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Abstract 
Nakajima quiver varieties are a class of combinatorially defined moduli spaces generalising the 
Hilbert scheme of points in the plane, defined with the aid of a quiver Q (directed graph) and a 
fixed framing dimension vector f.  In the 90s Nakajima used the cohomology of these varieties (in 
fixed cohomological degrees, and for fixed f) to construct irreducible lowest weight 
representations of the Kac-Moody Lie algebras associated to the underlying graph of Q.  Since the 
action is via geometric correspondences, the entire cohomology of these quiver varieties forms a 
module for the same Kac-Moody Lie algebras, suggesting the question: what is the decomposition 
of the entire cohomology into irreducible lowest weight representations? 
 
In this talk, I will explain that this question is somehow not the right one.  I will introduce the BPS 
Lie algebra associated to Q, a generalised Kac-Moody Lie algebra associated to Q, which contains 
the usual one as its cohomological degree zero piece.  The entire cohomology of the sum of 
Nakajima quiver varieties for fixed Q and f turns out to have an elegant decomposition into 
irreducible lowest weight modules for this Lie algebra, with lowest weight spaces isomorphic to 
the intersection cohomology of certain singular Nakajima quiver varieties.  This is joint work with 
Lucien Hennecart and Sebastian Schlegel Mejia. 
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