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£� Teichmüller�m�½Â

éuº� g ≥ 2�ÿÀ½�4¡ Sg§Teich(Sg )�ü«�d½Â

1 Fricke�½ÂµlÑ!ü�Ó� ρ : π1(Sg )→ PSL(2,R)�3
PGL(2,R)�^�e�Ýa|¤�8Ü

2 Teichmüller�½Âµ�IPV(� (X , φ)�ÓÔa|¤�8Ü

¯KµXÛ½Â Teich(S)þ�ÿÀ!�I!±9Ýþº

ÿÀ���3u`²ü�:�o�ÿ/l�'�C0"31�«½Â

¥§du�±�B/½Â PSL(2,R)þü�Ý
�o�ÿ/l�'�
C0§dd�±g,/Ñ½Âü�lÑüÓ���Ýa�o�ÿ/l�

'�C0"
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Teich(Sg)þ^�ê�ª�Ñ�ÿÀ

P DF(π1(Sg ),PSL(2,R))� π1(Sg )→ PSL(2,R)��NlÑüÓ�"

é PSL(2,R)D�§���� Lie+�~^ÿÀ"

π1(Sg )�+Ly�±�¤ 2g �)¤�\ 1^'X"

��Ó� ρ : π1(Sg )→ PSL(2,R)��)¤��x� PSL(2,R)¥
��¤û½§Ïd�3l Hom(π1(Sg ),PSL(2,R))� PSL(2,R)2g

�g,�\"

DF(π1(Sg ),PSL(2,R))�� Hom(π1(Sg ),PSL(2,R))�mf8U«
±þ�\�f�mÿÀ"

éû DF(π1(Sg ),PSL(2,R))/PGL(2,R)D�ûÿÀ"

±þ�ª��� Teich(Sg )þ�ÿÀ¡� Teich(Sg )þ��ê�ÿÀ"
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ÿÀ¡�¦f©)

P P �º�� 0!� 3�>.ëÏ©|�;¡§ù�� P ¡�¦f

£pants¤"Sg ���¦f©)£pants decompostion¤��´µ3 Sg

þÀ� 3g − 3^pØ���{ü4� {γ1, · · · , γ3g−3}§¦� Sg ÷X

ù
��m��´ 2g − 2^¦f"

� Sg þkV(��§ù 3g − 3^�k*dØ���{ü4ÿ/

��L�"2g − 2^¦fU« Sg þ�V(���§¤��ÿ/>.

�V¦f"ù
¦fþ�V(�U�N Sg þV(��&E"
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�^¦fþV(��ëê

½n

�^¦fþ�ÿ/>.�V(��>.þ��Ý��û½"

�üüë�n�>.�n^ÿ/�ã§dC©�n��ù
ÿ/

�ã7,R�u¦f�>.ÿ/�"¦f÷ù
ÿ/�ã�m�

�ü�V��8>/"

V��8>/�/G§�§�A½n^>��Ý��û½¶ù

n^>�À��ª´µ38^>þ��^/�"

α

β

γ
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Teich(Sg)� Fenchel-Nielsen�I

� g ≥ 2§�½ Sg ���¦f©)"��x Sg þ�Ä�+P¹�V

(�§I�±eÏ�µ

1 {γi | i = 1, · · · , 3g − 3}éA�{ü4ÿ/��Ý"

2 3z¦fþ�üüë�n�>.�ÿ/�ã§§�3n�ÿ/>

.þkéA�Rv"Sg þ�V(���6uz^ γi ü>V

¦fþ�Rv�m�� ål"

½n

±þ 6g − 6�ëê��/û½
 Teich(Sg )¥�:"AO/§k

Teich(Sg ) ∼= R6g−6"ù
ëê¡� Teich(Sg )� Fenchel-Nielsen�I"
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Teichmüller�m¥�ål

b� ρ1, ρ2 : π1(S)→ PSL(2,R)�Lü��¡Ä�+��P¹�V
(�§F"^X1 = H2/ρ1(π1(S))�X2 = H2/ρ2(π1(S))�m�/

Cþ£O(5`´� û¤��ùü�(��mål�½Â"Ú½µ

1 |^P¹V(��Ä�+IP§�E��ÿÀþ�Ó�

f : X1 →X2§¦� f 3Ä�+þp��´ðÓÓ�"

2 |^X1,X2 ùü�N\3ÿÀ(��þ�V(�§O�ÿÀ

þ�N� f 3ùü�V(�e���� û"

