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Definition (Normal Distribution)

Given a real-valued random variable X : Q — R, it follows the normal
distribution with parameters p, o if the probability density function (pdf)
of X is given by f : R — R:

1 _ (x=p)?

Vx € R, f(x) =

o2

It always denoted as X ~ N(u,o?).

Given X ~ N(u,0?), compute the following:

(a). E(X),E(X?), Var(X);

(b). E(eX)

(c). E(e™™X) for t fixed (Characteristic Function).

Note that f(t) := E(e*X) is called the Moment Generating Function.
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Solution for (a)

For a random variable X ~ N(u, 0?), the expectation E(X) is defined as:
E(X) = [ xfx(x) dx, where the probability density function (PDF) of
the normal distribution N(p,02) is: fx(x) = \/2;7exp <—(X2_U‘§)2> .
2
Thus, E(X) = f_oooox\/;r7 exp <—(X20‘§) ) dx.
To simplify the integral, we perform a variable substitution z = % so
that x =0z 4+ p. The integral then becomes:
E(X):,uf_oooo\/%exp< >dz+0f rexp( )dz.
The first integral is the standard normal distribution integral, which equals
o 1 22
/’Lffoo ﬁ exp (—7> dz = 1%
The second integral is the integral of an odd function z-e”

2/2 over a
symmetric interval, which equals 0: af Jn &P <—Z72> dz =0.

Thus, the expectation is:  E(X) = u.
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Solution for (a)

The second moment E(X?) is defined as:

E(X?) = [, XQﬁ exp( (X “) ) dx.

To simplify the integral, we perform a variable substitution z = *>£, so
that x =0z 4+ p. The integral then becomes:

E(X?) = [% (024 p)? r exp ( ) dz.

Expanding (oz + ,u) we get:

E(X?) = [ (0222 + 20zp + pi2) % 5= eXp (—%2) dz.

We can break this into three mtegrals

E(X?) =02 [*_ ﬁexp< )dz—|—2auf rexp( 2)dz+

1% fioo ﬁ exp (—7) dz.
1. The second integral is zero because it's an odd function.

2. The third integral equals p:
3. The first integral can use integration by parts:

1= 2¢%exp < ) dz = 1. Thus, we have: E(X?) = 02 + p2.
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Solution for (a)

Therefore, Var(X) = E(X?) — (E(X))? = o2
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Solution for (b)

> 1 (x — )
E tX — tx _ .
(e”) /_oo e Noroes exp < 52 dx
,so that x = oz + pu.
1 00 2
= \/%/OO exp <t(az+u) — Z2> dz.
( ) 1 00 22
exp(ut)——— exp | toz — — | dz.
i o)

o2 t2

= exp (ut—l—) \/ﬂ/ exp(— ;t)z)dz.

(v 757)
exp ,ut+T .
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Solution for (c)

: © 1 )2
E(eltX) _ / eitx exp (_ (X g) ) dx.
—o00 2702 20

I L (=)
= \/ﬁ exp (/tx ~ T og2 dx.
1 C2.N2 4.2 2
exp | —5— [(x — p — io°t)* + o*t* — 2uo’it] | dx.
\/271'0 / < 202
= exp | pit — 10'21.“2 ! - exp _ b [(x—p— ia2t)2] d
2 V27102 - 202
1
= exp (uit — 202t2>
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Discrete Distribution

Determine the expectation and the variance of the following discrete
random variables:

(a) Discrete uniformly distributed random variable:
Px(k)=1%, k=1,2,...,n

(b) Bernoulli random variable with parameter p:
PX(l):p7 PX(O):]-_p, 0<p<l

(c) Binomial random variable with parameters (n, p):
Px(k) = (})p*(1—p)"™ %, k=0,1,...,n,
where n > 1 is an integer and 0 < p < 1.
(The number of successes in n independent trials.)

(d) Geometric random variable with parameter p:
Px(k)=(1—-p)1lp, k=1,2,...,
where 0 < p < 1.
(The number of trials until the first success.)
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Solution for (a) and (b)

For Var(X), the variance of X we have: Var(X) := E(X -
EX)? = EX? — (EX)2.
(8) o EX=3lin=nXiai= (2+( ) :)(zill) (n+1)2n+1)
no n n(n+ n+ n+ n+
°EX2:Z,‘:1?:%E;:1’ :E 6 6 :
o Var(X) = (n+1)é2n+1) (n+1) _ )(2n+1) (,1421)2 _
(n+1)(4n+2—(3n+3)) _ (n+1)(n—1) __ ,—,271
12 =12 T iz
(b) e EX=1xp+0x(1—p)=
o EX?=p

o Var(X)=p—p?>=p(L-p)
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Solution for (c)

nn=1)---(n—k+1) ,_ 1) (k—
:npz ( ) ( )pk 1(1_p)(n 1)—(k—1)

(C) ° k=1 (k_l)l
— n—1\ n—1)—/
=np;< / )p(l p)" Y
= np.

Y!I SHEN (CUHK) MATH 4210 Tutorial 1 11 September, 2024 10/15



Solution for (c)

n n .
EX? =3 K2 <k>pk(1 —p)"
k=0

) ék(k . (k) PL=p) 4> k(Z) pH(1— p)E

k=0

. /n=2 _ e
=n(n—1)pzz<k_2>Pk 2(1—p)" *+np
k=2

= n(n—1)p? + np.
Var(X) = n(n — 1)p* + np — n?p?
= np(1 — p).
Hint Another solution: If X1,..., X, are independent Bernoulli random
variables with parameter p, then X .= X; + Xo + -+ X, is a
Binomial random variable with parameter (n, p).

Y!I SHEN (CUHK) MATH 4210 Tutorial 1 11 September, 2024 11/15



Solution for (d)

(d) EX = Z (1—p)p
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Solution for (d)

K(1—p)<'p

o

EX?

=
Il
-

k(k=1)(1-p)tp+ i k(1—p)p
k=1

M

[
-
Il

—

d? 1
=p(l—p)—f -

p( p)dp2 (p) + >

2(1— 1
_A-p) 1
PP )

where f(p) := >, Z(1 — p)*.

2 1 1
Var(X) = 5 — = — =
p

)
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Let (Y})jen be a sequence of i.i.d. random variables. For any
J€N,P(Y; = £1) = 3. Define for n € N, X, = Y7, ;.
Show that (X,)nen is @ martingale.

Solution:

In order to prove that (X,) is a martingale, we are going to verify by
definition.

1. Fix ne N.

1 1
—n(lsx=4+|—1%=
(15 + =1+ 5)

=n<oo
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2. Fix n € N, denote F,, = 0(Xo, ..., Xn).
= E(Xn|Fn) + E(Ynt1|Fn)
=Xh+ E( Yn+1)
=X,

By 1 and 2, (X,) is a martingale.

It still works when P(Y; =2) =

3 and P(Y; = —1) = 2. (X,) will still be
)-

a martingale as long as the expectation is 0 (Exercise!

Y!I SHEN (CUHK) MATH 4210 Tutorial 1 11 September, 2024 15/15



