process where the
network thas been trained on noise level . We thus can evaluate the noise-free training case, which solely
aims torvimpart_data dependency, on reconstructions from noisy data, and the noisy training case where
training and.test noise share the same level. Reconstructions, i.e., the inverse of the iResNet, are obtained
by using 30 fixed-point iterations.

Figure 11 shows that go(;(lL 5o) B8 well as 4,9;(1L 5) provides more accurate reconstructions with respect

to (5.9) at large L and low noise levels, whereas this behavior is reversed for decreasing Lipschitz bound
and increasing noise levels. This is consistent with the regularization theory and the visualized recon-
structions in Figure 10, as high noise levels require strong regularizations and vice versa. The behavior of
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43 Figure 10: Reconstructions of an MNIST sample T from the test data set by computing 309_(le’ 5) (Az+7) with

44 7 ~ N (0, 8,1d) for Lipschitz bounds L, (columns)and noise levels 6, = Se-stdunisT with £ = 0,1,3,4 (rows).
45 The last column' depicts thefilter functions at L, Lo, and L3 for each noise level with respect to the sample Z.
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Figure 11: Reconstruction errors MSEfgco(goa( L.5)> A) with training on noise-fre¢8amples and reconstruction
from noisy samples (left) and MSEfgCO(gpg( L.5,), A) with training and reconstruétion on the same noise level

d¢ (right) for vy (L, s,) over different noise levels §; = o0 - stdynas®, £ =0, . .4, 6, and Lipschitz bounds L,
m=1,...,5.

MSEfgCO(gp(;( L.5,), A) for small L and small noise levels g is ratheriintuitive, since its approximation capa-
bility is limited as a consequence of strong regularization. In additi&l, from Figure 11 one can also extract
a suitable candidate for the parameter choice L(J) to obtain comvergence. The similarity in the behavior
of wg(i’ 5) and QD;(IL, 50) underpins that the outcomeof the approximation training is independent of noise if
data and noise are independent.

6 Discussion and Outlook

In the present work, we developed, and investigated the regularization theory for the proposed iResNet
reconstruction approach providing a‘learned method from data samples. The network’s local approxima-
tion property is fundamental to delivering a convergent regularization scheme. It comprises approximation
properties of the architecture and training, a definition of solution type, and a source condition. The ap-
proximation loss used for training.is motivated by this property. In the most general version, the framework
can be understood as a fully-learned "end=to-end reconstruction scheme with minor limitations as it relies
on the concatenation with A%, i.e4 sonie a priori knowledge on the forward operator is at least included in
a hand-crafted way in thesreconstruction scheme. Introducing a diagonal architecture type relying on the
SVD of the forward operator A allowed for an analytical investigation of the resulting learned nonlinear
spectral reconstruction.method, which becomes a convergent regularization when fulfilling the local approx-
imation property. The analysis of trained shallow architectures revealed the link between the classical linear
filter-based regularization theory and the concept of the local approximation property, and it illustrated
the interplay between the approximation capability of the nonlinear network and the source condition. In
addition, we validated and extended the theoretical findings by a series of numerical experiments on the
MNIST data set and provided,further insights into the learned nonlinear spectral regularization, such as
similarity to.the analytically determined linear regularization (squared soft TSVD) and data-dependency of
the learnéd regularization.

Our iResNet method using the diagonal architecture can be seen as a generalization of the learned linear
spectral,regularization considered in [22]. Using a different loss, which measures the reconstruction error,
thefauthors of [22] obtain learned filter functions corresponding to Tikhonov regularization with data- and
noise-dependent regularization parameters for each singular vector. An extension of the iResNet approach
to thisskind.of training loss is thus desirable for future comparison.

The present work also serves as a starting point for various future research directions:

As.we obtain the inverse of the residual network via a fixed point iteration, findings in the context
of the iResNet reconstruction may be related to learned optimization methods [], maximally monotone
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operators [37], or potentially to plug-and-play methods [16]. Investigations at the interface to these methods
are far beyond the present work and will remain future work.