3 4 f ÓÔ//C§O�ÓÔa¥��� û�e(.§|^Te

(.½ÂÑX1,X2 ùü�V(��m�ål"
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� û�O�

½Â (�Ýþ�¡�m�1wN�3�:?�� û)

� X!Y ´�Ýþ�¡§h : X → Y ´1wÓ�"é p ∈ X§

Sp(r) = {q ∈ X : dX (p, q) = r}§½ÂÛÜ� û

Kp(h) = lim
r→0+

sup{dY (h(p), h(q)) : q ∈ Sp(r)}
inf{dY (h(p), h(q)) : q ∈ Sp(r)}

5µKp(h)�N�´ h3 p?ål���/C�kõ�"

½Â (�Ýþ�¡�m�1wN����� û)

� X!Y ´�Ýþ�¡§h : X → Y Xc"½Â

K (h) = sup{Kp(h) : p ∈ X}

Ú¡² Teichmüller�mþ��I�Ýþ 8 / 20



� û�AÛ)º

� û�AÛ)º´rÛÜÃ¡��C¤Ã¡�ý����á¶�'"

¦+§�½Â�^�Ýþ(�§�´¢Sþ§��6u�Ý�Cz§

Ïd�I� X � Y ����/(�=�½ÂÑ� û"3nØy²

¥§^�/(�£±Eê�óä¤L��� û�k�"
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TeichmüllerÝþ

½Â (ü��¡Ä�+P¹�V(��m�ål)

� S ´ÿÀ¡§X1!X2 ´ S þü��Ä�+��P¹�VÝþ

(�§h : X1 →X23ÿÀþp�
¡Ä�+þ�ðÓN�"é,

�� f : X1 →X2§K (f )�N� f ���� û"½Â

dTeich(X1,X2) =
1

2
inf { logK (f )

∣∣∣ f ÓÔu h }

�ùü��Ä�+��P¹�VÝþ(��m�ål"Teichmüller

�mþ�ù�Ýþ¡� TeichmüllerÝÝÝþþþ"

5µX1!X2�Ó�w,§��mål�""
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[!þ�¯K

ÛÜ� û�½Â��6uN����5§�´ÓÔa¥�N�

Ø�½��§XÛ)ûT¯Kº£[�/N�¤

3ÓÔa¥4N����� û��e(.�§Te(.UÄ�

äN�Ó�¢yº£Teichmüller½n¤

efÐU
¢y§TÓ��¤�o�fº£TeichmüllerN�!�î

�ÿÝ��G(�!�X�g�©¤

ù�½ÂÑ5�ü�V(��m�ål§´Ä÷vn�Ø�

ª!é¡5�^�º
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[�/N�

¯KµÛÜ� û�½Â��6uÓ����5§�´ÓÔa¥�N

�Ø�½��§I�O��(.3��Ó��ÓÔa¥�Ø�½U


��§XÛ)ûù
¯Kº

)û�{µAhlfors*�
ÓÔ���Ó�¤3�8Üµ

{��Ó�} → {[�/Ó�}

Ãã´�3� û� L∞�ê�e���z"��zc�8ÜØ´�

;�§��z��8Ü´�;�"3[�/Ó�þ½ÂÑ2Â�� 

û��§ÒU
����� û�e(."Ahlforsy²
¢yù�e

(.�Ó�Ø
k��:Ø���	Ù¦:Ñ��"

£±þ�{k:�) PDE�k3��2Â¼ê�m¥¦f)¤"
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¢y��� û��z�Ó�
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¢y��� û��z�Ó�µ4¡�/�~f
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�X�g�© v.s.�X�g�© v.s.�G(�

{
�X�g�©

ω = f (z)dz

}
“↔ ”


÷v/,
^�0�N�µ

{¡þ�����´} → C,
γ 7→ ω(γ) =

∫ 1

0
f [γ(t)]γ′(t)dt


{
�X�g�©

q = f (z)dz ⊗ dz

}
“↔ ”


÷v/,
^�0�N�µ

{¡þ�Ø����´} → C,
γ 7→ q(γ) =

∫ 1

0

√
f (γ(t))(γ′(t))2dt


�G(� FuµL: p1 ��¡ = {: p2

∣∣�3�´ γ ë� p1, p2

� q(γ)JÜ� 0 }¶Fu �ÛÉ:£½©|:¤=�X�g�©�

":¶γ 3 Fu e�î�ÿÝ = q(γ)�JÜ�ýé�"

� Fu ���,���G(� F sµrþ¡�JÜ�¤¢Ü"

