
 

4.5 Return to Elliptic Integrals
In Eg3 of section4.1 it was shown that the ellipticintegral
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maps IR axis to the boundaryof the rectangle
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However we mentioned that we haven't proved that

I 7 maps 1H conformallyonto R Now we can show it

byThm4.6 as follows

Forthispurpose we need a lemma



Lemma Ex15oftheTextbook on pg251
a If It Aut IH and distinctpoints Al Az As on IRaxis

such that I Ai Ai fa i 1 2,3

Then Idly
b Let x xz X3 and y Yz y Xi YoER

Then IE Ant H1 suchthat
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Same conclusion holds if Yscy sy or yay y
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let F 1H R be a conformal map existencebyRiemannMapping

Let A AKA A4 Asmay b be points that
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ByThem4.6 F maps AzAs to E K K

Hence A F 0 A3

By lemma above IE Aut IH such that
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Then note that the upperhalfplane1H andtherectangle R

are symmetric wrt
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G 1H R is also confamal
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The Lemma GoGt Idly ie G G

Ktik F Aa G I At G ÉA4 GL I A4

GC Aa K ik's ktik F AI G ICAP

By injectivity AD I H4

Together with the orientation we musthave
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Andhence le 0,1 sit I Aa te

Altogether we may assume the map

F 1H R and points As As As Ag at the beginning

of the proof satisfies
FCO 0 and
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ByThm4.6 Ci Ca suchthat Notethat meprecisely
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Using FCO 0 we have C2 0



Putting 2 1 te in the formula wehave
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By Ex 4 of theTextbook
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Clearly KCL is strictly increasing at k Ochil Ex

Kath is strictly decreasing ink
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