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Abstract

The present paper studies so-called deep image prior (DIP) techniques in the context of ill-posed inverse problems. DIP
networks have been recently introduced for applications in image processing; also first experimental results for applying
DIP to inverse problems have been reported. This paper aims at discussing different interpretations of DIP and to obtain
analytic results for specific network designs and linear operators. The main contribution is to introduce the idea of viewing
these approaches as the optimization of Tikhonov functionals rather than optimizing networks. Besides theoretical results,

we present numerical verifications.
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1 Introduction

Deep image priors (DIP) were recently introduced in deep
learning for some tasks in image processing [19]. Usually,
deep learning approaches to inverse problems proceed in two
steps. In a first step (training), the parameters @ of the deep
neural network g are optimized by minimizing a suitable
loss function using large sets of training data. In a second step
(application), new data are fed into the network for solving
the desired task.

DIP approaches are radically different; they are based on
unsupervised training using only a single data point y®. More
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precisely, in the context of inverse problems, where we aim
at solving ill-posed operator equations Ax ~ y°, the task
of DIP is to train a network ¢g (z) with parameters & by
minimizing the simple loss function

(1.1)

min || Age (2) — y°|.

The minimization is with respect to ®, the random input z is
kept fixed. After training, the solution to the inverse problem
is approximated directly by x = ¢g (z).

In image processing, common choices for A are the iden-
tity operator (denoising) or a projection operator to a subset
of the image domain (inpainting). For these applications, it
has been observed that minimizing the functional iteratively
by gradient descent methods in combination with a suitable
stopping criterion leads to amazing results [19].

Training with a single data point is the most striking
property, which separates DIP from other neural network
concepts. One might argue that the astonishing results
[10,19,23,32] are only possible if the network architecture
is fine-tuned to the specific task. This is true for obtaining
optimal performance; nevertheless, the presented numerical
results perform well even with somewhat generic network
architectures such as autoencoders.

We are interested in analyzing DIP approaches for solving
ill-posed inverse problems. As a side remark, we note that
the applications (denoising, inpainting) mentioned above are
modeled by either identity or projection operators, which are
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not ill-posed in the functional analytical setting [13,21,28].
Typical examples of ill-posed inverse problems correspond
to compact linear operators such as a large variety of
tomographic measurement operators or parameter-to-state
mappings for partial differential equations.

We aim at analyzing a specific network architecture pg
and at interpreting the resulting DIP approach as a regu-
larization technique in the functional analytical setting, and
also at proving convergence properties for the minimizers of
(1.1). In particular, we are interested in network architectures,
which themselves can be interpreted as a minimization algo-
rithm that solves a regularized inverse problem of the form

1
x(B) = argmin, E||Bx — 1 +aR (), (1.2)

where R is a given convex function and B a learned operator.

In general, deep learning approaches for inverse prob-
lems have their own characteristics, and naive applications
of neural networks can fail for even the most simple inverse
problems, as shown in [22]. However, there is a grow-
ing number of compelling numerical experiments using
suitable network designs for some of the toughest inverse
problems such as photo-acoustic tomography [17] or X-ray
tomography with very few measurements [2,18]. Concerning
networks based on deep prior approaches for inverse prob-
lems, first experimental investigations have been reported,
as shown in [19,23,32]. Similar as for the above-mentioned
tasks in image processing, DIPs for inverse problems rely on
two ingredients:

1. A suitable network design, which leads to our phrase
“regularization by architecture.”

2. Training algorithms for iteratively minimizing (1.1) with
respect to @ in combination with a suitable stopping cri-
terion.

In this paper, we present different mathematical interpreta-
tions of DIP approaches, and we analyze two network designs
in the context of inverse problems in more detail. It is orga-
nized as follows: In Sect. 2, we discuss some relations to
existing results and make a short survey of the related lit-
erature. In Sect. 3, we then state different interpretations of
DIP approaches and the network architectures that we use,
as a basis for the subsequent analysis. We start with a first
mathematical result for a trivial network design, which yields
a connection to Landweber iterations. We then consider a
fully connected feedforward network with L identical layers,
which generates a proximal gradient descent for a modified
Tikhonov functional. In Sect. 4, we use this last connection to
define the notion of analytic deep prior networks, for which
one can strictly analyze its regularization and convergence
properties. The key to the theoretical findings is a change of

view, which allows for the interpretation of DIP approaches
as optimizing families of Tikhonov functionals. Finally, we
exemplify our theoretical findings with numerical examples
for the standard linear integration operator.

2 Deep Prior and Related Research

We start with a description of general deep prior concepts.
Afterward, we address similarities and differences to other
approaches, such as LISTA [16], in more detail.

2.1 The Deep Prior Approach

Present results on deep prior networks utilize feedforward
architectures. In general, a feedforward neural network is an
algorithm that starts with input x° = z, computes iteratively

s ¢ (kak + bk)

for k =0,..., L — 1 and outputs

po(z) = xt.

The parameters of this system are denoted by

O ={Wy,....,Wr_1,bo,...,br_1}
and ¢ denotes a nonlinear activation function.

In order to highlight one of the unique features of deep
image priors, let us first refer to classical generative networks
that require training on large data sets.

In this classical setting, we are given an operator A : X —
Y between Hilbert spaces X, Y, as well as a set of training
data (x;, ylfs), where ylfS is a noisy version of Ax; satisfying
||ylfS — Ax;|| < 8. Here, the usual deep learning approach is
to use a network for direct inversion and the parameters ©
of the network are obtained by minimizing the loss function

N
: 8 2
min ) llpe (7)) — x> .

i=1

2.1)

After training, © is fixed and the network is used to approxi-
mate the solution of the inverse problem with new data y° by
computing x = @g (y%). For a recent survey on this approach
and more general deep learning concepts for inverse prob-
lems see [5].

