3.3 Second fundamental form and Gaussian curvature

Example 3.3.8 (Catenoid). Consider the surface obtained by rotating the
catenary x = f(z) = cosh z in the xz-plane about the z axis which is called

catenoid. The Gaussian curvature of catenoid is
/
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Example 3.3.9 (Torus). Show that the Gaussian curvature of the torus
obtained by rotating the arc length parametrized curve
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Example 3.3.10 (Pseudosphere). Consider the surface obtained by rotating
the tractriz (Example|2.2.10) N
—~—NT~

(x,2) = (p(t),y(t)) = (secht,t — tanht), ¢t >0

about the z-axis. This surface is called the pseudosphere. Show that the
pseudosphere has constant Gaussian curvature equal to —1. (@,’l?‘}
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Figure 16: Pseudosphere



Theorem 3.3.11. Let x(u,v) be a reqular parametrized surface. Suppose
F =0, i.e., the first fundamental form of x(u,v) is

1=<§ g)

Then the Gaussian curvature of x(u,v) s

<=7 |(75a), * (75a).)

P See Themew 2.5.%
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Example 3.3.12 (Helicoid). Show that the Gaussian curvature of the heli-
coid parametrized by

x(u,0) = (ucos@,usin®,d), u,d € R,
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3.4 (Gauss map and its differential

Definition 3.4.1 (Gauss map). Let S be a reqular surface in R® with reqular
parametrization X(u,v). For each p = x(u,v), we associate the unit normal
vector n(p) to p. This defines a map n : S — S? from the surface S to the
unit sphere S* = {(x,y,2) : 2* + y* + 2* = 1} and is called the Gauss map
of S.
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Proposition 3.4.2. Let S be a reqular surface with reqular parametrization
x(u,v) and n : S — S* be the Gauss map which sends a point p € S to the
unit normal vector n = n(p) which is a point on the unit sphere S*. Let
p € S be any point on the surface S. Then the following statements hold.

1. The unit normal vector n = n(p) to the surface S is a unit normal
vector to the unit sphere S* at n.

2. The tangent space to the unit sphere S* at n = n(p) is equal to the
tangent space to the surface S at p. In other words,

T.S* = T,S.
3. The vectors n,(p) and n,(p) are tangent to S at p. In other words,
n,,n, € TpS

which means both n,, n, can be written as linear combinations of x,
and X, .




TSR Ta S s [ VR < (T <o)

i ‘ ; p
¢ nfz1 D undEl D AW =0

NGNS LA NMD>=0 D AN =0

Hence Ny Ny € Ta t\ng S

M= AKX, £ 0Ky

Loder - Tk ab, . Sudn ek ‘(L % o i
V“ wf s



Theorem 3.4.3. Let x(u,v) be a reqular parametrized surface and n(u,v)
be the unit normal vector at x(u,v). Then

n, X n, = Kx, X x,

where K 1s the Gaussian curvature of the surface.
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Proposition 3.4.4. Let S be a reqular surface with parametrization x(u,v),

(u,v) € D. Let A and o be the signed surface area function on S and S*
respectively. Then we have

do )
= K
dA
where K 1s the Gaussian curvature.
Rmle  do — lim Ao
dA AA—0 AA

£ N Ny, g&\&f%
lett Dowdk vale_ Ny