The concept of a local criterion to guarantee convergence of the iResNet reconstruction method provides
further opportunities to investigate the regularization properties of learned reconstruction schemes.| In a
different context, the authors of [5] also consider a local property. They consider a“learned projection onto
subspaces concatenated with the forward operator, i.e., they consider a projected linear problem and ¢embine
it with Tikhonov regularization. There, the authors guarantee convergence of the regularization method by
the Tikhonov theory, including a different but also localized assumption. The findings in the present work
and the literature thus reveal the necessity to explicitly take the approximationseapabilities of the learned
schemes and the training procedure into account. Immediate future research includes a’ comprehensive
numerical study on how architectural choices such as particular activation fumctions, e.g., being strictly
monotone but nonlinear, influence the desired regularization properties and reconﬁuetion quality. Further
potential future investigations in this context are twofold. On the one hand; one may exploit universal
approximation properties of the underlying architectures to guarantee, convergence for a sufficiently large
subset of X, e.g., by verifying the local approximation property. On the,othershand, one may adapt the
definition of regularization to the approximate and data-based nature of the learning-based setting.

Besides the more general open research questions at the interface to other methods and data-based
concepts, the iResNet reconstruction approach itself provides various potential future works. The observed
similarity of the learned nonlinear filter functions in the numerical experiments to the analytical solution
of the affine network with bias (Section 4.2) immediately raises the question: How much does the data’s
structure influence the resulting reconstruction scheme? Phrased differently, one needs to test the limits of
the proposed approximation training. Here, it would be desirable to.change the perspective to a Bayesian one
considering data and noise distributions and further investigate the training outcome, including additional
variations of the training loss and its influence énithe local approximation property. Natural extension and
generalizations, such as including learned solution types, e.g., by combining our approach with null space
networks [41] or relaxing the diagonal assumption of the architecture, remain future work.

In summary, the present first work on learned iResNet regularization schemes builds the basis for various
future works of theoretical and numerical nature.
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A Proofs of Section 4

A.1 Proof of Lemma4.1

Equivalent filter funetion to the one-parameter-network.

Proof. At first, weobserve that the Lipschitz constraint in (4.1) is fulfilled for |k| < L. Thus, (4.1) is
equivalent to

min Y [lep(a) — Az

|k|<L
i () _ forp(®) () _ Ap@)2
& |gllglL ; IE kx' 4 kAx Az ||
i 1— k)22 — Az, Al
& min i (1= k)7l || (A1)

Since there is one () s.t. Az; # () the solution is obviously & = L and we have pg(z) = = — L(z — Ax).
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Now we use the SVD of A to solve ¢g(Z) = z for z € R(A) component wise. For all j € N it‘holds
(T — L(z - A7), j) = (2,0))

& (1= L)(Z,v)) + L{Z, Avj) = (z,v;)

= (1—L+Laj)<;1:,vj> (z,v5)

1
<~ <m UJ> 17L+L 2<Z UJ> (A2)

Thus, the filter function
1 1 1 1-=L
2
- - = - A.
G A wa sy el A SR (A.3)
~

fulfills (3.15). O

A.2 Proof of Lemma 4.2

Equivalent filter function to the linear network.

Proof. At first, we observe that the Lipschitz constraint in (4.1) is fulfilled if the eigenvalues (w;); of W are
restricted by |w;| < L. Defining © = {(W, b) € O] |w;| < L}, (4.1) is equivalent to

- 4
Jnin an M) — Az2
g min ZH.Z‘(Z)—Wmi—b—ALU(Z)
(W,b)eO 1, =
N
o . P @y 2 HP DY — W — b— Ag® A
wtiny, 3 1Pyl M [P (@) = Wi = Ao (a4

The part with Py A)(m(i)) is independent. of W and b and therefore not relevant. Furthermore, it holds

Py (@) = Wa; = b 2 A2® =N, v5)v; = > (wy(@,0;) +b;) v; — > 07w, 05)v;