In general, this approach relies on the underlying assump-
tion that complex distributions of suitable solutions x, e.g.,
the distribution of natural images, can be approximated by
neural networks [6,8,33]. The parameters ® are trained for
the specific distribution of training data and are fixed after
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training. One then expects that choosing a new data set as
input,i.e.,z = y® will generate a suitable solutionto Ax ~ y°
[7]. Hence, after training, the distribution of solutions is
parametrized by the inputs z.

In contrast, DIP is an unsupervised approach using only
a single data point for training. That means, for given data
y® and fixed z, the parameters @ of the network gg are
obtained by minimizing the loss function (1.1). The solution
to the inverse problem is then denoted by * = ¢g (z). Hence,
deep image priors keep z fixed and aim at parameterizing
the solution with ©@. It has been observed in several works
[10,19,23,32] that this approach indeed leads to remarkable
results for problems such as inpainting or denoising.

To some extent, the success of deep image priors is rooted
in the careful design of network architectures. For exam-
ple, [19] uses a U-Net-like “hourglass” architecture with skip
connections, and the amazing results show that such an archi-
tecture implicitly captures some statistics of natural images.
However, in general, the DIP learning process may con-
verge toward noisy images or undesirable reconstructions.
The whole success relies on a combination of the architecture
with a suitable optimization method and stopping criterion.
Nevertheless, the authors claim the architecture has a positive
impact on the exploration of the solution space during the iter-
ative optimization of ®. They show that the training process
descends quickly to “natural-looking” images but requires
much more steps to produce noisy images. This is also sup-
ported by the theoretical results of [29] and the observations
of [35], which shows that deep networks can fit noise very
well but need more training time to do so. Another paper that
hints in this direction is [4], which analyzes whether neu-
ral networks could have a bias toward approximating low
frequencies.

There are already quite a few works that deal with deep
prior approaches. Following, we mention the most relevant
ones to our work. The original deep image prior article
[19] introduces the DIP concept and presents experimen-
tal evidence that today’s network architectures are in and
of themselves conducive to image reconstruction. Another
work [32] explores the applicability of DIP to problems in
compressed sensing. Also, [23] discusses how to combine
DIP with the regularization by denoising approach and [10]
explores DIP in the context of stationary Gaussian processes.
All of these introduce and discuss variants of DIP concepts;
however, neither of them addresses the intrinsic regulariz-
ing properties of the network concerning ill-posed inverse
problems.

2.2 Deep Prior and Unrolled Proximal Gradient
Architectures

A major part of this paper is devoted to analyzing the DIP
approach in combination with an unrolled proximal gradient

@ Springer

network ¢ . Hence, there is a natural connection to the well-
established analysis of LISTA schemes. Before we sketch the
state of research in this field, we highlight the two major dif-
ferences (loss function, training data) to the present approach.
LISTA is based on a supervised training using multiple data
points (x;, ylfS ),i =1,...N where ylfS is a noisy representa-
tion of Ax;. The loss function is (2.1). DIP, however, is based
on unsupervised learning using the loss function (1.1) and a
single data point y®. Hence, DIP with the unrolled proximal
gradient network shares the architecture with LISTA, but its
concept, as well as its analytic properties, is different. Nev-
ertheless, the analysis we will present in Sect. 4 will exhibit
structures similar to the ones appearing in the LISTA-related
literature. Hence, we shortly review the major contributions
in this field.

Similarities are most visible when considering algorithms
and convergence analysis for sparse coding applications
[20,25,30,31,34]. The field of sparse coding makes heavy
use of proximal splitting algorithms and, since the advent
of LISTA, of trained architectures inspired by truncated ver-
sions of these algorithms. In the broadest sense, all of these
methods are expressions of “Learning to learn by gradient
descent” [3]. Once more, we would like to emphasize that
these results utilize multiple data points while DIP does not
require any training data but only one measurement. Another
key difference is that we approach the topic from an ill-posed
inverse problem perspective, which (a) grounds our approach
in the functional analytic realm and (b) considers ill-posed
(not only ill-conditioned) problems in the Nashed sense, i.e.,
allows the treatment of unstable inverses [13]. These two
points fundamentally differentiate the present approach from
traditional compressed sensing considerations which usually
deal with (a) finite dimensional formulations and (b) forward
operators given by well-conditioned, carefully hand-crafted
settings or dictionaries, which are optimized using large sets
of training data [30].

Coming back to LISTA for sparse coding applications,
there are many excellent papers [15,24,25] which are devoted
to a strict mathematical analysis of different aspects of
LISTA-like approaches. In [25], the authors show under
which conditions sparse coding can benefit from LISTA-
like trained structures and ask how good trained sparsity
estimators can be given a computational budget. The arti-
cle [15] deals with a similar trade-off proposing the quite
exciting, “inexact proximal gradient descent.” The paper [9]
proposes, based on theoretically founded considerations, a
sibling architecture to LISTA. Moreover, [27] argues that
deep learning architectures, in general, can be interpreted as
multistage proximal splitting algorithms.

Finally, we want to point at publications, which address
deep learning with only a few data points for training, see,
e.g., [14] and the references therein. However, they do not
address the architectures relevant for our publication, and
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Fig.1 A simple network with scalar input, a single layer and no activa-

tion function. For any arbitrary input z one obtains ¢e (z) = © (Color I1—-AB*B 1—-AB*B

figure online)

they do not refer to the specific complications of inverse
problems.

