Definition 1.3.18 (Vector subspace). We say that a subset V- C R™ is a
vector subspace of R™ if V contains the zero vector 0 and for anyu,v € V,
a, 3 € R, we have

au+ v e V.
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Definition 1.3.19 (Linearly independent vectors and spanning set). Let
V. C R™ be a vector subspace and E = {vy,va,...,vi} C V be a set of
vectors in V.

1. We say that E is linearly independent if
1V +cavo+ - -+ v =0
implies ¢y = co =+ =¢, =0,

2. We say that 2 spans V if for any v € V', there exists scalars vy, as,. . . ;o €
R such that

V = Qq1V] + QaVy + -+ + Q. V.

Definition 1.3.23 (Basis). Let V' C R™ be a vector subspace and E =
{vi,va,...,v,} CV be a set of vectors in V. We say that E constitutes a
basis for V if

1. E 1s linearly independent, and

2. E spans V.

Definition 1.3.28 (Dimension). Let V' be a vector subspace of R™. The
dimension of V' is the number of vectors in a basis for V and is denoted by

dim(V).




Theorem 1.3.25. Let V' C R™ be a vector subspace and E = {vy,vq,...,v,} C

V' be a set of vectors in V. Then the following conditions are equivalent.
1. E constitutes a basis for V.
2. For any v € V, there exists unique o, s, -+, € R such that

V = Q1V] + QaVy + -+ + , V,.
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Theorem 1.3.25. Let V' C R™ be a vector subspace and E = {vy,vq,...,v,} C

V' be a set of vectors in V. Then the following conditions are equivalent.
1. E constitutes a basis for V.
2. For any v € V, there exists unique o, s, -+, € R such that

v — (}1V1 + (\sz + et + (:}:'7lv’l.
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Theorem 1.3.33. The following conditions for n xn matriz A are equivalent.
1. det(A) #0
2. A is invertible, that is, the inverse A=! of A exists.

3. For any n column vector b, the equation Ax = b has a unique solution
for x.

4. The homogeneous equation Ax = 0 has no nontrivial solution, that is,
solution for which x # 0.

5. The column vectors of A constitute a basis for R™.
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1.7 Some transcendental functions

1. Exponential function:

.2 3

:Z"L’ —1+1+—+I—+ . forz € R
kz()k 3'

2. Trigonometric functions: There are 6 trigonometric functions which
are defined as follows.

< (—1)kz2 2 ot 8
Cosine: cos T = ———=1—-—4+———+4--- forz eR
@R TR TIRN T
00 (—1)"’:1;2"'+1 A R
Sine: sinx = =r——+ —=——+4+--- forx e€R
,;::0 (2k + 1)! 35 7 /
sin & 2k + 1)m
Tangent: tanx = for x # (—), ke Z
Ccos T 2
COS T
Cotangent: cotx = — for x # kmw, k€ Z
sin @
1 2k + 1
Secant: secx = for x # ———— ( )™ , kelZ
COS T
Cosecant: ~ cscx = forx # kn, k €Z

sin @



3. Hyperbolic functions: There are 6 hyperbolic functions which are
defined as follows.

Hyperbolic cosine:

- — o0 2k 2 1 6
e +e x x T T
coshr = —— = :1—+-—-+-—-+-—-+- -« forreR
2 g (2k)! 4 6! 4
Hyperbolic sine:
ex e~ 0o 2/\+ 1 ‘YI.."} .I"S ."I'T
sinhx = Z 2h 1 1) .1'+3—!+5—!+ﬁ+---f01';1‘€]R
=0
Hyperbolic tangent:
sinh x
tanhz = forx e R
cosh x

Hyperbolic cotangent:

cothax =
Hyperbolic secant:

sechx =
Hyperbolic cosecant:

cschr =

cosh x

for x # 0

sinhx °

forxz e R

cosh z

forx #0

smh T

Theorem 1.7.2. The exponential function satisfies

- . T\
e’ = lim (1 + —)
n—00 n

for any x € R.

Definition 1.7.3 (Logarithmic function). The logarithmic function is the

function In : RY — R defined for x > 0 by

y=1Inxife’ =ux.

In other words, Inx is the inverse function of the exponential function.




Proposition 1.7.4 (Identities for transcendental functions).

