



































































































































Lemma5.5 Suppose g is entire if seq rmb rm to sit

Reg z C rms for 171 rm m 1

Then g is a polynomial of degree s

Pf g entire g z Eibnz Zed

By Cauchy integral famula Fourier coefficients

we have

So greio einode
burn no

O n so

Fu no gireiose.intdo 0

Hence 9 5 creio e inodo burn no

ie Reg reio e
to do Tiburn n o

For n 0 5 Regereto do 2TRebo
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Ref 0 as rm to if n s

g poly of degree S

Pfof Hadamard's Theorem

Let ELZ ZMnIEren

Lemma4.2 1 Er En An forsome c

Thm2 I Earth sto since ktlegs

we have E 11 Entan C 121kt 70 indep ofz

Hence the infiniteproduct converges uniformly on 17KRS R O

this implies E Z is a well defined entire function

Since ELZ has the same zeros as flz

Ets is holomorphic and nowhere vanishing

12 es for some entire gizs






































































































































By Cor5.4 for 171 tm

Reges AEB
sap

e 9315

Ae
Btc ZIS

IZkrm Reg z C171s diffC

By Lemma 5.5 g z polynomial of degree s

gez polynomial of degree k



Chb The Gamma and Zeta Functions

51 TheGammaFunction

Def For SSO the gammafunction is defined by

Fcs étts dt I

Remark By definition

étts da GoS étts at

Clearly F s is well defined for 5 0

S t de l as e o

and e
t bold near t o rapidlydecay as a

Propl 1 Thefameda PCS 5 étts dt extends the

domainof definition of PCs to the openhalf plane

SEC Recs 0

Pf It suffices to show that 1 defines a holomorphic function

in S M 8 Re s M 0 8 Mccs



Note that t lost is holomorphic in see

and here étts is holo in s and continuous

in t 5 E E O M

Hence Thm5.4 ofChz

e o Fels Setetts It is holo on SIM

Note also that 8 Recs M

letts étles lost e telreess
1 lost

EtfRecs 1

t
Jett de Jette's dt

féti'dt
S étts de is convergent as improperintegralnearo

Similarly SIle ttstldt SIe.tt de

CSiéEdt fusme 0

2CE.EE



i S e tts It is also convergent

Hence S étt'dt defined

étts dt Fels ételdt S étts de

15 étts dt Fels étte's at Etta's at

zcé 0 as E 0

Thu5.2 ofchz Setts'dt is a uniform limit
of sequence of holo functions on So M here

5 étes at is a holo on SoM OrdMcs

Setts'dt define a holo on Recs 0

Clearly when restricted to real so 5 étes'dt PCs

Setts It is the requiredextension


