Week 2
Functions

Sandwich Theorem Continued

Exercise.
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Functions

Definition.

A function:

f:A— B

is a rule of correspondence from one set A (called the
domain) to another set B (called the codomain).

Under this rule of correspondence, each element zc A4
corresponds to f(z) € B, called the value of f at z.

In the context of this course, A is usually some subset
(intervals, union of intervals) of R, while B is often presumed to

be R.

Sometimes, the domain of a function is not explicitly given,
and a function is simply defined by an expression in terms of

an independent variable.

Example.




In this case, the domain of f is assumed to be the natural
domain (or maximal domain, domain of definition), namely
the largest subset of R on which the expression defining f is
well-defined.

Graphs of Functions

For f: A — B where A, B are subsets of R, it is often useful to
consider the graph of f, namely the set of all points (z,y) in
the zy-plane where z € A and y = f(z).

By definition, any function f takes on a unique value f(z) for
each z in its domain, hence the graph of f necessarily passes
the so-called "vertical line test", namely, any vertical line
which one draws in the zy-plane intersects the graph of f at
most once.

The graph of a circle, for example, is not the graph of any
function, since there are vertical lines which intersect the
graph twice.

Exercise.

Graph the functions f(z) = %and g9(z) = 4 1 together, to
€

identify values of z for which
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Confirm your answer by solving the inequality algebraically.
Answer.
The inequality holds if and only if:

z € (—4,0) U (2,00)




Definition.

Given two functions:
f9: A— R,
e Their sum/difference is:
ftg: A— R,
(ftg)(a) := f(a) £ g(a), foralla € 4;
e Their product is:
fg: A—R,

fg(a) := f(a)g(a), foralla € A;

¢ and the quotient function iis:

g
i: A — R,
g
g(a) = ;EZ; , forallae A,

where

Given two functions:
f:A— B, g:B— C,

the composite function go f is defined as follows:

gof:A— C,

(go f)(a) :==g(f(a)), forallac A.
The range or image of a function f: A — B is the set of all
b € B such that b = f(a) for some a € A.
In mathematical notation, we have:
Image(f) = Range(f) :={b€ B : b= f(a) for some a € A}.

Note that the range of f is not necessarily equal to the
codomain B.



Definition.

If Range(f) = B, we say that f is surjective or onto.

Definition.

If f(a) # f(a') for all a,a’ € Domain(f) such that a # a/, we
say that f is injective or one-to-one.

If f:A— B is injective, then there exists an inverse
function:

f':Range(f) — A

such that f~1o f is the identity function on 4, and fo f!is
the identity function on Range(f), that is:

f Y (f(a)) =a, forallac A,

f(fY(b)) =b, forallbc Range(f).

Example.

f:R— R,

is not injective, hence it has no inverse.

On the other hand,
f:Ry — R,
f(z) :=2% 2 € Rsy;
is injective. It's range is Range(f) = Rx. Its inverse is:
FiRsg — Ry

') =Vvy, yeRsy.

Similarly,
g: RSO — R,

g(:B) = £E2, T € RSO;

is also injective, with Range(g) = R, and inverse:



g 'Ry — Ry

) =—v¥ yeRs.

Piecewise Defined Functions

Example.

. _[-z+1 if —2<z<0
f@%_{h if 0<z<5

e The absolute value function

) —x if z<O0
‘ﬂ{x if x>0

Exercise.
Let f: R — R be the function defined by:

flz)=-3z+4—|z+1|— |z —1]

for any z € R.

1. Express the “explicit formula' of the function f as that
of a piecewise defined function, with one “piece' for
each of (—oo, 1), [-1,1], (1, +00).

2. Sketch the graph of the function f.

. Is f aninjective function on R? Justify your answer.
4. What is the image of R under the function f?

w

Limits of Functions on the Real Line

Let f: A — R be a function, where A C R. Let a be a point on
the real line such that f is defined on a neighborhood of a
(though not necessarily at a itself).

Definition.

We say that the limit of f at a is L if for all € > 0, there
exists § > 0 such that |f(z) — L| < e whenever z satisfies
0<|x—al <é.

If f has a limit L at a, we write:

lim f(z) = L.

T—a



Note that the limit may exist even if a does not lie in the
domain of f.

Definition.

Let f: A— R be a function, where A C R is unbounded
towards 4+oco and/or —oco. We say that the limit of f at o
(resp. —o0) is L if for all € > 0, there exists a ¢ € R such that
|f(x) — L| < e whenever z > ¢ (resp. = < ¢).

If fhas alimit L at oo (resp —oo), we write:

lim f(z) =L (resp. im flz) = L)

r—r00

Some useful identities:

In the following idenities, the symbol a can be either a real
number or +oo.

» Forany constant c € R, we have lim ¢ = c.
r—a

e limz =a.
Tr—a

e If lim,,, f(z) = L, and lim,_,, g(z) = M, then:

o lim, ,,(f£g)(z) =L+ M.

o lim, ,, fg(x) = LM.

. L
° i 2@ =31
provided that M # 0.
e If lim, ,, f(z) = L, then:
lim(f(z))" =L" forallmeN={1,2,3,...},

T—a

and

lim / f(z) = /L for all odd positive integers n.

T—a

o If limy, f(z) = L > 0, then lim,,, \/f(z) = ¥/L for all n € N.



Example.

Compute the following limits, if they exist:

2—Vz

One-Sided Limits
* We write lim f(z)=L if f(z) approaches L as =z

T—a

approaches a from the right. We call this L the right limit
of f ata.
e Similarly, we write liﬁmf f(z) =L if f(z) approaches L as z

approaches a from the left. We call this L the left limit of
f ata.

The limit lim f(z) is sometimes called the double-sided limit

of f at a. It exists if and only if both one-sided limits exist and
are equal to each other. In which case, we have:

lim f(z) = lim f(z) = lim f(x).

T—a za T—a

Exercise.

Define

2

r—1 ifl1<z<2,
fle) =4 2x+3 if3<z<A4,
T otherwise.

Compute lim f(z) and 1in217 f(z). Then, find lin%f(:c), if it
z— z—

z—2"

exists.