1. Exponential function: 3. Trigonometric identities:
r+y — pTpY p . - )
(a) € cc (a) cos’x+sin®r=1; sec’r—tan’xr=1; csc’?x —cot’z =1
(b) eV =— (b) cos(—x) =cosx; sin(—z)= —sinz; tan(—z)= —tanz
(c) e = (e*)F for k € Z (¢c) cos(x+y) = cosxcosy — sinx siny;
e sin(x + y) = sinx cosy + cos x siny;
2. Logarithmic function.: tanz + tany
tan(z +y) =

(a) In(zy) =Inz+Iny l —tanxtany

(b) 1nf=1nx_1ny (d) cos2x = cos’z —sin*z =2cos’x —1 =1 — 2sin’2;
y sin 2x = 2sin x cos r;
(c¢) In(z*) = kInx for k € Z 2tanr

tan 2z = T
1 —tan“x

4. Hyperbolic identities:
(a) cosh®?z —sinh®z = 1; sech’r +tanh®z = 1; coth®x — csch®z =1
(b) cosh(—z) = coshz; sinh(—z)= —sinhz; tanh(—z)= —tanhz

(¢) cosh(z + y) = cosh z cosh y + sinh z sinh y;
sinh(x + y) = sinh x cosh y + cosh x sinh y;
tanh x 4+ tanh y

1 + tanh z tanh y

tanh(z + y) =

(d) cosh2z = cosh®z + sinh®* z = 2cosh®*2 — 1 = 1 + 2sinh? x;
sinh 22 = 2sinh x cosh z;
2tanh x

tanh 22 = —
1+ tanh® x



Proposition 1.7.5 (Derivatives of transcendental functions).

1. Exponential function:

d xr xr
e =e
dx
2. Logarithmic function.:
d 1
—Inzx = —
dx x
3. Trigonometric functions: 5. Hyperbolic functions:
d N d .
gy OB T TSI gy L = oS — cosh z = sinh x; — sinhx = coshx;
: dx dx
— tanx = sec? 1; icotx = —csc? a; 2 2
. == , dr - . 3 — tanh z = sech®z; — cothz = —csch®x;
Z Z dx T ’
d _ d » A d d
—-secr =secxrtanz; ——CSCT = —CSCTCOLX —seche = —sechz tanhx; —cscha = —cscha coth
dx dx T Y dr
4. Inverse trigonometric functwn 6. Inverse hyperbolic functwm@'
d cos to = —;; L osh g — [
dx 1 —a? T 22 —1
d 1
Lol — : d . . _ 1
oS = 3! —sinh ™2 = ——;
x 1—=x dx 2+ 1
d 1
-1 d 1
—tan = —— - -1, _
dx 1+ 22 T tanh 1 — a2



Proposition 1.7.6 (Integrals of transcendental functions).

1. Exponential function:

/ e‘de =e* +C
2. Logarithmic function:

1
/ —dx =In|z|+ C
] x

3. Trigonometric functions:

/ cos xdr = sinx + C; / sinxzdr = —cosx +

4. Hyperbolic functions:

tan zdx = In sec x; / cotx = Insinz + C;

sec xdxr = In

secx + tanz| + C; /csc:l;d:l; =In|cscx —cot x| + C

cosh rdx = sinh x + C'; sinh zdx = coshx + C;

sechzdr = tan™' sinhz + C; cschxdr = In |escha — coth x| + C

/ tanh xdx = In cosh x; / cothz = Insinhx +



2 Curves
U r[“ﬁsl(ms‘t(%m‘%\ “te(—oo,oq\)

2.1 Regular parametrized curves
\

Definition 2.1.1 (Regular parametrized curves). A regular parametrized
curve is a differentiable function r : (a,b) — R™, n = 2 or 3, such that
r'(t) # 0 for any t € (a,b).
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Figure 1: Regular parametrized curve f\‘\;
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1. Straight line: Let (xo,v0) and (x1,y1) be two points on R?. The function

r(t) = ((1 —t)xo + txy, (1 — t)yo + tyy), for0 <t <1
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- (Ko ; Ao + —%oY), LU U
] \’6-3 K*EK\( X\/ &\% % \5 0 <t <\ (X“U@‘\
T Dogerr B LKoo V=, o)

( [ &; e
( & _\_Obv_\ (\\/\A ?Q ﬁ \/e QW (K 0 [ \6 g /x//x ( \’%ﬁ\
+° &X ( ; \/ \ ‘\ /,""';t Q

r(0) = (rcosf,rsin)
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Figure 3: Circle

2. Circle: Let r > 0 be a positive real number. The function

r(0) = (rcos@,rsinf), for 0 <6 < 2n

N




3. Cycloid: The function
r(f) = (0 —sinf,1 — cosf), for) < <2n
= (0,0 (~smB  ~omb)
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Figure 4: Cycloid



Figure 4: Cycloid

g\/\mP ey
dl%wm'm\s\&/),

MQS\QJ (69 lU-Cosﬁ( Sm B

PO (= 0) = (0,0 & oy V?g‘\w



4. Helix: The function — (0(036‘( O\SW\%rO> < (0, 0, o) -
r(0) = (acosf,asinf, bl), for§ € R

defines a curve which 1s called a helix.

R
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Example 2.1.3. Let r(t) = (t*,t%). Then r'(t) = (2t 3t*) and r'(0) = (0,0).
Therefore r(t) is not reqular at t = 0.
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