N jeN JEN JEN
= > (= = oD@, 0) = by) vy (A5)
jEN

Thus, the minimizing problem can be written as

gl <L (by) 02 ZZ( (1= w; = o), v) - bﬂ) : (A.6)

=1 jeN

We can solye this problem for each j separately. For determining b; we set the derivative to zero and get

N
1 i
& bj:N(l—wj—U?)Z@()avj)Z(l—wa‘_%z)“i' (A7)

Since for.evéry i, the sequence ({29, v;)),en is in €2, (b;) € €2 is also fulfilled. Tt remains to solve
N

min, 3 (1w~ 02) (o) - uj)>2- (A8)

w;|<L
|w]\\ [
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By assumption, for every v; there is at least one z® s.t. (m(i), v;) # pj, thus, the problem can be simplified
to
in (1—w; —o0?)? Vj € N. A9
anin, (1= w; = 0j) / (A-9)
The obvious solution is w; = min{l — O'JQ-, L}, since 1 — 0]2 is by assumption always ‘positive.
Now we use the SVD of A to solve ¢y(Z) = z for some z € R(A) component-wise. Forrall j € N it holds

<.f,1}j> - w47‘<'fﬁvj> —b; = <Z’Uj>

& (1= w;){Z,v;) = (z,v5) + b
_ 1 b,
< <$’Uj>=1_7wj<zvvj>+1_7jwj
1 max{0, L=L~ 07}
& T,V;) = ——F5——~ i i A.10
(7, v3) max{o?, 1 — L} (2 vg) + max{o;, 1 =L} K ( )
Thus, using the filter function and bias
1 - I'=L —o?
8 (2
= by = v, All
FL(o”) max{o2,1— L}’ L ZZ 11 MY ( )
aj<17L
the reconstruction schemes ¢, Yo A* and Ty, from (3.19)dre equivalent. O
L

A.3 Proof of Lemma 4.4
Equivalent filter function to the ReLU-network.

Proof. At first, we observe that the Lipschitz constraint in'(4.1) is fulfilled if the eigenvalues (w;); of W are
restricted by |wj| L. Thus, (4.1) is equivalentyto

> lpo(z®) 7 Az

min
(wj), lw;|<L

=3 min Z D — p(We;) <Az

(w;), [wi|<L

o ot ST s - S mestosn 0 00 - s

2

A JeN jEN
2
2 ‘ ‘
- min 2l (x(l))H + 2 <(1 —07)(@, ;) — max{0, w; <$(z),vj>}> v
(U)j)7‘wj|<L " Gen
2
(1= 7)™, v5) = max{0, w; (21, v; ) ' A12
(wJ) \w3|<L ;‘72621\1( ]> { J< J>} ( )

At first we focus,on the components <x(i)7 v;) which are negative or zero. They do not influence the solution
of the problem since

min (—(1 — 02) — max{0, fwj})z vjeN (A.13)

lw; <L J

is solved by any w; € [0, L], as 1 — 032- is by assumption always positive. Thus, it suffices to consider the
cases, (z(V, vj) > 0, which lead to

min (1 -0 —max{0,w;})*>  VjeN. (A.14)

lwj|<L

The obvious solution is w; = min{1 — o7, L}.
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Now we use the SVD of A to solve ¢y(Z) = z for z € R(A) or

z— Z max{0, w;(Z,v;) }v; = Z(z, V)5, (A.15)

JEN jEN
respectively, component-wisely. For all 7 € N it holds

<i'=vj> - max{o,wj<i,vj>} = <Z7vj>
< min{(Z,v;), (1 — w;)(Z,v;)} = (z,09)- (A.16)

Since 1 —w; > 0, the signs of (Z,v;) and (z,v;) must coincide. In case of positive signs; the minimum on
the left hand side takes the value (1 — w;)(Z,v;), in case of negative signs, itfis (&, v;). Thus, we get

~
—L (2 v;) if (z,0;) >0,
e {sz@i Y A
Using 1 — w; = max{o},1 — L}, it can be seen that
# if s >0y
rp(o?,s) = {1a {o%1-L} G0 (A.18)
fulfills (3.15). e O