3 Deep Prior Architectures and
Interpretations

In this section, we discuss different perspectives on deep
prior networks, which open the path to provable mathemat-
ical results. The first two subsections are devoted to special
network architectures, and the last two subsections deal with
more general points of view.

3.1 A Trivial Architecture

We aim at solving ill-posed inverse problems. For a given
operator A, the general task in inverse problems is to recover
an approximation for x* from measured noisy data

y‘S = AxT—i—r,

where 7, with ||| < §, describes the noise in the measure-
ment.

The deep image prior approach to inverse problems asks to
train a network ¢g (z) with parameters @ and fixed input z by
minimizing ||Age (z) — y®||> with an optimization method
such as gradient descent with early stopping. After training,
a final run of the network computes ¥ = @g (z) as an approx-
imation to x .

We consider a trivial single-layer network without activa-
tion function, as shown in Fig. 1. This network simply outputs
O, i.e., o (z) = O. In this case, the network parameter ®
is a vector, which is chosen to have the same dimension as
x. That means, that training the network by gradient descent
of |Ape(z) — y°|I?> = ||A©@ — y%||* with respect to O is
equivalent to the classical Landweber iteration, which is a
gradient descent method for || Ax — y®||? with respect to x.

Landweber iterations are slowly converging. However, in
combination with a suitable stopping rule, they are optimal
regularization schemes for diminishing noise level § — 0,
[13,21,28]. Despite the apparent trivialization of the neu-
ral network approach, this shows that there is potential in
training such networks with a single data point for solving
ill-posed inverse problems.

Fig. 2 Unrolled proximal gradient network with L = 2 (Color figure
online)

3.2 Unrolled Proximal Gradient Architecture

In this section, we aim at rephrasing DIP, i.e., the minimiza-
tion of (1.1) with respect to @, as an approach for learning
optimized Tikhonov functionals for inverse problems. This
change of view, i.e., regarding deep inverse priors as opti-
mization of functionals rather than networks, opens the way
for analytic investigations in Sect. 4.

We use the particular architecture, which was introduced
in [16], i.e., a fully connected feedforward network with L
layers of identical size,

9o (z) = x*, (3.1)
where
= g (Wx" + b) 3.2)

The affine linear map & = (W, b) is the same for all layers.
The matrix W is restricted to obey I — W = AB* B (I denotes
the identity operator) for some B and the bias is determined
viab = AB*y%, as shown in Fig. 2. If the activation function
of the network is chosen as the proximal mapping of a reg-
ularizing functional Ao R, then g (z) is identical to the Lth
iterate of a proximal gradient descent method for minimizing

1
Jp(x) = S IIBx — YII? + aR(x), (3.3)

see [12] or “Appendix 1”.

Remark 3.1 Restricting activation functions to be proximal
mappings is not as severe as it might look at first glance. For
example, ReLU is the proximal mapping for the indicator
function of positive real numbers, and soft shrinkage is the
proximal mapping for the modulus function.

This allows the interpretation that every weight update,
i.e., every gradient step for minimizing (1.1) with respectto ®&
or B, changes the functional Jp. Hence, DIP can be regarded
as optimizing a functional, which in-turn is minimized by
the network. This view is the starting point for investigating
convergence properties in Sect. 4.
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3.3 Two Perspectives Based on Regression

The following subsections address more general concepts,
which open the way to further analytic investigations, which,
however, are not considered further in this paper. The reader
interested in the regularization properties for DIP approaches
for inverse problems only may jump directly to Sect. 4.

In this subsection, we present two different perspectives on
solving inverse problems with the DIP via the minimization
of a functional as discussed in the subsection above. The first
perspective is based on a reinterpretation of the minimization
of the functional (1.1) in the finite, real setting, i.e., A €
R™*" This setting allows us to write

min |Age (z) — Y’ [? = min [|Ax — y°||? (3.4)
) xeZ(9.(2))

m

D (tai =y (3.5

i=1

= min
YeZ(.(2))

where Z(¢.(z)) denotes the range of the network with regard
to ® for a fixed z and a; the rows of the matrix A as well
as yl.s the entries of the vector y®. This setting allows for
the interpretation that we are solving a linear regression,
parameterized by x, which is constrained by a deep learn-
ing hypothesis space and given by data pairs of the form
@i, y}).

The second perspective is based on the rewriting of the
optimization problem via the method of Lagrange multi-
pliers. We start by considering the constrained optimization
problem

min [|Ax — y°|I* s.t. lx — 9o (2> = 0. (3.6)
xeX,O®

If we now assume that ¢ has continuous first partial deriva-
tives with regard to @, the Lagrange functional

ZL(©,x,1) = ||Ax — Y |I* + Allx — 9o (DI, (3.7)

with the correct Lagrange multiplier A = A, has a stationary
point at each minimum of the original constraint optimization
problem. This gives us a direct connection to unconstrained
variational approaches like Tikhonov functionals.

3.4 The Bayesian Point of View
The Bayesian approach to inverse problems focuses on com-

puting MAP (maximum a posteriori probability) estimators,
i.e., one aims for

(3.8)

X =argmax,.y p(x|y5),

@ Springer

where p : X x ¥ — R4 U {0} is a conditional PDF. From
standard Bayesian theory, we obtain

% = argmin,y {—log[p(3°[x)] — log[p(x)1} . (3.9)

The setting for inverse problems, i.e., Ax + ¢ = y® with
7 ~ Normal(0, 621y), yields (A = 202)

X =rargmin .y [|[Ax — y‘3||2 —Alog[p(x)].

