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Definition 3.4.5 (Differential of Gauss map). Let S be a reqular surface in Rk

R* with regular parametrization x(u,v). For each p € S, define dn, : T,S — AN (%)= 1N
Al ‘ . . [V - (VY

1,5 called the differential of Gauss map by P

dn,(ox, + 8x,) = an, + Sn,

for any real numbers a, 3 € R.

Proposition 3.4.2.
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Proposition 3.4.9. The matriz representation of dn, with respect to basis

1 eG—fF fE—¢F\ _(a b
IN(I) = E(;_F‘Z(f(}’—gﬁ' gE—fF)'_ (c d)

Xy Xo (K

It meons

d w) — U v _
(%) = ax + bx where (a b> = —(INI™"
dn,(x,) = cx, + dx,

Theorem 3.4.7 (Self-adjointness of differential of Gauss map). The differ-
ential of Gauss map dn,, : T,S — 1,5 is self-adjoint. In other words, for any
u, v el,S, we have

(dn,(u), v) = (u,dn,(v)).
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1.5 Eigenvalues, eigenvectors and diagonalization

Definition 1.5.1 (Eigenvalues and eigenvectors). Let A be an n x n matriz.
If X is a complex numbe and & s a non-zer complex vector such that

AL = A€,

then we say that A\ is an eigenvalue of A and £ is an eigenvector of A
associated with \.
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Proposition 1.5.3. Let A be an n X n matriz.

1. A complex number X\ is an eigenvalue of A if and only if X is a root to
the characteristic equation det(xzl — A) = 0.

2. Let X be an eigenvalue of A. Then & 1s an eigenvector of A associated

with X if and only if &€ # 0 and (N — A)§ =

| 2

s A=, A
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Theorem 3.4.8. Let S be a reqular surface in R® and p € S. Then there
exists principal directions &€1,&2 € T,S which constitute an orthonormal basis
Jor T,S.

dnp(€2) = —Ko&2

Then we say that k1, Ky are the principal curvatures of S at p, and &, &>
are the corresponding principal directions.

{dnp(gl) = —r1&1
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Theorem 3.4.10. Let S be a reqular surface and K be the Gaussian curva-
ture of S. Then for any p € S,

K(p) = det(dn,) = K1k

Definition 3.4.11 (Mean curvature). Let S be a regular surface and dn, be
the differential of Gauss map at p € S. The mean curvature of S at p is

1 1 1 iy _ L (9B =2[F +¢G
H = —gtrldny) = 5+ ) = (NI =5\ = Fg -

Definition 3.4.12 (Minimal surface). Let S be a reqular surface in R® and
H be the mean curvature of S. We say that S is a minimal surface if

H =0 at every point of S.




Example 3.4.14. Show that the catenoid parametrized by

x(6,v) = (coshv cosf, coshvsinf,v), K< 0 < 2w, v € R,

is a minimal surface. 0
xg = (—coshwvsinf, coshvcos,0)
X, = (sinhwvcosf,sinhwvsing, 1)
Xp X X, = (coshwvcosf,coshvsinf, —coshwvsinhwv)
|xg X %,||> = cosh®v 4 cosh®vsinh®v = cosh® v(1 4 sinh® v) = cosh® v
n = (sechvcosf,sechvsin@, tanhv)

xg9 = (—coshvcosf,—coshvsing,0)

Xg, = (—sinhwvsinf,sinhvcosf,0)

Xy = (coshwvcosf,coshvsing, ).

Then the first and second fundamental forms are

;o E F\ cosh? v 0
N F G ) 0 cosh? v

= (5)-(30)

Thus the mean curvature is

1 (gE—QfF+eG) 1 (coshzv—cosh2v> 0

2

H = —
2 EG — F? cosh*v

Therefore the catenoid is a minimal surface. [




Theorem 3.4.13. Let S be a minimal surface with parametrization x : D —
R? such that x can be extended continuously to the boundary. Then S has
the minimum surface area among all surfaces with the same boundary of S.
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Theorem 3.4.19. Let S be a reqular surface parametrized by x(u,v) and K
be the Gaussian curvature of S.