A.4 Proof of Lemma 4.5

Equivalent filter function to the soft-thresholding-network:
Proof. At first, we observe that the Lipschitz €onstraint in (4.1) is fulfilled if the eigenvalues (w;); of W are
restricted by |w]| L. Besides, fy(z) can be written as
o (Wz) = Zsign((W&c, v;)) max(0, Wz, v;)| — aj)v;
JjEN
| Zsign(wj<x, vj)) max(0, |w;(z,v;)| — a;)v;. (A.19)
{GN
For any z(¥ from the training data set, it follows

— %(Wx(i)) SAL®

= Py (@) + D@ o & > sign(w; (@9, v;)) max(0, [w; (29, 0;)| — az)o; = > a3 (@D, v5)0;
JEN jeN JjeN
= Ppnray(z™) £ Z [ Y~ sign( w]x( )) max(0, |w;z; )| — o)) — 0]2 Sl)} v; (A.20)
JEN
where x§i) = (24, v;). Therefore, (4.1) is equivalent to

: ONERON
min X x
o i, o) ||

. ) N
= min Hx(l) — W) — Az®
(w;), |w; <L Z Pa )
(1) (@ (%)
= ( 781nwx max(0, jw;x}’| — a faz ) A.21
wJ) \w,\<L ZZ gn(wjz;”) (0, |w;z | i) ( )
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For each j, we have to find the solution of

min (w(i) —si n(w-x(i)) max (0 |w-x(i)| —aj) — azx(i’))2
wler 2= \"i SHW;T; (W5 i) 95T
, , , , 2
& | m‘iEL Z ((1 — U?)sign(xy))\xgl)\ — sign(wj)sign(xy)) max(0, |wjx§-l)| — aj))
Wi X i
. , 2
& |t£r~l\i£L ((1 — UJ2-)|:E§Z)| — sign(w;) max(0, |wjx§-l)| - aj)) . (A.22)
VAR i

(&7 «

Note that for 012» =1, any w; € [ (i)} solves the problemsand hence the solution is not

J

unique. In all other cases, we have 1 — O'JQ- > 0, thus, only a positive sign/of w; fhakes sense and we restrict

ourselves to this case. Due to w; > 0, we have

J
max (%) |x§l)| " max; |@

N 2 ‘

_2y,.(9) : (0 .

((1 — o)l — max(0, [w;z!"| aj))2 = <(1 7 ) % 2 ! |w]xz_)| s (A.23)
((1 — o —al; 1% aj) if Jwjz;”| > ay.

As the first case is an upper bound of the second case, it is highly desirable to choose w; large enough such
that all training samples are contained in the second casel But, weralso need to take into account the upper
bound w; < L. Due to the data set assumption (ii), the minimization problem (A.22) becomes

A 2
min ((1 s 02 — el + aj) . (A.24)
w; €[0,L] .
i€l;(L)

The minimizer is

(A.25)

Shab T=gg, i 02 + 1 - 07 < L,
wj = J i
L else,

i ; | gi)‘Q . «
% Equivalently, we can write w; = min{>% 4+ 1 — o2, L}.
Zielj(L) |mj ‘ pj J
Now we use the SVD of A to solve ¢g(z) =2 for z € R(A) or
T — Z Sign(wj}a_:,vj)) max(0, |w;(Z,v;)| — aj)v; = Z(z, V)V, (A.26)

jEN jEN

where pr, ; = p; =

respectively, componentwise. For allj'€ N it holds
(,v5) — sign(w; (T, v;)) max (0, [w; (z, v;)| — ;) = (2,v;)
<:> sign((z,v;)) (12, v5)| — max(0,w;|(z,v;)] — ;) = (2,v;)- (A.27)
Thus, the sign of (Z,v;) is:the same as the one of (z,v;). Assuming w;|(Z,v;)| < a;, we obtain
Q5