We now decompose x into x 1 := P _y4y1(x), and x_y =
Py (ay(x), where .47 (A) denotes the nullspace of A and
where Py (4)(x), resp. P 441 (x), denotes the orthogonal
projection onto .4 (A), resp. .4 (A)L. Setting £ = (x_y-, x1)
yields

& =argmin, ey [|Ax; — y*|> = Alog p(x s x1)
3|2—rlog p(x1)—rlog px s lx1).
)

82
ll

=argmin, ¢y [[Ax] —y

=argmin, .y [[Ax) — y°||” —Alog p(x1)—Alog p(x_ylx1).

n

The data y‘s only contain information about x, which in
classical regularization is exploited by restricting any recon-
struction to A (A)~L.

However, if available, p(x_s|x]) is a measure on how to
extend x| withanx| € </V(A)l toasuitablex = (x_y, x1).
The classical regularization of inverse problems uses the
trivial extension by zero, i.e., x = (0, x), which is not
necessarily optimal. If we accept the interpretation that a
network can be a meaningful parametrization of the set of
suitable solutions x, then p(x) = O for all x not in the range
of the network and optimizing the network will indeed yield
a non-trivial completion x = (x_y, x1 ). More precisely (I)
can be interpreted to be a deep prior on the measurement and
(IT) to be a deep prior on the nullspace part of the problem.

4 Deep Priors and Tikhonov Functionals

In this section, we consider the particular network architec-
ture given by unrolled proximal gradient schemes, as shown
in Sect. 3.2. We aim at embedding this approach into the
classical regularization theory for inverse problems. For a
strict mathematical analysis, we will introduce the notion of
an analytic deep prior network, which then allows interpret-
ing the training of the deep prior network as an optimization
of a Tikhonov functional. The main result of this section
is Theorem 4.2, which states that analytic deep priors in
combination with a suitable stopping rule are indeed order
optimal regularization schemes. Numerical experiments in
Sect. 4.2 demonstrate that such deep prior approaches lead to
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smaller reconstruction errors when compared with standard
Tikhonov reconstructions. The superiority of this approach
can be proved, however, only for the rather unrealistic case,
that the solution coincides with a singular function of A.

4.1 Unrolled Proximal Gradient Networks as Deep
Priors for Inverse Problems

In this section, we consider linear operators A and aim at
rephrasing DIP, i.e., the minimization of (1.1) with respect
to ©, as a constrained optimization problem. This change of
view, i.e., regarding deep inverse priors as an optimization
of a simple but constrained functional, rather than net-
works, opens the way for analytic investigations. We will use
an unrolled proximal gradient architecture for the network
9o (z) in (1.1). The starting point for our investigation is the
common observation, as shown in [11,16] or “Appendix 17,
that an unrolled proximal gradient scheme as defined in
Sect. 3.2 approximates a minimizer x (B) of (3.3). Assuming
that a unique minimizer x(B) exists as well as neglecting
the difference between x(B) and the approximation ¢g (z)
achieved by the unrolled proximal gradient motivates the fol-
lowing definition of analytic deep priors.

Definition 4.1 Let us assume that measured data y‘S eY,a
fixed « > 0, a convex penalty functional R : X — R and a
measurement operator A € .2 (X, Y) are given. We consider
the minimization problem

1
min F(B) = min = ||Ax(B) — y*||%, “4.n
B B 2
subject to the constraint
x(B) = argmin, Jp(x)
1
= argmin, 5||Bx - y‘3||2 + aR(x). “4.2)

We assume that for every B € £ (X, Y), there is a unique
minimizer x (B). We call this constrained minimization prob-
lem an analytic deep prior and denote by x(B) the resulting
solution to the inverse problems posed by A and y°.

We can also use this technical definition as the starting
point of our consideration and retrieve the neural network
architecture by considering the following approach for solv-
ing the minimization problem stated in the above definition.
Assuming that R has a proximal operator, we can compute
x(B), given B, via proximal gradient method. That is, via the
(for a suitable choice of A > 0 and an arbitrary X=zeX)
converging iteration

Xkt = Prox;qr (xk — AB*(Bxk — y8)> . “4.3)

Following this iteration for L steps can be seen as the forward
pass of a particular architecture of a fully connected feedfor-
ward network with L layers of identical size as described in
(3.1) and (3.2). The affine linear map given by ® = (W, b)
is the same for all layers. Moreover, the activation function
of the network is given by the proximal mapping of A« R, the
matrix W is given via I — W = AB* B (I denotes the identity
operator), and the bias is determined by b = AB*y?.

From now on we will assume that the difference between
xL and x(B) is negligible, i.e.,
xL = x(B). (4.4)
Remark 4.1 The task in the DIP approach is to find & (net-
work parameters). Analogously, in the analytic deep prior,
we try to find the operator B.

We now examine the analytic deep image prior utilizing
the proximal gradient descent approach to compute x(B).
Therefore, we will focus on the minimization of (4.1) with
respect to B for given data y® by means of gradient descent.

The stationary points are characterized by 0 F(B) = 0,
and gradient descent iterations with stepsize n are given by
B! = B* — naF(BY). 4.5)
Hence, we need to compute the derivative of F' with respect
to B.

