Solution 3

1. (1) For any z,y € (;,c; Xi, A € [0,1]
Then z,y € X;, Vi € I.
Since X;, i € I are nonempty convex subsets.
Then Az + (1 - Ny € X;,Viel
Thus, Az + (1 — ANy € (;e; Xi
Hence, (;c; Xi is convex.
(2) For any z,y € M X1 + -+ + A\ Xp, A € [0,1].
There exists x;,y; € X;, 1 < i < k such that

T=Mry A+ TR, Y= MY+ Ak

Since X, ..., X C R™ are nonempty convex subsets.
Then z; + (1 — N)y; € X;, V1 <i<k.
Note that

\x + (1 — )\)y = )\(/\1$1 + -+ Akxk) + (1 — )\)(/\1y1 + -+ )\kyk)
= MA@+ (1= Ny1) + -+ Ak + (1= Aye))

Since z;+(1—-N)y; € X;, V1 <i < k. Then Aa+(1-N)y € M X7+ -+ A\ Xp.

2. Suppose K is a convex set. Denote the interior and closure by K* and K.

(1) For any z,y € K* and A € [0,1]. There exists r € R such that
B,(z),B,(y) € K. Let v < r. For any z € By(z + (1 — A)y), we have
Az+(1=X)B,(y). Thus, |[z+ (1 =Nyl < <Ar. Let w =z— (Az+ (1 = N)y).
Then ||w| < 7/. Hence, z = w+ x4+ (1 — ANy = Az +w) + (1 — X)) (y + w).
Note that ||z +w —z|| = ||w|| <7, [ly+w—y| = |Jw|| < r. Then z+w € B,(x)
and y +w € B, (y). Thus, z + w € K and y +w € K. Since K is convex, then
Mz+w)+(1—A)(y+w) € K. Thus, z € K. Therefore, B, (z+(1—N)y) C K.
Hence, \x + (1 — Ny € K*.

(2) For any x,y € K and A € [0,1]. Then there exists {2, }2° 1, {yn}32; C K
such that x,, = , y, — y. Since K is convex. Then \z,, + (1— Ny, € K, Vk =
1,2,.... Note that lim,_co AZp+(1=N)yn = ANimy, oo 2p+(1—A) limy 00 Yy =
Az + (1 — A)y. Thus, Az + (1 — Ny € K.



3.Let T: V — W be a linear transformation.

(1) Suppose V is a convex set and W = T'(V).

For any z,y € W, A € [0,1]. There exist u,v € V such that x = T'(u),
y=T(v).

Note that  + (1 — Ay = AT'(u) + (1 — N)T(v) = T(Mu) + T((1 — Nv) =
T(Au+ (1—Av).

Since V is convex. Then Au+ (1 —A)v € V.

Thus, x + (1 =Ny =T(Au+ (1 —A)v) € W.

Hence, W is convex.

(2) Suppose W is convex. Consider the set T-*(W) ={z €V : T(z) € W}.

For any u,v € T~Y(W) and X € [0,1]. Note that T(u),T(v) € W.

Since W is convex.

Then AT(u) + (1 = XN)T(v) =T(Au+ (1 —A)v) € W.

Thus, Au + (1 — \)v € T=HW).

Hence, T71(W) is convex.



