MMAT 5010 Linear Analysis
Suggested Solution of Test

1. (10 points): Assume that C? is equipped with the usual norm, i.e., ||z|| == \/]z1]2 + |22/
for z = (21, 22) € C% Let T : C* — C? be a linear map given by the following matrix,
that is T'(z) = Az for z € C2.

Find ||T||.
Solution. For all z € C? with ||z]| <1,

1Az]| = V1 = 3212 + (1 + 0)z2? = V9] + 2]z < 3v/]za]? + [z = 3.

Thus ||T|| < 3. On the other hand, if we take e; = (1,0) € C?, then ||e;|| = 1 and

[Aex]| = v/ = 3[> + [0]* = 3.

Consequently ||T]| = 3. <

2. Let (X, |- ||lx) and (Y,]| - |[y) be normed spaces. Define the norms || - ||; and || - ||2
on X @Y by

Iz, )l = llzllx + llylly and  [[(z, 9)ll2 = /ll<l% + llyll5

for (z,y) e X @Y.

(a) (10 points): Show that the norms || - ||; and || - |2 are equivalent.
(b) (10 points): Show that if X and Y both are Banach spaces, then so is X @Y
under the norm || - |;.

Solution. (a) For each (z,y) € X @Y, we have

1)l = llzllx + llylly < 2-y/llzl% + 1yl = 2[(z, )]l

and

Iz, y)ll2 < \/I|Z‘H§< +2lzllxllylly + Il = v/(lzllx + lylly)? = (@)l

Hence, || - ||; and || - ||2 are equivalent norms on X @Y.

(b) Suppose X and Y both are Banach spaces. Let ((z,,y,)) be a Cauchy sequence
in X @Y. Since
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(z,) and (y,) are Cauchy sequences in X and Y, respectively. As X, Y are
Banach spaces, there is x € X and y € Y such that

len — 2|lx, [lyn —ylly = 0 asn — oc.

Now, ((x,,yn)) converges to (z,y) in X &Y because

1z, yn) = (@, 9)ll = lzn = 2lx + lyn = ylly = 0.

Therefore (X @Y, || - [[1) is also a Banach space.
<

3. Let Y be a proper subspace of a normed space X. Let 7 : X — X/Y be the natural
projection. Define

q(m(z)) = mnf{[lx +y| :y €Y}
for x € X.
(a) (10 points): Show that ¢ : X/Y — [0,00) is a well defined function, that is
inf{|lz +y|:y € Y} =inf{||2' +y|| : y € Y} whenever n(z) = 7(z’).

(b) (10 points): Show that if Y is closed, then ¢ is a norm function on X/Y. In
this case, show that ||7| = 1.

(Hint: use the Riesz’ Lemma: for any 0 < 6 < 1, there is zy € X with ||zo]| = 1
such that [|zo — y|[ > 0 for all y € V)

Solution. (a) Suppose w(z) = 7(2’). Then z — 2’ € Y, that is z = 2’ + ¢/ for
some 3y’ € Y. Now, for any y € Y,

lz+y| =2+ +yl| >nf{]jz' + 2| : 2z € Y}

since y +y €Y.
As y € Y is arbitrary, we have inf{||z +y|| : y € Y} > inf{||2’ +y| : y € Y}.
Similarly, we can show that inf{[|z +y[| : y € Y} <inf{[|2" +y[| : y € Y}.

(b) Clearly ¢(m(z)) > 0 for any =z € X.

(i) Since Y is closed, one have ¢(m(z)) = 0 if and only if z € Y, that is 7(x)
is the zero vector in X/Y.

(ii) Since Y is a closed subspace, we have for a € K,
q(am(z)) = q(r(ax)) = nf{{laz+y| : y € Y} = |afinf{[|z+y : y € Y} = [alq(x(z)).
(iii) For any z1,29 € X, y1,y2 € Y,
21+l + lz2 + v2ll = llz1 + 22 + y1 + 2ll = g(7 (21 + 22))

because y; + y2 € Y. Taking infimum over y;, yo and since w(z1 + x5) =
7(x1) + 7(xs), we have q(m(xq) + 7(x2)) < q(m(x1)) + g(7(x2)).



Therefore, ¢ is a norm function on X/Y".

For any x € X, we have
q(m(x)) = nf{[lz +y[| : y € Y} < ||

since 0 € Y. Thus ||7| < 1.

By the Riesz’ Lemma, for any 0 < 6 < 1, there is zp € X with ||zo|| = 1 such that
lxo — y|| > 0 for all y € Y. In particular, q(7(z¢)) > 6. Hence ||7|| > 6 for any
6 € (0,1). Consequently ||7| = 1.

<



