
 

54 Theargument principle and applications

Thm4I Cor4,2 Argument Principle

Suppose f mero in an opensetcontaining a simpleclosed tueniented

piecewisesmooth curve r and int r

If f has neither zeros nor poles on 8

then
2

dz Z P

where Z numberofzeros off in int t

P numberofpoles off in int r

Thm4.3 Rouché'sTheorem

Suppose f g areholo in an opensetcontaining a simpleclosed

piecewisesmoothcurve r and int r If

f z g z ZEX

then f and f g havethesame numberofzeros in int r

Thm4.4 OpenMappingTheorem

If f holo on a region R f const then f isopen
ie f maps opensets to opensets



Thm4.5 Maximum modulus principle

If f holo on a region R f const then

Ifl cannotattain a maximum in r

Forsimplicity sometimes wejustsay maximumof f for maximumof 151
cpxvalued

Cor4.6 suppose I is a region with compactclosure 5

If f holo our continuous on it then

Ifr fast ferret



55 Homotopies and Simply ConnectedDomains

Def R open in ro t 2 t tea b curves in R with

common endpoints ie To a r a α to b r b β
To r are said to be homotopic in R if continuous map

H S t 0,1 Tab R such that

H o t ro t H 1 A D t tE ab

and H S a α H s b β SETO I

Remark Usually think of HISt 8s t as a familyof curves in R

with the same end points 8s a α Vs b β

Sit for 5 0 t they are the original two curves to 4

Hence one curve can be defamed continuously intotheother

cure without ever leaving or

Thm5 If f holo in R then

Sroftz dz y fizsdz

provided to and 8 are homotopic in R



Def A region RCC is simplyconnected if any two anves

in R with the same endpoints are homotopic in R

Thm5.2 Cor5.3 If f is holomorphic in a simplyconnected

domain R then

1 F R a holo sit F f

2 Sr feeddz 0 closed curve r in 2

56 TheComplex Logarithm

Thmb I Suppose R is simplyconnected

IER but O R

Then I a branchof the logarithm FA logit sit
i F is holo in R

1 F
Z ZER

iii F r logs r EIR and near to 1

Principalbranch of the logarithm

D EG 0J

I
log z logr it with 101 TI and Z reto



Thm6.2 R simplyconnected region

f r I holo flz 0 ZER

Then g R holo sit

29ᵗʰ f z ZER

9 is denoted by log f

57 Fourier series and HarmonicFunctions

Thm7I f z Eoantz Zo converges in Drizo

Then re O R

S fczotre.io e do
ant fa no

to for no

Remarks i Thisisjustthe Cauchy integralformula applies to thecircle

Zotre OETOZTT

II TheLHS is the Fourier coefficients up to a const

ofthe 2T periodicfunction flzotre.io for fixed r



Coz72 7.3 f utiv holo in Drizo

Then flzo flzotre.io do Ocr R

U Zo uczotre.io do o r R

These are mean valueproperty forholomorphic and harmonic

function respectively

EndofReview



ch4 TheFourierTransform

The Class F

Def a 0 let Sa ZEC Ime Ka ahorizontalstrip
Then

Fa f sa
holo onSa and A 0 sit

Ifextig
x

xeR yica

and F Go Fa

Remark For a fixed y with lyka thecondition that

A7O sit Ifixtig
x

xek

is usually referred as moderate decay on the

horizontal line Im Z y

Hence fE Fa are moderate decay for each

horizontal line Imlz y uniformly in ly ca

egs i clearly fits e Fa Vaso Ex



Ii c 0 the function

f z c zz Fa a f o c Ex

Clearly flz Fa fa a c as z Ici are poles

Remarks 1 For integernal f E Fa Fb orba

Ex 2 of Ch4 ofText

2
Manyresults inthischapter remain unchanged under

the following weakercondition 70

A O sit fatty fe
xer lyka

Omitted

52 Actionof the Fourier Transform on

Def let f IR The Fourier transform of f is

513 fix éaixsdx SER



For FE Fa we consider the Fouriertransform of f X

ie when y 0 Then wehave

Thm2.1 If fEFa fasome as 0 then B O sit

1513 Be
2 131

Osbsa

Pf 15157 S.se dx since ER

J.si x2dx B which is bounded

1515 Be
2 5151 holds for b 0

For orba

If 5 0 considerthe contourintegral of the holo function

g z fiz e
2

in Sa along the contour

which is theboundary of the rectangle ERRTXEb 0 Rso

R o R

Rib R ib



on thevertical edge R ib 123

using parametrization z t R it AETOb reversedirection

R b

Spy9 dz ft R it e
ER it S

at

p
e stat since 50

pS étstdt 0 ask to

Similarly JRbgizsdz
p

é 3tdt o ask to

Therefore Cauchy theorem

fix é dx fix ibjé sax ftp.fetstat

Letting R to we have

513 fxsé ax

fix ib e
ix ibBdx x

1513 fix ib e sax 3 0



Fadx e
2ᵗb

Be
2 131

5 0

For3 0 considersimilarly the contourintegral of912

along

Rtib Rtib
x

R 0 R

15 textibs e
bsax t Ext

and hence the result

Remark Therefore if ft F Fa then

1513 decay exponentially as 131 to

inparticular it is rapiddecay at infinity ie decay faster

than any 131 Nso Moreprecisely fin N 0



Them2.2 FourierInversionFormula

If ft F then

fix 1513 3d HEIR

Theproof needs a lemma

lemma2.3 If A 0 BER then

gelatiBBds Iib

Pf

Note A O Belk e
Ati B31 ets fa second

Hence the improper integral converges

felatiBBds hey fe CAtiBBd

e
AIB

AIBLEE Att B



Pfofthem2.2 FourierInversionFormula

Note that ft F f EFa fa some a o

Then byequations in the proof of Thmal
left is inthetext

If 5 0 515 15fix ib é
ib
dx t o be a

It 3 0 IB If extib e
Ztiatib's

dx to bra

As signof is important in theproof we write

1513 e'xd II Beti'd f Ig eatind
andwork on the integrals individually

IIB etixsdgg.at u ib é Bdu tix'd

Since I flu ib E
uz fusmelt20

the iterated integrals are absolute convergence

Hence Fubini



Fis e dg f u ib é ᵗi a ib
p ixsd du

L f a ib e
2ᵗi u x ib 3dz du

I
Lemma 3 flu ib zab ztica x

flu ib
U ib x

0

i ds is

The contour integral of fixed

along the horizontal line y b from left tonight

Similarly for 3 0

Rtib is 42 Rib
Fig e iBdg 0

is

2 11 dg R ib L Rib

where L2 y b from left toright check



Notethat

µ as 2b Era Rx for Rox

0 as R to

Similarly

Isp.it 4ds ask too

Cauchy integralfamula by letting R o

fix stilts ds Ii ttxds

ffFBEiBdg fF13 e2tixsd

1s e sds