Lemma 4.1 Consider an analytic deep prior with the proxi-
mal gradient descent approach as described above. We define

¥ (x, B) = Prox;qr (x — AB*(Bx — y°)) — x. (4.6)
Then,

dF(B) = dx(B)*A*(Ax(B) — y°) (4.7
with

dx(B) = — Y (x(B), B) 'y5(x(B). B), (4.8)
which leads to the gradient descent

B! = B* — naF(BY). (4.9)

This lemma allows to obtain an explicit description of the
gradient descent for B, which in turn leads to an iteration of
functionals Jp and minimizers x (B). We will now exemplify
this derivation for a rather academic example, which however
highlights in particular the differences between a classical
Tikhonov minimizer, i.e.,

1 o
x(A) = argmin, 5| Ax - Y2+ Euxnz,

and the solution of the DIP approach.
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4.1.1 Example

In this example, we examine analytic deep priors for linear
inverse problems A : X — Y,ie., A, Be€ Z(X,Y), and

1
R(0) = 2 x|, (4.10)
The rather abstract characterization of the previous section
can be made explicit for this setting. Since Jp (x) is the clas-
sical Tikhonov regularization, which can be solved by
x(B) = (B*B +al)"'B*y’, 4.11)

we can rewrite the analytic deep prior reconstruction as x (B),
where B is minimizing

1
F(B) = §||A(B*B +al)7'B*yS — 92 (4.12)

Lemma 4.2 Following Lemma 4.1, assuming B® = A and
computing one step of gradient descent to minimize the func-
tional with respect to B, yields

Bl = A —ndF(A) (4.13)
with
JF(A) = dx(A)* A*(Ax(A) — %)
= aAA*Y (YO A(A*A 4 al) (4.14)
+aA(A*A+al) A%y () A
—ay’ () A(A*A +al) (4.15)

This expression nicely collapses if y? (y®)* commutes with
AA*. For illustration, we assume the rather unrealistic case
that xT = u, where u is a singular function for A with sin-
gular value o. The dual singular function is denoted by v,
i.e., Au = ov and A*v = ou and we further assume that the
measurement noise in y® is in the direction of this singular
function, i.e., y‘S = (0 4+ §)v, as shown in Fig. 3. In this
case, the problem is indeed one-dimensional and we obtain
an iteration restricted to the span of u, resp. the span of v.

Lemma 4.3 The setting described above yields the following
gradient step for the functional in (4.12):

B! = BY — cpou* (4.16)
with
2 2 ﬂlg -«
ce =c(a,8,0,n) =no(o+8)~(a+ By — aﬁe)m,
14
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Fig.3 Example of y® = (o + §)v where v is a singular function of A
(integral operator) (Color figure online)
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Fig. 4 Comparison of the Tikhonov reconstruction (orange broken
line), the result obtained in (4.17) (blue continuous line) and the direct
inverse. In this example, we considered @ = 10~ (Color figure online)

and the iteration (4.16) in-turn results in the sequence x (B*)
with the unique attractive stationary point

1
x= {N&(“ +ou, 0 <2/ (4.17)

%(0 + S)u, otherwise.
For comparison, the classical Tikhonov regularization
would yield —2— (o + §)u. This is depicted in Fig. 4.

o024«

4.1.2 Constrained System of Singular Functions

In the previous example, we showed that if we do gradient
descent starting from By = A and assume the rather simple
case y° = (o + 8)v, we obtain the iteration B! = B¢ —
covu®, ie., BYt! has the same singular functions as A and
only one of the singular values is different.

We now analyze the optimization from a different per-
spective. Namely, we focus on finding directly a minimizer
of (4.1) for a general y‘S € Y; however, we restrict B to be an
operator such that B* B commutes with A*A, i.e., A and B
share a common system of singular functions. Hence, B has
the following representation.

B =Y B}, B eR,U{O}, (4.18)

where {u;, 0, v;} is the singular value decomposition of A.
That means, we restrict the problem to finding optimal sin-
gular values B; for B. In this case, we show that a global
minimizer exists and that it has interesting properties.
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Theorem 4.1 Forany y® € Y, there exist a global minimizer
(in the constrained singular functions setting) of (4.1) given
by By =) B{viu} with

2
g g;
FHV4 —a 032\/&.

Bi'(o) =
Ja o <2Ja

(4.19)

Remark 4.2 The singular values obtained in Theorem 4.1
match the ones obtained in the previous section for general
B but simple y® = (o + 8)v.

Remark 4.3 The minimizer from Theorem 4.1 does not
depend on y5, ie., V: y‘S € Y it holds that B, is a mini-
mizer of (4.1). The solution to the inverse problem does still
depend on y° since

x(By) = argmin,, %HBax - y3||2 + aR(x). (4.20)
Remark 4.4 In the original DIP approach, some of the param-
eters of the network may be similar for different y‘s , for
example, the parameters of the first layers of the encoder part
of the UNet. Other parameters may strongly depend on y°.
In this particular case of the analytic deep prior (constrained
system of singular functions), we have a explicit separation
of which parameters (b = AB*y®) depend on y° and which
donot (W =1 — AB*B).

From now on we consider the notation x (B, y®) to incor-
porate the dependency of x(B) on y°. Following the clas-
sical filter theory for order optimal regularization schemes,
[13,21,28], we obtain the following theorem.

Theorem 4.2 The pseudoinverse K, : Y — X defined as
Ko(y") := x(Ba, ¥°) d.21)

is an order optimal regularization method given by the filter
functions

1 o >2/a

Fulo) = P

(4.22)

The regularized pseudoinverse K, is quite similar to the
truncated singular value decomposition (TSVD) but is a
softer version because it does not have a jump (see Fig. 5).
We call this method Soft TSVD.

