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Example 1 (Cycloid).
v(t) = (t —sint, 1 — cost)
for t € (0,27). To find its curvature k, we notice that
' (t) = (1 — cost,sint)

and
Y|* =2 — 2cost.

Hence, the unit vector is

1 sint t t
T=—(V1—cost, ———) = (sin =, cos —).
\/5( V31— cost) ( 2 2)
It follows that
1 dT ds W
—=|—|=|—|k=|7|k.
o~ |ar| | 7
Therefore,
1 1

K = ; _— 3
2|7/| 224/1 — cost

Example 2 (Helix).
v(t) = (cost,sint,t)

for t € R. To find its curvature x, we notice that
v (t) = (—sint,cost, 1)

and || = \/Li Hence,

T= 2 = L(— sint, cost, 1).
vlV2 S
Finally,
f= =1,
V2l 2

Example 3 (Catenary).
~(t) = (t,cosht)

for t € R. To find its curvature k, notice that |y/| = cosht and

dT < sinht 2 )
= ————,secht ).

dt  cosh?t
Hence,
1 |dT 1
k=—|—| = —5.
ly/| | dt cosh? t
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Example 4 (Tractrix).
~(t) = (secht,t — tanht)

for ¢ > 0. Alternatively, we can also parametrize by
) t
v(t) = (sm t,In (cot 5) — cos t)
for t € (0, 7).

For the first parametrization, we have

7 = tanht(—secht, tanht)

and
17| = tanht.
Hence,
T = (—secht,tanht)

and AT

— = sech t(tanh ¢, secht).

dt
Finally,

1 cosht 1
K= = .
coshtsinht  sinht
Alternatively, the second parametrization gives

2t
v (t) = (cost,—cos )

sint

and
| = cost

sint

These combined gives T = (sint, — cost) and therefiore

cost

T
1 pu— —_— p—
‘ a| "

sint

So,
Kk = |tant|.

Theorem 1. Let (t) be a reqular curve in R®. Then, its curvature is

_ I =<
2
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Proof. Let 4/ be derivative with respect to t and s(t) be the arc-length element. By chain
rule,
d?y _ddy
ds?  dsds
_d [dtdy
~ds \ds dt
A dy () ay
Cdsds At \ds/ d?
d 1 dy 1 d*y
ds[y'| dt — |y|* dt?

For the derivative of |7/|~!, notice that it is well-defined because the curve is regular.

A1 1(d,
dspy| ~ R\ ds'!

ISl = S =2 T2
ds ds ds dt dt
4o Lddy dy
s T ydsatdt
_1ada
Y| ds dt? dt
1 d?ydy

TP dede

Combine all,
d 1 1 d?ydy

dspyl /[t de de”

and hence,
d?y 1
@ == |7/’4 <'Y”, 'Y/>'Y/ +
1
ZH@Gﬁﬂﬂ¢+WmWW

WW¢

Recall that by brute force calculation there is the identity
axbxc={(a,c)b—(a,b)c
for vector triple products. Hence,
VXA )y =AY = ()

Now, we arrive at

dsz /A
Since in general we have |a||b||sin 0| = |a x b|, we deduce |y x x| = |¥/||7" x 7| because
~" L 4" x ~'. Simplifying the fraction, by the definition of x we can see that
" x|
k= 13
ol
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Remarks. For more exercises, read Shifrin’s book. It is available online.

Exercise 1. Find the Frenet frame for

1
() = —3(et, e’ cost, e'sint),

for t € R.

Exercise 2. Chapter 2 exercises in the lecture notes.