�/(�÷ùü��G(��/CµFu ��.�+F s ��Â "
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~µq = z dz ⊗ dz éA��G(�

÷X γ(t) = eαi t ¦
∫ 1

0

√
f (γ(t))(γ′(t))2dt JÜ�"⇒ α = 0, 2π3 ,

4π
3"

÷X γ(t) = eαi t ¦
∫ 1

0

√
f (γ(t))(γ′(t))2dt ¢Ü�"⇒ α = π

3 , π,
5π
3"
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�g�©� 2-/ª!�g�©��ONy3=pº

�g�©3�:?´���ÜþÈ dz ⊗ dz§2-/ª3�:?´ÜþÈ

��é¡�5|Ü dz ∧ dz = 1
2 (dz ⊗ dz − dz ⊗ dz)"

�X�g�© ω3�´z�:?���þþ��^´µ

〈ω, (γ(t), γ′(t))〉 = 〈f (z)dz , (γ(t), γ′(t))〉 = f (γ(t))γ′(t)§

ω3�^�´þ��^=éz�:?��^¦È©§�X5�y�^

þ3�´�½àÓÔ�eØC"

�X�g�© q3�´z�:?���þþ��^´µ

〈q, (γ(t), γ′(t))〉 = 〈f (z)dz ⊗ dz , (γ(t), γ′(t))〉 = f (γ(t))(γ′(t))2§

q3�^�´þ��^=éz�:?��^¦È©"��
¦È©�

3Ø²LÛ:��´½àÓÔ�eØC§I�m�2�È©"m��

U¬��Ø´û½Â§(J�����KÒ"�´î�ÿÝ�½Â´

�ýé�§ØÉK�"
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��o^�g�©Ø1!I�^�g�©º

�ª8I´�
4�/(�/C"aqu4Ýþ(�/C"

Ýþ(�÷vé¡5"éuë�ü: p1, p2 �ÿ/�ã γ§O�

�Ý�ØI�¯ké γ �½��"=Ø+ γ ´l p1� p2 �´�

L5l p2� p1§Ýþ(��Ñ�^þÑ�Ó"

�g�©�^3�´ γ þ���6u γ ����À�§� γ ��

���§�^þ¬����KÒ"

�g�©�^3�´ γ þ��Ø�6u γ ����À�§¦�^

þ�¦� (γ′(t))2 ¬-�KKÒ�5�K�"ÏdÝþ3�/(

�e�a'ÔAT´�g�©"
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TeichmüllerÄ�½n

� Sg �º�� g �½�4¡"éuÿÀ¡ Sg þ�ü��Ä�+

P¹�V(�X1,X2§�3���N� f : X1 →X2§¦�µ

(1)lÿÀ(���Ý§f 3 π1(Sg )þp��Ó�´ðÓÓ�"

(2)�ÄV(���§f �3k��:þØ��§3��:?��

�� û��ÓÔa¥�e(.§¿�??� û��"

(3)3X1þ�3üx�p����G(� F s
1 ,Fu

1£��¿�Xk�

Ó�Û:¤§3X2 þ��3üx�p����G(� F s
2 ,Fu

2"

(4) f r F s
1 �Û:N¤ F s

2 �Û:§r F s
1 ��¡N¤ F s

2 ��¡§

r Fu
1 ��¡N¤ Fu

2 ��¡"

(5)3Ø�¹Û:�ÛÜ��¥§3 Fu
1 ,F s

1 ,Fu
2 ,F s

2 �î�ÿÝ�Ñ

��Ie§f �±L«¤ (x , y) 7→ (
√
Kx , 1√

K
y)§K �� û"

±þN�¡�X1,X2 �m� TeichmüllerN�"
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TeichmüllerÝþe�ÿ/��

� Sg �º�� g �½�4¡§X ´ Sg þ�Ä�+P¹�V(

�§F s ,Fu ´X þ�üx�p����G(�"é t ∈ [0,+∞)§-

Kt = et§éX ÷X F s ,Fu U±e�ª�/Cµ

3 Fu,F s �î�ÿÝ�Ñ��Ie§- (x , y) 7→ (
√
Ktx ,

1√
Kt
y)§#�

IU�Ñ#�E(�"�ù���Ä�+P¹E(��¡P�Xt"

½Â {Xt : t ∈ [0,+∞)}� Teich(Sg )p¡!3 TeichmüllerÝþ�e!

²LX!÷X F s ,Fu ùü|�p����G(�û½���uÑ�

ÿ/��"
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