The disadvantage of Tikhonov, in this case, is that it damps
all singular values, and the disadvantage of TSVD is that
it throws away all the information related to small singular
values. On the other hand, the Soft TSVD does not damp the
higher singular values (similar to TSVD) and does not throw
away the information related to smaller singular values but
does damp it (similar to Tikhonov). For a comparison of the
filter functions, see Table 1. Moreover, what is interesting
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Fig. 5 Filter response of TSVD, Tikhonov and the Soft TSVD (Color
figure online)

Table 1 Values of v for which TSVD, Tikhonov and the Soft TSVD
are order optimal

Method Fy (o) y v
. 2

Tikhonov Ugﬁ 1/2 2>v>0

TSVD {] o=« 1 >0
0 o<«
1 o >2/a

Soft TSVD pu =2/ 1/2 v>0
7% 0 < 2/

For more details see the Proof of Theorem 4.2 in “Appendix 2"

is how this method comes out from Definition 4.1, which is
stated in terms of the Tikhonov pseudoinverse, and that the
optimal singular values do not depend on y°.

At this point, the relation to the original DIP approach
becomes more abstract. We considered a simplified network
architecture where all layers share the same weights that
come from an iterative algorithm for solving inverse prob-
lems. That means, we let the solution to the original inverse
problem be the solution of another problem with different
operator B. The DIP approach in this case is transformed
to finding an optimal B and allows us to do the analysis in
the functional analysis setting. What we learn from the pre-
vious results is that we can establish interesting connections
between the DIP approach and the classical inverse problems
theory. This is important because it shows that deep inverse
priors can be used to solve really ill-posed inverse problems.

Remark 4.5 In the original DIP, the input z to the network
is chosen arbitrarily and is of minor importance. However,
once the weights have been trained for a given y®, z cannot
be changed because it would affect the output of the network,
i.e., it would change the obtained reconstruction. In the ana-
lytic deep prior, the input to the unrolled proximal gradient
method is completely irrelevant (assuming an infinite num-
ber of layers). After finding the “weights” B, a different input
will still produce the same solution X = x(B) = ¢p ().

Remark 4.5 tells us that there is still a gap between the
original DIP and the analytic one. This was expected because
of the obvious trivialization of the network architecture but
serves as motivation for further research.

@ Springer
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Fig. 6 Example of y® for x* = u (singular function) with a SNR of
17.06 db (Color figure online)
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Fig. 7 Example of a more general y> with a SNR of 18.97 db (Color
figure online)

4.2 Numerical Experiments

We now use the analytic deep inverse prior approach for
solving an inverse problem with the following integration
operator A : L% ([0,1]) — L?([0,1])

t
(Ax) (t) = / x(s) ds. (4.23)
0

A is alinear and compact operator, hence the inverse problem
is ill-posed. Let A, € R™™" be a discretization of A and
xT € R to be one of its discretized singular vectors u. We
set the noisy data y® = A,x" 4+ 8t with ¢ ~ Normal(0, 1,,),
as shown in Fig. 6. A more general example, i.e., where x"
is not restricted to be a singular function, is also included
(Fig. 7).

We aim at recovering x from y? considering the setting
established in Definition 4.1 for R(-) = 1|| - ||. That means
that the solution x is parametrized by the operator B. Solving
the inverse problem is now equivalent to finding optimal B
that minimizes the loss function (1.1) for the single data point
(z, ).

To find such a B, we go back to the DIP and the neu-
ral network approach. We write x(B) as the output of the
network pg defined in (3.1) with some randomly initialized
input z. We optimize with respect to B, which is a matrix in
the discretized setting, and obtain a minimizer Bopt of (1.1).
For more details, please refer to “Appendix 3.”

In Fig. 8, we show some reconstruction results. The first
plot of each row contains the true solution x, the standard
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Tikhonov solution x (A) and the reconstruction obtained with
the analytic deep inverse approach x (Bop) after B converged.
For each case, we provide additional plots depicting:

— The true error of the network’s output x(B) after each
update of B in a logarithmic scale.

— The squared Frobenius norm of By — By after each
update of B.

— The matrix Bop.

For all choices of «, the training of B converges to a matrix
Bopt, such that x(Bop) has a smaller true error than x(A).
In the third plot of each row, one can check that B indeed
converges to some matrix Bop, Which is shown in the last
plot. The networks were trained using gradient descent with
0.05 as learning rate.

The theoretical findings of the previous subsections allow
us to compute, either the exact update (4.16) for B in
the rather unrealistic case that y* = (o + 8)v , or the
exact solution x (B, y‘s) if we restrict B to have the same
system of singular functions as A (Theorem 4.1). In the
numerical experiments, we do not consider any of these
restrictions, and therefore, we cannot directly apply our the-
oretical results. Instead, we implement the network approach
(see “Appendix 3”) to be able to find By in a more general
scenario. Nevertheless, as it can be observed in the last plot
of eachrow in Fig. 8, By contains some patterns that reflect,
to some extent, that B keeps the same singular system but
with different singular values. Namely, B is updated in a sim-
ilar way as in (4.16). With the current implementation, we
could also use more complex regularization functionals R,
in order to reduce the gap between our analytic approach and
the original DIP. This is also a motivation for further research.

5 Summary and Conclusion

In this paper, we investigated the concept of deep inverse
priors/regularization by architecture. This approach neither
requires massive amounts of ground truth/surrogate data, nor
pretrained models/transfer learning. The method is based on
a single measurement. We started by giving different qualita-
tive interpretations of what regularization is and specifically
how regularization by architecture fits into this context.

