MATH4240 Tutorial 3 Notes

1 One-step Argument

Given a Markov chain X,, with (finite) state space S, there are a few things we may want to know on given states
T,y €S:
e the distribution of T}, on initial state x: P, (T, = n)
e probability of visit: p,y = Py (T, <oo) = Y P, (T, =n), which also gives expected number of visit
Ey (N(y)) = 1255, with N(y) = 32,51 Xy(Xn)

e expected hitting time: E, (Ty) = >, nPx (T, = n)

(Recall that T, =inf{n >1 | X,, =y } is the hitting time of state y after the initial state.)
One-step argument yields a linear system on these quantities by considering their behavior after one stepE| in
the chain: (for simplicity, let us denote for the moment t,, = E, (T}, | Ty < 00))

P,(Ty=n+1)=0 +ZP(£,Z)PZ(Ty:n) forn >1

P, (T,=1)=P(z,y)
Pzxy :P(a:,y) +ZP($72)sz

22y
txy - P(Ji,y) 1+ ZP(QS,Z)(I + tzy)
22y
=1 + Z P(x,2)t,y
27y

If T, = oo happens with probability 1 — p;, > 0 (e.g. not irreducible), then trivially E, (T,,) = co. Note that
the equations still hold if we consider the hitting time of a set T4 instead of a single state T, (with obvious
modification).

We can collect the equations on p;, and t;, as matrices:

P1y P(1,y) P1y
: = : + Py
PNy P(N,y) PNy
thy 1 ty
=]
tNy 1 tny
if the states are denoted as 1,..., N, and (P_,);; = {(])31 ﬁj f Z is the the transition matrix with the column

corresponding to state y replaced with 0.

While you can solve these systems with straightforward approaches from e.g. MATH1030, sometimes the
transition matrix is dense enough that it may be worth while to find other approaches, especially if you just want
to find a single specific pgy (or tgy).

Hnstead of first-step analysis, you can also do last-step analysis.



2 Examples

Ezample 1. Consider Ehrenfest chain on population d = 3: on state space S ={0,...,d },

0 1 2 3
: 0of 0 1 0 0
d fy=x-—1
o f/ . ?fyix X s_ 113 0 23 0
(@y)=g1-a/d ify=a+1, o P=y1 0" 55 ( 13
0 otherwise 3l 0o 0 1 0
For each © € S, what is pyo and E, (Tp)?
With one-step argument, we have the linear system
P00 0 0 1 0 0 &
P10 _ 1/3 + 0 0 2/3 0 £10
P20 0 0 2/3 0 1/3 P20
P30 0 0 0 1 0 P30
Ey (To) 1 0 1 0 0 Eo (To)
Ex(To) | _ 1], |0 0 23 0 |[E(T)
By (To) | ~ |1 0 2/3 0 1/3]||E(Th)
B (T)) 1 0o 0 1 0] \E(D)
Solving the system (e.g. with Gauss elimination, reducing variables) yields
Poo 1 Ey (To) 8
po| _ |1 Ex(To)| _ | 7
P20 I By (To) 9
P30 1 E3 (Tp) 10
Ezample 2. Let us consider the (fair) gambler’s ruin chain on state space S ={0,...,N }:
1
P(i,i—l):P(z}i—{-l):i ifi 20, N

P(0,0) = P(N,N) =1

or as transition diagram

1/2 1/2 1/2

Let us compute the ruin probability p,o when started at state = # 0, N.
By one-step argument and noting that pop = 1, pyo =0,

Pz0 = P(l‘,O) + ZP<xaz)sz

27#0
1 1
SO0 pio = 5 + 5020
1 1 o
Pm:ipi—1,o+§pi+1,0 ifie{2,...,N—-1}

Moving the terms around, we have

P20 — p1o = p1o — 1
Pit1,0 = Pio = pio — pi—1,0 ifi€{2,...,N—-1}



which implies for i € { 1,..., N },

Pio — Pi—1,0 = p1o — 1
i

pio —1= Z(Pjo = pj-1,0) =i(p1o — 1)
j=1

In particular, —1 = pyo — 1 = N(p1o — 1). So pjo = 1 —i/N. Same approach also implies p;n =i/N.

We can also compute the expected duration E, (T') of the chain, where T' = Tyo xy = min(Tp,T,) is the
(random) time of absorption, again when started at x # 0, N.

By one-step argument,

E,(T)=1+ Y P(x,2)E.(T)
z¢{0,N}

1
SO El (T) =14+ §E2 (T)

En1(T) =1+ ~En_s (T)

2
1 1

Moving the terms around and denoting for the moment Ey (T') = En (T) = 0, we have for each i € { 0,..., N—1 },
Eip1(T) - E(T)=E;(T) — Ei-1 (T) — 2
which implies fori € { 1,...,N },
Ei(T) = Ei1(T) = Ey(T) = 2(i — 1)

E; (T) = Z E;(T) - E;_1(T) =iEy (T) —i(i — 1)

In particular, 0 = Ex (T) = NE; (T) — N(N —1). So, E4 (T) = N — 1, and hence
E,(T)=x(N —=x)
Ezxample 3. Let us consider symmetric random walk on S = Z:
1
P(z,z+1)=P(z,z—1) = 3 forz € Z

What is the probability p,o of visiting state 0 when started at state x € Z?
Like gambler’s ruin chain, we have a similar list of equations

1 n 1
Poo0 = 2010 2P—l,o

1 n 1
P10 = B 2P20
1 n 1
pP—1,0 = B 2/)—2,0
1 1
Pzo = 5Pat10+ P10 forz#-1,0,1

so the same approach yields

pz0 = p1o + (x — 1)(p20 — p1o) forz >2
pz0 = p—1,0 + (x = 1)(p_2,0 — p-1,0) foraz < -2
Since 0 < pzo < 1 for all z, we must have pyo = p1o for x > 1 and p,o = p—1,0 for £ < —1. Solving the remaining

equations gives p1g = p—1,0 = 1, and thus pgo = 1.
This implies that 0 is a recurrent state, and (by symmetry) the symmetric random walk on Z recurrent.
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