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Abstract: The optimal transport problem provides a fundamental and quantitative way to 
measure the distance between probability distributions, which has led to many successful 
applications in statistics and probability theory. We study the optimal transport between 
probability measures “in convex order”, where the cost can either be the standard ones (proposed 
by Monge) or those given by Lagrangian integrals along Brownian paths. An Eulerian---mass flow-
--formulation of the problem is introduced. Its dual is given by Hamilton-Jacobi-Bellman type 
variational inequalities.  Our key result is the existence (in a Sobolev class) of optimizers for this 
new dual problem, which in turn determines a free boundary, where the optimal Skorokhod 
transport drops the mass in space-time. This complements and provides a constructive PDE 
alternative to results of Beiglböck, Cox, and Huesmann, and is a first step towards developing a 
general optimal mass transport theory involving mean field interactions and noise. This is based 
on joint work with Young Heon Kim and Aaron Palmer.  
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