1.
det(I17)

det(7)

where I and Il are the first fundamental forms of S.

n, xn, = Kx, X X,
where n is the unit normal vector of S.
do

K= —

dA

where A and o are the signed area function on S and S? respectively.

K = KKy

where K1, ko are the principal curvatures associated with two orthogonal
principal directions.




The {—ol\owm\% Themems relote curvature of o curve o S with K, Ky, IU

Theorem 3.4.15. Let S be a reqular surface and p € S be a point on S. Let
C' be a reqular parametrized curve passing through p. Then we have

kcosp = —(T,dn,(T))

where T, k are the unit tangent vector, signed curvature of C' at p respectively,
dn, is the differential of Gauss map of S at p and ¢ is the angle between
the unit normal vector N of C' and the unit normal vector n of S at p.
Furthermore if T = ax, + %, € T),S, then we have

(8}

kcoso = (a ()11 3

where 11 is the second fundamental form.

Definition 3.4.16 (Normal curvature). Let S be a reqular surface and p be
a point on S. Let v € T,S be a unit vector tangent to the surface S at p.

The normal curvature of S at p along v is Theorem 3.4.17.

Kn(V) = kcos g = —(v,dn,(v)) kin(V) = K1 cos® @ + Ko sin? 6.

where k 1s the curvature of a curve C' which passes through p and has unait
tangent vector equals to v, and ¢ 1s the angle between the unit normal vectors Theorem 3.4.18.

N andn of C' and S at p respectively Ky < K (V) < Ko.




3.5 Theorema egregium

map from S; to another regular surface Sy. Then any regular parametrization -
x1(u,v) of Sy induces a parametrization of Sy by Xs(u,v) = f oxy(u,v) =
f(x1(u,v)). Furthermore the first fundamental forms I (u,v) and I(u, v) on
Sy and Sy with respect to x;(u,v) and x,(u,v) can both be considered as
matrix valued functions of u,v. We say that f : S — S is an isometry if
I(u,v) = Iy(u,v) for any u,v.

Let S be a regular surface and f : S; — Sy be a differentiable bijective ( (?(um(ub (Xu,%@
(Rueknd (g X

Xy (wvd= £ (X luw))
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Theorem 3.5.2 (Theorema egregium). Let S; and Sy be two reqular sur-
faces. Suppose S and Sy are isometric, that is, there exists isometry f :
S1 — Sy between Sy and Sy. Then for any p € Sy, the Gaussian curvature
of S1 at p is equal to the Gaussian curvature of Sy at f(p). In other words,

K(f(p)) = K(p)

for any p € 5.
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Example 3.5.3 (Isometry between catenoid and helicoid)

Catenoid Helicoid

x1(0,v) = (coshwcos O, coshvsind, v)  (0,v) € (0,27) x R x5(6,v) = (sinhwvcos#, sinhvsin 6, 0)
2L
Cosh 0
1((9(\’32 I"-(B(V3: ( y
O  coshv

|
Co&\r\*\/

_Q ‘F (S 00 isow\ejma_ = K((G),V>"- Kl(G),\/\Z“



Catenoid and Helicoid are both minimal surface and thus have mean
curvature identically zero. However, the mean curvature of two isometric
surfaces may not be identical. For example, a cylindrical surface and a plane
are isometric but a cylindrical surface has nonzero mean curvature while that

of a plane is zero.
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Theorem 3.5.4. Let x(u,v) be a reqular parametrized surface. Then

1 _E'-vv + 2Fuv _ Guu Eu 2Fu _ E'v 0 Ev G-u.

K = 2F, — G E F -\ kB, E F
— F'2)2 v u v

UEG - F?) G, F G G, F G

In particular, if F = 0 is identically zero, then

e

<= 5w (vee).  (Via).)