(@, v) = [{z0)] i [(z,05)] < w; (A.28)

and assuming w;|(&, v;)| > «;, we obtain

|<f,’0j>|: |<Z,’Uj>|*0£j if |<Z7Uj>| _ a; >& (A29)
1—w; 1—w; 1—w; w;
In total, this leads to
(z,v5) if (2, v;) < 32,
Z,v;) = N w; A.30
00 = sign((z, o e i (2 ) > & (430
27
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Using 1 — w; = max{o} — 22,1 — L}, we see that the filter function

pj’
rp(o2,s) = ! ) Is—a ! o< % (A.31)
a max{a?—%,l—L} [s] Lo s) > 17;
fulfills (3.15). Fy, is then derived by exploiting (3.18). O

A.5 Computation of filter function (4.22)

Assuming continuous extensions pr,(0?) s.t. pL(cr?-) =pr.j, wr(o?) s.t. wL(JJZ) = w;, and a(0?) s.t. 04(0]2») =
o, we can write the filter function from Lemma 4.5 as

~
1 |s|—a(c?) . a(c?)
a(o? S lf |S| > wr, (02)
rp(o?,s) = Inax{"27pL((02))’17L} ! 2" (A.32)
1 if [s| <2

Besides, it holds wr,(0%) = min{pi((g;)) +1-02, L} < L, also by Lemma 4.5. Now, we choose |s| = py(0?)o?

and distinguish between three different cases (small, mediumnand large values of o2).

2
At first, we consider the case o2 < o) Then, it holds

Lpr(c2)"

) y

9y 2 _ (0?) ao®)
= < < . A.33
Is| = pr(0”)a I Wy, (02) ( )

Thus, it follows

T (0’2,:|:pL(0'2)0'2) =1 (A.34)
Secondly, we consider the case ini{ir)‘z) <02 < p’);((a; 2)) + 1 — L. We shortly make sure, that the lower

. . . . . 2 ( 2)
bound is in fact smaller than the‘pper one. The assumptions of Lemma 4.5 imply that pr(c?) > =72

holds. From this, we can follow

~ L L
2 2 a(o?)
= alc®)+pr(c®)(1 = L) > 7
a(o?) a(o?)
= +1—-L> ———F. A.35
P (@) Lo (@) (43
Besides, note that o2 < % + 1 — L implies wr,(0?) = L. Thus, it holds
2\ 2 a(o?) a(o?)
= = . A.
|S| pL(U )U > L ’U}L(O’2) ( 36)
Accordingly, we obtain
1 pr(0?)o? — a(o?)
rp(o?, £pr(c®)o?) =
L ( L ) max{o? — poi(((fz))»l —-L} pr(c?)o?
1 2\ 2 2 1 2
= pelo)o” —a(o7) _ ool ) (A.37)
1-L pr(0?)o? 1-L pr(0?)o?
28
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At last, we consider the case o2 > pab((”;)) + 1 — L. Note that this implies wy,(0?) = pog(a;‘g)) +1— o2
Besides it holds o2 — paL((”; 2,)) > 0, which implies
2
2 af0?) 2
o° — 1-07)>0
2 2
2 [ olo”) 2 a(o®)
= o +1—-0] >
<pL<02> ) b (@)
a(o? a(o?
= |s| = pr(0®)o? > o) (o) = ( 2) . (A.38)
)+ 12 »wr(o?)
pL(o?)
~
Accordingly, we obtain
1 20\ 2 w2
o (0% £ pu(?)0?) = 2 p g )
max{c? — paL((‘zg)) .1 — 4L} pr(a®)o
1 pr(0?)a2 =a(o?)
) a(o?) 2\ 52
o= pL(o?) pL(J )J
e gy 1 .
(rp(02)0% La(0?)) o2 & o2
Thus, in total, it holds
e 2 o _a(?)
1 ] if o i ITTICSL ]
rI (az,ipL(o2)a2) =4 2B (1 — #E:;)%) if L(;SEU)Q) <2 0?2 < p(z(&g)) +1-1L, (A.40)
L it 02> 2L 41— L
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