
 

53 Infinite Products

3.1 Generalities

Def Given lansi ante we say that the

infinite product a just product

n
Han converges

if this IN Han exists

Remark I Han is called the N term partial product

Prop3.1 Ilan co Iran converges

Inthis case nTI It an 0 no sit Hano o

Pf Σ lanka Ian forsufficientlylarge n

fusuff larsen

log Han G It iswelldefinedand satisfies

Itan eloshan actuallyholds 1911



Hence II Han II elogcitans e
E erglitans

By the definition of logHan we haveforsufficiently large n

logHan zlant for lankt

Ellogatan 2 lant

Elan so E log Han converges absolutely

Leon Han e E 9ham exists

In this case if no sit Han o then

Go noltan exists and

also II Han IIatans.bg nfitaas o

Since Elan 00 if Han 0 n

Then
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Prop3.2 Suppose Fntz is a seq of holo functions on R open

If Cnso such that

Enso and

Fnlz 1 Ecn ZER

then
i II Fulz converges uniformly in 2 to a

halo function F Z

Ii If Fulz 0 kzer n then

EE.EE
Pf Write Fn z It Antz

Then by assumption IAntz Cn

and hence Σ Antz unifainly absoluteconverges on

By the same argument as N tw

Girlz II Ftz Fizj eÉ19 uniformly

whichhas to be holomorphic on 2 This proves i



For Ii Thm5.3 of Ch2

GN F unifamly

GN F uniformly on anycptsubset KCR

By Prop3.1 the limit F Z 0 ZER
fu Nlarge

Hence cpt subset KCR 10 0 sit Gives to

EiFee Etf EE uniformly ink

Since KCR is arbitrary we have FEE Fff

3.2 Example the productfamula to the sinefunction

suit 1 Er

We'll prove it by showing that

I COTTZ 11inEnEn Et EEna 4

Remarks i Formula4 holds for Z E G Z only



II weeksEu n is the principal value of Easter

other arrangementmaynotconverges

Pf of 3 by 4

Write G Z ARTE

P z ZII 1
P Z is welldefined since 1 ZE 121 R

Prop3.2

II I Ez and hence PE is well defined on 1 KR

Since RIO is arbitary P z isentire

Again by Prop 2 for ZE 612

P
Et E En cottiz by formula 4

Hence for Ze 412

EE lotTiz
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Since 12 is connected PLZ G Z forsomeconstant C

and clearly extends to whole 4

Letting 2 0 in P C GE near but to

ie I 1 E CAFE wehave c 1