We followed up with the introduction of the analytic deep
prior by explicitly showing how unrolled proximal gradient
architectures, allow for a somewhat transparent regulariza-
tion by architecture. Specifically, we showed that their results
can be interpreted as solutions of optimized Tikhonov func-
tionals and proved precise equivalences to regularization
techniques. We further investigated this point of view with
an academic example, where we implemented the analytic
deep inverse prior and tested its numerical applicability.
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Fig.8 Reconstructions corresponding to y? as in Fig. 6 (first and sec-
ond row) and Fig. 7 (third and fourth row) for different values of . The
broken line in the second plot of each row indicates the true error of

The results confirmed our theoretical findings and showed
promising results.

There is obviously, like in deep learning in general, much
work to be done in order to have a good understanding of
deep inverse priors, but we see much potential in the idea
of using deep architectures to regularize inverse problems;
especially since an enormous part of the deep learning com-
munity is already concerned with the understanding of deep
architectures.
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Appendix 1: A Reminder on Minimization of
Tikhonov Functionals and the LISTA Approach

In this section, we consider only linear operators A and we
review the well-known theory for the Iterative Soft Shrinkage
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Algorithm (ISTA) as well as the slightly more general Proxi-
mal Gradient (PG) [11,26] method for minimizing Tikhonov
functionals of the type

1
J@) = Sl Ax =y 17 + aR (). (5.1)
We recapitulate the main steps in deriving ISTA and PG, as
far as we need it for our motivation. The necessary first-order
condition for a minimizer is given by
0 € A*(Ax — y®) + €dR(x). (5.2)
Multiplying with an arbitrary real positive number A and
adding x plus rearranging yields
x — MA*(Ax — %) € x + AadR(x). (5.3)
For convex R, the term of the right hand side is inverted by
the (single valued) proximal mapping of A« R, which yields
Proxqr (x — AA*(Ax — y8)) =x. (5.4)
Hence, this is a fixed point condition, which is a necessary

condition for all minimizers of J. Turning the fixed point
condition into an iteration scheme yields the PG method

= Prox, gk (xk _ AT (AxXK — y5)> (5.5)

= ProxigR ((1 AT A+ xA*y‘S) . (5.6)
This structure is also the motivation for LISTA [16]
approaches where fully connected networks with L internal
layers of identical size are used. Moreover, in some versions
of LISTA, the affine maps between the layers are assumed to
be identical. The values at the kth layer are denoted by x¥,
hence,
A= g (ka + b) . (5.7)
LISTA then trains (W, b) on some given training data. More
precisely, it trains two matrices W = I —LA*Aand § = LA*
such that

=g (ka + sy‘?) . (5.8)

This derivation can be rephrased as follows.

Lemma 5.1 Let o, ® = (W, b), denote a fully connected
network with input x° and L-internal layers. Further assume
that the activation function is identical to a proximal map-
ping for a convex functional \aR : X — IR. Assume W

@ Springer

is restricted, such that I — W is positive definite, i.e., there
exists a matrix B such that

I —W =\AB*B. (5.9)
Furthermore, we assume that the bias term is fixed as b =

AB*YS. Then, ¢ (z) is the Lth iterate of an ISTA scheme
with starting value x° = z for minimizing

1
J(x) = 7 |Bx — V2 + aR(x). (5.10)

Proof Follows directly from Eq. (5.5). O

Appendix 2: Proofs
Proof of Lemma 4.1

F is a functional which maps operators B to real numbers,
hence, its derivative is given by

IF(B) = [9x(B)*] A*(Ax(B) — y°),

which follows from classical variational calculus, see, e.g.,
[13]. The derivative of x(B) with respect to B can be com-
puted using the fix point condition for a minimizer of Jp,
namely

Proxqr (x(B) — AB*(Bx — %)) —x(B) =0,

which is equivalent to

Y (x(B), B) =0.

We apply the implicit function theorem and obtain the deriva-
tive

3x(B) = =¥ (x(B), B) 'Y p(x(B), B). (5.11)
Combining d F (B) with dx(B) yields the required result.L]

Proof of Lemma 4.2

We start with the explicit description of the iteration

B = B — naF(BY) (5.12)
with
dF(B) = 0x(B)*A*(Ax(B) — y°). (5.13)
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The derivative of x(B) with respect to B is a linear map
0x(B) : Z(X,Y) —» X.ForéB € Z(X,Y) we obtain
9x(B)(3B) =— (B*B +al) ~ (8B*B + B*SB) B*y’

+(B*B+al)” 5B*)°.
(5.14)

The adjoint operator is a mapping from X to .Z (X, Y), which
can be derived from the defining relation

(9x(B)(8B), z)x = (8B, [3x(B)I* 2) 2 (x.v) - (5.15)
Hence,
[0x(B)I"z = — BB*Y'2* (B*B +al)

— B(B*B+al) *z(3*)*B (5.16)

+ Y25 (B*B+al) .

Here, y‘sz* € Z(X,Y) denotes a linear map, which maps an
x e Xto(z,x)x y5.
First of all, we now aim at determining explicitly d F (B)
at the starting point of our iteration, i.e., with B® = A.
From this follows the rather lengthy expression

AF(A) = ax(A)*A*(Ax(A) — ) (5.17)
= 0 AA*Y () A(A*A + )
FaA(A*A +al) A% () A
—ay’ () A(A*A +al) (5.18)
This enables us to compute the update
Bl = A—ndF(A) (5.19)

as well as the output of the analytic deep prior approach after
one iteration of updating B (assuming a suitably chosen 7)

x(B1) = (Bf By +al)"'B}y’. (5.20)
Proof of Lemma 4.3
A lengthy computation exploiting B = A and g = o

shows that the singular value B, of u in the spectral decom-
position of BY obeys the iteration

- 5)2 2 pi—a 521
Bev1 = Be —no (o +8) (o + B —Gﬂe)m,( 21)
ie.,
B = BY — cpou* (5.22)
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with
et = (@8, 0,m) = 10 (6 + 8 + F} — ope) 2L
o ‘ (B +)?

