
 

Properties of fractional lineartransformations
1 Conformal as maps from Uh Gulab

hence angles preserving

2 f g are fractional linear transformations

fog is a fractional linear transformation

3 fractional linear transformation is a composition of

translations dilations and inversions

4 fractional linear transformationsmap straightlines circles

to straightlines or circles
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fog is a fractional linear transformation
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translation intension
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translation

4 Note that translations and dilations map straight lines

to straight lines and circles to circles

Then because of 3 we only need to prove 4 for

inversion Z
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Now let L axtby 0 be a straight line

Then as

5442 stfu 0
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If C 0 i.e L passing thro the origin

the image of L is the straight lie

L as bt 0 in sit plane

If Cto i.e Lnotpassingthro theorigin

i the image of L is the circle

C 54 E s t o in 1st plane

Now let C xty ax by c o be a circle

Then we have sat safe c o

C sit as bt 1 0

If C 0 the image of C is a straight line

L as btt 0

If CFO the image of C is a circle
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is conformal

Note f is a fractional lineartransformation

f z 1 with 1.1 1 C 1 240

f is injective hence remain to show f ID S

Observe that 11 0 flos 1 f 1 a

ft 1 0 go
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By property 4 of fractionallinear transformation
the real line segment between 1 1

maps to part of a straight line or a circle

Since it passes throught FH 0 5101 1 f 1 A

it is the positive real axis

Similarly the upper semi circle maps to part of



a straight line a a circle passing through 0 and is

and hence must be a straight line

Since the angles from 1 I to the semicircle is

the angle from the positive x axis to the image

straight line of the semicircle is also f confual

the image of the uppersemi circle is the positive y axis

Positivity can also be confirmed by f is 1

This shows that f IDT S as f is conformal Quias Gulas

Ofcourse all these canbeprovedby using coordinates as intheTextbook


