MMAT 5010 Linear Analysis
Suggested Solution of Homework 4

1. Suppose that the space R? is endowed with the usual norm, that is ||(zy,x2)|| =

Va2 + 23 Let
1 0
A_{O _3]

Solution. For any x = (x1,23) € R?,

. 1 0 T1| il
Ax = [0 —3} |:£U2:| N {—3@} ’
|Ax|| = /2% + 923 < 3y /23 + 2% = 3|]x]|.

Thus ||A]] < 3. Next we will show that ||A|| > 3. Indeed, if e = (0,1), then
|Aea]| = V02 4+ 9 - 12 = 3 = 3||ez||. Hence [|A|| > 3.
Therefore || Al = 3. <

Find ||A[?

so that

2. Let X be a normed space and let V : X — X be an isometric isomorphism on X,
that is V' is a linear isomorphism and ||[Vz| = ||z|| for all x € X. Show that if
T € L(X), then VTV~ = ||T|.

Solution. Note that V! is also an isometric isomorphism since ||V "1z = ||[VV 12| =
|z|| for all z € X. So, for all z € X,

VTV =l = TV || < TV el < 7] -
Thus [|[VTV Y| < ||IT||. Since V™! is also an isometric isomorphism, we also have

T = ||V'VTVIV| < ||[VTV Y. Therefore |[VTV Y = ||T|. <

3. Let (X, - ||x) and (Y, || - ||y). For each element (z,y) € X &Y, put

G, )l = llllx + [lylly-
Let T € L(X) and S € L(Y). Define T®S: X @Y = XY by (T® S)(z,y) =
(T'z, Sy). Show that [|T" & S|| = max(||T]],||S]])-

Solution. For any (z,y) € X &Y,
(T @ S) (@, y)ll = [Tz, Sy)lls = [Tzl x + [Sylly <[ THzllx + [1SHHyly
< max([| T, [[SI) =[x + llylly) = max([| T[], [ST)} (2, )1
So |T' & S| < max(|[T]], |S]))-

On the other hand, for any x € Bx, we have (z,0) € Bxgy since ||(z,0)|; =
lzllx + [[0fly <1, and thus

[Tzlx = (T @ S5)(x,0)h < [ITe 5]

Taking supremum over x € By, we have ||T'|| < ||T'@® S||. Similarly, S| < || &
S| <



