
MMAT5390: Mathematical Imaging

Chapter 4: Image Enhancement in the Spatial Domain

In Chapter 4, we have talked about how we can enhance an image in the frequency domain. In
this chapter, we will talk about how image enhancement can be done in the spatial domain.

1 Image denoising in the spatial domain

We will first discuss image denoising algorithms in the spatial domain.

1.1 Image denoising by linear filter

Definition 1.1. Linear filter is a process to modify the pixel value by a linear combination of
the pixels values of its local neighbourhood.

Example 1.2. Let f be an N ×N image. Extend the image periodically. Modify f to f̃ by:

f̃(x, y) = f(x, y) + 3f(x− 1, y) + 2f(x+ 1, y).

This is a linear filter.

Example 1.3. Define

f̃(x, y) =
1

4
(f(x+ 1, y) + f(x− 1, y) + f(x, y + 1) + f(x, y − 1))

This is also a linear filter.

Linear filter versus discrete convolution

We consider an image f to be defined on [−M,M ] × [−N,N ]. So, f is a (2M + 1) × (2N + 1)
image.

Assume f is also periodically extended. Let H be another (2M +1)× (2N +1) matrix defined on
[−M,M ]× [−N,N ].

Recall: The discrete convolution is defined as:

I ∗H(u, v) =

M∑
m=−M

N∑
n=−N

I(u−m, v − n)H(m,n)

(Linear combination of pixel values around (u, v))

Therefore, Linear filter is equivalent to a discrete convolution.

Remark. 1. DFT (I ∗H) = C ·DFT (I) ·DFT (H) for some constant C. Therefore, the linear
filter is equivalent to modifying the DFT coefficients by multiplication.

1



2. A geometric illustration of the idea is as follows.

I Îy ∗H ∼=

y× Ĥ

Ĩ
DFT−−−−−−−−−−→←−−−−−−−−−−−
iDFT

ˆ̃I

(spatial) (frequency)

Example 1.4. In Example 1.2, if f is defined on [−M,M ]× [−N,N ], then:

f̃ = f ∗H

where

H =

 0 2 0
0 1 0
0 3 0


In Example 1.3, f̃ = f ∗H where

H =
1

4

 0 1 0
1 0 1
0 1 0



Remark. H is called the filter.

Some commonly used linear filters:

• Mean filter:

H =
1

9

 1 1 1
1 1 1
1 1 1


(Here, we only write down the entries of the matrix for indices −1 ≤ k, l ≤ 1 for simplicity.
All other matrix entries are equal to 0.)

This is called the mean filtering with window size 3× 3.

Below is an example of mean filtering on an image with impulse noise:
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Below is an example of mean filtering on an image with Gaussian noise:

• Gaussian filter: The entries of H are given by the Gaussian function g(r) = exp

(
− r2

2σ2

)
,

where r =
√
x2 + y2.

Below is an example of Gaussian filtering on an image:

(Please refer to “Lecture 17 powerpoint” for some more examples of mean filter and Gaussian
filter on real images)

Properties of linear filtering

• Associativity: A ∗ (B ∗ C) = (A ∗B) ∗ C

• Commutativity: I ∗H = H ∗ I

• Linearity:

(s · I) ∗H = I ∗ (s ·H) = s · (I ∗H)

(I1 + I2) ∗H = (I1 ∗H) + (I2 ∗H)
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Remark. 1. Advantage of Gaussian filter: We can check that convolution of Gaussian filter is
again Gaussian (with larger σ).

2. Thus, successive Gaussian filter = Gaussian filter with a larger σ (because of the property of
associativity).

Proof of associativity

[(x ∗ y) ∗ z](n) =
N−1∑
m=0

\(x ∗ y) ∗ z(m)ej2π
mn
N

=

N−1∑
m=0

Cx̂ ∗ y(m)ẑ(m)ej2π
mn
N

=

N−1∑
m=0

C2x̂(m)ŷ(m)ẑ(m)ej2π
mn
N

=

N−1∑
m=0

Cx̂(m)ŷ ∗ z(m)ej2π
mn
N

=

N−1∑
m=0

\x ∗ (y ∗ z)(m)ej2π
mn
N

= (x ∗ (y ∗ z))(n)

1.2 Generalization of linear filter: Non-linear (spatial) filter

Median filter

window for me-
dian filter

Take a window with center at pixel (x0, y0). Update the pixel value at (x0, y0) from I(x0, y0) to
Ĩ(x0, y0) = median(I within the window)

Example 1.5. If the pixel values within a window are 0, 0, 1, 2, 3, 7, 8, 9, 9, then the pixel value is
updated as 3 (median).

Below is an example of median filtering on an image:
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Below is a comparison of mean and median filtering on an image:

Edge-preserving filter

various windows of
fixed size

• Step 1: Consider all windows with certain size around pixel (x0, y0) (not necessarily centered
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