
Solution 3

1. (1) For any x, y ∈
⋂

i∈I Xi, λ ∈ [0, 1]
Then x, y ∈ Xi, ∀i ∈ I.
Since Xi, i ∈ I are nonempty convex subsets.
Then λx+ (1− λ)y ∈ Xi, ∀i ∈ I
Thus, λx+ (1− λ)y ∈

⋂
i∈I Xi

Hence,
⋂

i∈I Xi is convex.
(2) For any x, y ∈ λ1X1 + · · ·+ λkXk, λ ∈ [0, 1].
There exists xi, yi ∈ Xi, 1 ≤ i ≤ k such that

x = λ1x1 + · · ·+ λkxk, y = λ1y1 + · · ·+ λkyk.

Since X1, . . . , Xk ⊆ Rn are nonempty convex subsets.
Then xi + (1− λ)yi ∈ Xi, ∀1 ≤ i ≤ k.
Note that

λx+ (1− λ)y = λ(λ1x1 + · · ·+ λkxk) + (1− λ)(λ1y1 + · · ·+ λkyk)

= λ(λ1(x1 + (1− λ)y1) + · · ·+ λk(xk + (1− λ)yk))

Since xi+(1−λ)yi ∈ Xi, ∀1 ≤ i ≤ k. Then λx+(1−λ)y ∈ λ1X1+· · ·+λkXk.

2. Suppose K is a convex set. Denote the interior and closure by K∗ and K̄.
(1) For any x, y ∈ K∗ and λ ∈ [0, 1]. There exists r ∈ R such that

Br(x), Br(y) ⊆ K. Let r′ < r. For any z ∈ Br′(x + (1 − λ)y), we have
λz+(1−λ)Br(y). Thus, ∥x+(1−λ)y∥ < r′ < λr. Let w = z− (λx+(1−λ)y).
Then ∥w∥ < r′. Hence, z = w + λx + (1 − λ)y = λ(x + w) + (1 − λ)(y + w).
Note that ∥x+w−x∥ = ∥w∥ < r, ∥y+w− y∥ = ∥w∥ < r. Then x+w ∈ Br(x)
and y + w ∈ Br(y). Thus, x+ w ∈ K and y + w ∈ K. Since K is convex, then
λ(x+w)+(1−λ)(y+w) ∈ K. Thus, z ∈ K. Therefore, Br′(x+(1−λ)y) ⊆ K.
Hence, λx+ (1− λ)y ∈ K∗.

(2) For any x, y ∈ K̄ and λ ∈ [0, 1]. Then there exists {xn}∞n=1, {yn}∞n=1 ⊆ K
such that xn → x, yn → y. Since K is convex. Then λxn+(1−λ)yn ∈ K, ∀k =
1, 2, . . .. Note that limn→∞ λxn+(1−λ)yn = λ limn→∞ xn+(1−λ) limn→∞ yn =
λx+ (1− λ)y. Thus, λx+ (1− λ)y ∈ K̄.
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3.Let T : V → W be a linear transformation.
(1) Suppose V is a convex set and W = T (V ).
For any x, y ∈ W , λ ∈ [0, 1]. There exist u, v ∈ V such that x = T (u),

y = T (v).
Note that x + (1 − λ)y = λT (u) + (1 − λ)T (v) = T (λu) + T ((1 − λ)v) =

T (λu+ (1− λ)v).
Since V is convex. Then λu+ (1− λ)v ∈ V .
Thus, x+ (1− λ)y = T (λu+ (1− λ)v) ∈ W .
Hence, W is convex.
(2) Suppose W is convex. Consider the set T−1(W ) = {x ∈ V : T (x) ∈ W}.
For any u, v ∈ T−1(W ) and λ ∈ [0, 1]. Note that T (u), T (v) ∈ W .
Since W is convex.
Then λT (u) + (1− λ)T (v) = T (λu+ (1− λ)v) ∈ W .
Thus, λu+ (1− λ)v ∈ T−1(W ).
Hence, T−1(W ) is convex.
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