We will now consider the stability of the fixed points of
the sequence x (BY), i.e., we will analyze the fixed points of
the iteration described in (5.21), that is,

Be+1 = Be —c(Be), (5.23)

where

cB) = 10(0 + 87 + B — op) Lo (5.24)
n (ﬂ2 n Ol)3 . .

This iteration in-turn gives you via the Tikhonov filter func-
tion, the sequence

B
X(P0 = 2 :

e+a

(o +d)u (5.25)

of reconstructions. To find the fixed points of the iteration,
we analyze the real roots of ¢, which are

- BV = Ja,
- B = Ja,
B =2+ m, for o > 2./a and

(e
- 2
- ,3(4)=%—,/‘2—2—a,f0r022\/&.

Simple calculations show that

Bﬂc(ﬂ(l)) >0, 0 < Zﬁ
<0, otherwise.

dpc(B@) >0

a,gc(ﬁ@)) > 0, for o > 2,/a and

— 3pc(BY) > 0 foro > 2,/a.

This leads to the single attractive fixed point 8! for o <
2./« and the two attractive fixed points 83 and @ other-
wise. Since,

(B = x(BY), (5.26)
we therefore have a unique reconstruction, namely
1
—(( +8u, o <2/
x = |2V o+ o Ve (5.27)
~(0 +u, otherwise.
O
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Proof of Theorem 4.1

Let B =} p;v;u’. We want to find {$;} to minimize

F(B) = [|Ax(B.y") = y|I*. (5.28)
The Tikhonov solution is given by
x(B) =3 L 38, vy, (5.29)
B +«
the result of applying the operator A to x(B) is
AxB) =3 TP oy, (5.30)
B +a
and
Y=Y 00 v (5.31)
Inserting (5.30) and (5.31) in (5.28) yields
2
FB)=3" ‘ (ﬁf% - 1) . vi) (5.32)
In order to minimize F(B), we should set 9 — 1 which

ﬁiz+a
implies ,Biz —oBi +a = 0. The roots of the previous equation
2 2
are B; = 5 £/ % — « and they are real only if %" > o If
it does not hold then ﬁ‘;‘/fa < 1 and the optimal choice is to
find its maximum value which is attained at §; = /o.
Therefore, we set

2
i /%
,31' — % + b« o > 2\/5 (533)

Ja o <2Ja

and we minimize every term in the sum (5.32), which means
we have found singular values {8;} that minimize F(B).
O

Proof of Theorem 4.2

In order to prove that K|, is a proper order optimal regulariza-
tion method, we need to check if the corresponding filters F,
from (4.22) satisfy the three conditions of optimality [21,28].

These conditions state that a filter F,, : R — R is an order
optimal regularization filter if 3y, c1, ¢2, ¢3 > 0 such that

1. sup, |Fa(a)a’1| <ca’’

2. sup, |1 — Fy(o)|o¥ < cpa??
3. Va > 0,0 > 0:|Fy(0)]| <c3
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In the following, we show that they hold Vv > 0 with
y=ha=%4a=2,a=1I

i Ifo > 2«

1. sup, |Fa(0)o_l| = sup, |o_1| < %a
2. sup, |1 — Fy(o)|oV =0<a’
3.Va > 0,0 >0:|Fy(0) =1

ii. Ifo <2y«
-1 1 -1
1. sup, |Fa(0)a | =572
20 — o
2. sup,|l — Fy(o)|o’ = sgp {T o
52”01%

3. ‘v’o;>0,(r>0:|F0l(0)|=2‘7 <1

B

Appendix 3: Numerical Experiments

In this section, we provide details about the implementation
of the analytic deep inverse prior and the academic example.
We start by discretizing the integration operator, which yields
the matrix A,, € R"*", that has % on the main diagonal, &
everywhere under the main diagonal and 0 above (here h =
%). In our experiments, we use n = 200.

The analytic deep inverse prior network go{:) is imple-
mented using Python and Tensorflow [1]. Initially, we create
the matrix B € R"*" and add L fully connected layers to
the network, all having the same parameters ® = (W, b),
with weight matrix W = I — ABT B, bias b = ABTy% and
activation function given by the ¢, proximal operator. That
means the network contains in total 4 x 10* parameters (the
number of components in B). For the experiments shown in
the paper, the input z is randomly initialized with a small
norm and A is ﬁ, where 1 is the biggest eigenvalue of ATA.

We follow the DIP approach and minimize (1.1) using
gradient descent. To guarantee that <p(f) (z) = x(B) holds,
the network should have thousands of layers, because of the
slow convergence of the PG method. This is prohibitive from
the implementation point of view. Therefore, we consider
only a reduced network with a small number of layers, L =
10, and at each iteration we set the input of the network to
be the network’s output after the previous iteration. This is
equivalent to adding L new identical layers after each update
of B, with

W; =1 — AB['B, (5.34)
and
b; = »By, (5.35)
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Fig.9 The implicit network with (k 4 1) L layers. Here, go(f)k refersto a
block of L identical fully connected layers with weights &, = (W, by)

where B; refers to the value of B at the ith iteration. After k
iterations, we implicitly create a network that has (k + 1)L
layers (Fig. 9), however, each time we update B, we back-
propagate only through the last L layers.
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