Proof. Since det(I) = EG — F? = [|x, X x,/|? and ||x, X x,||n = x, X x,,

K(EG — F?)?
= det(I)det(I1)

o | (Xuw, 1) (Xyw, 1)
(Xpu, 1) (Xpp, 01)

Xuus [[Xu X Xo|[1)  (Xuw, [ X0 X Xy[[0)
Xous [|Xu X Xp| 1) (Xp, [ X X X,||10)

(
(
<X'u'u: Xu X xv> (xuv: Xy X Xu>
<Xvu: Xy X x-v> <X‘L"L'a Xy X xv>
{

X s X-vv) - <Xvuva xuv> (X,u,u, X-u> <Xusu.: x'v>

= (Xuow, Xu) (X %) (Xu, Xp)
(Xuws Xy) (Xp, Xu)  (Xu, %)
0 <Xuv1 xu) <xuv: Xv>

— | (Xpus Xu) Xy X))  (XusXy) |- (Proposition|1.3.17)

<X1,~-u‘, x’L-‘> <X'U 3 xu> <X'U3 X'U>




Observe that by product rule (Proposition|1.3.34)),
E, F, O (EF
Fu Gu h (9’11, F G

d ( (X Xu) (X Xy) )

ou (Xp, Xu)  (Xu, Xy)

_ ( (Ko Xu) (Xus X)) ) N ( (X Xuu)  (Xus Xou) )

(Xpus X)) (Xoy Xor) (Xy, Xyu) (X, Xpu)

o (o o) ) ) )

(X Xo) + (X Xor) 2(Xpu. Xy)

Similarly

Eu Fv o Q(Xut'e xu) (x'vm x'u) + (xum xu)
F, Gy )\ (Koo Xu) + (Xuws Xo) 2(Xp0, Xo) '

Combining the above two equalities, we obtain

( B,
(xuuaxu> = ?1
ELI
(x'uv:x'u) - 7a
Gy
(xfuv:x'u) - ?’
<
Xy, Xy) = Gu
vy Ay 9
(xuuaxv) - Fu - (xuvaxu> = Fu - %
G
(xvvaxu) = Fv - (xumxv> = Fv - 7
\

Moreover by considering the second derivative of F' = (x,,x,) with respect
to u, v, we have

0
(xuue xvv> — a (xv-u: xu) - (x-uvua xu)

d Gy d
- ()_u (Fv - ?) - <(9’U (xu-vs xu) - (x-u-vsxu-u>)

G J E,
= Fuv - 9 - (% 9 - (xuvexuv)>
Euu Guu
- 2 + Fuv 2 + <x‘uv7 xmﬂ)

which implies

E'-v'v G-u-u
(XUU1XUU> - (xuvaxuv> - 2 + Fuv - 2 .
Therefore
Bu g Gu B B[ | B G
2 G 2 2 2 B 2 2
K(EG-F?)? = -G g p |-|E g g
a, &
-5 F G o5 F G
as desire. If particular, if F' = 0, then
1 —EU‘U - Guu Eu —'Eu 0 Ev Gu
K = —— -G E 0 - | FE, E 0
A 20712 u v
4E°G G, 0 G G, 0 G
1 )
= TZG? (—EGEM. - EGG,, +GE,G,+ FE,G, + GELZ, + EGi)
_ Emr . Guu EuGu EL‘GU ELZ Gi
 4EG AEG  4FE2G  AEG? ARG AEG?
Observe that
( E, ) _ B. E}  EG,
vVEG/, EG  2EVEG  2GVEG
Gu Gu,u G2 E-uGu

VEG 2GVEG 2EVEG

E, Gl
(ﬁ) ’ (To)
E,, E? E,G, Gy G? E.G,
VEG 2EVEG 2GVEG  VEG 2GVEG 2EVEG

) E2 E'u v uu 2 uTu
_ _2/—EG< Ew . B}  EG. Gu G +EC>

vEG/,

Hence

CAEG | 4E2G | AEG?  4AEG @ 4FEG? ' ARG
- 2KVEG

and the result follows. O



