
MATH5021 THEORY OF PDE I
Homework 3

Due Nov 7, 2024, in hard copies. Late assignment is not accepted.

1. [7 points] Let I be a time interval, and let u : I → R+ be a locally
continuous function satisfying

u(t) ≤ A+ εF (u(t)) +B[u(t)]θ

for some A,B, ε > 0 and θ ∈ (0, 1). Here, F : R+ → R+ is locally bounded.
Suppose also that u(t0) ≤ A′ for some t0 ∈ I and A′ > 0. Show that if ε
is sufficiently small depending on A,A′, B, θ, F , then we have

u(t) .θ A+B1/1−θ, ∀t ∈ I.

2. [18 points] In this problem, we investigate the semi-linear heat equation.
Let u = u(t, x), x ∈ Rn be a real-valued function satisfying

∂tu−∆u = f(u), in [0,∞)× Rn, u(0, x) = u0(x),

Do the following:

a. [5 points] Assume f(u) = 0. Let t > 0 be fixed. Prove that for each
fixed integer k ≥ 0,

‖u(t, ·)‖Hk(Rn) ≤ ‖u0‖Hk(Rn).

b. [7 points] Let k > n
2 + 1, and

f(u) = (∇xu) · (∇xu).

Prove that for T > 0 chosen sufficiently small,

‖u(t)‖Hk(Rn) ≤ C, ∀t ∈ [0, T ]

holds, where C is a constant depends on ‖u0‖Hk(Rn) and T .

c. [6 points] Assume further

‖∇xu‖L∞(Rn) ≤
1

(1 + t)
1
2+δ0

, for some δ0 > 0.

Then show that the inequality

‖u(t, ·)‖Hk(Rn) ≤ C ′‖u0‖Hk(Rn)

holds for all t > 0, where C ′ is a generic constant.
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